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Supplementary Information A: Details of the ((6,2,3)) codes
1. The |S;) basis

In the six-qubits system ¢1¢29394g596, we choose a subspace for ga2q3qsgsgs with basis |S;):

15y) = % (J00001) + [11110)),
1S5 = % (/00010) + [11101)) ,
1S) = % (/00100) + [11011)),
1S)) = % (/01000) + [10111)),
1S5) = % (]10000) + [01111)).

Their reduced density matrices (RDM) have clean forms. For example, 1-RDM
2Trq, q.q.q, [193) (S5]] = di; 12
2-RDM are
ATrg,q,q. (153} (Sill = L + (1) Z© Z
where the sign § € {0,1} depends on how which qubits are chosen, for example:

4Ter2(I3Q4 [|S1> <Sll] =I4—-7Z® Z,
4Tr<Z2¢J3qa [|Sl> <Sll] =L+Z®Z

Still, 2-RDM but with different basis

ATrg, g.q, [15) (Sj]l = (X @ X +Y @ Y) 607,

4TrlI2Q3Q4 [|Sl> <SQ|] = (X RX+Y ®Y),

DUt W =

10
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TI’Q2Q3115 [|Sl> <S2|] =0.

Our code are designed in the following 10-dimensional subspace
{10),11)} @ {[51),[52) ,[53) ,[54) ,[S5) }

From above, all 2-RDM of pure states in this subspace will be in the form:
1

The logical states are defined as

|zi) = 7 [0) +7irs [1), i =1,2,3,4,5

|y1> = V:+5 |0> _’YZ* |1>’ 1= 1727374a5

0) =3[ [80) . 112) = 3 ) 150

It is convenient to introduce the following shorthand notation for the 2-RDMs:

Mzzjz:<xt|xj>a Mz?!j$:<yi|$j>v
M = (il y;), MY = (yil yj) -

M (Oy,0,,03) = Oy (|00) (00] + [11) (11])
+ 0, (j01) (01| + |10) (10])
+ O ([01) (10] + [10) (01]) .

M (O1,09,03) is a 4-by-4 matrix with diagonal elements [J; and Oy, off-diagonal element 3. Four important
properties about the tensor M will be used later:

Mg" =0 (A2)
M" = MY (A3)
M =iy + viysvi+s = MY (A4)

sz + Mfiy = (’Yf’ﬁ% - 7;+57;)
+ (9 %es = Vas1i) =0 (A5)

Since (07| 0z) =Y, (x| x;), we have
Op0L) =Y MZ"=> "y = 1.

With such a basis chosen, our code can already satisfy most of KL-conditions.



2. The 2-RDMs and KL conditions

a. RDM-(q2,q3) We first introduce RDM-(gz, ¢3):

Tr (a3 [|0) (0L]] = M (01, 0y, 03)
20, = MY + M35 + M5Y,
20, = My + M5y,
205 = M5 + M3y,

Tog (110} (L)) = M (05,05, 05).
2% = MY + MY + MY,
2005 = MY + MY,
o0 = MY + M,

T‘I‘(ZS)C [|1L> <OL|] =M (Dlll? D/2/7 Dg) )
207 = MY + MYy + MY,
201 = MY + M.
2005 = M5 + M.
e From Eq.(A3), we have J; = 0} and Oy =[5
e From Eq.(A4), we have O3 = 5.
e From Eq.(A2), we have O] = 0O} = 0.
(A5)

e From Eq.(A5), we have 00§ =0

(A6)

(A8)

The |0£)(0z] RDM is equal to |11){1.] RDM and others are zero. It should be emphasized that this is true to all

b. RDM-(gi>1,q;>1) Without loss of generality, only |07)(0z| is listed below:

Tr(24ye [|02) (0[] = M (O1,0,,03),
20, = M + M + M3,
200, = M35 + MY,
2003 = M52 + MY,

Tras)e [[02) (0[] = M (04,09, 03),
201 = MYY' + Mgy + My,
20, = M3y + Mgy,
203 = Ms3' + Mgy,

Tra6)e [|02) (0[] = M (04,02, 03),
204 = M35 + M35 + MY,
200y = M + MY,

203 = Mi5° + MY,



C.

