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SUPPLEMENTARY NOTE 1: CLASSICAL BOUND FOR THE BELL INEQUALITY (1) IN THE MAIN TEXT

Here we provide a proof showing that the Bell inequality B introduced in the main text has classical bound 8, = 0 for any
number of parties n. That is, we want to show that

B = (Poo + Pojt + P +Pin) + Poooo + Poojin + Pirjoo + Pinjin) — 2(Poir + Poijio) 2 0, (D

where recall that Py, = e, Pi(alx) is the collective one-body conditional probability, with p;(alx) denoting the probability
that subsystem i yields outcome a given measurement setting x. Similarly, Pupjry = Xz jern) Pij(@blxy) represents the collective
two-body conditional probability summing over all possible pairs i # j € [n].

First, in order to account for all local hidden variables, we want to come up with a parametrization to describe the conditional
probabilities in terms of Local Deterministic Strategies (LDS). Because our Bell inequality is permutationally invariant, many
Bell inequality coefficients take the same values at many LDSs, which leads to redundancies. Hence, instead of considering
all the @™ possibilities of the general case (32" for our case with 3 outcomes an 2 measurements), we propose the following
(much more efficient) parametrization: Suppose that at each run all the outcomes for each possible measurement and party are
predetermined. Then, let ¢, be the total number of parties that have predetermined the pair of outcomes a,a’ € {0, 1, 2} for the
two possible measurement settings x € {0, 1} respectively. It follows by definition that ¢,» > 0 and }}, , ¢, = n. Therefore,
following this parametrization, the symmetrized one-body conditional probabilities #,, under a given LDS can be expressed as:
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On the other hand, the symmetric two-body conditional probabilities $ 4y, factorize under a given LDS as:

Paiey = ), Pijlabley)Z Y pialo)p;(bly)
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where we have defined

Pax ifa=b,x=y
0 ifa#b,x=y
cap Hx=0,y=1"
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Qab,xy = (4)
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Note that one can neglect one of the outcomes without loss of generality by means of the NS principle,

P(ay,....aq;,...,an0x1,..., %, ..., %X,) = Z P(ay,...,aux1,...,x,) ,
a;€{0,1,2}

where ° denotes the absence of that coordinate and the = symbol means that the LHS of Eq. (5) is well-defined; i.e., it does not
depend on the value of x;. Hence, for instance we can take Eqgs. (2) to (4) with a, b € {0, 1}. Notice also that it is straightforward
to generalize our parametrization to any number of outcomes d.

Finally, in Tab. I we express the one-body terms and the factorized two-body terms as a function of the quantities ¢,y .
Therefore, all the possible local-realist correlations in a (n, 2, 3) Bell-type experiments can be described in terms of the relations
in Supplementary Table I and shared randomness. Moreover, the local polytope for an (n, 2, 3) permutationally invariant Bell
scenario characterized by one- and two-body correlators is formed by the convex hull of all the configurations satisfying the
relations in Supplementary Table 1.
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Supplementary Table I. Resulting one- and two-body conditional probabilities under an LDS.

Now that we have a parametrization to incorporate the LDSs into the conditional probabilities, we are ready to substitute
the corresponding conditional probabilities in the Bell inequality. After rearranging the terms, one ends up with the following
polynomial:

2 2 2 2
B = (coo + co2)” + (coo + €20)° + (c11 + ¢12)” + (c11 + ¢21)
2 2 2 2
+(coo — €12)” + (coo — €21)” + (c11 — ¢p2)” + (c11 = €20)
2 2 2
+2(c10 + co1) = 2(coo + c11)” = (€12 + €20)” — (o2 + €21)7, )

where ¢; ; > 0 for all i, j € {0, 1, 2} and they fulfill the constraint }, ¢;; = n with n the total number of parties. Notice that the
0<i,j<3

term c;; does not appear in the expression, thus we can set any 0 < ¢y, < n without contributing in the classical bound. Thus it
is trivial to see that there exists at least one strategy leading to B = 0, i.e. setting ¢y, = n. Consequently, we just have to prove
that B cannot take negative values.

