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I. QUANTUM STATE p WITH RANK 2

In quantum mechanics, quantum mixed states are represented by density matrices. For a two-qubit state, under
the local unitary transformations an arbitrary density matrix with rank 2 (including rank 1 as a special case) can be
expressed as

p =1 |1) (1] + w2 |ih2) (ol (S1)

where
|th1) = cos#]00) +sinf |11), 6 € [0,7/2], (S2)
[1ha) = cos ¢(cos a e |01) + €2 sin a [10)) + €' sin ¢(sin 6 |00) — cos @ [11)), (S3)

are two orthogonal pure states of two qubits, i.e.,
(1]2) = (Y2|t1) = 0. (54)
The parameters v; (i = 1,2) are the weights of pure states |¢;) (i = 1,2) in p respectively, and their regions are
v1 €[0,1], v €0,1], 11+ =1 (S5)

The regions of the angles ¢, «, 81, 52 and f3 are temporarily [0, 27], and we shall simplify these parameters further.

Generally, the state p is a rank-2 density matrix. Specially, when one of the two weights is 1 (i.e., vy =1 or vy = 1),
then p reduces to a density matrix with rank 1 (i.e., the pure state). In the following, let us explain why the state p
is written in the form of Eq. (S1).

A. The Form of |¢1)

Remark 1. Why the pure state |¢1) is in the form of Eq. (S2)? Let us consider the most general pure state in the
two-qubit system, which is given by

|¢) = a]01) + b]10) 4+ ¢|00) 4+ d |11), (S6)
where a, b, ¢, d are complex numbers, and they satisfy the following normalization condition
lal® + [b]* + [c[* + |d|* = 1. (S7)
It is easy to known that the pure state |¢)) contains 7 (i.e., 4 x 2 — 1 = 7) free parameters. However, under the local
unitary transformation U; ® Us, the initial pure state (J); = |1)) can be transformed to the following simple form
(U @Us) |1h); = [¥)¢ = £1]00) + ko [11) (S8)

with k1 > 0, ko > 0, and k1 + k2 = 1. Here |¢)); represents the final state after performing the unitary transformation
on the initial state |1); = [¢). This procedure is well-known as the Schmit decomposition of a two-qubit pure state.
After denoting

k1 =cosf, ko =sinb, (S9)

then one naturally explains the reason why the state |[¢)1) is in the form of Eq. (S2). In addition, note that k3 > 0
and kg > 0, thus the region of the angle 6 is given by

0 c0,7/2. (S10)

By comparing Eq. (S2) and Eq. (S6), the merit of |¢1) is obvious, namely, it contains only one free parameter. l

Remark 2. The Schmit decomposition. The Schmit decomposition can be found the textbook of quantum information
theory [1]. For the convenience of readers, here we would like to provide a simple derivation. Consider a general two-
qubit state in Eq. (S6), we want to choose Alice’s and Bob’s bases to simplify it. Let us consider the following unitary
transformation

|0) = Ao |0) + Bo 1),
1) = =Bg|0) + Ag (1), (S11)



for Alice ( |Ag|? + |Bo|?> = 1), and the following unitary transformation

for Bob ( |A1]? + |B1|?> =1). Here A} = (Ag)*, similar for By, A7 and B;. Then we can obtain

with the coefficients

|0) — A1 |0) + By 1),
1) = =B7|0) + AT [1),

(U @Us) |9); = [¥)¢ = 100]00) + 101 |01) + 110 [10) + 711 [11) ,

noo = AgArc — AgBia — A1 Byb+ Bi Bid,
no1 = AoBic+ AgAja — By B1b — By Ajd,
Mo = BoAic — BoBja+ AjA1b — A;Bid,
m1 = BoBic+ BoAja + AjB1b+ AjAjd.

We now require the coefficients

MNo1 = A()Blc + A()AT(I - BSBlb - BgATd = O7
mo = B()Alc - B()BTCL + ASAlb - ASBTd = 07

such that the resultant state |1)¢ turns to the following Schmit form

Eq. (S15) gives

ie.,

Assume

we can get

ie.,

ie.,

where

[¥)¢ = M00 [00) + m11]11) .

B _ Bict+ Aja
Ao Bib+ Aid’
By —Aib+ Bjd

Ay Ajc—Bjia’

~Ab+ Bid _ Bic* + Aia*
Alc—Bi‘a o be* +A1d*

By
Ay

= T,

—b+x1d  m1C* +a”
c—xa  zb* +d*’

(ac* + b*d)z? + (aa™ — bb* — cc* + dd*)z1 — (a*c +bd*) = 0,

it + powy — pi =0,

u1 = ac* +b*d,

o = aa* — bb* — cc* +dd* = 2(aa* +dd*) — 1 = 2(|a|* + |d|*) — 1.

(S12)

(S13)

(S14)

(S15)

(S16)

(S17)

(S18)

(S19)

(S20)

(S21)

(S22)

(523)



Here po is a real number and pq can be a complex number. Hence

_ —peEVp3 + A
21

Z1

Based on which, we can have

By = ————c%, SR —
! \/1+|$1|2 ! \/1+|$1|2

v _ Bi/AT _ ieiten)

|21 o 4 1

lai]  [Bf/A
Similarly, we can get
B2 o 1 10!
BO _ 7614)1’ 0= 761‘152
1+ |z2]? 1+ [2o|?
with
_ BictAla m _ Bj/Ao _ ig4e))

T2 = =, _— = " =
T Bib+ Aid [w|  [Bg/A

Then we have the coefficients

el¢2

Noo = AgAic— AoBTa - AlBSb + BSBTCZ = mei“,

mi = B(JBlC—FBoA){a—FASBlb—FASATdE Hg@iTQ,

where
K1 = |noo| >0, €7 = @;
|7700|
Ko = 1| >0, €7 = L
|711]

So the state becomes
)¢ = K1e™ [00) + mpe™ [11).

Based on which, we can perform an additional local unitary operation

%:ﬁg Q]

.
0 e %

on Alice’s qubit, and similarly perform the local unitary operation

on Bob’s qubit. Then we can have
(Ui @Us) )¢ = |) = K1 100) + K2 [11) .
Notice that
K1, kg > 0, nf—kn%:l.

This ends the demonstration of the Schmit decomposition. H

(S24)

(S25)

(S26)

(S27)

(528)

(529)

(S30)

(S31)

(S32)

(S33)

(S34)



B. The Form of |¢2)

Remark 3. Why the state |i2) is in the form of Eq. (S3)? To construct a density matrix with rank 2, given the the
pure state vector |¢1) = cos6|00) + sin# |11), we need to find another state vector |i5), which satisfies the following
orthogonal condition

(1]p2) = (Y2|t1) = 0. (S35)
Let us assume
|th2) = a1 |01) + b1 [10) + c1 [00) + dy [11), (S36)
where ay, b1, ¢; and d; are some superposition coefficients. From the orthogonal condition, we can get
c1cosf 4 dysinf =0, (S37)
which means
c1 =ePksing,  dy = —ekcosb, (S38)
where k is a real number (with k& > 0). Without loss of generality, we can assume
ay =eéPlcosa, by =ePlsina, (S39)
where [ is a real number (with [ > 0). Notice that we have the following normalized condition
(P2|the) = 1. (540)
This yields
K +1?=1, (S41)
that is
k=sing, [ =coso. (S42)

Based on the above results, we can determine the state vector |i5) as
liho) = ePrlcosa|01) + eP2lsina |10) + P2k sin 6]00) — ¥k cos § |11)
= cos¢(cos e [01) + €2 sin o |10)) + €72 sin ¢(sin @ |00) — cos @ [11)), (S43)
thus explaining why the state [15) is in the form of Eq. (S3). B

Remark 4. The region of the angle ¢ can be considered as ¢ € [0, 7/2] and the region of the angle « can be considered
as a € [0,7/2]. In general, the region of ¢ is ¢ € [0, 27] and the region of « is also « € [0, 27]. However, the parameters
¢ and « can be restricted to the region of [0,7/2]. The reason is as follows. From the viewpoint of physics, for the
state vector iy = |11), there are three vectors that are perpendicular to it, i.e.,

i =101), @ =110), @3 =sinf|00) —cosd|11). (S44)
Then the most general vector orthogonal to |i1) is given by the linear superposition of these three vectors, i.e.,
[V2) = frir + fatio + f3is. (S45)

However, the problem considered is in the framework of quantum mechanics, thus f;’s (j = 1,2,3) can be complex
numbers, which can be parameterized as

fi=1hle™,  fa=1fale®,  fs=|fsle. (546)
What we need is just
il + 1l + [ fs]2 =1, (S47)
and notice that
|fi| > 0. (S48)
After comparing Eq. (S43) and Eq. (S45), we can parameterize |f;|’s as
|fi] = cospcosa, |fo| =cos¢sina, |fs3] =sing, (S49)

where 0 < ¢ < /2, 0 < o < 7/2. Such a parameterization is sufficient because it covers all possible nonnegative
triples (| f1l, |f2l, |f3]) satisfying the unit sum of squares. Thus the region of ¢ can be simplified as ¢ € [0,7/2] and
the region of « can be simplified as « € [0,7/2]. By the way, based on k =sin¢ > 0 and [ = cos¢ > 0 in Remark 3,
one can also have ¢ € [0,7/2]. And then due to Eq. (S49) we have o € [0,7/2]. B



C. The Simplification of |¢)2)
The state |12) be simplified. In this section, let us study the simplification of the state |1)q).
Remark 5. The phase factor 51 can be set as 0. For the state |¢)2), one can have
l1ha) = cosp(cosa e |01) 4 P2 sin o |10)) + €% sin ¢(sin 6]00) — cos §]11))
= A [cos d(cosa [01) 4 €P2=F1) sin o [10)) + €P2=A1) sin ¢(sin 6 |00) — cos |11>)}

= ¢f [cos p(cosa |01) + €2 sina [10)) + €% sin ¢(sin 6 [00) — cos |11>)}, (S50)

with 3 = B2 — 81 and B4 = B3 — 1. As a global phase, the phase ¢t is trivial and can be ignored, for it vanishes
when one considers the density-matrix form of the state |¢3) (i.e., |¢2)(12]). Equivalently, the state |¢3) can be
simplified by setting 51 = 0. Accordingly, the state |t)3) becomes

[ihe) = cosp(cosa [01) + €2 sinar [10)) + €% sin ¢(sin 6 |00) — cos 6 |11)). (Sh1)

Remark 6. The phase factor 85 can be set as 0. From above we have known

|1) = cos 0 ]00) +sin @ |11),
[th2) = cos @(cos @ [01) + €2 sin [ 10)) + €% sin (sin 0 [00) — cos 0 [11)). ($52)

We want to use the local unitary transformations to simplify it further. We can perform the local unitary operation

22
U,=1¢%0 (S53)
0 1
on Alice’s qubit, and similarly perform the local unitary transformation
10
Uy = A (S54)
0 ez

on Bob’s qubit. Then we can find that

(Ua ® Up) [th1) = Jhy)

- B85 . BY - B85
cos 6 (6122 |OO>) +siné ((3122 |11)> =T |yy),

P2 cos ¢(cosa |01) + sin a [10)) + 6i('8é+%2) sin ¢(sin 6100) — cos#[11))
e {COS $(cos r|01) + sin[10)) + €' sin (sin 6 |00) — cos |11>)} ’ (55)

(Ua @Up) [th2) = |1h3)

with 85 = 85 — ’%é The global phases (i.e., é% and elfs ) can be ignored, for they vanish when the density-matrix
forms ((i.e., [¢1) (1] and [95)(¢4]) are considered. Equivalently, the state |1)2) can be simplified by setting S5 = 0.
Accordingly, the state |¢)2) becomes

lths) = cosp(cosa |[01) + sinar[10)) + €% sin ¢(sin 6 |00) — cos 6 [11)). (S56)
For simplicity, let us denote the parameter 5 as 3, then finally the state |t)3) becomes

|the) = cos@(cosa |01) + sina|10)) + e sin ¢(sin 0 ]00) — cos 4 |11)). (S57)



D. Further Simplification of Quantum State p

Up to now, based on above analysis, for a two-qubit density matrix with rank 2 (including rank 1 as a special case),
it is sufficient to consider the following form

p=v1[t1) (1] + v [th2) (2], (S58)
where
[th1) = cos0]00) +sin @ |11),
[1h3) = cos ¢(cos a |01) 4 sin ar[10)) 4 € sin ¢(sin 8 |00) — cos O [11)), (S59)
with

0el0,7/2], ¢€l0,7/2], acl0,7/2], Be]l0,2n]
V1 € [0, 1]7 vy € [07 1}7 v, +rvy =1. (860)

It is interesting to ask a question: Can the state p can be simplified further? The answer is positive. We find that
when 0 = /4 (i.e., [¢1) is a maximally entangled state), and in this situation the density matrix p can be simplified
further.

