Supplementary Information to ‘“Unveiling clean two-dimensional discrete time crystals on a digital
quantum computer”’

Kazuya Shinjo!, Kazuhiro Seki?, Tomonori Shirakawa>**3, Rong-Yang Sun®*#, and Seiji Yunoki'->3>
lComputational Quantum Matter Research Team, RIKEN Center for Emergent Matter Science (CEMS), Wako, Saitama 351-0198, Japan
2Quantum Computational Science Research Team, RIKEN Center for Quantum Computing (RQC), Wako, Saitama 351-0198, Japan
3Computational Materials Science Research Team, RIKEN Center for Computational Science (R-CCS), Kobe, Hyogo 650-0047, Japan
4RIKEN Interdisciplinary Theoretical and Mathematical Sciences Program (iTHEMS), Wako, Saitama 351-0198, Japan
3Computational Condensed Matter Physics Laboratory, RIKEN Pioneering Research Institute (PRI), Saitama 351-0198, Japan

CONTENTS
1. Supplementary Note 1: Quantum device conditions 1
II. Supplementary Note 2: Results for a heavy-hexagonal lattice of L = 28 qubits 1
III. Supplementary Note 3: Results for a heavy-hexagonal lattice of L = 133 qubits 2
IV. Supplementary Note 4: Results for a one-dimensional lattice of L = 112 qubits 5
V. Supplementary Note 5: The role of Ising interaction 6
VI. Supplementary Note 6: Error mitigation based on a global depolarizing noise model 7
VII. Supplementary Note 7: Out-of-time-order correlators 10
VIII. Supplementary Note 8: Long-time dynamics 13
IX. Supplementary Note 9: Tensor network simulations: 2dTNS 14
References 17

I. SUPPLEMENTARY NOTE 1: QUANTUM DEVICE CONDITIONS

The experimental data presented in this study were obtained using the IBM Quantum Heron processor, ibm_torino, via cloud
access, predominantly during the period from January 1 to January 31, 2024. Throughout this duration, the average relaxation
and dephasing times 7 and 75, as well as the average readout assignment error rate, across all qubits were 165us, 138us, and
0.03, respectively. Additionally, the average error rate of CZ gates and the average duration of CZ gates across all qubits were
0.006 and 101ns, respectively. Notably, no significant deviations were observed in the data obtained on different dates, indicating
the consistency and stability of the quantum device utilised for this study.

II. SUPPLEMENTARY NOTE 2: RESULTS FOR A HEAVY-HEXAGONAL LATTICE OF L = 28 QUBITS

Supplementary Figure 1 shows the error-unmitigated raw data of the averaged magnetisation (Zavg(t»o for up to 100 time
steps obtained for the L = 28 system using ibm_torino (see Fig. 4a). Here, the average is performed over the same set A of qubits
as described in the main text, i.e., A = {63, 64, 65, 66,67, 68, 69,70, 71}. To mitigate errors in the raw data for 8, # =, the results
for the trivial cases with 6, = 7 are utilised, as detailed in Eq. (4).

Comparing with the results obtained by the state-vector method [1] in Supplementary Figures 2 and 3, we find that error-
mitigated values (Zavg(t)) are generally in good agreement with the numerically exact values, although deviations become ap-
parent in some cases, particularly for long time steps.

To assess the accuracy of various tensor network methods, including matrix product state (MPS) [2] and two-dimensional
tensor network state (2dTNS) methods (for details of our 2dTNS simulations, see Sec. IX), we compare the results of (Zavg(t))
obtained by these methods with the numerically exact results calculated by the state-vector method in Supplementary Figures 4
and 5. As shown in Supplementary Figures 4a-4c¢ and 5a-5c, when 6, = 0.97, (Zavg(t)) obtained by these tensor network methods
with relatively small bond dimensions y (MPS with y = 300 and 2dTNS with y = 40) sufficiently converge consistently to the
numerically exact values, even for time steps up to 100. However, as shown in Supplementary Figures 4d-4f and 5d-5f, when
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Supplementary Figure 1: Error-unmitigated raw data (Zavg(t))o for the heavy hexagonal lattice of L = 28 qubits obtained using
ibm_torino (see Fig. 4a). The parameters (6., 6) are a (1, 0), b (7, 0.57), ¢ (7, 1), d (0.97,0), e (0.97,0.57), £ (0.97,7), g
(0.87,0), h (0.87,0.57), and i (0.87, ). Although smaller than the size of symbols in this scale, the statistical errors of
measurements are estimated in the same manner as described in the main text.

6, = 0.8m, which is close to the crossover boundary between the discrete time crystal (DTC) and incommensurately modulated
DTC (IM-DTC) responses and the thermalised regime, a larger y is required to obtain the converged value, due to the increase of
entanglement. For example, when (8., 6,) = (0.87,0) (Supplementary Figure 5d), 2dTNS with y = 400 is insufficient to obtain
the numerically exact results for 7 > 50. A similar trend is observed for other parameters shown in Supplementary Figures Se
and 5f and for the MPS method shown in Supplementary Figures 4d-4f. These results suggest that the long-time time-evolution
simulations of (Zavg(t)) based on classical tensor network methods already face challenges even for L = 28 in a parameter
region around 6, = 0.871. We expect to encounter similar challenges for L = 133, where the numerically exact state-vector
method cannot be applied, although a recent report suggests that the accuracy of a 2dTNS method improves as the system size
increases [3]. This emphasises the significance of utilising a quantum computer precisely in this parameter regime.