RDM ((ha Qk>1)

Tr(zaye [[02) (0[] = M (04,02, 03),
204 = M + M3y + M3,
20y = M35 + MY,

203 = M3 + M7,

Trss)e [|02) (0z]] = M (O1,0,,03),
2001 = MY + M35 + Mgy,
20y = szg: +Mff,
2|:|3 = Mgéf + M42 )

Tr(ze)- [[02) (Or]] = M (O, 02,03),
2004 = My5 + M35 + Mgy,
20 = MyY" + My,
205 = Myy + My,

Tr(as)e [[02) (O[] = M (04,02, 03),
201 = MY + Mgy + Mgy,
20y = M35 + M35,

205 = M35 + My,

Tre)e [[02) (0[] = M (04,02, 03),
204 = M35 + M7 + M3,
200y = MY + M35,

205 = My5 + Ms7,

Tr(s)e (|02) (Or]] = M (0,05, 05) ,
200, = M3y + Mgy + MES,
200, = MY + M3y,
2005 = My + M.

To satisfy KL-conditions, the RDMs

Trange [102) (02] = 5 Y1) (mil © I

%

Tr(lk 1) (1z]] = ZL% (yi| ® I

Tr(lk)c [1z) (0c]] = Z |Yi) (x| @ Lo



must obey

D) (| = Z lyi) (vl Z lys) (5] = 0.

i
From above, we can derive

y=[a+ib c+id] €C", a,bc,deR,

Thus, vector (a, b, ¢, d) make four columns of orthogonal group O(5).

3. Expression of \*

Let e being the vector orthogonal to a,b,c,d

1
e-e:1,e~a:e-b:e~c:e-d:0,e€R5

Then we can prove

xTrxr 1 T xTrxr
ME = 1 €7, M* + M = —2¢;e;.

Proof. Let’s take i = 1 for example. Denote the unnormalized orthogonal matrix composed from (a, b, c,d, e) as:

ap by ¢ di e
az by co dy e

= as b3 C3 d3 €3 (AIO)
ayq b4 Cy d4 €4
as bs c5 ds es

1
— AAT = ATA = ZI'
which means each column (row) are orthogonal to each other. Then

1
MY =af 0+l +di = | —ef,

and similarly

M5 + M7 = ajag + biby + cico + dida
= (a1ag + b1by + c1cp + dida + eqez)
—e1eo
= —ee. (A11)



All nonzero components of signature vector can be written as

Ax,x; = A\vyy; = —2e7_jer_j,

Az,z, =265, +26¢5_;, i,j€{2,3,4,56}. (A12)
For example

AxoXs = Avay, = —2e4€5, Az, 2, = 2€; + 2€3.

Then its square of length is
= E +3 Z ef
2 - ¢
Proof. Two lemmas:

Ty (2) -3 -x

i jF£e

ZZe —ZZe 26?24;(3?

R E)

Using lemmas above,

)\*222246 e; +4e262+4(e —|—e)

i j>i
—ZZ4€2€2+2 €; +e)
L)
—22862624—26 +2e
)

1

4. Structure of SO(4) symmetry

The Lie algebra so(4) comprises all 4 x 4 skew-symmetric matrices. A general skew-symmetric matrix X € so(4)
satisfies X7 = —X. Such matrices have zeros on the diagonal and contain six independent off-diagonal elements.
These non-zero elements correspond to infinitesimal rotations in the six independent planes of four-dimensional space

(x; — x; plane for i # j). Each generator can be represented by a matrix E,;, where the (4, j)-th entry is +1, the
(j,1)-th entry is —1, and all other entries are zero.

To obtain the Lle group SO(4), we exponentiate the Lie algebra elements. Specifically, for any skew-symmetric
matrix X € so(4), the corresponding element in SO(4) can be obtained as:

SO4) = {e¥ | X €50(4)}

Now choose the set

K| = Fyy+ E34, Ky = Fyp — E3y,
K3 = Fo3 + E14, Ky = Fo3 — Ei4,

K5 = F3 + Eg4, K¢ = Fy3 — Eas.