Remark 7. Further simplification of the state p for 6 = /4. It is well-known that for an arbitrary two-qubit pure
state

|¥) = a|01) + b]10) + ¢|00) 4+ d |11), (S61)
its degree of entanglement (i.e., concurrence) is given by
Cyy = 2|ab — cd|. (S62)
For example, for |¢)1) as shown in Eq. (S59), its concurrence is
Clyp,) = | sin 20| = sin 26). (S63)
When 0 = w/4, |11) becomes the maximally entangled state (spanned in the subspace of {|00),|11)}) as follows
S
V2

and its concurrence is equal to 1. Accordingly, when 6 = /4, the state [¢)2) as shown in Eq. (S59) turns to

1) = —=(100) +[11)), (S64)

5 Sin @

V2

[tho) = cosp(cosa|01) 4+ sina [10)) + e (|oo) — |11)), (S65)

whose concurrence is given by

e

Clyoy = 2

ipsin g _ ipsing

= |612’8 sin? ¢ 4 cos? ¢ sin 2a|

) — COS ¢ cosSa X COs ¢ sin

= \/ (cos2 ¢ sin 2a + sin? ¢ cos 28)2 + sin? ¢sin? 26. (S66)

Generally, one has Cjy,) # 1, i.e., [th2) is a non-maximally entangled state. Here, we find that when 6 = /4, i.e., [¢1)
is a maximally entangled state and in general |¢3) is a non-maximally entangled state, then the density matrix p can
be simplified further.

The procedure of the simplification is shown as follows: for the rank-2 state p (with § = 7/4) as follows

p=vi Y1) (r] + v |2) (Yol (S67)

where

1
V2
[th2) = cos p(cos a|01) + sin [10)) + e

1) = —=(100) +[11)),

ig Sin¢
’ 75 {100) = [11)), (S68)




we can perform the local unitary transformation (V, ® V,) on the rank-2 state p, such that

(Va @ V) [thg) — [1ph) = € (cos 6 |00) 4 sin 6’ [11)),

1
(Vo ®Ws) [¥1) = [1b3) = —=(|01) + [10)), (S69)
V2
where €' is a global phase that does not affect the density matrix [])(¢}|. As a result, under the local unitary

transformation V, ® V,, the state p becomes

p= Va@V)p(Va @ W)
= 11 (Va ® V) [11) (1] (Va @ Vo)1 + 12(Va @ V3) [1h2) (2| (Va @ V)]
vr [1h) (Wh] + va [0)) (1], (S70)

ie.,

plo= vy W) (W] 4 vy ) (W5, (S71)
with

[9]) = €l (cos §’|00) + sin @’ |11)),

o b
|¢2>f\/§(l01>+|10>)- (S72)

Here we have denoted 14 = v/4 and v = v]. In the new state p’, one may observe that the roles of |¢1) and |¢) have
been swapped, and the global phase factor !¢ has no contribution to p’. Obviously, the new state p’ belongs to the
original state p for the case of ' # 7 /4 ( i.e., |1]) is not a maximally entangled state). This fact implies that we
need not consider the state p separately when 6 = 7/4 and [¢2) is non-maximal entangled, thus can simplify some
calculations. W

Remark 8. Proof of Eq. (S69). Here we would like to provide a proof for Eq. (S69). The task is to show the explicit
form of the unitary transformation (V, ® V), such that

R

(Va @ Vy) [¥1) = [P3) = 7

(101) +[10)), (S73)

(Vo @ W) |th2) = [¥0]) = €' (cos 0 00) + sin @’ [11)), (S74)
with
S
V2
1) = cos ¢(cos a |01) + sin v [10)) + €

[¥1) = —5(100) +[11)),
sin ¢

V2

(100) — [11)). (S75)

As it is well-known that the most general 2 x 2 unitary matrix is given by

ewr 0 cost¥ —sinde ¥
V= ( 0 elw2 ) (Sinﬁei“" cos ¥ ) ’ (576)

ewr
a- (% L) (s77)

where

is the usual phase gate transformation, and

U= ( costy —sinde ¥ ) (S78)

sin Jel® cos

is the usual SU(2) unitary transformation. Now we let Alice’s unitary matrix be

iw o —igp
V= Oyl = <600 1(3;1 ) ( cos sin Yge 1o ) 7 (S79)

e sin 9ge'¥o cos Yg



and Bob’s unitary matrix be

ez 0 costy; —sind e v
Vo = bl = ( 0 elws ) (sinﬁlei"’l cos ) ’ (580)
For simplicity, we denote
([ Ay —B;§ (A -Bf
U = (Bo A ) , Uy = (31 Ar ) (S81)

with
AQ = COS 190, Bo = sin 19061‘90,
Ay =costy, DBp=sind;el¥t. (S82)
The unitary matrix U; transforms Alice’s qubit states as
0) = Ao [0) + Bo [1)
1) = =B; |0) + Ag [1) (S83)
and the unitary matrix Us transforms Bob’s qubit states as

|0) = A1 ]0) + By 1),
[1) — —B7 |0) + A7 |1). (S84)

() (&) (5)-(3) - (2)
w-u(D)-(8E)()-u()s() s

which correspond to |0) — Ay [0) + By |1) and |1) — — B |0) + A |1), respectively.
Now, let us come to determine the explicit form of the unitary transformation (V, ® V). From Eq. (S73), one can
have

For example,

(1 @ Q) (U Uy) iz(|oo> +11)) = %qon +110)), (S36)

. (1 ® Qo) (U ®Us) (]00) 4 [11)) = |01) + |10), (S87)

h (Q1®Qz){(Ao\0>+Bo|1>)(A1 0) + By [1)) + (=Bg [0) + Ag [1))(=By [0) + A} |1>)} = [01) + [10), (S83)
h (2 ® ) [(Aofh + BiB1) [0) [0) + (BoB1 + Ag A7) [1) [1) + (Ao B1 — B3 A7) [0) [1) + (BoAr — AgBy) [1) \0>}

— |01) + [10), (S89)

(1 ® Q2) [(AoAl + ByBY) 10) [0) + (Ao A1 + By By)™ [1) [1) + (Ao B1 — By A7) [0) [1) — (Ae By — By A7)™ |1) |0>]
= [01) — [10), (S90)
ie.,
elwotw2) (A0 A + BEBF)(0) |0) + e @1 Hws)(Ag Ay + BEBE)* 1) [1) + el@otws) (4B — B A%) [0)]1)
—el@1tw2) (Ao By — BEAT)* (1) |0) = |01) + [10). (S91)



Then we have

ie.,

ie.,

ie.,

ie.,

ie.,

Because the right-hand-side of above equations are real numbers, then we must have

ie.,

One can have

ei(wo+w2)(A0A1 + BS‘B;‘) =0,
e ts)(Ag Ay + By BY)* =0,
ei(Wo+w3)(AOBl _ BSA’{) =1,
—ei(w1+w2)(AoBl — BSA{>* =1

-

et (A Ar + B BY) = 0,

e i) (Ag A, + BEBY) =0,
et (49 By — ByA}) = 1,
—€_i(wl+w2)(AoBl — BSA’{) =1

-

AoA1 + B{By =0,
ei(wo-i-ws)(AOBl _ BEJKAT) =1,
—e_i(wl+w2)(AQBl — BSA’{) =1

-

cos g cos ¥ + sin P sin ¥y e (¥ote1) =,
e (Wotws) (cog 9 sin ¥ €%t — sin g cos ¥y ¥0) =1,

—e~@itw2) (cog 99 sin W1 €191 — sin g cos ¥ ¥0) =1,

cos ¥g cos 1 + sin g sin 1916’1(%*9"1) =0,

e (Wotws) o1 (cog g sin ¥y — sin g cos e (Poter)) = 1,

—eH(witw2) gign (cos g sin g — sinJg cos 1916_‘(*00‘”‘991)) =

cos ¥ cos U1 + sin U sin 9qe "1 (Poter) — 0,
el(wotws) pivr (— cos ¥g sin ¥ + sin g cos ﬁle_i(*"o"‘Wl)) =1,

—eHwrtw2) o1 cog 9y sin )y 4 sin g cos ¥ e Pote)) = 1,

e ilwoter) — 1,
el(wotws) pipr — -1,

_eHwiFw2) pipr —1,

e~ ilpoter) — 1,
ei(wo-i-wg)eitpl — _1’

e iwitwa)gipr 1

wo +p1 =0,
(WO +ws)+ 1 =,
—(w1 +wa) +p1 =0,

10

(S92)

(S93)

(S94)

(S95)

(S96)

(S97)

(S98)

(S99)

(S100)



ie.,
Y1 = —Yo,
W3 =T — Wy — Y1 =T — Wy + ¥o,
wo = —w1 + Y1 = —W1 — Po-

The above result yields

cos ¥ cos ¥y + sindg sinty = cos(dg — 1) =0,

sin dg cos 1 — cos¥g sin ¥y = sin(Jy — 91) = 1,
ie.,
P = — —.
In this situation, we have

Ap = cost, By =sinve'¥?,
Ay =sind, Byj = —cosde ¥,

here we have denoted Jg = 9.

11

(S101)

(5102)

(S103)

(S104)

From Sec. T A, we have known that under the unitary transformation (U; ® Us), the initial two-qubit pure state

|9 initial = @01) +b[10) 4 €]00) + d|[11)
can be transformed to the following state

%) middie = 100 [00) + 101 [01) 4+ 710 [10) + 711 [11),
with
Moo = AoAlc — AQBT{I - A]_ng + BSBrd,
No1 = AoB1c+ ApAja — B{B1b — B Ajd,
mo = B()Alc — BOBfa + ASAlb — ASBikd,
mi1 = B()BlC + BoATa + AsBlb + AE;ATd

After acting the unitary transformation (€1 ® Q2) on [1)),.j4.. We have the final state as

1) el = Y00 |00) + 01 |[01) + v10 [10) + 711 |11),
with

i(wo+wsa) _ 0+w2)

Yoo = €

Yo1 = €

Noo =

i(wi+ws) el (w1 +w3)

Y11 =€ i1 =

We take [1)2) as the initial state, then the corresponding coefficients are
a=cos¢pcosa, b= cos¢sina,

/2 - V2
e‘ﬁgsin(b, d:—e‘ﬂgsin¢.

al
Il

We now require

[ AlconBfa*Alng+B6kad]7

iwotws) ) = el@otws) [ 4 Bie + AgAta — BiBib — BiALd),
ywzﬂmwmm:IM“@BAW—&BM+AMm7%BM,
[BoBic+ BoAfa+ AjBib+ AjAid].

o1 = ei(wo+w3)n01 _ ei(wo+w3)[AOBlc+ AgAta — BiBib— B A3d] =0

Y10 = el@1F@)p o = @t BIA e — ByBia + Af A — A Bid]

:O7

(S105)

(S106)

(S107)

(S108)

(S109)

(S110)

(S111)



and

Yoo = e@otw2ly ) — eilwotws) [AgAic — AoBia — A1 Bib+ BiBid] = e cos ),
Y1 = ei(“1+“3)7711 = ¢l(witws) [BoBic+ BoAja + A{B1b+ AjAid] = e sind’,

such that the resultant state is just |¢]), i.e.,

Va @ W) 1h2) = [4]) = €' (cos 0 |00) + sin 6’ [11)).