III. SUPPLEMENTARY NOTE 3: RESULTS FOR A HEAVY-HEXAGONAL LATTICE OF L = 133 QUBITS

Supplementary Figure 6 shows the error-unmitigated raw data of the average magnetisation (Zavg(t»o and the
error-mitigated data (Zavg(t)) for up to 100 time steps obtained for the L = 133 system using ibm_torino (see
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Supplementary Figure 2: Error-mitigated data (ng(t)) (yellow diamonds) are compared with the results obtained by the
classical state-vector simulations (black squares) for the heavy-hexagonal lattice of L = 28 qubits. The parameters (6,, 6,) are a
(0.97,0), b (0.97,0.57), ¢ (0.97, 7), d (0.87, 0), e (0.87,0.57), and f (0.87, 7). The error bars indicated represent the propagated

error in the quantities in the numerator and the denominator of Eq. (4).
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Supplementary Figure 3: Enlarged plots of Supplementary Figure 2, focusing on the time evolution for up to 50 time steps.

Fig. 4a). Here, the average is performed over the same set A of qubits as described in the main text, ie., A =
{57,58,59,60,61,62,63,64,65,66,67,68,69,70,71}. Remarkably, even without error mitigation, distinct signals of period-
doubling oscillations persist for over 100 time steps. To mitigate errors in the raw data for 8, # x, the results corresponding to
the trivial cases with 8, = x are utilised, as explained in Eq. (4).

For the trivial cases with 6, = m, as shown in Supplementary Figures 6a-6e, |<Zavg(t))o| should ideally be 1. However,
deviations from this ideal value are observed, which become more pronounced with increasing time steps, owing to the noise
and decoherence inherent in the quantum device. The number of CZ gates in the quantum circuit increases by 150 for each
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Supplementary Figure 4: Comparison of the results for (Zavg(t)) on the L = 28 heavy-hexagonal lattice obtained by the MPS
method with various bond dimensions (y = 100, 300, 1000, 3000, and 5000) and the state-vector method. The parameters
(6, 6;) are a (0.97,0), b (0.97,0.57), ¢ (0.97, ), d (0.87,0), e (0.87,0.57), and f (0.87, 7).

operation of Ur as defined in Eq. (2). At ¢/T = 100, the quantum circuit volume v = 15000 (defined by the total number
of CZ gates) superficially implies I(Zavg(t = 100T)Y| = (1 — p)" ~ 107%, with a typical two-qubit infidelity in ibm_torino of
p = 4 x 1073. However, in practice, we observe I(Zavg(t = 1007))o| = 0.1 in Supplementary Figures 6a-6e, suggesting an
effective quantum circuit volume veg =~ 600. Since we measure local observables, v.g is significantly smaller than v, as discussed
in Ref. [4]. Additionally, it is interesting to notice that the raw data for the L = 28 system with the trivial parameters, as shown
in Supplementary Figures la-1c, also exhibit I(ng(t = 1007T))o| =~ 0.1 — 0.15, indicating a similar veg.

In Fig. 1d of the main text, we demonstrated that the averaged magnetisation (Zavg(t» obtained from ibm_torino with the error
mitigation agrees well with those of classical 2dTNS simulations at (6, 6,) = (0.8x,0.57) for the L = 133 system over 50 time
steps. In Supplementary Figures 7 and 8, we extend this comparison to other parameters over 100 time steps. As shown in
Supplementary Figures 7a-7c and 8a-8c, when 6, = 0.9x, the averaged magnetisation (Zavg(t)) obtained by the 2dTNS method
with a relatively small bond dimension y = 20 already converges sufficiently. This implies that the 2dTNS results for these
parameter sets are reliable even for up to 100 time steps. Indeed, this parameter region exhibits limited entanglement growth
over time steps, as indicated by the agreement between the MPS results with relatively small bond dimensions and the 2dTNS
results (see Supplementary Figures 9a-9c¢ and 10a-10c). Moreover, it is particularly remarkable that despite the simple error
mitigation protocol introduced in Eq. (4) of the main text, the error-mitigated (Zavg(t» obtained from ibm_torino are in relatively
good alignment with the 2dTNS results (see Supplementary Figures 7a-7c¢ and 8a-8c).

On the other hand, as shown in Supplementary Figures 7d-7f and 8d-8f, the convergence of the 2dTNS results for 6, = 0.87
is slow with increasing the bond dimension, especially for long time steps, as anticipated from the results for the L = 28 system
shown in Supplementary Figures 5d-5f. This parameter region is close to the crossover boundary between the DTC and IM-
DTC responses and the thermalised regime, where extensive entanglement growth is expected. Due to the substantial increase
in entanglement, the performance of tensor-network simulations is significantly degraded, resulting in a noticeable discrepancy
between MPS and 2dTNS as shown in Supplementary Figures 9d-9f and 10d-10f. Although the classical 2dTNS simulations
may not have yet converged in these parameter sets for ¢ > 50, we still observe that the error-mitigated (Zavg(t» obtained from
ibm_torino align well with the 2dTNS results (see Supplementary Figures 7d-7f and 8d-8f). Given that this is the parameter
region where classical simulations face challenges, it underscores the value of quantum computers precisely in this parameter
region.