Notice that

And

Write

We now compare

with the representation of

cosf sinf 0 0
—sinf cos6 0 0

exp(0K1) = 0 0 cosf sinf
0 0 —sinf cosf
cosf@ sinf O 0
—sinf cosf O 0
exp(0K3) = 0 0 cosf —sinf
0 0 sinf@ cosé
cos 0 0 0 siné
0 cosf) sinf 0
exp(0Ks3) = 0 —sinf cosf O
—sinf 0 0 cosf
cos 6 0 0 —sinf
0 cosf sinf 0
exp(0Ky) = 0 —sinf cosf 0
sin 0 0 0 cos
cos 0 sinf 0
0 cosf 0 siné
exp(0Ks) = | _ sin 0 0 cosf O
0 —sinf 0 cosf
cos 0 siné 0
0 cosf 0 —sinf
exp(0Ke) = | _ sinf 0 cosf 0
0 sinf 0 cos 6
exp(—i0X) = cos O — isinoX — | 03¢ —isind
—isinf cosf
. .. cosf) —sinf
exp(—if0Y) = cos 0] —isindY = [sin@ cos 0 ]
. .. e~ 0
exp(—ifZ) = cos @I — isinfZ = 0 et

|2:) = (a; + ;) |0) + (c; +id;) [1) = {ai + ibz} .

) = (= id) o) — s = |y = | 7% |

expOK;

e expif Xy, expifYy,expifZ,

e expif Xy, expifYr,expifZy,

as SO(4) rotations



a. exp(—ifXy)

exp (—i0X1) ) = [ cosf —isin 9} {ai + ibi}

—isinf cosf ¢ +1id;

_ | (cosBa; + sinfd;) + i(cos 6b; — sinOc;)
~ | (sin @b; + cos b¢;) + i(— sin fa; + cos Hd;)

As a SO(4) rotation, this is

cos 0 0 —sinf

0 cosf sinf 0

0 —sinf cosf 0 ’
sin 6 0 0 cos

[abcd]

which corresponds to exp(60Ky).

b. exp(—ifY7)

exp (—i0Y1) |21) = [0080 —sinﬁ} {aiﬂbi]

sinf cosf | |¢; +id;

_ |(cosba; —sinfc;) + i(cos 0b; — sin 0d,;)
~ | (sinBa; + cos bc¢;) + i(sin 0b; + cos 0d;)

As a SO(4) rotation, this is

cos 0 sinf 0
0 cos 0 siné
—sinf 0 cosf 0 ’
0 —sinf 0 cosf

[abcd]

which corresponds to exp(6K3).
c. exp(—ihZy)
exp (—i0727) |z;) =

cosf —isinf 0 a; + ib;
0 cosf +isinf| |¢; + id;

| (cos@a; + sin 0b;) + i(— sin fa; + cos Hb;)
" | (cosfc; —sin@d;+) + i(sin fc; + cos 8d;)

As a SO(4) rotation, this is

cosf) —sinf 0 0
sinf cos@ 0 0
0 0 cosf sinf |’
0 0 —sinf cosf

[abcd]

which corresponds to exp(—60K>).



d. exp(—i6Xy)
exp (—i0X)|0L) = cosf|0r) —isinf|1L)

— cos 0 [Cz' i idi] —¢sinf [_ai n ibi]

| (cosBa; — sin6d;) + i(cos 6b; — sinOc;)
~ | (sin 0b; + cos b¢;) + i(sin a; + cos 0d;)

As a SO(4) rotation, this is

cos 0 0 siné
0 cosf) sinf 0
0 —sinf cosf O ’
—sin 6 0 0 cost

[abcd]

which corresponds to exp(6K3).
e. exp(—ifYr)
exp (—i0Y7) [0L) = cos0]0L) +sinf |11)

a; —+ Zbl . C; — ld1
— cosf Li n idi] + sin 6 [_ai n ibl}

| (cosBa; + sinfc;) + i(cos 6b; — sin 0d;)
| (—sinfa; + cosfc;) + i(sin 6b; + cos 6d;)

As a SO(4) rotation, this is

cos 0 —sinf 0
0 cos 0 sin 6
sin 0 0 cos 0 0 ’
0 —sin6 0 cos

[abcd]

which corresponds to exp(—0Kg).

f exp(—ibZyp)
exp (—i0Z1)10L) = (cos@ —isinf)|0r)
— (cos @ — isin) Li N idz}
(cos Ba; + sin 0b;) + i(— sin a; + cos 0b;)
(cosOc; + sinOd;+) + i(— sin O¢; + cos 0d;)

As a SO(4) rotation, this is

cos) —sinf 0 0

sinf cos@ 0 0
0 0 cosf —siné |’
0 0 sinf cosf

[abcd]

which corresponds to exp(—6K7).