Based on Eq. (S111), one obtains

ie.,

ie.,

ie.,

ie.,

ie.,

Vo1

Y10

= ot [AyBye+ AgAfa — By Bib — B} Ajd)

. . . 2 .
= elwotws) {(— cos? 9 + sin? 09)e ~i¥0 e’ﬁg sin ¢ + sind cos ¥ [cos ¢ cos o + €20 cos ¢ sin a }
. . . 2 . .
= ellwotws)g—ivo {(— cos? ¥ + sin? ) e’ﬁg sin ¢ + sin cos ¥ [cos ¢ cos ae'#° + e cos ¢ sin a }

= (—cos® ¥ + sin® ) elﬁg sin ¢ + sin ¥ cos ¥ [cos ¢ cos ae'® + e cos ¢ sin o

. 2 . .
= (sin? 9 — cos? 9) elﬁg sin ¢ + sin 9 cos 9 [cos ¢ cos ae'?° + cos ¢ sin oze_wo} =0,
= @t [ByA e — ByBja+ AjA1b — AL B;d]

. 5 .
= ellwitws) {(sin2 ¥ — cos? ¥)el?o e’ g sin ¢ + sin 1 cos ¥ [612‘/’0 cos ¢ cos a + cos ¢ sin a] }
. . . 2 . .
= ellwitwz)eivo {(sin2 ¥ — cos? ) e g sin ¢ + sin 9 cos 9 [el‘pf’ €OS ¢ cos & + cos ¢ sin 0467“'00] }

. 2 . .

= (sin? 9 — cos? 9) elﬁg sin ¢ + sin 4 cos ¥ [cos ¢ cos ae'?° + cos ¢ sin oze_wo} =0,

. 2 2 9y ,iB V2 . i : —i

(sin® 9 — cos” ¥) e - sin ¢ + sin ¥ cos ¥ [cosqﬁcos ae'¥? + cos ¢ sin ae “’0] =0,
2 2 0\ i V2 : i : —i
(cos“ ¥ —sin“ ) e 3 sin ¢ = sin 1 cos [cosgbcos ae'?® + cos ¢ sin ae "90] ,
3V2
(cos® 9 — sin? ¥) 61’8% sin ¢ = sin ¥ cos ¥ cos ¢ [(cos g + isin ¢g) cos o + (cos g — isin pg) sin ] ,
3V2
(cos? ¥ — sin? ) e‘ﬂg sin ¢ = sin ¥ cos ¥ cos ¢ [cos o (cos a + sin a) + isin pg(cos a — sin )],

2 .
(cos? 9 — sin? ) g sin ¢ '’

sin ¢ (cos a—sin o) ]

larctan [cos @ (cos atsin a)

= sin ¥ cos ¥ cos ¢\/6082 @o(cos a + sina)? + sin? g (cos a — sina)? e

12

(S112)

(S113)

(S114)

(S115)

(S116)

(S117)

(S118)

(S119)
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ie.,
) . sin (cos a—sin ar)
(cos? ¥ — sin? 0) g sin ¢ €!¥ = sin ¥ cos ¥ cos ¢\/cos2 ©o(1 + sin 2a0) + sin® o (1 — sin 2a) e " Erc=r] ,
(S120)
ie.,
D) . L arctan | Sineo(cos a—sina)
(cos? ¥ — sin? ) g sin ¢ e = sin 1 cos ¥ cos p/1 + cos 2y sin 2a e ¢ [°°Sig(°°w+5‘““>] , (S121)
ie.,
i i arctan | 22 €o(cos a—sin a)
cos sin ¢ €' = sin 29 cos ~+ cos 2¢pg sin 2 e cos *‘)2“05‘**5“‘“)] . S122
202 p 20 1 2000 sin 2 ctan
Then one obtains
B3 = arctan sin o (cos @ = > @) (5123)
cos po(cos a + sin «)
and
oS sin ¢ = sin 299 cos + cos 2y sin 2a.
20 V/2 s in 20 1 20 sin 2 S124
From Eq. (S123), we have
tam o = sin B(cos o + si.n @) , ($125)
cos B(cos o — sin a)
and
9 1 —tan?gy  cos? B(cosa — sina)? — sin? B(cos o + sin a)?
cos = =
w0 1+tan? @y  cos? B(cosa — sina)? — sin® f(cos a + sin a)2
~ cos? B(1 —sin2a) —sin® B(1 +sin2a)  cos2B — sin 2a ($126)
~ cos? B(1 —sin2a) +sin® B(1 +sin2a) 1 —cos2fBsin2a’
and
23 —sin2
1+ cos2ppsin2a = 1+ % X sin 2«
(1 — cos28sin2a) + (cos 2f — sin 2a) sin 2«
a 1 — cos 23 sin 2«
_ 1-sin’2a
1 — cos 208 sin2a
.2 2
_ COS « (8127)

1 — cos2Bsin2a’

From Eq. (S124), one has

2 si 1 —cos2fsin2
tan 29 — V2sing . :\/ cos2fsinla oo, (S128)
cos ¢+/1 + cos 2¢q sin 2a cos? 2a

From Eq. (S112), we can have
Yoo = €0t [A A e — AgBta — Ay Bib + BiBid
= ellwotws) [sin Yeos(1l + 1)6“3? sin ¢ 4 (cos? ¥e#0 cos ¢ cos a — sin? Ye 7190 cos ¢ sin a)}
= ellwotws) [sin ¥ cos 9ePV/2sin ¢ + (cos? 9l cos ¢ cos a — sin? Ye 0 cos ¢ sin a)} = ¢ cost,
1 = @) [ByBic+ BoAfa + AjBib+ AjAid]
= ellwitws) [sin Yeos(—1— 1)&5? sin ¢ + (sin? ¥e'#° cos ¢ cos o — cos® Ye "# cos g sin a)}

= ellwitws) [ —sin ¥ cos ¥elPV/2sin ¢ + (sin? 9el?° cos ¢ cos v — cos? Ve 0 cos ¢ sin a)} =€l%sin ', (S129)
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ie.,
elwotws) {sin ¥ cos 9eP/2sin ¢ + (cos? 9el?° cos ¢ cos a — sin® Ye 90 cos P sin oz)} = e cos,
elwitws) { — sin ) cos ¥el’ /2 sin ¢ + (sin? ¥e'¥0 cos ¢ cos o — cos? Ye ¥ cos G sin a)} =eCsinf.  (S130)

From Eq. (S115), we have

; 2sin ¥ cos ¥ . .
e?V2sing = ————-— [cos e + sinae "] cos , (S131)
cos?2 9 — sin® ¥
then
: 2sin ¥ cos Y [cos ae'?0 + sin qe %0 . . .
ellwotws) {sinﬂ cost) x [ - ;r ] + (cos? ¥e'#0 cos a — sin? ¥e 7190 sin a)} cos ¢ = €' cos @',
cos2 9 — sin® ¥

2 sin 4 cos ¥ [cos ae!0 + sin e 0]

ellwitws) [ —sin¥ cos ¥ + (sin® ¥e'?° cos a — cos? Ye ¥ sin a)} cos ¢ = €' sind’,

cos2 9 — sin? ¥

(S132)
ie.,
. 2sin? 0 cos? ¥ : 2 sin” 9 cos? ¥ . :
elwotws) —— + cos® 9| cos ae'?° + — — sin 9| sin ce 190 b cos ¢ = €'¢ cos @,
cos2 1 — sin” cos? 9 — sin” 9
. —2sin? 9 cos? ¥ . —2sin? 9 cos? ¥ . .
elwitws) {2 + sin? 19} cos ae'¥0 + [2 — cos? 19] sinae™ %0 } cos ¢ = €'¢ sin @,
cos? 1 — sin” cos2 1) — sin” ¢
(S133)
ie.,
.2 2 4 2 2 4
. sin” ¥ cos” ¥ + cos* ¥ ‘ sin” ¥ cos” ¥ +sin” 9] . . A
elwotws) — cos ae'¥0 + — sin ae %0 3 cos ¢ = €' cos @,
cos2 9 + sin” 9 cos2 1) — sin” 9
.2 2 .4 .2 2 4
- —sin® 9 cos® ¥ — sin” ¥ : —sin“ 9 cos* ¥ — cos* I : -
elwitws) S V€08 - s cos ae'P° + S V€08 - o8 sin ae %0 § cos ¢ = €i¢ sin /(S134)
cos2 9 — sin? ¥ cos2 9 — sin? ¥
ie.,
2 .2
; cos® . sin“ ¥ ' .
ellwotws) [ } cos ae'¥0 + [} sin ae %0 § cos ¢ = €l cos @,
cos2 9 — sin? ¥ cos2 9 — sin? ¥ ¢
.2 2
; —sin“ ¢ . —cos“ v ' .
elentwa) s 72— | cosael? + | ——————— | sinae %" } cos ¢ = €l sin @/, S135
cos2 9 — sin? ¥ cos2 9 — sin? ¥ ¢ ( )
ie.,
i(wo+ws) 2 i 22 g —ip cos ¢ ic /
el\oTw2 [cos ¥ cos ae'?® 4 sin” ¥ sin ce 0:|—.2:6 cos &',
cos? 1 — sin” ¢
) . ) cos -
—el(witwa) {sin2 ¥ cos ae'? 4 cos? ¥ sin ae_“PO] —¢2 =eCsind, (S136)
cos? 9 — sin“ 9
ie.,
i(wo+ws) 2 i <29 —i cos ¢ i /
e'\womwz [cos ¥ cos ae'?® 4 sin” ¥ sin ce ‘/’0} os 20 e's cos§',
cos
i(witws) [ o 2 i 2.9 . —i cos ¢ i¢ il
—el\wiTws [sm ¥ cos ae’?® + cos” ¥ sin e *00] cos2 € sin6'. (5137)
cos



By considering

we have

ie.,

ie.,

el(wo—w1) [(0052 ¥ cos a + sin? ¥ sin v cos 200 ) — isin® ¥ sin asin 24,00}

e iwo—wi) [(sin2 9 cos ar cos 2 + cos? ¥ sin ) 4 isin? 9 cos asin 2900}

W2 = —W1 — Yo,

w3z = T — Wp + Yo,

cos ¢
cos 21
cos ¢
cos 21

el(wo—wi—¢o) [cos2 ¥ cos ae'?0 + sin? ¥ sin ae*“"o] = el¢ cos b,

—el(wrtmwoteo) [Sin2 ¥ cos 0 + cos® ¥ sin aeiwo} = ¢ sind,

cos ¢
cos 21
cos ¢
cos 21

ellwo—wr) [cos2 ¥ cos a + sin® ¥ sin ae_IQWO} = e cost,

=eCsind,

e~ Hwo—wn) [Sin2 9 cos ae'??0 + cos? ¥ sin a}

cos ¢

cos 21
cos ¢

cos 29

= el¢ cos

We now come to determine the phases in the left-hand side of Eq. (S141). We can have

with

We now require

then we can have

ie.,

2(&)0 — w1)

© cos 20

arctan } + arctan {

Cos ¢
cos 21

¢l

el(wo—w) [(cos2 ¥ cos v + sin” ¥ sin ar cos 200 ) — isin® 9 sin o sin 2@0}

cos ¢
cos 21

{(cos2 ¥ cos a + sin? ¥ sin av cos 2g) — isin’ ¥ sin asin 2(,00}

cos ¢
cos 219

¢ice

e iwo—wi) [(sin2 ¥ cos ar cos 2 + cos? ¥ sin ) 4 isin? 9 cos asin 2(,00}

cos ¢

[(sin2 ¥ cos av cos 2 + cos? ¥'sin ) 4 isin® 9 cos o sin 2500] ,

.2 . .