In Supplementary Figures 11a-11f, we show the spatial distribution of the error-mitigated magnetisation (Z (@) at t/T = 2,
16, 24, 32, and 40, obtained using ibm_torino for the L = 133 system with the parameter (6., 6,) = (0.97,0.57). Here, the same
error mitigation protocol as defined in Eq. (4) of the main text is employed, except that the denominator on the right hand side
of Eq. (4) is replaced by the spatial average of the magnetisation over the entire system. These results are compared with those
obtained using the MPS method in Supplementary Figures 11g-111. The initial state |/(0)) is prepared as a product state with all
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Supplementary Figure 5: Comparison of the results for (Zavg(t» on the L = 28 heavy-hexagonal lattice obtained by the 2dTNS
method with various bond dimensions (y = 40, 100, 300, and 400) and the state-vector method. The parameters (6,, 6,) are a
(0.97,0), b (0.97,0.57), ¢ (0.97, ), d (0.87,0), e (0.87,0.57), and £ (0.87, 7).

qubits set to |0), representing a fully polarised state. As shown in Supplementary Figure 12c, we also observe a longer-period
oscillation in the averaged magnetisation (Zdvg(t)) upon introducing non-zero 6., indicating an IM-DTC response, despite the
initial state differing from that used elsewhere in this study. Interestingly, the period of this oscillation closely resembles that
observed in Supplementary Figures 7b and 8b, where the initial state is set differently. Furthermore, we find in Supplementary
Figure 12c that the error-mitigated data are in good agreement with the results of MPS over 40-time steps.

Now, it is interesting to investigate the nature of the time-evolved state at characteristic times. As shown in Supplementary
Figure 12c, the nodes of the longer-period oscillation occur at #/T =~ 14 and slightly beyond 40, which are similar to those
observed in Supplementary Figure 8b. At times near these nodes, specifically /7 = 16 and 40 as shown in Supplementary
Figures 11i and 111, respectively, we observe that the time-evolved state [/(¢)) exhibits a Neel-like structure in the MPS simula-
tions. Even in ibm_torino, we observe, at least partially, a similar Neel-like structure, as shown in Supplementary Figures 11c
and 11f. Conversely, at times near the antinodes, such as #/T = 2, 24, and 32 shown in Supplementary Figures 11g, 11j, and
11k, respectively, the time-evolved state |i/(¢)) exhibits a ferromagnetic (FM)-like structure in the MPS simulations. Similarly, in
ibm_torino, we observe a comparable FM-like structure, albeit partially, as shown in Supplementary Figures 11a, 11d, and 11e.

IV. SUPPLEMENTARY NOTE 4: RESULTS FOR A ONE-DIMENSIONAL LATTICE OF L = 112 QUBITS

While the emergence of a DTC in a one-dimensional system with short-range interactions necessitates many-body localisation,
exploring the one-dimensional case driven by the same Floquet operator Ur in Eq. (2) remains valuable. This investigation serves
to highlight differences from the two-dimensional case examined throughout this paper and allows for further assessment of the
reliability of results obtained using ibm_torino, along with the error-mitigation protocol introduced in Eq. (4).

A one-dimensional lattice of L = 112 qubits can be incorporated into the heavy-hexagonal lattice geometry of the IBM Heron
processor, ibm_torino, as depicted in Supplementary Figure 13. In this configuration, qubits constituting the one-dimensional
lattice are interconnected by red and blue edges. The two-qubit R, z;(0,) gates in the single-cycle Floquet operator U are applied
on red or blue bonds concurrently in the quantum circuit. The initial state [/(0)) for the time evolution is prepared as a product
state, forming a domain-wall configuration of |0)’s and |1)’s, represented by white and black circles, respectively, in Supplemen-
tary Figure 13. We evaluate the time evolution of the averaged magnetisation Zavg(t), defined in Eq. (3), over the same set A of
qubits as in the heavy-hexagonal lattice of L = 133 qubits, i.e., A = {57,58,59, 60, 61,62, 63, 64,65, 66,67,68, 69, 70,71} (the
qubit labels are indicated in Supplementary Figure 13).

Supplementary Figures 14b and 14c show the error-unmitigated raw data (Zavg(t))o obtained using ibm_torino for the one-
dimensional system of L = 112 qubits with the parameters (6, 6;) = (0.97,0.57) and (0.87, 0.57), respectively. Additionally,
Supplementary Figure 14a shows the error-unmitigated raw data (Zavg(t))o for the same system but with (6, 6,) = (7, 0.57), which
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Supplementary Figure 6: Error-unmitigated raw data (ng (t))o (cyan circles) and error-mitigated data (Zavg(t» (yellow
diamonds) for the heavy-hexagonal lattice of L = 133 qubits obtained using ibm_torino (see Fig. 4a). The parameters (6, 6;)
are a (71,0), b (7,0.257), ¢ (7, 0.57), d (7, 0.757), e (7, xr), £ (0.97, 0), g (0.97,0.257), h (0.97,0.57), i (0.97,0.757), j (0.97, ), k
(0.857,0),1(0.857,0.257), m (0.857,0.57), n (0.857,0.757), 0 (0.85x, ), p (0.87,0), q (0.87,0.257), r (0.87,0.57), s
(0.87,0.757), and t (0.87, ). The error-mitigated data for the cases of 8, = & are not shown because they are (Zavg(t)) = =1 by
definition.

are utilised to mitigate errors for (ng(t))o with (6, 6;) = (0.97,0.57) and (0.8, 0.57) shown in Supplementary Figures 14b and
l4c, respectively. From the value of |<Zavg(t = 80T))o| shown in Supplementary Figure 14a, we can estimate the effective
quantum circuit volume veg =~ 350 at t/T = 80, which is significantly smaller than the quantum circuit volume v = 8880 (the
number of CZ gates in the quantum circuit increases by 111 for each operation of U in the one-dimensional system).

The error-mitigated data (Zavg(t)) for the one-dimensional system of L = 112 qubits with the parameters (6, 6,) = (0.97, 0.57)
and (0.8, 0.5m) are shown in Supplementary Figure 15. In sharp contrast to the case for the heavy-hexagonal lattice of L = 133
qubits, the period-doubling oscillations observed in the one-dimensional system are much weaker against the deviation of 6,
from n. We find that the signals with these oscillations decay rather quickly in time steps for other parameter sets of (6,,6,)
in one dimension, even when 6, = 0.9. These observations are consistent with the expectation that, in one dimension with
short-range interactions and without disorder, neither a long-lived DTC nor an IM-DTC response is stabilised.

