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Multi-objective QAOA

Though section 4 is mainly focused on analyzing the optimization problems to find slice
Hamiltonians by looking at the constraints, we want to stress that this identification
can be done by looking at other structures in the optimization problem. Indeed, by
exploiting the method presented in [29] we can choose to include in Hg also the
objective function of the problem inspected. This can lead to a further decomposition
of the problem. For instance, if we consider the VRP, we can see that if we consider
Hot + Hg to be the term to only simulate classically, we have that the slices are now

the Hamiltonians
n n 2
s=0 =0

Therefore, the quantum circuits only implement the one-hot constraint, which ensures
that a vehicle can only be in one location at a given time step.

Nevertheless, considering the objective function as part of Hs allows us to imple-
ment multi-objective constraint optimization problems. Let us consider the following
mathematical program in the standard form:

i ()i

s.t. Zcijxj =b; Vie U{i]
=1

Let us now formalize the Hamiltonian that only implements the constraints. This is
the slice Hamiltonian in this example and it is the only one that we identify. The
Hamiltonian can be read as:

k n 2
H= Z (Z CijTj — b1> . (17)
i=0 \j=1

We can notice that, by following the same procedure as in fig. 2, we can implement
a QAOA circuit that represents the Hamiltonian H and we optimize the circuit over
the function:
(fl(x) + H)i:l,...,m .

Since now we are evaluating a multi-objective function, we have to evaluate and iden-
tify the parameter based on the Pareto front. After the selection of the “optimal”
point, the parameters are evaluated and the quantum circuit is updated. This allows
the implementation of multi-objective combinatorial optimization problems without
using a metric to reduce the multi-objective function to a QUBO problem.



Slice Hamiltonian for the MaxCut problem.

Fig. 10 We consider the MaxCut problem over the considered graph. In the picture, we highlight the
two slices that we build in this example. The label A and B are use to identify the edge representation
in the Hamiltonian H of the term H .

Different slicing methods

As mentioned in section 4 the slicing method can be applied by considering any
structure informed by the optimization problem, not only constraints or the objective
function. Let us show this by considering an example. We consider the MaxCut prob-
lem on the graph shown in fig. 10. The Hamiltonian of the MaxCut problem [11] is

define as
H=- Z o;o%,
(i.4)EE

where E is the set of edges of the graph considered and o7 is the spin variables that
take value +1 if the node i is considered in one partition of the MaxCut and —1
otherwise.

In fig. 10 we can identify two different regions of the graph that are connected only
by one edge. In this case, we can read the Hamiltonian in the following fashion:

H=—-0%0c5+ |- E ojor — E o;os |,
(i,5)€EEY (i,9)€EE,

where Fj is the set of edges identified by the blue region and FE, is the set of edges
identified by the red region. By using the same notation as section 2.1, we can easily
see that Hz = —o050% and the two addends inside the brackets are the two slice
Hamiltonians. In this case, we can apply the slicing method because of a topological
property of the graph. We can observe that the graph is 1-connected, i.e. the graph
becomes disconnected by leaving one edge out. As we already noticed, one can identify
the edge (A, B) as the edge that connects the two connected components defined by
the edge sets Fp and F,..

It is important to note that this results in the same circuit cutting method for
QAOA presented in [58]. The only difference is in the choice of the gates to leave out.
In our framework, the choice is informed by the problem, while in [58] the optimal cut
must be found introducing a problem that reduces to the graph partitioning problem,
which is NP-hard [59].

The MaxCut problem can be considered a special example because the quadratic
terms defined in the Hamiltonian, as well as the two-qubit gates of the QAOA ansatz,



has a one-to-one connection with the edges of the problem graph. Therefore the con-
nected subgraphs correspond exactly to the slices of the circuit as well. However,
in general, this example shows that we can exploit different properties of the graph
defined by the optimization problem (e.g. the k-connectivity, as in this example) in
order to apply the slicing method.

Entanglement entropy analysis between slices

To apply the framework proposed in section 2.1, we must remove from the circuit 2-
qubits gates. Thus, we remove quantum information from the circuit since the slices
are classically separable and therefore there are no quantum correlations between
them. We can analyze the amount of quantum correlation lost by computing the
entanglement entropy between the slices. The entanglement entropy can be computed
using the density matrix representation of the VQA parameterized quantum circuit.
In general, the density matrix can be written as

p= Zpi i) (il

and it describes a quantum system that can be in the state [¢;) with probability p;.
The entropy of the quantum system is described by p using the Von Neumann entropy

S(p) =—=> n;lnn;,
J

where {n,}, are the eigenvalues associated to the matrix p. Given a quantum system
in the state [¢) and a partition of its components in the subsystems A and B, we can
compute how much the subsystems A and B are entangled using the Von Neumann
entropy. This can be obtained by computing the density matrix of the subsystem A (or
B interchangeably) from the density matrix of the system p = |1} ()| — the density
matrix of the subsystem is called reduced density matrix. The reduced density matrix

is
pa=tra(p) = > (6 @1%)p(l6") @17),
{le) }

where {|¢;4>} is an orthonormal basis of the Hilbert space of the subsystem A. The
entanglement entropy between the two subsystems is S(pa).