sin” ¥ sin o sin 2

¢1 = +(wog — w1) — arctan [ —— o ] ,
cos? 9 cos a + sin” ¥ sin « cos 2¢pg

. 92 .

sin” ¥ cos a:sin 2

G2 = —(wo — w1) + arctan | — L
sin“ ¢ cos a cos 2y + cos? ¥ sin a

G1=¢=¢,

sin? ¥ sin o sin 2¢
+(wo —w1) — arctan
(2 ! sin2 19 < .
cos? ¥ cos a + sin” 9 sin a cos 2¢¢

— ¢ sin? 9 cos a sin 2¢q
= —(wo —w1) +arctan | — CYe
sin” ¥ cos a cos 2¢g + cos? ¥ sin «

sin? 9 sin o sin 2¢ sin? 1) cos a sin 2

= sinf.

cos2 ¥ cos o + sin? ¥ sin o cos 2¢q

sin? ¥ cos o cos 2 + cos? ¥ sin a

15

(S138)

(S139)

(S140)

(S141)

(S142)

(S143)

(S144)

(S145)

. (S146)
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One may choose w; = 0, then we have

1 in® ¥ sin a sin 2 1 in® ¥ in2
wo = Larctan |[—, .sm sin a sin 2 ] + 1o retan [ _ sin” 9 cos asin 2¢q . (5147)
2 sin® 1 sin « cos 2 + cos? 19 cos « 2 sin” ¥ cos a cos 2¢p + cos? 9 sin «
In conclusion, for the rank-2 state p as follows
p=v1[Y1) (1] + v [v2) (2l (5148)
where
|th1) = cos0]00) +sin@|11), 6 € [0,7/2],
[1ha) = cos ¢(cos a [01) 4 sinar[10)) 4 €' sin $(sin 6 |00) — cos O [11)), (S149)
when 6 = 7 /4, we can perform the local unitary transformation (V, ® V}) on the rank-2 state p, such that
(Va @ V) [thg) = [40h) = € (cos 8 |00) 4 sin 6’ [11)),
1
Va ®Vs) [1) = [1h3) = —=(]01) + |10)). (S150)
V2
Here the local unitary transformation (V, ® V) is given by
_ (e 0 cost¥g  —sindge 1v0
Vo =il = ( 0 elwr > < sin ¥gel?o cos Vg ) ’
_ _(ev? 0 cost;  —sindie” ¥
Vo = {aldy = ( 0 elws ) (simﬁlew1 cos Uy ) ’ (8151)
with
Po =V,
7r
191 - "90 - 57
Y1 = —Po,
1 sin? 9 sin o sin 2¢ 1 sin? 9 cos a sin 2¢g
wp = — arctan 5 + s arctan | —— -
2 cosZ 9 cos a + sin” ¥ sin « cos 20 2 sin” ¥ cos a cos 2¢p + cos? 9 sin a
w1 = 0,
w2 = —W1 + Y1 = —Po,
W3 =T —wWp — Y1 =T — wo + Yo,
sin B(cos a + sin )
tan pg = p )
cos B(cos a — sin «v)
1-— 23 sin 2
a2y = L2
cos? 2«
1 in® ¥ sin a sin 2 1 in ¢ in 2
¢ = —Larctan [— .sm sin a:sin 2¢q + L arctan | — sin“ ¢ cos asin 20 . (S152)
2 sin”® ¥ sin o cos 29 + cos? Y cos a 2 sin” 9 cos a cos 2¢p + cos? 9 sin a
This ends the proof. l
Remark 9. Let us come to check whether Eq. (S141) gives
) : cos ¢ 2
elwo—wi) [0052 ¥ cos o + sin? ¥ sin ae_‘Q‘PO] —
cos 29
. . cos¢ 2 . .
+ e womwn) {Sin2 ¥ cos ae'??0 4 cos® U sin a} = €€ cos 0> + |l sin0'|> = 1, (S153)
cos 29
ie.,
, coso |2 . cos¢ |?
[0052 ¥ cos v + sin? ¥ sin ae_’Q“"O} — + {Sin2 ¥ cos e 290 4 cos? ¥ sin a]
cos 29 cos 29

= cos? @ +sin?0 = 1. (S154)



We can have
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2 2
. CcOS . COS
[cos2 9 cos a + sin? ¥ sin aeﬂwo] J + {sin2 9 cos ae'??° + cos? ¥ sin a] ¢
cos 29 cos 29
2
cos ) .
5 2@ X { |cos2 9 cos a + sin? 9 sin e "12%0 |2 + |sin2 9 cos ae'2?0 + cos? Y sin a|2 }
cos
cos? ¢ 4 9 .4 g .2 2 s 2 g
T X { [cos Y cos” o + sin” ¥ sin® v + 2 cos® 1 cos a sin 19smacos2g00]
cos
+ [sin4 Y cos? o + cos® ¥sin? a + 2sin? ¥ cos av cos? ¥ sin «v cos 2(,00] }
cos® ¢ 4 - 4 .2 2.9
o220 X [cos ¥ 4 sin® ¥ + 2 sin” ¥ cos” ¥ sin 2ac cos 2@0]
cos
cos? ¢ 2 <2 q\2 2 2 2 2 9.
799 ¥ [(cos® ¥ — sin® ¥)? + 2 sin” ¥ cos® ¥ + 2sin” ¥ cos” ¥ sin 2ar cos 24 |
cos
cos? ¢

2
cos 209 v/2 sin (b)

2 ) 2
5 20 + 2 ¥ cos” ¥
X |cos + 2s1n” ¥ cos ( Sin 20 cos &

cos? 29

.2
cos? ¢ x |1+ 4sin? ¥ cos? 19.25%
sin” 29 cos? ¢
.2
9 sin” ¢
X |1
cos” ¢ { + wos? (A
1, (S155)
where we have used Eq. (S124). This ends the verification. H
Remark 10. Let us come to check whether
2 [ellwo—wr) {cos2 9 cos a + sin? ¥ sin ae_m“’”} ﬂ x e Hwo—w1) [sin2 9 cos ae'2%0 + cos? I sin a} 00s ¢
cos 29 cos 20
(S156)

gives the following concurrence

sin20’ = Cly,) = |€*” sin® ¢ + cos® ¢ sin 20|

= \/(cos2 $sin 2a + sin? ¢ cos 28)2 + sin® ¢ sin? 2. (S157)
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We can have

cos ¢
cos 2¢

cos ¢
cos 21

2 |¢lwo—w1) {cos2 9 cos a + sin? 9 sin ae‘lz@””}

X ‘6_1(“"’_“’1) [sin2 9 cos ae'??0 + cos? I sin a}

2
cos” ¢ . . i . i .

= 2— 59 ’COS2 9 cos o + sin? 9 sin ae"12%0 ‘ X ’sm2 9 cos ae'??0 + cos? ¥ sin a|
cos

2 cos? . . i . » .
= 5 2? ‘(cos2 W cos o + sin? ¥ sin ae 71290 (sin? ¥ cos e 2?0 + cos® ¥ sin oz)’
cos

2 cos? ) ) ) ] ) )
= 5 2? |(cos4 ¥ + sin? ¥) sin a cos a + sin? ¥ cos? ¥(sin? e 290 4 cos? ae’wo)’
cos

2 cos?
= 5 2;;5 |(cos4 ¥ + sin? ¥) sin a cos o + sin? 9 cos? I[(cos? o + sin? &) cos 2¢g + i(cos? o — sin
cos

2

av) sin 24|

2 cos?
= > 25 |(cos™ ¥ + sin® ¥) sin v cos v + sin® ¥ cos® ¥(cos 20 + i cos 2arsin 2y |
cos

2 2
= 60282:? |[(cos® ¥ — sin® )% + 2sin® ¥ cos? Y] sin a cos v + sin® ¥ cos® ¥(cos 2y + i cos 2a sin 2¢p) |
cos

2 cos?
= 5 25 |cos2 29 sin acos a + 2 sin® ¥ cos? ¥ sin v cos v + sin? 1 cos® ¥(cos 2 + i cos 2arsin 2¢) |
cos

. sin? ¥ cos?29 . . . .
sinacos @ + —————[2sin @ cos a + cos 2 + 1 cos 2asin 2¢g)

= 2cos?
cos” ¢ cos2 29

2sin? 9 cos? ¥
= cos? ¢ |2sinacosa + % [2sin a cos a + €os 2 + 1 cos 2asin 2<p0]’
cos

2sin” ¥ cos? ¥
= cos? ¢ |sin2a + 25 veos U [sin 2c + cos 2¢g + 1cos 2arsin 2¢q]
cos? 2¢

1
= cos? ¢ {sin 2a + 3 tan? ¥[sin 2 4 cos 2¢g + i cos 2a sin 2900]]

2

[sin 2ac + cos 2 + 1 cos 2acsin 2¢g)]

\/1—005265in2a\/§t é
—_— an

1

2 .
= 200+ =
cos” ¢ |sin 2« 5 o2 2

1-— 2 sin 2
= cos? ¢ [sin 2a + W tan? ¢[sin 2 4 cos 2¢g + i cos 2 sin 2¢pg]
cos? 2

1 — cos 283 sin 2«

sin 2a cos? ¢ + sin? $[sin 20 4 cos 2 + i cos 2a sin 2¢q]

cos? 2a
1 — cos2Bsin2 2 /1—cos2Bsin?2 2
= sin 2« cos? ¢ + 1= cos2fsin2a sin? ¢(sin 2a 4 cos 2p0) |+ 1= cos2fsin2a sin? ¢ | (cos 2a sin 20)2
cos? 2a cos? 2a

1 — cos2fsin 2a)?

5 sin® ¢ sin? 2¢. (S158)

. 1—cos2Bsin2a . 5 . 2 (
= sin 2a cos? ¢ + ———————— sin” @(sin 2a + cos 2¢p) | +
cos? 2x

Because

cos 23 — sin 2a

2 =
€08 <po 1 — cos23sin2a’

cos 23 — sin 2« )2 (1 —cos2fsin2a)? — (cos 2 — sin 2a)?
(1 — cos 23 sin 2ar)?
1+ (cos2Bsin2a)? — (cos? 23 + sin® 2a)  sin® 23 + sin® 2a(cos® 23 — 1)
(1 — cos 283 sin 2«x)? (1 — cos 28 sin2c)?
sin? 28 — sin® 2asin®28  sin® 28 cos? 2a

- 1
(1 — cos 283 sin 2a)? (1 — cos28sin2a)?’ (S159)

2 2
200 = 1 —cos*2¢g =1—
SHE 220 oS apo (1 — cos 23 sin 2«
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then we have

1 — cos 23 sin 2a)?

cos? 2a

1 — cos2f3sin2 2
1= cos 2P sin2a -nw(sin?a“‘)sw")] o

sin 2a cos? ¢ + sin ¢ sin? 2y

cos? 2a

1 — cos 20 sin 2« 1 — cos 2 sin 2« cos 23 — sin 2a
1 — cos 20 sin 2«

- 2
= |sin2acos® ¢ + sin? ¢ sin 2a0 + sin? ¢ x + sin ¢ sin? 23

cos? 2« cos? 2«

1 — cos2fsin2 5208 — sin 2 ?
= sin2ac082¢+Msmasin%bsinQa—l—C%BsmasiHQ(b} + sin ¢ sin? 23

cos? 2a cos? 2a

= [sin 2 cos? ¢ + cos 23 sin? ¢]? + +sin? ¢sin? 23, (5160)

thus we finally have

1 — cos 23 sin 2ar)?
cos? 2

1 — cos2fsin2 2
= \/{sin 20 cos? ¢ + 1 — cos2fsin2a sin? ¢(sin 2 4 cos 2@0)] + ( sin? ¢ sin? 2¢y

cos? 2a

— \/Isin2a.cos? ¢ + cos 28sin? ¢J? + +sin’ g sin? 25. (S161)

This ends the verification. W

Remark 11. The case of both [¢)1) and |¢)2) are maximally entangled states. The readers may be curious about what
happen when both [11) and |i)3) are maximally entangled states. As above, the state [11) is given by

L
V2

where 0 has been taken as § = m/4. Here |¢1) is the maximally entangled state (i.e., Cjy,y = 1) spanned in the
subspace of {|00),]11)}. Accordingly, the pure state |t¢)2) is given by

Y1) = cos 0 ]00) + sinf|11) = — (]00) + |11)), (S162)

[th2) = cosp(cosa|01) + sina [10)) + e 7

(|00y — |11)), (5163)

whose concurrence is given by
Clyy) = ’eizﬂ sin? ¢ + cos? ¢ sin 204 . (5164)
Analysis 1.— The case of ¢ = 0. Because a € [0,7/2], from Eq. (S164) we have o = 7/4. Then we obtain
1
V2

which is a maximally entangled state spanned in the subspace of {|01),]10)}. This state |1)2) is simple. In the behind,
when we study the quantum nonlocality of the density matrix p = v1 |t1) (1| + v2 [th2) (¥2], we need to consider this
state.