Moreover, in Supplementary Figure 15, the results for (Zavg(t)) obtained using ibm_torino are compared with those calculated
by the MPS method with the bond dimensions y = 500 and 1000, exhibiting the converged values. Remarkably, despite the
simplicity of the error-mitigation protocol introduced, these two results obtained using ibm_torino and the MPS method show
excellent agreement, confirming the reliability of the results obtained using ibm_torino.

V. SUPPLEMENTARY NOTE 5: THE ROLE OF ISING INTERACTION

In this section, we demonstrate that the Ising interaction J plays an important role in stabilising DTCs. Supplementary
Figure 16 shows the averaged magnetisation (Z,,(#)) with different values of 6; and 6,, setting 6, = 0, for the heavy-hexagonal
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Supplementary Figure 7: Error-mitigated data (Zavg(t)) are compared with the results obtained by the 2dTNS method with
various bond dimensions (y = 10, 20, 100, 200, 300, and 400) for the heavy-hexagonal lattice of L = 133 qubits. The
parameters (6., 8,) are a (0.97,0), b (0.97,0.57), ¢ (0.97, 7), d (0.87,0), e (0.87,0.57), and f (0.8, 7).

lattice of L = 28 qubits (see Fig. 4a), obtained using the state-vector method. Here, we initialise the state [/(0)) as a product state
with all qubits set to |0) and the magnetisation (Zavg(t)) is averaged over all qubits. We find that the period-doubling oscillations
are quite stable at 8; = —0.57, which is the parameter used in all other cases of this paper and where the DTC and IM-DTC
signals are also clearly observed experimentally in ibm_torino. In contrast, for small 6;, magnetisation oscillations are fragile
against the deviation of 8, from x, leading to a rapid decay of oscillations. This behavior indicates that the DTCs observed on
the heavy-hexagonal lattice are supported by strong interactions and are realised within a finite-frequency regime.

VI. SUPPLEMENTARY NOTE 6: ERROR MITIGATION BASED ON A GLOBAL DEPOLARIZING NOISE MODEL

In this section, we provide a detailed description of our error mitigation protocol. When a qubit is depolarised into a fully
mixed state //2 with probability p, the depolarising noise channel modifies the qubit’s density matrix p as [5]

p = &p) =(1 - p)p+ p/2). (D
Accordingly, in an L-qubit system, the expectation value of the i-th qubit, (Z(t))dp, under depolarizing noise is given by
(Zi(D)ap = ML), ©)

where p; is the depolarising probability for the i-th qubit and (Z;(r)) represents the magnetisation without quantum noise. The
averaged expectation value defined in Eq. (3) of the main text reads

A 1 A
avaDap =70 > € P Zi(0) (3)

JjeA

» f ApF(P)e " Qg ), 4
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Supplementary Figure 8: Enlarged plots of Supplementary Figure 7, focusing on the time evolution for up to 50 time steps.

where, in the second line, we have introduced a probability density function f(p) to approximate the discrete sum. This ap-
proximation assumes a sufficiently large system size and averaging over a large number of qubits. Under these conditions, it is

expected that (Z ) does not depend strongly on each qubit. Assuming a Gaussian distribution f(p) = \/Tm exp[ {p=poy. p 0* ] with

mean p and variance o2, we obtain (Zavg(t»dp ~ g7 'Po (Zavg(t)>. Here, in this study, we adopt a global depolarising noise model,

where the depolarisation probability p is nearly uniform across qubits, implying o ~ 0. In the following, we argue that this
assumption is reasonable under the unitary circuit of the kicked Ising model.

In Supplementary Figure 17, we present the depolarisation probability p; for each qubit on ibm_torino, estimated for the
kicked Ising model on the heavy-hexagonal lattice of L = 133 qubits. To estimate p;, we fit the function e~”(Z;(1)) to the
experimental data (Z(t))dp, based on Eq. (2). Here, we use the 2dTNS simulation results for the noise-free magnetisation (Z;(r))
on the right-hand side of Eq. (2), and the raw experimental data obtained from ibm_torino for (Zi(t))dp on the left-hand side. The
experiment was executed on July 29, 2024. Except for several noisy qubits, the values of p; exhibit only weak dependence on
the qubit index. This behavior is also reflected in the histograms showing the distribution of p; values. As seen in Supplementary
Figures 17d-17f, it is therefore reasonable to approximate the depolarising probabilities by a qubit-independent value pyg.

To further justify our error mitigation protocol based on the global depolarizing noise model, we perform state-vector simula-
tions for the heavy-hexagonal lattice of L = 28 qubits. In these simulations, quantum noise is incorporated by applying one- and
two-qubit depolarising channels to the system’s density matrix p as [5, 6]

&' (o) =(1 = pp+ 5 )" cuipoa (5)
a#0

E37(0) =(1 = pop + E 3 TwiTiPTaiTp (6)

where o, ; denotes the Pauli operators acting on qubit i, with o7,; = I, X;, ¥;, and Z; for @ = 0, 1, 2, and 3, respectively, and the
primed sum in Eq. (6) exclude the identity pair (a, 8) = (0, 0). Each single-qubit gate acting on qubit i is followed by the channel
851@, and each two-qubit gate acting on qubits i and j is followed by SEfq) . We assume qubit-independent noise parameters and
set p; = p»/10, which approximately matches the noise characteristics of the ibm_torino device. Under this noise model, we
evaluate the time evolution of the averaged magnetisation (Zavg(t)), as shown in Supplementary Figures 18 and 19 for p, = 0.01
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Supplementary Figure 9: Comparison of the results for (Zavg(t)) on the heavy-hexagonal lattice of L = 133 qubits obtained by
the 2dTNS method with a given bond dimension (y = 20 in panels a-c¢ and 400 in panels d-f) and the MPS method with various
bond dimensions (y = 1000, 3000, and 5000). The parameters (6,, 6,) are a (0.9, 0), b (0.97,0.57), ¢ (0.97, 7), d (0.87,0), e
(0.87,0.57), and £ (0.87, 7).