Therefore to compute the entanglement entropy between two slices we have to
consider the density matrix of a parameterized quantum circuit. This can be obtained
starting from the wavefunction representing the outcome of the circuit:

[ (a)) = Ula) [0)°",

where U(a) is the unitary matrix representing the parameterized quantum circuit of
the VQA evaluated in the hyperparameters a = (o, . .., o), |0>®" is the initial state
of the parameterized quantum circuit, and n is the number of qubits involved in the
circuit. The density operator of the state |¢p(a)) is p(a) = |[¢(a)) (¥ (a)|. Therefore, to



compute the entanglement entropy between the slices we have to compute the reduced
density matrix over the subsystem of the slice from p(a). Thus, we evaluate p(a) with
the hyperparameters trained with a parallel implementation of the VQA, compute the
reduced density matrix of the slice, and evaluate its entanglement entropy.

We consider the entanglement entropy obtained by evaluating the QAOA circuit
density matrix representation with the hyperparameters trained using pQAOA, single-
slice pQAOA. We evaluate the different QAOA implementations with p =1 and p = 2
using the hyperparameters trained on the 50 VRP instances solved in section 2.3.
Then, to study how well our parallel implementation can approximate QAOA, we
consider the entropy distribution amongst the instances and compare the difference
between the entropy obtained from the hyperparameters trained with QAOA and
its parallel implementations by considering each instance. Moreover, to understand
whether low entropy between slices can suggest when it is suitable to apply the slicing,
we analyze the relationship between entanglement entropy obtained by evaluating
the hyperparameters trained with QAOA and the minimum energy obtained with its
parallel implementation. The results are shown in fig. 11.

As we can see in fig. 11a, for p = 1 the distribution of the entropy between the slices
appears similar among the different implementations. Furthermore, we can observe
that in most instances, the entropy is large for both the implementation with hyper-
parameters trained with QAOA and its parallel implementations. Thus, we obtain a
good approximation of QAOA by using our parallelization framework. However, we
can see that we cannot identify a general behavior for all the cases considered and
that the entropy of many considered instances is problem-dependent.

On the other hand, the results shown in fig. 11b present a different situation
where the parallel implementations do not approximate QAOA with p = 2. In this
case, not only we cannot characterize the entropy distribution, but we can observe
that the hyperparameters optimized with QAOA follow a different trend than those
trained with a parallel implementation of the VQA. We believe this is due to the
number of gates used to implement the slices. As mentioned above, when the number of
layers increases the number of removed gates from the circuit increases. Therefore, the
approximation of the VQA circuit is less accurate. Nevertheless, as noted in section 2.3,
even though the slices differ from the original circuit, we can still obtain better quality
solutions by employing our parallelization framework.

Moreover, we can see that the entanglement entropy between the slices obtained by
evaluating the hyperparameters trained with QAOA cannot be used to decide whether
to apply the slicing. Both for p = 1 and p = 2 we cannot identify any trend between
the low or high entanglement between the slices and the performance of pQAOA.

Relation with the number of slices

The parallelization framework explained in section 2.1 can be seen as a method to
approximate a VQA by moving the computational effort from the quantum circuit to
the classical optimizer of the algorithm. This approximation depends on the number
of slices used to apply the parallelization. Notice that there are two trivial cases: the
framework is applied by using only one slice and, therefore the parallel implementation



Analysis of the entropy between the two slices derived from the VRP
Hamiltonian.
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Fig. 11 We obtain the entropy between two slices by evaluating the QAOA quantum circuits as we
shown in fig. 7, and by computing the bipartite entropy, considering the subsystems involved by the
slices. We show the results for p = 1 and p = 2. We analyse the distribution of the entropy across
the 50 instances solved (left) where the boxes represent the upper quartile (top line), median (central
line) and lower quartile (bottom line), and the whiskers extend to 1.5 times the interquartile range;
the relationship between the entanglement entropy between the slices by evaluating the hyperparam-
eters trained by QAOA and the hyperparameters trained with pQAOA (center); and, the comparison
between the entanglement entropy between the slice of the QAOA circuits evaluated with hyperpa-
rameters trained with QAOA and the energy of the results obtained with pQAOA (right). We can
use these comparisons to understand whether the parallelization can approximate the behaviour of
the entanglement entropy coming from the 2-qubits gates we removed to create the slices and if there
is a correlation between the performance of pQAOA and the low entanglement entropy between the
slices in QAOA. For p = 1, the pQAOA can approximate the entropy distribution. Conversely, for
p = 2 the situation is different and pQAOA cannot approximate the behavior of QAOA as for p = 1.
We believe this is due to the number of gates removed from the ansatz. If for p = 1 the circuit is sim-
ilar except for the doors removed, by adding one layer the structure of the parameterized quantum
circuit becomes significantly different. Therefore, the approximation of the entanglement cannot be
as good as before. Nevertheless, this does not necessarily influence the performance of the algorithm
as we showed in fig. 6.

is the direct implementation of the VQA circuit itself; and when we remove all the 2-
qubit gates from the circuit obtaining slices consisting of only one qubit. We identify
the latter as trivial because a classical computer can efficiently simulate a circuit with
only one qubit. Therefore, when we apply the slicing by creating a slice for each qubit
we obtain a classical approximation of the VQA circuit, equivalent to removing all
quantum gates from the circuit.