Analysis 2.— The case of ¢ = w/2. We can obtain

[¢2) = —=(101) +[10)), (5165)

) = ei%oom ), (S166)

which is the other maximally entangled state spanned in the space of {|00),[11)}. The phase factor el is trivial
and can be ignored. This state |t)3) is simple. In the behind, when we study the quantum nonlocality of the density
matrix p = vy [1) (1| + va |1h2) (2], we need to consider this state.

Analysis 3.— The case of ¢ € (0,7/2). Because a € [0,7/2], based on Eq. (S164) the concurrence Cjy,) = 1 occurs
only at

e?? = sin2a = 1, (S167)

otherwise one has Cjy,) < 1. Explicitly, one has f = 0 (or 7) and a = 7/4. And the state |¢) reads (we take § =0
as an example; the result is similar when 8 = )

_ cosd
2y = —72-(101) +110)) +

sin ¢

V2

(100) — |11)). (S168)



One may check that the local unitary transformation (V, ® V) can realize the following transformation

(Va @ V) [tba) = [0) = € —= (]00) + |11))

V2

sin? ¥ cos a sin 2y

).
).

1
(Vo @ W) |th1) = [95) = ﬁ(|01> +110)).
Here
_ (w0 costdy  —sindge %0
Vo = thih = ( 0 e ) (sinﬂoei‘po cos Vg
- (e 0 costy —sindie ¥
Vo = (hlly = < 0 elws ) (sinﬁleiq’l cos v
with
¢ ¢
o =0, 97 0 97
T ¢ 9w
19 = 19 —_—_—= = — — = — =
1 05 =573 ¥ o =0,
1 sin? ¥ sin v sin 2¢g 1
wop = — arctan —— + — arctan
2 cos? 9 cos a + sin” ¥ sin v cos 2¢pg 2

w1 =0,

wg = —w1 + 1 = —po =0,

W3 =T —Wy— Y1 =T —Wo + Yo =T,
sin? 9 sin a sin 2

sin? 1) cos a sin 2

sin? ¥ cos o cos 2¢q + cos? ¥ sin a

1 1
(= —5 arctan [ } + 3 arctan {

sin? ¥ sin « cos 2 + cos2 9 cos a

Explicitly, the unitary matrices are given by

2 2

1 0 sin?  cos
Vy = 2
b (0 —1>(—cosq25 sin

@ i@ o _in @
v, = 10 CF)S % sm¢2 _ c9s % s1n¢2
01 sin® cos® sing  cos g

)

3

2

)= (s

2
— Sin

sin? ¥ cos o cos 2 + cos? ¥ sin «

).

COS ¢

¢

2

).

20

(S169)

(S170)

] = 0.(S171)

(S172)
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E. Summary of Quantum State p

In summary, under the local unitary transformations, for a two-qubit density matrix with rank 2 (including rank 1
as a special case), it is sufficient to consider the following form

p =1 |1) (1] + w2 [1h2) (el (S173)
where
|t1) = cos0]00) + sin @ |11},
[the) = cos ¢(cos a|01) + sin o |10)) + e sin ¢(sin 6 ]00) — cos @ |11)), (S174)
with

6el0,7/2, delo,n/2, aclor/2, Bel0 2]
V] € [0, 1]7 Vo € [0, 1}7 v1+uvy=1. (8175)

Specially, when 6 = 7/4, we only need to consider the following form

p=v1|P1) (V1] + valib2) (Yo , (5176)

where

[91) = —=(100) + 1),

1 1
EOOD +110)), or

By the way, in the matrix form, one can have

|¢h2) = (100) = 11)). (S177)

S

2

cos?f 0 0 sinfcosf
0 00 0
= = S178
P1 W]1> <'L/}1 | 0 00 0 ) ( )
sinfcosf 0 0 sin?6
p2 = |1h2) (12|
sin? #sin? ¢ e cosasinfsinpcosp e sinasinfsin ¢ cos ¢ —sin # cos O sin? ¢
_|e7# cosasinfsin ¢ cos ¢ cos? acos? ¢ sin o cos o cos? ¢ —e 8 cos a cos 6 sin ¢ cos ¢
e~ 18 sin o sin O sin ¢ cos ¢ sin « cos v cos? ¢ sin? avcos? ¢ —e Bsinacosfsinpcoso |’
—sinf cos O sin’ ¢ —elf cosacosBsin ¢ cos ¢ —e'? sin o cos O sin ¢ cos ¢ cos? 0 sin? ¢
(S179)
which yield the matrix form of the state p as
p = vip1+ v2p2
v1 cos? 0 + v sin? 0 sin? 10} vae'? cos arsin 0 sin ¢pcosp o e'? sin o sin 0 sin ¢cos @ sin 0 cos 6(v1 — v2 sin® ?)
Rz e~ cos asin O sin ¢ cos ¢ Vs cos? accos? ¢ vy sin a cos a cos? ¢ —woe P cos a cos O sin ¢ cos ¢
- 1/26_‘5 sin asin 6 sin ¢ cos ¢ Vs sin o cos o cos> ¢ vs sin? a cos? 1) 71/26_“3 sin « cos 6 sin ¢ cos ¢
sinfcosO(vy — vasin® @)  —1nel® cosacosfsingcos¢ —raeP sinacosfsingcosg vy sin? @ + vy cos® Osin® ¢

(S180)
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II. DEGREE OF ENTANGLEMENT FOR QUANTUM STATE p

01 0 —1 10
Uw=(10>, Oy:<i 0), UZZ(O _1>. (S181)

Based on the density matrix p, we can define the conjugate matrix of p as

Pauli matrices are given by

p" = (p)"

vy cos? 0 + v sin? 0 sin? ¢ v e 8 cos asin @ sin ¢ cos ¢ vae P gin o sin O sin ¢ cos ¢ sin @ cosO(v1 — v2 sin? ®)

Rz e'? cos asin 0 sin ¢ cos ¢ vy cos? acos? ¢ o sin a cos ac cos? ¢ —1vze? cos a cos O sin ¢ cos ¢
voe'? sin asin 0 sin ¢ cos ¢ vy sin o cos v cos? ¢ vy sin? avcos? ¢ —woe'? sin a cos @ sin ¢ cos ¢
sin 0 cos 0(v1 — v2 sin? ?) —vae P cos a cos @ sin ¢ cos ¢ —vae P sin a cos 0 sin ¢pcosp 11 sin? 0 + vs cos? 0 sin? 10}
(S182)
Furthermore, we can define the matrix
~ *
p=(oy@ay)p*(oy ®ay), (5183)

and the Hermitian matrix

R = \/\/ppv/p- (S184)

Let one denote the four eigenvalues of R as \; (i = 1,2,3,4) in decreasing order (i.e., Ay > As > A3 > \4), then the
degree of entanglement of state p is given by

C= HlaX{O, )\1 - /\2 — )\3 — )\4}7 (8185)
which is the so-called “concurrence”. Based on Eq. (S184), one easily knows that the four eigenvalues of
R* = \/pp\/p (5186)

are \?, (i = 1,2,3,4). Since the matrix AB and the matrix BA share the same eigenvalues, thus, in order to calculate
the eigenvalues of R? = VP(py/p), we turn to calculate the eigenvalues to the following new operator

R? = (3y/P)v/5 = A(\/Pv/P) = o (S187)
We now come to determine the eigenvalues of R2. For simplicity, let us denote v; = A2, then we have
det[vl — R?] =0, (S188)

where I is the 4 x 4 identity matrix. One can have

v(s302 + 5902 + 510 + 59) = 0, (S189)
with the coeflicients
s3 = 1,
Sy = féyg sin 2« sin 26 sin® (2¢) cos 28 — V22 sin2(2a) cos* ¢ — sin2(20) [V% — 1 sin? ¢ + 1/22 sin* ¢]
—%Vl va(cos 46 + 3) sin? ¢,

1
s1 = 51/121/3 [Sin 2asin 20 sin2(2¢) cos 23 + 2sin? (2c) sin2(20) cos* ¢ + 2sin? ¢>] ,
so = 0. (3190)
Namely, we have

v (v + s9v +51) = 0. (5191)
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Remark 12. Let us consider a special case of 1 = 1 and v5 = 0. In this case, p = |1)1) (¢1] represents a pure state.

On one hand, the concurrence of the pure state |1)1) is
C = 2|cosfsinf| = |sin 20| = sin 26.
On the other hand, based on Eq. (S190), one has
Sp = —sin? 20, s1=0.
Then from Eq. (S191), one has
v3[v —sin® 20] = 0,
thus
v1 =sin?20, vy =wvg = vy = 0.

This leads to

A1 =/v1 = |sin20| =sin20, A =X3=X\ =0,
thus the concurrence is given by

C = max{0,\; — Ag — A3 — Ay} = |sin 26| = sin 20,
which recovers Eq. (5192). B

(S192)

(S193)

(S194)

(S195)

(S196)

(S197)

Remark 13. Let us consider a special case of v; = 0 and v = 1. In this case, p = [1)2) (12| represents a pure state.

On one hand, the concurrence of the pure state |13) is
C = 2ed —abl =2 |(—ei5 sin ¢ sin fe'” sin ¢ cos §) — (cos¢cosozcosqbsina)‘

2 |e‘6 sin ¢ sin @e'? sin ¢ cos 6 + cos ¢ cos v cos ¢ sin a|

=2 |eiw sin 0 cos 0 sin® ¢ + sin o cos o cos® |

= |6125 sin 20 sin? ¢ + sin 2a cos? ¢|

= \/[cos 23 sin 20 sin? ¢ + sin 2a cos? gb] 2 + [sin 23 sin 26 sin? (i)] %,
On the other hand, based on Eq. (S190), one has
S9 = —% sin 2ar sin 26 sin?(2¢) cos 23 — sin?(2a) cos? ¢ — sin?(26) sin* ¢,
s1 = 0.
Then from Eq. (S191), one has
v3[v 4 s9] = 0,
thus

1
v = 2= sin 2ar sin 26 sin?(2¢) cos 23 + sin?(2a) cos® ¢ + sin?(26) sin* ¢,

[cos 23 sin 20 sin® ¢ + sin 2a cos? gb] 2 + [sin 23 sin 20 sin? (;5] 2 ,

Vg = ’U3=’U4=O.