and p, = 0.005, respectively. The same error mitigation protocol described in Eq. (4) of the main text is applied but with
quantum noises generated according to the depolarising channels defined in Eqgs. (5) and (6). We average over 100 independent
noise realizations. More precisely, for each time step, we take sample averages over 100 noise realizations separately for
the numerator and denominator in Eq. (4), using the same set of noise realizations for both. The final error-mitigated value
is then obtained by taking the ratio of these sample-averaged quantities. Comparing Supplementary Figures 18 and 19 with
Supplementary Figure 2, we find that p, = 0.01 is too large to accurately characterise the quantum noises in ibm_torino. On the
other hand, the behavior of (Zavg(t» obtained with p, = 0.005 (see Supplementary Figure 19) closely resembles that observed
in the experimental results (see Supplementary Figure 2), at least for #/T < 50. Note that the average error rate of CZ gate on
ibm_torino is approximately 0.006.

From the above discussions, we conclude that the global depolarising noise model provides an effective description of quantum
noise in the observation of (Zavg(t)) for the kicked Ising model. The effectiveness of this model for mitigating quantum noise has
also been pointed out in Ref. [7]. In quantum simulations of the kicked Ising model with large system size L, the number of gates
per circuit layer becomes substantial, making the depolarising noise model a suitable effective approximation for characterising
the accumulated noise.

The depolarising noise model is based on the simplifying assumption that all types of Pauli errors act equivalently. This is
one reason why it is often justified in random unitary circuits and/or the deep regions of unitary circuits. In the kicked Ising
model, particularly for 6, ~ =, the effect of the depolarising noise defined in Eq. (6) is expected to be anisotropic, assuming
that the initial state [i4(0)) is prepared as a product state in the computational basis. This is because phase-flip errors (Z-type)
lead to a smaller decay in (Zavg(t))o than bit-flip errors (X- or Y-type) [6]. Assuming that phase-flip errors have no effect, i.e.,
p=1LZpliZ; = Z;1,pZ,1; = Z;Z;pZ;Z;, the two-qubit depolarising channel in Eq. (6) can be modified as

~2, 4 P2 O
& (p) = (1 LI T Za,ﬁ T a,i0, i 0, i0B,j» )

which results in a reduced fidelity f := 1 —4p,/5 ~ f*3, where f = 1 — p,. To correct the underestimated fidelity at 6, = 7, we
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Supplementary Figure 10: Enlarged plots of Supplementary Figure 9, focusing on the time evolution for up to 50 time steps.

can propose the following modification to the error mitigation formula [Eq. (4) in the main text]:

(Zavg(t»o

Zayo(O)) ¥ ———————.
O oAl

®)

In this correction, we neglect single-qubit errors, whose probability p; is smaller than p,. Supplementary Figure 20 shows
(ng(t)) obtained using the modified error mitigation protocol based on Eq. (8). Comparing to the mitigation using Eq. (4)
[see Supplementary Figure 8], the modified protocol yields slightly better agreement with the 2dTNS results, suggesting that
accounting for the anisotropy of Pauli errors can improve mitigation accuracy.

VII. SUPPLEMENTARY NOTE 7: OUT-OF-TIME-ORDER CORRELATORS

In this section, we demonstrate that the DTCs observed in the kicked Ising model on a heavy-hexagonal lattice are realized in
a prethermal regime. To this end, we perform state-vector simulations to evaluate the out-of-time-order correlator (OTOC) [8, 9],
defined as (X j(t)ZkX j(t)Zk), for a system of L = 21 qubits arranged as shown in the inset of Supplementary Figure 21d. The
results are presented in Supplementary Figures 21 and 22. The growth of local operators, i.e., quantum scrambling [10, 11],
describes the spreading of quantum information in time. OTOCs are widely used as quantitative probes of such scrambling. At
early times, the OTOC takes a value of 1 becuase X j(#) and 7y are initially nonoverlapping and thus commute. As scrambling
progresses and the operators fail to commute, the OTOC decreases and eventually saturates to 0. For 6, = 0.9z and 0.87, the
OTOC remains near 1 or exhibits persistent oscillations, as shown in Supplementary Figures 21a and 21b, respectively. This
behavior indicates the absence of significant quantum scrambling up to #/7T < 50. Since scrambling underpins thermalisation
in isolated quantum systems [12, 13], its suppression results in the long-lived stability of the prethermal DTCs observed in this
regime. In contrast, for 6, = 0.7 and 0.6r, the OTOC decays and saturates to 0, as shown in Supplementary Figures 21c and
21d, signaling the onset of scrambling. The decay is faster at 6, = 0.6 than at 6, = 0.7x, where a short-lived prethermal plateau
appears around ¢/T ~ 20 (Supplementary Figure 21c). To examine the spatial dependence of scrambing, we show colormaps of
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Supplementary Figure 11: Time evolution of local expectation values (Z;(t)) at t/T = 2, 8, 16, 24, 32, and 40 on the
heavy-hexagonal lattice of L = 133 qubits with the parameter (6,, 8,) = (0.97,0.57). a-f Error-mitigated expectation values
obtained using ibm_torino. g-1 The corresponding results obtained by the MPS method with the bond dimension y = 1000.