Proof that B > 0: We are interested in the minimal value that (5) can achieve. Since the terms 2(cio + co1) will always
add a positive or zero contribution, we can set them to cjg = co; = 0 without loss of generality to find the minimal value of B.
Therefore we simplify the problem to look at the minimal value of:

= 2 2 2 2
B = (cgo + co2)” + (coo + €20)” + (c11 + €12)” + (€11 + ¢21)
2 2 2 2
+(coo — ¢12)” + (coo — c21)” + (c11 — co2)” + (c11 — €20)
2 2 2
—2(cgo + c11)” = (c12 + €20)” = (o2 + €21)°. (6)

After expanding and rearranging the terms we reach the following equivalent polynomial:

2 2 2 2
CoptCp  Clpt &y

2 2
+coo(coz + c20) — c11(co2 + ¢20) + cr1(ci2 + €21) — coo(cr2 + €21)

5 _ .2 2
B =2|cpy+ i) +

—C02C21 — €12€20 — 2C00C11 |- (7
Then, the condition for (7) to take negative values corresponds to the following inequality
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c11(coz + ¢20) + coo(c12 + €21) + Co2€a1 + C12C20 + 2C00C11 > € + €11 + + coolcoz + ¢20) +c11(ci2 + 1), (8)

which can be rearranged as:



(cor—c21)*  (c12 = c20)?
2 2

Our goal is to find that such condition leads to a contradiction for all cases in order to show that / cannot take a negative value.
First it is convenient to define de variables x := cop — ¢11,y := €12 — 20,2 := Co2 — €21, SO that the condition gets expressed as:

)
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(coo — c11)(c12 + €21 — €2 — €20) > (Coo — C11)” +
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Take now f(x,y,z) = x(y —2) — (x> + ; + %) in order to find its critical points Vf(x,y,2) = (-2x +y —z,x — y, -z — X),
Vix*,y,7") =0 = x* =y",z" = —x*, where f(x*,y",z") = 0. Next, by looking at its Hessian matrix H (f(x,y,z)), where
(H (f(x,y,2)); ;= %, one sees that the resulting Hessian matrix has eigenvalues {—3,—1,0} and therefore it is negative
10X}
semidefinite. Thus, the critical point corresponds to the maximum.
We conclude that (10) leads to a contradiction for all values of ¢;; and, consequently, / cannot take negative values. Finally,
since the argument is independent of n and we have seen that / = 0 is a valid local deterministic strategy, it follows that the
classical bound is 8. = 0 for all n.

SUPPLEMENTARY NOTE 2: USING THE NEAREST-NEIGHBOR SPACING DISTRIBUTION (NNSD)

Before adopting the ratio of consecutive level spacings (RCS) as our main chaos indicator, we initially performed our analysis
using the traditional nearest-neighbor spacing distribution (NNSD). While NNSD has been extensively used in the literature to
probe quantum chaos [1], it requires spectrum unfolding (see below) and is sensitive to binning choices and other parameters,
which can introduce ambiguities. Despite these drawbacks, our findings using NNSD and the Brody distribution interpolation
are consistent with the conclusions based on RCS presented in the main text.

In this Supplementary Note, for completion and comparison, we provide said NNSD results. Rather than repeating the full
analysis, we summarize the key steps and highlight where the NNSD confirms the insights obtained through the RCS method.
The methodology is the same as the one presented in the main text, except that in the last step we compute the NNSD of the
resulting Bell operator (instead of the RCS) and fit it to the Brody distribution Eq. (11) to extract the parameter w as we explain
in what proceeds.