This leads to

A =/ = \/[cos 23 sin 20 sin? ¢ + sin 2a cos? (b] ? + [Sin 23 sin 26 sin® qzﬂ 27
A2 =A3 =M\ =0,
thus the concurrence is given by

C = maX{O, /\1 — )\2 — /\3 — )\4}

= \/[cos 23 sin 20 sin? ¢ + sin 2a cos? gb] 4 [sin 23 sin 26 sin? (;5] 2,

which recovers Eq. (S198). B

(S198)

(S199)

(S200)

(S201)

(S202)

(S203)
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Remark 14. Let us consider the general case where vy and vy are not 0. In this case, p = vy 1) (1] + v2 |h2) (W]
represents a quantum mixed state with rank 2. Based on Eq. (S190), one has

S9 = —%uzg sin 2cvsin 260 sin®(2¢) cos 28 — v sin® (2av) cos” ¢ — sin®(26) [V — viva sin® ¢ + v sin® @]
- %1/1 va(cos 46 + 3) sin? ¢,
51 = %V%V% [sin 2 sin 26 sin?(2¢) cos 23 + 2sin?(2a) sin”(26) cos* ¢ + 2sin* 9] (S204)
Then from Eq. (S191), one has

v?[v? + sov + 51 = 0, (5205)

thus

At~ e = /i1 — /i = \Jo1 + vz — 2010z = /52 — 21 (S206)

As a result, the concurrence is 0 iff

—89 —24/s1 = 0. (5207)
That is
52 —4s, =0, (S208)
ie.,
1
i (u% sin 2a sin 260 sin?(2¢) cos 23 + 2v3 sin? (2a) cos? ¢
2
+25sin?(26) (1/12 — vgsin? ¢ + V2 sin? ¢> + vy (cos 460 4 3) sin? gb)
—20i12 (sin 2a:sin 260 sin? (2¢) cos 2 4 2 sin?(2a) sin?(260) cos* ¢ + 2sin’ ¢> =0, (S209)
ie.,

(1/22 sin 2a sin 260 sin(2¢) cos 23 + 2v3 sin?(2a) cos* ¢
2
+25sin”(26) (1/12 — vy sin? ¢ + V2 sin? ¢> + v11o (cos 460 4 3) sin? qu)

—8vivd (sin 2a:sin 26 sin?(2¢) cos 28 + 2sin?(2a) sin?(26) cos* ¢ 4 2sin* ¢> = 0. (5210)

There are three possible situations: (i) ¢ = 0; (ii) ¢ = 7/2; and (iil) 0 < ¢ < 7/2.
Case (i).— ¢ = 0. In this case, from Eq. (S210), the concurrence is 0 iff

(=13 sin® 2o — v sin® 29)2 — 4v2v2 sin? 2asin? 20 = 0, (S211)

ie.,
(1/22 sin® 2a + v} sin? 29)2 — 4313 sin? 2asin? 20 = 0, (S212)
ie.

v2sin? 20 + 17 sin? 20 = 2u1 5| sin 2arsin 26|, (S213)
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ie.,
va sin? 2a + 17 sin? 20 = 2,15 sin 2avsin 26, (S214)

ie.,
(v sin 20 — vy sin 20)° = 0, (5215)

ie.,
Vo sin 2«0 = v sin 26. (5216)

In this case, the concurrence is given by

C = maX{O,)\l—)\2—)\3—)\4}:)\1—)\2:\/—52—2\/5

\/[1/22 sin® 2 + v sin® 26] — 2\/Vf v3 sin? 2 sin® 20

\/[1/22 sin® 2 + v sin® 260] — 21| sin 2 sin 26|

= \/(1/2 sin 20 — 7 sin 29)2
= |vgsin2a — vy sin 26| . (S217)
Case (ii).— ¢ = /2. Based on Eq. (5210), the concurrence is 0 iff
2

1
{sin2 20 (V% — v+ 1/22) + Fhve (cos46 + 3)| = 4v?v3, (S218)
ie.,
1
sin? 26 (l/f — v+ 1/22) + Fhve (cos 46 + 3) = 2119, (S219)
ie.,
1
sin? 26 (1/12 — s + V%) + §V11/2 (1 — 2sin?260 + 3) = 21119, (5220)
ie.,
sin® 20 (v — vivs + v3) — sin® 20 vvs = 0, (S221)
ie.,
sin? 26 (1) — 12)? = 0. (S222)

In this case, the concurrence is given by

C = maX{O,Al—)\Q—A3—/\4}:)\1—>\2:\/—82—2\/5

1
\/[sin2 20 (v — e + v2) + §V11/2[COS49 + 3]} — 2\ Jviv2

1
\/[Sin2 20 (v — vivg +12) + e [cos 46 + 3]} — 2u11

= \/sim2 20 (11 — 12)?
= |(v1 — o) sin 26|
= |y — v2|sin26. (S223)

Case (iii).— 0 < ¢ < 7/2. In this case, the concurrence is given by

C = max{07)\1 - )\2 - )\3 - )\4} = )\1 - )\2 =1/ —S2 — 2\/57 (8224)

where s1 and sy are given in Eq. (S190). H
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III. NECESSARY AND SUFFICIENT CONDITION OF SEPARABILITY FOR QUANTUM STATE p

In this section, we present the following result for the rank-2 (including rank-1 as a special case) quantum state p:
Result.— Under the local unitary transformations, the rank-2 quantum state p is separable if and only if M = MT.

A. The Proof of M = M' as the Necessary Condition
Necessary Condition: If the matrix M = MY, then the rank-2 state p is separable. In the following, let us come to
prove the necessary condition.

Proof. As shown in the previous section, the two-qubit density matrix with rank 2 (including rank 1 as a special case)
is given by

p=v1[¥1) (1] + va [ha) (o], (S225)
where
[th1) = cos0]00) +sin @ |11),
1) = cos ¢p(cos a [01) + sin ar[10)) + €' sin ¢(sin 6]00) — cos O ]11)), (5226)
with

bcl0,7/2, becl0/2, aclo,r/2, Bel0 2,
V) € [0, 1], Vo € [O, 1], v+ vy = 1. (8227)

When 11 # 0 and vs # 0, the state p is rank 2, while when one of v; (j = 1,2) is 0, then the state p is rank 1.
Let Alice and Bob share the quantum state p. Alice can perform projective measurement on her qubit. The density
matrix p can be recast to the following decomposition form

p = PE@pl+ PPt 4| +0)(—n| @ M+ | — ) (+7| @ MT, (S228)
where
fi = (sin& cos T, sin € sin 7, cos §) (S229)

is the measurement direction of Alice. With the direction 7, the standard measurement basis is given by {|4+7) , |—7)},
where

£ i
) = (022, ) =eos S10p s ey,

)= (L2 ) =sm g0 —eos e (s230)

—cos3e 2

Accordingly, the corresponding projectors of Alice are

P | Yy e a L 14 cos€ sin&e T

PO —2(]1+Un)—|+n><+n|—2(81n£e” 1—COS§ s

no 1 S . R 1/1—cosé —sinée '™

no— — . = | — — = — .

Pl =gt=g )= |- aal =g (Lot ). (s231)

Remark 15. By the way, |+n) and |—7) are two eigenstates of operator & -7 with eigenvalues +1 and —1, respectively.
Here & = (04, 0y,0,) is the vector of Pauli’s matrices. The non-standard measurement basis can be {|+7) ,|—n) eX}
by introducing an extra phase e'X. Obviously, the extra phase e'X does not affect the projectors { P}, P'}. W

The states pi and p? are called Bob’s conditional states. One can work out them as

n _ (ag by (a1 by
Po = (CO d()) ’ P1= <C1 d1> ’ (8232)



with

and

ao

bo

Co

do

a; —

by =

c1 =

di =

£

vy cos? 10) sin? asin? 3 + cos? g (1/1 cos? 0 + vy sin? 6 sin? ¢)
1
+—vy cos(B + 7) sin «r sin 6 sin € sin 2¢,

2

Ze_l(ﬁJrT) {e‘ﬁug cos? ¢sin 2asin € + €17 [e‘(ﬁJ”) sin 20 sin &(v) — vy sin? ?)

+21v9 (egw Cos o cos> g sin @ — cos @ sin avsin® g) sin 24 },

1 _. : i
16_1(54”) |:61('6+2T)I/2 cos? ¢sin 2asin & + €' sin 20 sin &(v; — vy sin? )

+26iT 1y (cos o cos? g sin @ — %% cos  sin o sin? g) sin 24 = by,
Vs €082 o cos? g cos? ¢+ sin® g (Vl sin® 6 + vs cos? 0 sin® cb)

1
—gV2cosacos 0 cos(8 — ) sin € sin 2¢,

Vs OS> g cos? ¢ sin® a + sin? g (v1 cos® 0 + o sin® O'sin® ¢)
1
—gve cos( + 7) sin ac sin 0 sin & sin 2¢,
Ze_l(ﬁ'”) { — ePvy cos? gsin 2asin € — €7 [el(BJ”) sin 20 sin & (v — vy sin? ¢)

4214 (cos 6 cos? g sin o — €% cos v sin 6 sin? g) sin 2¢] }7

1 . . )
1671(6+T) [ — ' BT27) 1, cos? gsin 2asin € — e sin 20'sin £(vy — vysin? @)

—2¢'T 1y <€215 cos 6 cos? g sin & — cos v sin 0 sin® g) sin 24 = b7,

2§

cos 3 (1/1 sin? 6 + v cos? 6 sin® qﬁ)

2§

1
—|—§1/2 cosS v <2 COS @ cos> ¢ sin 5

+ cos B cos(B — 7) sin € sin 2¢>) .

At the same time, we can obtain the matrix M and its conjugate transpose matrix Mt = (M*T as

where

1
= 5{ sin & (1/1 cos? 0 — vy sin

* *
mi Mo my Mg

M = ., o MP= (171 T8
ms3 1My Mo My

1
=1 {2 sin & (Vl cos? 0 — vy cos? ¢ sin? o + v sin? 6 sin? gb)

—vysinasinf [cos(8 — €+ 7) + cos(B + €+ 7) + 2isin(B + 7)] sin 2¢}
1

= 7{2 sing (v cos® 0 — vy cos® ¢ sin’ o + v, sin? O sin® )

4
—vgsinasin® [2cos€ cos(B + 7) + 2isin(B8 + 7)] sin 2¢}

2 vcos? ¢ + 1o sin® O sin? qb)

—vgsinasin @ [cos € cos(B + 7) + isin(B + 7)] sin 2¢},

27

(5233)

(S234)

(S235)

(S236)
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2 avcos® gsin € + vy cos acos B [cos € cos(B — T) — isin(B — 7)] sin 2¢

_ 1 {
My = 5y V2cos
—sin¢& (1/1 sin? 0 + v cos? 0 sin? qS) }

1
= 5{ siné (-1 sin? 0 + v, cos? a cos? ¢ — vy cos? 6 sin’ )

+vg cosacosf [cos € cos(f — 7) —isin(B — 7)] sin 2¢, (5237)
1 —ir 2 3 1 i 1
my = e va(1 — cos &) cos® ¢ sin 2cv — 3¢ (1 4 cos&)(2v1 — va + v2 cos 2¢) sin 20

1
+4e B, (cos@smoz—I—e cosasin&) sin € sin 2¢

1 _. 1.
= —e (1 — cos )y cos® g sin 20 — ge”(l + cos €)(2v; — 2uysin? ¢) sin 20

4
+iV2 (e*iﬁ cos 0 sin a + ' cos asin 0) sin € sin 2¢
= %e*”(l — cos &)1y cos? ¢sin 2a — ie”(l + cos €)(v) — vysin? ) sin 260
+il/2 (e*iﬁ cosfsin o + e cos asin 0) sin € sin 2¢, (S238)
L ir 2 -~ .
ms = —je v2(1 4 cos &) cos® ¢sin 2a + 3¢ (1 — cos&)(2v1 — va + V2 cos 2¢) sin 20

1 .
+=e By, (6216 cos @ sin a + cos acsin 9) sin & sin 2¢

1, 1 .
= 716”—(1 + cos &)vy cos® ¢ sin 2a + geﬂT(l — cos &) (2 — 2upsin? ¢) sin 26
—ip

1 .
+ZV2 (e‘ﬁ cosfsina + e ' cos asin 0) sin & sin 2¢

1, 1
= —Ze”(l + cos &)vy cos® ¢ sin 2a + Ze_”(l — cos &) (v — vsin? ¢) sin 20

1 . )
—&—Zug (' cosfsina + e cos asin §) sin € sin 2¢. (S239)
Based on which, we obtain
mp —m; = —ivgsinasindsin(8 + 7)sin 29, (5240)
my —m) = —ivgcosacosfsin(f — 7)sin2¢, (5241)
1 —ir 2 : 1 iT 02 :
mg —ms = {4e (1 — cos &)y cos” ¢psin 2c — 1° (14 cos&)(vy — vasin® ¢) sin 26
1
4 “us (67 cosfsina + e cos asin 0) sin € sin 2¢}
. 1 .
- { e'™(1 4 cos &)y cos? ¢sin 2a + 1° (1 = cos &) (v — vosin? @) sin 260