Here, the initial state is prepared as a product state with all qubits set to |0), representing a fully-polarised state.
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Supplementary Figure 12: a Raw data of the averaged magnetisation <Zavg(l‘)>(),gA:ﬂ for the heavy-hexagonal lattice of L = 133
qubits with the parameter (6,, 6,) = (, 0.57) obtained using ibm_torino. b Same as a, but with the parameter
(6y,6;) = (0.97,0.57). ¢ Error-mitigated data (yellow diamonds) of the averaged magnetisation (Zavg(t» for the
heavy-hexagonal lattice of L = 133 qubits with the parameter (6, 6,) = (0.97, 0.57). The results obtained by the MPS method
with the bond dimension y = 1000 are also shown with green triangles. Here, the initial state is prepared as a product state with
all qubits set to |0), i.e., a fully-polarised state.
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Supplementary Figure 13: A one-dimensional lattice of L = 112 qubits embedded in the heavy-hexagonal lattice geometry of

the IBM Quantum Heron processor, ibm_torino. The qubits forming the one-dimensional lattice are connected by red and blue
edges. When the quantum device is utilised, IA?ZiZf(H 1) gates in the single-cycle Floquet operator U applied on red or blue bonds

are operated in parallel. The initial state is prepared as a product state with qubits indicated by white (black) circles set to |0)

().

X j(t)ZZOX j(t)Zz()) at various time steps in Supplementary Figure 22. The operator spreading is clearly slower for 6, = 0.9 and
0.8 compared to 8, = 0.7x. Indeed, for 6, = 0.9 and 0.8, several qubits still exhibit OTOC values close to 1 even at /T = 50.

For comparison, we also present the OTOC (X j(l‘)Zzg,X j(t)Zzg) for the kicked Ising model on a square lattice of L = 24 qubits,
arranged as shown in the inset of Supplementary Figure 23b. The results, obtained using the state-vector method, are shown in
Supplementary Figures 23 and 24. We find that the OTOCs on the square lattice saturate to zero even for 8, = 0.97, whereas
those on the heavy-hexagonal lattice remain far from saturation under the same conditions (see Supplementary Figures 21a). This
comparison highlights that quantum scrambling proceeds significantly more slowly on the heavy-hexagonal lattice, supporting
the emergence of stable prethermal DTCs in this geometry. Notably, for 6, = 0.97 and 0.871, we observe a clear suppression
of quantum-information propagation at qubits j = 4 and 16. This behaviour arises because symmetry charges accumulate at
these coordination-3 qubits, effectively acting as blocking points for information flow (see Ref. [14] for details). In contrast, at
6, = 0.7x, the entanglement propagation overcomes these blocking sites, allowing information to spread throughout the lattice
and leading to full quantum scrambling.



13

a b C
1.0 i 0x=m0,=0.5m1 p 6,=0.9m,6,=0.5n 6,=0.8m,68,=0.51
i J 7
2 " HHH mmmmﬁ”? 191 ‘\T
s OO*H H‘ ‘MW \”w”\eum‘\MMMJH‘;M,»‘\WWW;\ ez e
,j MHH mﬂm l Y I
051 Il 1 |
MMMMMMM |
B T fﬁ 60 800 20 ,?}9 60 800 20 Et/‘(% 60 80

Supplementary Figure 14: Error-unmitigated raw data (Zavg(t))o for the one-dimensional lattice of L = 112 qubits obtained
using ibm_torino (see Supplementary Figure 13). The parameters (6., 6,) are a (r, 0.57), b (0.97, 0.57), and ¢ (0.87, 0.57).
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Supplementary Figure 15: Error-mitigated data (ng(t)) (yellow diamonds) are compared with the results obtained by the MPS
simulations with the bond dimensions y = 500 and 1000 (shown as blue crosses and purple diamonds, respectively) for the
one-dimensional lattice of L = 112 qubits. The parameters (6., 6,) are a (0.97,0.57) and b (0.87, 0.57).

VIII. SUPPLEMENTARY NOTE 8: LONG-TIME DYNAMICS

In this section, we present the long-time dynamics of magnetisation oscillations in the kicked Ising model on a heavy-
hexagonal lattice. It is well known that Floquet systems with a small transverse field perturbation 6, ~ & can exhibit two-step
relaxation dynamics [15, 16]. Following an initial rapid relaxation, the system enters a metastable prethermal state character-
ized by slow energy absorption. Eventually, it relaxes to an infinite-temperature state, as predicted by the Floquet eigenstate
thermalization hypothesis (ETH) [17, 18].

Supplementary Figures 25 and 26 show the absolute value of the magnetisation, I(Zavg(t»l, averaged over the entire system,
for heavy-hexagonal lattices with L = 21 qubits (see the inset of Supplementary Figure 25a) and L = 28 qubits (see the inset
of Supplementary Figure 26a), respectively. These results are obtained using the state-vector method with the initial state [y(0))
prepared as a product state with all qubits seto to |0). For the L = 21 qubit system, prethermal plateau-like structures are
observed in the time intervals 10 < ¢/T < 200, 10 < ¢t/T < 70, and 10 < /T < 30 for 6, = 0.97, 0.85x, and 0.87, respectively.
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Supplementary Figure 16: Average magnetization (Zavg(t)) for the heavy-hexagonal lattice of L = 28 qubits obtained using the
state-vector method. The parameter 6, is set to 0.9 for a—c, 0.85x for d—f, and 0.87 for g—i, while the parameter 6, is fixed at 0.
The parameter 6, of the Ising interaction is —0.1257 in a, d, and g, —0.257 in b, e, and h, and —0.57 in ¢, f, and i. Here, the
initial state [(0)) is prepared as a product state with all qubits set to |0), i.e., a fully-polarised state, and the magnetisation
(Zavg(t)) is averaged over all qubits.