Fitting to the Brody Distribution.— If the NNSD follows a Poisson distribution, then the NNSD typically indicates “level
attraction” in the spectrum, signalling an integrable system in the classical limit. If, on the contrary, the NNSD follows a
Wigner-Dyson distribution, then the NNSD typically illustrates “level repulsion”, which signals a chaotic system in the classical
limit (equivalently described by random matrix theory). For this reason, it is convenient to fit the NNSD computed numerically
with the so-called Brody distribution [2, 3], which gives a function interpolating between these two limit cases. In particular,
for random matrices sampled from the Gaussian orthogonal ensemble, after unfolding the spectrum within each irreducible
representation (irrep) of SU(3), the Brody distribution fit of a level spacing distribution P(s) is [2, 3],

P(s,w) = A(w + 1)s” exp (—As“’”) , (11)

1
where A = (F (z—ﬁ))m with I" denoting the gamma function, and w € [0, 1] is the Brody parameter interpolating between the

Poisson (w = 0) and Wigner-Dyson (w = 1) statistics.

PIBI irreducible representations and NNSD.- In Supplementary Figure 1 we show the RCS and NNSD results for n = 25,
along with the corresponding interpolating parameters A and w displayed under each irrep for comparison. For better readability,
these values are also listed in Supplementary Table II. As discussed in the main text, Supplementary Figure 1 indicates whether
the RCS and NNSD of a given irrep are characteristic of a Poissonian distribution (blue, 1 = 0 & w = 0, signalling integrability)
or a Wigner-Dyson distribution (orange, 4 > 0 & w > 0, signalling chaos).

We exclude irreps that do not exhibit nonlocality detection (i.e., those for which (8) > 0 for all measurement choices) from
our analysis, since such cases allow for trivial strategies saturating the classical bound ($B) = 0 independently of the irrep and do
not provide a meaningful setting to probe the relation between nonlocality and spectral statistics. In particular, one such strategy
consists in having the same measurement settings in both input possibilities (i.e., 8y = 01).

One observes that, even though the NNSD results are in principle less robust and dependent on the unfolding procedure, the
same behavior is observed across both analysis. That is, when restricting to the optimal measurements to obtain the lowest



Irrep RCS A\ NNSD (Brody) w (B)
9,8) | 4.559 x 107! 3.217 x 107! -0.393
(14,1)| 2397 x 1078 | 3.754x 1072 |6.939 x 10710
(13,3)[3.092 x 1077 |  3.229 x 10~ -0.231
(12,5)]2.941 x 1077 | 3.347 x 1071 -0.386
(11,7)[2.692 x 1077 | 4.241 x 107" -0.736
(16,0)| 7.240 x 1078 | 4.845 x 107! -0.366
(15,2)| 1.098 x 107! 1.723 x 107! -0.468
(14,4)]3.208 x 1077 | 3.076 x 10~ -0.809
(13,6)|7.680 x 10719  6.352 x 107! -1.065
(17,1)] 9.281 x 1078 | 4.574 x 107" -0.914
(16,3)|6.129 x 10710|  3.922 x 1078 —1.152
(15,5)] 2.936 x 1077 2.977 x 107 -1.522
(19,0)| 5.987 x 1078 4.606 x 1078 -1.334
(18,2)| 1.518 x 1077 7.226 x 107° -1.668
(17,4)| 1.984 x 1077 | 3.889 x 107! -1.991
(20,1)] 1.575 x 1077 2.985x 1077 -2.180
(19,3)| 7.193 x 10~ 4.232%x107° -2.543
(22,0) 8.086 x 1078 | 2.691 x 10~ -2.786
(21,2)| 1.044 x 1078 1.153 x 107 -3.137
(23,1)|1.144 x 10710 1.105x 10~ -3.800
(25,0)| 6.126 x 108 | 2.903 x 10~ -4.522

Supplementary Table II. The interpolating numbers obtained for the RCS and NNSD,
(B) < 0 given the irreps (p, q) that display nonlocality detection with n = 25 qutrits.