1
4°
1 . *
+ZV2 (e‘B cosfsin o + e~ cos asin 0) sin & sin 2¢}

1 _. 1 .
= 16_”—2 Vo cosZ ¢ sin 200 — ZGITQ(VI — vosin? ¢) sin 20

= 56_”1/2 cos? ¢ sin 20 — 56”— (11 — vosin? ) sin 260

1 _. .
= 56_”— [1/2 cos? ¢sin 200 — 62”(1/1 — vysin? @) sin 29} . (S242)

ms —msy = —(mg —mj)*

1. .
= —56”— [v2 cos® ¢psin2a — e 27 (vy — vosin® ¢) sin 26] . (5243)
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Here, we would like to prove the necessary condition. From the requirement M = M, we can have
mp =mj, mg=my, Mg=m; Mm3=ms. (S244)
Because e”'7 # 0, then M = M is equivalent to the following conditions

vesinasin@sin(8 + 7)sin2¢ = 0, (S245a)
v cos avcos Bsin(fB — 1) sin2¢ = 0, (S245b)

vy cos? ¢sin 2 — €27 (v — vy sin? ¢) sin 20 = 0. (S245¢)

Note that the condition m3 = ms is equivalent to the condition mj = ma.
Let us study the first two conditions (i.e., Eq. (S245a) and Eq. (S245b)). Their solutions can classified into 9
possible cases:
1. Vo = 0.
. sin2¢ = 0.
. sina =0 and cosf = 0.

. sinf =0 and cosa = 0.

.sina =0 and sin(8 — 1) = 0.

. sin@ = 0 and sin(8 — 7) = 0.

2
3
4
5
6. cosa =0 and sin(8+ 1) = 0.
7
8. cosf =0 and sin(8 + 7) = 0.
9

. sin(8 4+ 7) =0 and sin(8 — 7) = 0.

In the following, let us analysis the condition (S245¢) based on these 9 cases.
Case 1.— v = 0. One has v; = 1 — vy = 1. In this case p = |1)1) (41| is a pure state with rank 1. The condition
(S245¢) becomes

vy cos? ¢sin 20 — €27 () — vy sin? ¢) sin 20 = —e?7 sin 20 = —e%72sinf cos § = 0, (S246)

which yields sinf = 0 or cos@ = 0, then [¢)1) = |00) or |11). Hence p = |t)1)(¢)1] is a separable state.
Case 2.— sin2¢ = 0. Because ¢ € [0,7/2], then one has ¢ = 0 or ¢ = 7/2. If ¢ = 0, then cos? ¢ = 1 and sin? ¢ = 0.
The condition (S245¢) becomes

vy cos? ¢sin 200 — €27 (v — v sin? ¢) sin 20 = g sin 2a — €27 vy sin 20 = 0. (S247)

Case 2-A.— If 11 =0, then vo =1 — vy = 1. From Eq. (5247) one has sin2a = 0. In this case, p = |12)(t)s], with
|tho) = 101) or |10). Thus p is a separable state.

Case 2-B.— If 11 # 0 and sin26 = 2sinfcosf = 0, from Eq. (S247) one has sin 2a = 2sinacosa = 0. Namely,
we have sinf) = 0 or cosf = 0, and sina = 0 or cosa = 0. There are four possible cases: {sinf = 0,sina = 0},
{sinf = 0,cos @ = 0}, {cosf = 0,sina = 0}, and {cosf = 0,cos @ = 0}.

For the case {sinf = 0,sina = 0}, one has cos§ =1 and cosa = 1, then

p = vi ) (Pr| + vaih2) (o]

v1 cos 0]00) (00| + 5 cos a|01)(01]
= |0)(0] @ (11]0){0] + r2|1) (1), (S248)

thus p is a separable state. For other three cases, i.e., {sinf = 0,cosa = 0}, {cosd = 0,sin @ = 0}, {cos§ = 0,cos a =

0}, one can similarly prove that p is a separable state.
Case 2-C.—If v; # 0 and sin 20 # 0, from Eq. (S247) one has

(Vg 8in 20 — cos 27 X vy 8in 20) — i (sin 27 X v sin 260) = 0, (S249)



ie.,

sin27 =0,

Vo sin 2 — cos 27 X v sin 20 = 0.
One can choose 7 = 0, thus
Vs Sin 2c¢ = cos 27 X vy sin 20 = v sin 26.
As we have known that the concurrence of the state p is given by
C = |vgsin 2ac — vq sin 20) ,

which is obviously 0 due to Eq. (S251). Thus the state p is a separable state.
Case 2-D.—If ¢ = /2, then cos® ¢ = 0 and sin® ¢ = 1. Accordingly, the condition (S245c) becomes

Vo cos® ¢ sin 200 — €2iT(I/1 — Uy sin? @) sin 260 = —€2iT(Z/1 — v9)sin 26 = 0.

Because e?'” # 0, then one obtains
(1 —v2)sin26 = 0.
In this situation, the state p is given by

p =vi|r) (Y] + v i) (Yol
with
[th1) = cos0]00) +sin 6 |11),
[th2) = sin 6 ]00) — cos @ |11) .
The concurrence of the state p is given by
C = |(v1 — o) sin 26,

which is obviously 0 due to Eq. (S254). Thus the state p is a separable state.
Case 3.— sina = 0 and cos@ = 0. The condition (S245¢) becomes

Vo cos? ¢ sin 200 — 62iT(V1 — vy sin? ¢)sin26 = 0,

which means the condition (S245¢) is satisfied. In this situation, the state p is given by

p = v1 Y1) (Y] 4 va o) (],

where

[1) = cos€|00) +sinf|11) =sinf|11) =sind|l) ® |1),

[19) = cos¢(cosa|01) + sina [10)) + €' sin ¢(sin # |00) — cos @ |11))
= cospcosa|01) + ¢ sin ¢ sin 6 |00)
= 10) ® (cos ¢ cosa|1) + e sin ¢sin 0]0)),

30

(S250)

(S251)

(S252)

(S253)

(S254)

(S255)

(S256)

(S257)

(S258)

(5259)

(S260)

with cosa =1 and sinf = 1. Because both [11) (¢1] and |1)2) (12| are separable states, thus the state p is a separable

state.
Case 4.— sinf = 0 and cos @ = 0. Accordingly, The condition (S245¢) becomes

vy cos? ¢ sin 200 — eQiT(Vl — vy sin? @)sin26 = 0,

which means the condition (S245c¢) is satisfied. In this situation, the state p is given by

p = v1|r) (1] + va [ha) (Yl

(S261)

(S262)
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where
[1h1) = cos@|00) + sinf|11) = cos @ |00) = cosh|0) ® |0),
[19) = cosg(cosa|01) + sina [10)) + €' sin ¢(sin # |00) — cos @ |11))
= cospsina|10) — e sin ¢ cos §|11)
= |1) @ (cos psina |0) — e sin pcosf 1)), (S263)
with cos§ = 1 and sina = 1. Because both [11) (¢1] and |1)2) (15| are separable states, thus the state p is a separable

state.
Case 5.— sina = 0 and sin( — 7) = 0. Accordingly, The condition (S245¢) becomes

vy cos? ¢sin 200 — €27 (v — v sin? ¢) sin 20 = —e?7 (1) — vy sin? @) sin 20 = 0. (S264)

Because 2™ # 0, then one obtains

(v1 — v sin? ¢) sin 20 = 0. (S265)
In this situation, the state p is given by
p=v1[Y1) (1] + va [¥2) (2], (S266)
where
|th1) = cos@|00) +sinf |11),
[19) = cos¢(cosa|01) + sina [10)) + €' sin ¢(sin § |00) — cos @ |11))

= cos ¢ cosa|01) + e sin ¢(sin 0 [00) — cos 0 |11)), (S267)
with cosa = 1. The concurrence of the state p is given by
C = \/—s2—2¢/s1, (S268)
where
Sg = —%V% sin 2a sin 20 sin? 2¢ cos 28 — v2 sin? 2ar cos* ¢ — sin? 26 (u12 — v sin? ¢ + V2 sin? (b)
—%Vl va(cos 46 + 3) sin® @,
= —sin%20 (V12 — vy sin® ¢ + v sin? ¢) — éulyg(cos 460 + 3) sin? ¢,
= —sin%20 (V12 — e sin? ¢ + v3 sin* ¢) — %V1U2[1 — 2sin%260 + 3] sin? @,
= —sin®20 (V] — vivasin® ¢ + 13 sin® ¢) — vy1o[— sin® 20 + 2] sin® ¢,

= —sin%20 (z/f — Uy vy sin? ¢+ 1/22 sin* qb) — 2u 15 sin® 10}

= — (1/1 — vy sin? ¢)2 sin? 20 — 2u, v, sin? ¢, (S269)

1
51 = iyfyg (sin 2a sin 260 sin? 2¢) cos 23 + 2 sin? 2a sin? 20 cos® ¢ + 2sin? gi)) = vivZsint . (S270)
Then we have

C = \/—s2— 251

= \/(yl — vy sin? ¢)2 sin? 26 + 2v; s sin? ¢ — 2v115 sin? 10}
|(v1 — vy sin? ¢) sin 26|, (S271)

which is obviously 0 due to Eq. (S265). Thus the state p is a separable state.
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Case 6.— cosa = 0 and sin(8 + 7) = 0. Accordingly, the condition (S245c) becomes
vy cos? sin 20 — €27 (1) — v sin? ¢) sin 20 = —es 7 (v; — vy sin? $) sin 20 = 0. (S272)

Because 2™ # 0, then one obtains

(v1 — v sin? ¢) sin 20 = 0. (S273)
In this situation, the state p is given by
p=vi Y1) (r] + v |1h2) (Yol (5274)
where
[th1) = cos@|00) + sinf |11},
[ha) = cosd(cosa |01) + sina[10)) + ¢ sin ¢(sin 6 |00) — cos[11))

= cos¢sina|10) + € sin ¢(sin § [00) — cos @ |11)), (S275)

with sina = 1. The concurrence of the state p is given by

C = \/—s0—2/51, (S276)

where
1
S9 = 751/3 sin 2« sin 26 sin? 2¢ cos 23 — 1/22 sin? 2a cos* ¢ — sin” 260 (V% — vy sin? ¢ + 1/22 sin’ q5)
1
—5h va(cos 46 + 3) sin? ¢,
= — (V1 — vy sin® ¢)2 sin? 20 — 2u, 5 sin? ¢, (S277)
1
s1 = iufug (sin 2 sin 26 sin? 2¢) cos 23 + 2sin® 2a sin” 20 cos® ¢ + 2sin? ¢) = v2vZsin ¢. (S278)

Then we have

C = \/—ss— 251

= \/(Vl — vy sin? (;5)2 sin? 26 + 2v; s sin? ¢ — 2v115 sin? 10}
= |(v1 — vo sin® ¢) sin 26|, (S279)

which is obviously 0 due to Eq. (S273). Thus the state p is a separable state.
Case 7.— sinf = 0 and sin(8 — 7) = 0. Accordingly, the condition (S245¢) becomes

vy cos? ¢sin 2a — €27 (v — g sin? ¢) sin 20 = vy cos? ¢sin 2o = 0. (S280)

Case 7-A.— v = 0. In this case, p = |t1) (¢1], with |11) = |00), thus the state p is a separable state.
Case 7-B.— cos ¢ = 0. One can have sin ¢ = 1. In this situation, the state p is given by

p=vi|r) (Y1l + v i) (Yol | (S281)
where
[¢1) = cos@]00) + sinf [11) = cos 0 ]00) = cos6|0) ® |0),

[19) = cosp(cosa|01) + sina[10)) + €' sin ¢(sin 6 |00) — cos @ |11))
= —ePsinpeosh|11) = —ePsinpeosd|1) @ 1), (S282)

with sin¢ = 1 and cosd = 1. Because both [11) and |13) are separable states, thus the state p is a separable state.
Case 7-C.— sin2a = 2sinacosa = 0. If sina = 0, the state p becomes

p =1 |1) (1] + v2 [th2) (el (S283)
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where
[1h1) = cos@|00) + sinf|11) = cos @ |00) = cosh|0) ® |0),
[19) = cosg(cosa|01) + sina [10)) + €' sin ¢(sin # |00) — cos @ |11))
= cospcosa|01) — e sin g cosf|11)
= (cospcosa|l) — e singcosh 1)) ®|1), (5284)
with cosa =1 and cos@ = 1. Because both [¢1) and |i)2) are separable states, thus the state p is a separable state.