These plateau structures persist for longer durations in the L = 28 qubit system, appearing in the intervals 10 < ¢/T < 1000,
10 < ¢/T < 200, and 10 < ¢/T < 70 for the same values of 6,. This system size dependence suggests that prethermal DTCs on
the heavy-hexagonal lattice become increasingly robust with larger system sizes.

Together with the behavior of the OTOCs discussed in Sec. VII, these results support the conclusion that prethermal DTCs
emerge in the parameter range 0.87 < 6, < 7 on the heavy-hexagonal lattice.

IX. SUPPLEMENTARY NOTE 9: TENSOR NETWORK SIMULATIONS: 2DTNS

In this section, we describe our 2dTNS method based on a gauging tensor network technique. Gauging tensor network states
(TNSs) provide a compact representation of quantum states within an approximation framework [3, 19-28]. The gauging tensor
network consists of two types of tensors: vertex tensors and gauge tensors. The vertex tensor has a physical bond representing
qubit degrees of freedom, as well as virtual bonds that reflect the topology of the system. The gauge tensor is positioned on the
edge connecting neighboring vertex tensors. The structure of the gauging tensor network for the IBM Quantum Heron processor,
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Supplementary Figure 17: Depolarisation probability p; for each qubit on ibm_torino estimated for the kicked Ising model on
the heavy-hexagonal lattice of L = 133 qubits. The model parameter is set to a 6, = 7, b 0.97, and ¢ 0.8, with 6, fixed at zero.
The corresponding values of py and o are also shown for each 6,. Histograms of p; are shown for d 6, = 7, e 0.9, and f 0.87,

where the red dashed lines indicate p.

ibm_torino, which forms the heavy-hexagonal lattice, is illustrated in Supplementary Figure 27. For the heavy-hexagonal lattice,
there are two types of vertex tensors: one with two virtual bonds and the other with three virtual bonds. The dimension of the
virtual bond, i.e., bond dimension y, controls the accuracy of the approximation. In our study, y denotes the maximum bond
dimension utilised in a TNS.

To apply a two-qubit gate to a gauging TNS with bond dimension y, we employ the time-evolving block decimation (TEBD)
method [19], outlined in Supplementary Figure 28. Initially, in step (a), the surrounding gauge tensors and the vertex tensors
targeted for the two-qubit gate are contracted. Following this, QR decomposition is performed on the vertex tensor in step (b) to
optimise the computational efficiency for the subsequent singular value decomposition (SVD) in step (d). All tensors connected
to the two-qubit gate, along with the gauge tensor, are contracted in step (c). SVD is then executed on the resulting tensor in
step (d), yielding a total of 2y singular values. To prevent an increase in bond dimension, only the y largest singular values are
retained, with the remaining space truncated to dimension y. Subsequently, this truncated diagonal matrix, composed of the y
largest singular values, replaces the original gauge tensor, with the neighboring vertex tensors updated, in steps (e)-(g).

More generally, in a gauging TNS, gauge tensors are typically represented as diagonal matrices. While a gauging TNS can
describe the same quantum state, there exist various approaches to implement the gauge at an edge. One particularly notable
gauge is the canonical gauge, also known as Vidal’s gauge. Within this framework of the Vidal gauge, the vertex tensors become
isometric after absorbing all but one of the gauge tensors on their adjacent bonds, as schematically shown in Supplementary
Figure 29(a). A notable advantage of employing the Vidal gauge is evident when computing the expectation value of a local
physical quantity. For instance, when evaluating the expectation value of a physical quantity at a single site, the laborious task
of contracting the entire tensor network is replaced with local tensor contraction, as shown in Supplementary Figure 29(c).
This presents a significant advantage, particularly in the context of two-dimensional TNSs, where full contraction becomes
computationally infeasible without resorting to approximate techniques.

However, the TEBD process generally disrupts the Vidal gauge, even when we start with a TNS with the Vidal gauge. A
procedure to restore this broken gauge is known as regauging. Particularly, simple and well-known regauging methods include
trivial simple update (tSU) [29-31] and belief propagation [3, 28, 32-35]. In our study, we adopt the tSU regauging method
outlined in Supplementary Figure 30. The tSU is a procedure essentially equivalent to that described in Supplementary Figure 28,
except that the two-qubit gate is replaced with identity. Repeatedly applying this procedure across all edges in the tensor network
improves the gauge and ultimately restores the Vidal gauge, in principle. While there is a mathematical proof for this in a tree
tensor network [35], it is not established for a general tensor network with a loop structure. In our case, we assess the error
C from the Vidal gauge, as defined in Supplementary Figure 29(b), at each time step, and iterate the tSU until it sufficiently
converges. Moreover, we observe no significant difference between taking the Vidal gauge at every time step and only before
measuring a physical quantity. This suggests that the accuracy of a TNS itself at each time step is not greatly influenced by
whether the Vidal gauge is taken or not. Additionally, we performed calculations using the belief propagation [3, 28], and found
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Supplementary Figure 18: Error-mitigated average magnetisation (Zavg(t)) (yellow diamonds) are compared with the noise-free
results (black squares), both obtained by the classical state-vector method, for the heavy-hexagonal lattice of L = 28 qubits.
Quantum noise is introduced via the depolarising channels defined in Eqs. (5) and (6), with averages taken over 100
independent noise realizations using p, = 10p; = 0.01. The parameters (6y, 8,) are a (0.97,0), b (0.97,0.57), ¢ (0.87,0), and d
(0.87,0.57). The error bars indicated represent the propagated error in the quantities in the numerator and the denominator of
Eq. (4).

that the results coincide with those obtained using the tSU, indicating convergence to the same fixed point [35].