Supplementary Information B: Steps to solve for the ((7,2,3)) codes

We provide the details for solving the following system of equations:

2,2, 2, 2, 2
cgtcei+cs+egtcei=1

Tca+3ci —c3—c3—5c5=0

2ﬁ0()64 + 2\/?:0162 + 4\/50163

+4\/§clc4 + 4eocs + 30% =0

Q\ﬁcoq + 2\/3(:102 + 4\/50103

—4\/§clc4 —4coc3 — 3c§ =0

10

(E1)
(E2)

(E3)

(E4)

Our goal is to eliminate ¢, c2, and c3 to obtain an equation in terms of ¢; and ¢4. To do this, first subtract Eq.(E4)

from Eq.(E3):

Simplify:

Adding Equations (E3) and (E4):

Simplify:

From Eq.(E1):

Substitute ¢3 into Eq.(E2):

T(1—c? —c2—c2—c3)+3c2 —c5—c2—b5c

[2\/?0004 + 2\/30102 + 4\/50103
+4V/3 cieq + 4eges + 305}
— [2\[76004 + 2\/?;8102 + 4\/56163

—4\/§clc4 —4cocg — 303} =0

8\/50104 + 8cocg + 6c§ =0
= 4\/561(:4 + 4cocs + 3c§ =0

[2\/?0064 + 2\/3 cic2 + 4\/§ ci1C3
+4v3 c1cq + 4eges + 303}
+ |:2\ﬁ6064 + 2\/56162 + 4\/56163

— 4\/§clc4 — 4cocy — 303} =0

4\ﬁCOC4 + 4\/30102 + 8\/36103 =0

= \ﬁCoC4+\/§Clcg+2\/50163 =0

d=1--c—-c2—-c2

2

1=

7—7c8 —Tcs—Tc5 —Tci+3c¢f —c3 —c5—5ch =

0
0

(E6)

(Ela)



Simplify:

Divide both sides by —1:

Divide both sides by 4:

From Eq.(E6):

Square both sides of Eq.(E9):

From Eq.(Ela), we have:

Therefore:

Set Eq.(E10) equal to Eq.(E11):

From Eq.(ES8):

Simplify:

First, expand (cz + 2¢3)%:

From Eq.(E5), rearranged:

—4c? — 83 —8c2 - 125 +7=0
4¢3 + 8¢5 +8c3 +12¢; =7
0%4—203—1—2034—303 = Z
ﬁcOC4 = —V3cicy — 2\/30103

2
(VT eoca)* = (—\/30102 - 2\/§C103)
7c2c? = 3¢2 (cg + 2¢3)°
22 _

3
= cjcp = ?cf (2 + 2¢3)°

(e +2¢3)* = 5 +4cocs + 4c

11

(E7a)

(E8)

(E10)

(Ela)

(E11)

(E12)

(E13)

(E14)

(E15)



3
Ccocy = —\/§c104 — ch

Substitute cacs into Eq.(E15):

3
(c2+2c3) =c2+4 (\/§0104 - 4c§> + 4¢3

=ci - 4V3Beiey — 3¢5 +4c3
= c% — 4\/56104 + c%

Now, using ¢ + ¢3 from Eq.(E14):

Thus, from Eq.(E12), we have

|

| o
Q

DN
7N

| =3

|

Q

=N
N |
NV
|

S

=
o

—

o

[N
N

Simplifying we have

28¢i + (7+8¢}) cf + 96v3cies + (12¢f —21¢}) =0
& (ea+ V3er) (2865 - 28VBercd + (926 + T) e
+V3 (4] ~Ter) ) =0

This then gives ¢y = —\/gcl as a solution.

12

(E16)

(E17)

(E14)

(E18)

(E19)
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