Therefore, different choices can be made to apply the slicing, and different perfor-
mances can be achieved. To study how the choice of the number of slices influences
the performance of the VQA we consider different parallel implementations of QAOA



Example of many ways of slicing directly a quantum circuit.
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Fig. 12 QAOA circuit implementation of the Hamiltonian eq. (18). On the right side, the slices
obtained by removing the Hamiltonians eq. (20) ( ), eq. (21) (blue), eq. (22) (red), and eq. (23)
(green) are shown. quantum gates representing the Hamiltonian eq. (18) represent the color that
identifies the slices if the circuit is considered up to that gate. The dashed lines represent the action
of the slicing on the circuit.

used to solve the following Hamiltonian:
15 14
Hioy = > hio; + Y Jiit1070741, (18)
i=0 i=0

where o7 is a spin variable that can take values —1 and +1, and h;, J; ;41 € [—1, +1]
are randomly generated. Notice that this Hamiltonian is an Ising chain, i.e. the graph
representing the Hamiltonian is a path. Thus, we consider each 2-body interaction
in Hioy to create slices of the problem. Due to the limited number of qubits, we can
compute the ground state with a brute-force solver.

We show how to apply the slicing by using the same notation used in section 2.2.1,
where H 5 is part of the Hamiltonian which is not implemented in the circuit but only
optimized classically. We consider five different cases:

HY =0, (19)

Hé = oZog, (20)
14

H% = Z 0; 05415 (21)
i=0



Comparison of pQAOA performance with different number of slices.
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Fig. 13 Performance of different implementations of single-slice pQAOA with different numbers of
slices. The algorithm performance is related to the number of slices, where QAOA has only 1 slice.
Notice that pQAOA with as many slices as qubits is a classical algorithm, since 1 qubit can be
efficiently simulated, (in this case we have 16 slices). We refer to pQAOA when the slices consist of
only 1 qubits as classical pQAOA. We consider the results in terms of: the relative distance from the
optimum, computed with a brute force method (left) where the boxes represent the upper quartile
(top line), median (central line) and lower quartile (bottom line), and the whiskers extend to 1.5
times the interquartile range. The circles stand for the outliers; and, the success rate, measured by the
percentage of samples that are the ground state over the set of global samples obtained (right). We
can note that when there is entanglement in the circuit (slice from 1 to 8) the results are comparable,
while for the classical pQAOA the results are the best obtained over 5 different randomly generated
instances of eq. (18). Furthermore, we note that the more effort is moved to the classical optimizer
the more ground states are observed. Nevertheless, this analysis is based on a simple problem and
therefore no general conclusion can be drawn.

14

HE = Zofgfﬂ, (22)
127?
14

HL = oio},, (23)
1=0

where “z | y” (“x{y”) means that = divides (does not divide) y. Notice that eq. (19)
and eq. (23) are the trivial cases described above. The number of slices in the different
implementations is: 1 for eq. (19), 2 for eq. (20), 4 for eq. (21), 8 for eq. (22), and,
16 for eq. (23)— we call this last implementation classical pQAOA. The graphical
representation of the slices is given in fig. 12. We can see that by applying the slicing
in the presented way we create identical slices.

To study the performance, we simulate QAOA with p = 1,2 with the parallel
implementations described in fig. 12. Excluding the direct implementation of QAOA,
we implement single-slice pQAOA by using different slices obtained with eq. (20),
eq. (21), eq. (22), eq. (23). We optimize the hyperparameter and use the solutions
collected from the optimized pQAOA. In this experiment, we train the hyperparam-
eters by collecting 100,000 samples at each iteration to obtain the best performance
possible. The results are shown in fig. 13 regarding the relative distance from the opti-
mum and the percentage of ground states obtained. We can see that every non-trivial



PQAOA execution obtains a similar distribution of solution quality to QAOA, while
we obtain better solution quality for classical pQAOA. Furthermore, we can note that
the relative distance from the optimum increases by increasing the number of slices.
Therefore, in this case, the more 2-qubits gates are removed from the quantum circuits
the more the performance improves. Nevertheless, we believe this behavior could be
related to the simple geometry of the problem. Since the problem is a chain of qubits,
the choice of the value of the qubit depends only on its local interactions and does
not depend on the other qubit values. Therefore, we expect these problems with local
properties to be easy to solve with a black box optimizer.

Thus, more in-depth analysis must be done to give a general conclusion about
the relation between the number of slices and the performance of the parallelization
framework. The analysis of this relationship will be taken into account in future works.
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