We utilise this method, referred to as the 2dTNS method, to simulate the quantum dynamics governed by the Floquet operator
Ur described in the main text. Note that the single-qubit unitary gates Iéz,,(ez) and Iéx[.(ex) can be treated exactly within this
framework. As benchmark calculations, in Supplementary Figure 5, we compare the results of (Zavg(t)> for the heavy-hexagonal
lattice of L = 28 qubits obtained by the 2dTNS method with various bond dimensions (y = 40, 100, 300, and 400) with those
obtained by the state-vector method.

Finally, Supplementary Figure 31 shows typical results for the convergence of a TNS towards that with the Vidal gauge when
excuting the tSU regauging iterations during the simulations for the heavy-hexagonal lattice consisting of L = 133 qubits, which
corresponds to the results presented in Supplementary Figures 7 and 8. In this figure, each iteration of the tSU regauging process
covers all the edges across the entire lattice. As the time step #/7T progresses, the number of iterations required for achieving a
fixed accuracy also increases. Nevertheless, even at t/T = 100, the convergence remains excellent with fewer than 30 iterations.
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Supplementary Figure 22: Time evolution of the OTOC X j(t)Zzo)? j(t)Zzo) for the kicked Ising model on a heavy-hexagonal
lattice of L = 21 qubits (see the inset of Supplementary Figure 21d). The parameter 6, is a—f 0.9z, g-1 0.87, and m-r 0.7x, with
6, fixed at zero. Time steps ¢/T are; 1 for a, g, and m; 10 for b, h, and n; 20 for ¢, i, and o; 30 for d, j, and p; 40 for e, k, and q;

and 50 for f, 1, and r. Here, the initial state is prepared as a product state with all qubits set to |0), i.e., a fully-polarised state.
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Supplementary Figure 24: Time evolution of the OTOC (X j(l)223}2 j(l)223> for the kicked Ising model on a square lattice of
L = 24 qubits (see Supplementary Figure 23b). The parameter 6, is a—f 0.9 and g-1 0.8, with 6, fixed at zero. Time steps ¢/T
are: 1 for a and g; 10 for b and h; 20 for ¢ and i; 30 for d and j; 40 for e and k; and 50 for f and 1. Here, the initial state is
prepared as a product state with all qubits set to |0), i.e., a fully-polarised state.
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Supplementary Figure 25: Long-time evolution of the magnetisation |(ng(t))| for the kicked Ising model on a heavy-hexagonal
lattice of L = 21 qubits (see the inset in a), obtained using the state-vector method. The parameter 6, is a 0.9, b 0.85x, and ¢
0.8, with 0, fixed at zero. The average is taken over the entire systems, with the initial state prepared as a product state with all
qubits set to |0), i.e., a fully-polarised state.
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Supplementary Figure 26: Same as Supplementary Figure 25, but for a heavy-hexagonal lattice of L = 28 qubits (see the inset
in a).
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Supplementary Figure 27: Schematic structure of the two-dimensional gauging tensor network for the heavy-hexagonal lattice
comprising L = 133 qubits. Edges represent virtual bonds with bond dimension y. Vertex tensors, denoted as squares, have
virtual bonds along with a physical bond representing qubit degrees of freedom. Gauge tensors, depicted as diamonds, are

positioned on the edges connecting neighboring vertex tensors.
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Supplementary Figure 28: A depiction of the time-evolved block decimation (TEBD) process for a TNS given in
Supplementary Figure 27. (a) The surrounding gauge tensors are absorbed into the vertex tensors to which a two-qubit gate is
applied. (b) QR decomposition is performed on the vertex tensor which has the three virtual bonds to reduce the computational
cost for the following singular value decomposition (SVD) procedure. (c) All tensors connected to the two-qubit gate and the
gauge tensor between the two vertex tensors are contracted. (d) SVD is performed on the tensor obtained in step (c). (e) The
isometric tensor obtained from the QR decomposition in step (b) is incorporated into the new tensor obtained by SVD in step
(d). (f) Inverses of the surrounding gauge tensors are computed and absorbed into the vertex tensors which have the physical
bonds. (g) New tensors are obtained.
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Supplementary Figure 29: (a) A TNS in the Vidal gauge satisfies the isometric condition after absorbing all but one of their
neighboring gauge tensors around the vertex tensors. (b) Deviation from the Vidal gauge is quantified with C. Here, |A|
represents the Frobenius norm for a tensor ‘A. Each tensor A after contraction is assumed to be normalised, i.e., A = A/|A|.
(c) Tensor contraction process for evaluating the expectation value (O;) of a local operator O; (denoted as a red square),
assuming that a TNS is in the Vidal gauge.
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Supplementary Figure 30: Procedure for the trivial simple update (tSU), essentially equivalent to the process outlined in Fig 28,
but without the inclusion of the two-qubit gate.
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Supplementary Figure 31: Convergence to the Vidal gauge vs. the number m of iterations when employing the tSU regauging
for the heavy-hexagonal lattice comprising L = 133 qubits. The parameters (8,, 8,) are (a) (0.8, 0), (b) (0.87,0.57), and (c)
(0.8, ). The bond dimension of the TNS is y = 200. C,, is the error from the Vidal gauge, defined as in Supplementary
Figure 29(b), at iteration m, with color intensity denoting the time step #/7 (indicated at the top). We set the error tolerance of
1078 to ensure compliance with the Vidal gauge in our simulations.
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