together with the corresponding nonlocality detection

Irrep| RCSA |NNSD (Brody) w (B)
(8,6) | 4.863x 107 | 4.110x 107" —0.146
(12, 1)| 7.643x 1078 | 9.659 x 10711 {7.548 x 10710
(11,3))5.245x 107 | 1.242 x 107 —0.146
(10,5)(2.383 x 1072|  9.416 x 107! -0.339
(14,0)] 7.440 x 108 | 1.116 x 1071 -0.297
(13,2)|5.358 x 102 |  2.326 x 10~ ~0.405
(12,4)| 1.300x 10 | 4.165 x 107! -0.767
(15, 1) 1.893 x 1076 |  3.116 x 107% ~0.889
(14,3))5.978 x 108 |  2.830 x 10~ ~1.178
(17,00 4521 x 107 | 5.325x 107! -1.372
(16,2)|1.435x 1072|5323 x 107! -1.726
(18, 1)| 1.667 x 10 | 3.907 x 107% -2.319
(20, 0)| 7.494 x 108 | 3.916 x 10! -3.013

Supplementary Table III. Same as Supplementary Table II but for n = 20 qutrits.

value (8B), irreps that exhibit nonlocality (i.e., (B) < 0) generically display a Poisson RCS/NNSD. Conversely, irreps where
no detection of nonlocality is observed generically display a Wigner-Dyson RCS/NNSD. We observe this behavior for different
number of parties n, starting from n = 8 qutrits (when the PIBI we use starts detecting nonlocality) up to n = 32 (beyond which a
numerical analysis becomes computationally expensive). For example, in Supplementary Figure 2 and Supplementary Table III
we also present the n = 20 qutrits case for comparison. This observation leads us to believe that for the Bell operator of the
PIBI (1) with measurements yielding maximal nonlocality detectability, irreps (p, g) have an RCS fitted with A = 0 as n goes to
infinity, signalling integrability. As we have seen in the main text, this integrability is likely explained by the additional parity
symmetry that occurs around such optimal measurements. Note that in both cases there are some irreps apparently contradicting
this conjecture (see the orange points in Supplementary Figures 1 and 2). However, we attribute such occurrences to finite size
effects, since for n = 25 or n = 20 the scarce number of energy levels (after removing redundancies due to the permutation
invariance) results in coarse-grained RCS/NNSDs.



Unfolding the energy spectrum. — To compare the nearest-neighbor energy level-space distribution of different operators, it
is desirable to normalize it appropriately. The procedure we follow takes the name of spectrum unfolding [1] and it consists of
the following steps.

First, the energy spectrum is sorted so that the energy levels {x;}; are in ascending order {x; < x, < ... < x¢}. Then, we
compute the cumulative distribution function /,(E) counting the number of energy levels up to energy E. This is a discrete
function, which it is convenient to interpolate with a continuous polynomial function I.(E). The goal is now to rescale the
sequence {x;}; into a sequence {y;};, such that its cumulative function I}(E) is a straight line. This is achieved by inverting
the function /,(E) and using it to rescale the sequence {x;};. This spectrum unfolding ensures that the local density of states
of the renormalized levels {y;}; is unity. From the latter sequence we compute the nearest-neighbour energy level spacing as
S; = ¥i — yi-1, which are used to obtain the NNSD.

SUPPLEMENTARY NOTE 3: LOOKING CLOSER TO THE ANOMALOUS IRREPS

In Supplementary Figure 4 we show the RCS histograms for the anomalous irreducible representations that deviate from
the otherwise observed Poissonian spacing distribution observed at optimal measurements in the remaining irreps detecting
nonlocality. Namely, the cases (p,q) = (9,8) and (15,2) for n = 25, and (13, 2) for n = 20. For each irrep, we present the RCS
distribution obtained both from the measurement settings yielding maximal quantum violation and from randomly generated
measurement settings. For the random measurements, we have selected instances whose RCS distributions are very closely
fitted by A ~ 1, corresponding to clear Wigner-Dyson (GOE-like) behavior. We emphasize, however, that random measurements
do not always yield A4 =~ 1. Rather, they produce a distribution of fitted A values, with A ~ 1 being the dominant case, as shown
in Supplementary Figure 3.

Looking at the optimal measurement settings histograms, note that although the fitted RCS parameter is non-zero (1 > 0), the
corresponding histograms do not exhibit a pronounced suppression of small spacings. In particular, the first histogram bin does
not clearly display level repulsion, in contrast to the random-measurement cases, where level repulsion is clearly visible already
at small spacings. This qualitative difference suggests that these spectra lie in a crossover regime between Poisson and Wigner-
Dyson statistics, rather than exhibiting fully developed chaotic behavior. This strengthens our interpretation of the residual
non-zero A for the optimal measurements as a finite-size effect that might vanish as the irrep dimensions increase towards the
asymptotic limit. On the other hand, random measurements generically yield Wigner-Dyson statistics. Hence our conjecture
that, in the asymptotic limit, the Bell operators corresponding to measurement settings that maximally violate the Bell inequality
are universally integrable within this class of Bell operators.
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Supplementary Figure 1. (a) Same as the main text Fig. 2, now including the interpolating parameter A fitted to the RCS histograms. (b)
Nearest-neighbor level spacing (NNSD) analog of (a), showing the Brody interpolation parameter w as small labels. All numerical values are
listed in Supplementary Table II.



11— .
0 (8, 6) 05 (11, 3) %2, b 14 0).
-7 ’ -7 13, 2 s
4.86x10 , 9 125-2)"10 0.05)36 7.‘§x10—8:
g)’ 15, 1) 1
-1t 13107 %4, 3) 1.z§x10-5 17 0]
5.98x107 Q? ’ ):
%6, 2) 4.52x1077 ]
@ ol 1.48% 10712
- 18, 1) ]
1.6bx10'9 ]
. 20, 0) 1
-3 © Poisson ,_k}xm-aj
© Wigner ]
-4 O Local 1
_5 -------------------------------- |

0.4 0.5 0.6 0.7 0.8 0.9 1.0

r = P
p+q
n=20

1| [T ————————— Ty .
0 N 10, 5) o %2,1) 14 0).
-11 ’ % 10-° 13, 2 ! b
41110 9_4§10-11 %212) 10 0.233 . 1)1_1@(10'10:
-1t 4180 64, 3) 3.1&?(10-6 17 o:
2.83x107° g) ’ ):
%6, 2) 5.33x107"]
@ of 5.32x 107" ]
< T 18, 1) |
3.9b><1o-B ]
. 20, 0) 1
-3t © Poisson 3@10«:
© Wigner I
-4} © Local '
_5 -------------------------------- ’

0.4 0.5 0.6 0.7 0.8 0.9 1.0

L_P
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(a), showing the Brody interpolation parameter w. The data shown numerically in both plots is summarized in Supplementary Table III.
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Supplementary Figure 3. More histograms for different irreps with n = 25 (top) and n = 20 (bottom), using 10° random projector samples per
case, to reinforce that the trend observed in Fig. 3 of the main text is generic across various irreps. That is, all cases show a clear departure
from the Poisson distribution, consistent with chaotic behavior in the Bell operator induced by random measurements.
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Supplementary Figure 4. RCS histograms for the anomalous irreducible representations (p, q) = (9, 8) and (15, 2) for n = 25, and (13, 2) for
n = 20. For each irrep, the left panel shows the spectrum obtained using the measurement settings yielding maximal quantum violation, while
the right panel shows a representative case obtained from randomly generated measurement settings with an RCS fit 4 ~ 1. Although the
optimal-measurement spectra yield a non-zero fitted parameter A > 0, they do not exhibit a clear suppression of small spacings (noticeable in
the first few bins) and therefore fall into a crossover regime between Poisson and Wigner-Dyson statistics. In contrast, the random-measurement
spectra display clear level repulsion at small spacings, characteristic of Wigner-Dyson (GOE-like) behaviour. This observation supports our

conjecture that, in the asymptotic limit, the Bell operators corresponding to measurement settings that maximally violate the Bell inequality
are integrable within this class of Bell operators.
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