Similarly, if cosa = 0, one can prove the state p is a separable state.
Case 8.— cosf = 0 and sin(8 + 7) = 0. Accordingly, the condition (S245¢) becomes

vy cos? gsin 20 — 27 (v — 1y sin? $) sin 20 = vy cos? P sin 2a = 0. (S285)

Case 8-A.— v = 0. In this case, p = |t1) (¢1], with |11) = |00), thus the state p is a separable state.
Case 8-B.— cos ¢ = 0. One can have sin ¢ = 1. In this situation, the state p is given by

p=v1[Y1) (1] + va [h2) (o], (S286)

where
Y1) = cosf|00) +sin @ [11) = sin 0 |11) = sin[1) @ 1),
[ha) = cosd(cosa|01) + sina[10)) + ' sin ¢(sin 6 |00) — cos[11))
= ¢ sin ¢sin 0]00) = € sin ¢ sin 0]0) ® |0), (5287)

with sin¢ = 1 and sin€ = 1. Because both |11) and |1)2) are separable states, thus the state p is a separable state.
Case 8-C.— sin2a = 2sinacosa = 0. If sina = 0, the state p becomes

p = v Y1) (] + vz |v2) (Yol (S288)

where

[th1) = cos@|00) +sinf|11) =sinf|11) = sinf|1) @ |1),
[ha) = cos@(cosa|01) + sina[10)) + e sin ¢(sin 6 |00) — cos[11))
= cos¢cosa|01) + e sin ¢ sin § |00)
= 10) ® (cos pcosa|1) + e sin ¢sin 0]0)), (S289)

with cosa = 1 and sinf = 1. Because both |1)1) and [¢9) are separable states, thus the state p is a separable state.
Similarly, if cosa = 0, one can prove the state p is a separable state.
Case 9.— sin(f 4+ 7) = 0 and sin(S — 7) = 0. We can have

sin(8 + 1) = sin B cos T + cos Ssin T = 0,
sin(8 — 1) =sin fcosT — cos SsinT = 0, (S290)

ie.,

sin BcosT = 0,
cos BsinT =0, (S291)
i.e., we have two possible cases: {sin 8 = 0,sin7 = 0} and {cos 8 = 0,cos T = 0}.
Case 9-A.— sin 8 = 0 and sin7 = 0. There are four possible cases: {8 =0,7 =0}, {8 =0,7 =7}, {8 ==, =0},
and {=m,7 =7}
For the case of {8 = 0,7 = 0}, the condition (S245c) becomes
Vo cos? ¢ sin 200 — eQiT(Vl — vy sin? @) sin 20 = vy cos? ¢ sin 200 — (r1 — 1o sin? ¢)sin20 = 0, (S292)

ie.,

(11 — vy sin? ¢) sin 20 = vy cos? ¢ sin 2a. (S293)
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In this situation, the state p is given by

p=vi Y1) (r] + v |v2) (Yol (S294)

where

[th1) = cos@|00) + sinf |11},
[ha) = cosd(cosa |01) + sina[10)) + e sin ¢(sin 6 |00) — cos [11))
= cos ¢(cos a |01) + sin a|10)) + sin ¢(sin 6 |00) — cos 6 |11}). (5295)

The concurrence of the state p is given by

C = \/—s0—2/51, (S296)

where
Loy . .2 2 2 4 .2 2 .2 2 : 4
So = f§u2 sin 2a sin 26 sin” 2¢ cos 23 — v3 sin” 2a.cos™ ¢ — sin” 26 (1/1 — V1 sin® ¢ + v; sin d))

1
—3h va(cos46 + 3) sin? ¢,

féz/g sin 2a sin 20 sin” 2¢ — 2 sin? 2a cos? ¢ — sin” 20 (z/f — v sin® ¢ + v2 sin? ¢)
—%Vll/z(—Q sin? 260 4 4) sin? ¢,
= —%V% sin 2a sin 20 sin” 2¢ — 2 sin? 2a cos? ¢ — sin” 260 (V% — vy sin? ¢ + 3 sin? o)
+v115(sin? 20 — 2) sin’ ¢,
= —%V% sin 2a sin 26 sin® 2¢ — V% sin? 2a cos* ¢ — sin” 260 (V% — 21 8in% ¢ + 1/22 sin? (b) — 2 sin? ¢

1
= ——vj sin 2asin 20 sin® 2¢ — 3 sin® 2a cos® ¢ — sin® 20 (v; — vy sin® (;5)2 — 2u11 sin? @, (5297)

1
51 = §y121/22 (sin 2a:sin 20 sin® 2¢) cos 26 4 2sin® 2o sin? 26 cos* ¢ 4 2sin’ (b)

1
= §y121/22 (sin 20 sin 20 sin® 2¢ + 2sin” 2 sin? 26 cos* ¢ + 2sin? (b)

= —vivi (4 sin 2arsin 260 sin? ¢ cos? ¢ + 2 sin? 2a:sin? 26 cos* ¢ + 2sin* (b)
(sin2 2asin? 260 cos* ¢ + 2sin 2a sin 260 sin? ¢ cos? ¢ + sin* (;S)

2

(S298)

Due to Eq. (S293), we have

1,5, . . . . . 2 .
So — §V22 sin 2a sin 26 sin? 2¢ — y22 sin? 2av cos? ¢ — sin? 26 (ul — vy sin? (b) — 21115 sin? 10}

— %VQQ sin 2a sin 260 sin® 2¢ — 2V§ sin? 2a cos® ¢ — 2v1 15 sin? ¢
= —2u2sin2asin 20 sin? ¢ cos® ¢ — 23 sin® 2a cos® ¢ — 2v1 15 sin? ¢. (5299)
To prove that the state p is a separable state, we only need to prove the concurrence C = 0, i.e.,
—89 —24/s1 =0, (S300)
ie.,

52— 451 =0, (S301)
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ie.,
(1/22 sin 2a sin 26 sin? ¢ cos? ¢ + V% sin? 2a cos? ¢ + 115 sin? ¢)2 — V12 V% (sin 20vsin 20 cos® ¢ + sin? (;5)2 =0,
(S302)
ie.,
T? — T3 = (I + To)(Ty — T) = O, (3303)
with
T = 1/22 sin 2« sin 26 sin® ¢ cos® ¢ + 1/22 sin? 2a cos* ¢ + v 15 sin? ¢,
T = vivs (sin 2a sin 20 cos® ¢ + sin® @) . (S304)
We only need to prove
T —1T5=0. (S305)
We can have
T — 1Ty
(2 . .2 2 2 2 4 .2 . . 2 .2
= (V2 sin 2a:sin 20 sin” ¢ cos” ¢ + v sin” 2a cos™ ¢ + vy vy sin ¢) — v 9(sin 2acsin 26 cos® ¢ + sin” @)
= (V% sin 2a sin 20 sin” ¢ cos? ¢ + v2 sin? 2a cos? d)) — v11o(sin 2acsin 26 cos? ¢)
= (ug sin 2a sin 26 sin? ¢ + V22 sin? 2a cos? ¢ — 1115 sin 2a sin 29) cos? ¢
= (V2 sin 2asin 26 sin? ¢ + v, sin? 2ac cos? ¢ — vy sin 2asin 29) s cos? ¢
= (VQ sin? 2a cos? ¢ — vy sin 2asin 20 4 v, sin 2a:sin 260 sin® ¢) vy cos? ¢
= (u2 sin® 2a cos? ¢ — sin 2« sin 20(vy — vy sin? gb)) vy cos? ¢
= (V2 sin? 2av cos? ¢ — sin 2ar x (r1 — 1o sin? ¢) sin 29) vy cos®
= (V2 sin? 2a cos? ¢ — sin 2a X v, cos? ¢ sin 2a) Vo cos> ¢
= 0, (S306)

which means the concurrence C = 0. Thus the state p is a separable state. Similarly, for other three cases (i.e.,
{B=0,7r=n}, {8 =m,7=0}, and {8 =7,7 = 7}), one can prove that the state p is a separable state.

Case 9-B.— cosf = 0 and cos7 = 0. There are four possible cases: {8 = n/2,7 = n/2}, {8 = 7/2,7 = 37/2},
{=3n/2,7=m/2}, and {B = 37/2,7 = 37 /2}.

For the case of {f = n/2,7 = w/2}, the condition (S245¢) becomes

Vo cos ¢ sin 200 — eziT(Vl — vy sin? @) sin 260 = vy cos? ¢ sin 2a0 + (v1 — 1o sin? ¢)sin26 = 0, (S307)
ie.,
(11 — vy sin? ¢) sin 20 = —vy cos? @ sin 2a. (S308)
In this situation, the state p is given by
p =1 |1) (Ur] + w2 |ih2) (ol (S309)

where

|th1) = cos@|00) +sinf |11},
[1)2) cos ¢(cos a|01) + sin a [10)) + €' sin ¢(sin # |00) — cos @ |11))
= cos@(cos a |01) 4 sin v [10)) + isin ¢(sin 6 |00) — cos @ [11)). (S310)

The concurrence of the state p is given by

C = \/—s2— 251, (S311)



where
Sg = féug sin 2a sin 26 sin? 2¢ cos 23 — V% sin? 2a cos* ¢ — sin? 260 (z/f — 1 sin? ¢ + 1/22 sin’ ¢)
—%z/l va(cos 46 + 3) sin? ¢,
= lug sin 2a sin 20 sin? 2¢ — v2 sin® 2a cos® ¢ — sin? 20 (V% — v sin? ¢ + v2 sin? )
—%Vll/g(—2 sin? 260 4 4) sin? ¢,
= %V% sin 2a sin 20 sin? 2¢ — V2 sin® 2a cos* ¢ — sin? 20 (V12 — g sin? ¢ + 13 sin? o)
+v115(sin? 20 — 2) sin? ¢,

= fug sin 2« sin 260 sin® 2¢ — 1/% sin? 2a cos* ¢ — sin” 26 (V% — 2 vy sin? ¢ + u22 sin? (b) — Uy sin’ @

1
= §V§ sin 2a sin 20 sin? 2¢ — V2 sin® 2a cos* ¢ — sin? 20 (Vl — vy sin? ¢)2 — 2u1 1 8in” @,
1
51 = 51/%1/22 (Sin 2arsin 20 sin? 2¢ cos 26 + 2 sin? 2a sin? 20 cos* ¢ + 2sint d))
1
= gufl/g (— sin 2a sin 26 sin? 2¢ + 2 sin? 2 sin? 20 cos* ¢ + 2sin? ¢)
1

= —viv? (—4 sin 2a sin 26 sin? ¢ cos? ¢ + 2sin? 2a sin? 20 cos* ¢ + 2sin? (b)

[\

= I/f V% (sin2 2avsin? 26 cos* ¢ — 2 sin 2a sin 20 sin? ¢ cos® ¢ + sin? QS)
= viv2 (sin 2 sin 26 cos? ¢ — sin? ¢)2 .
Due to Eq. (S308), we have
1
So = 7V22 sin 2« sin 26 sin? 2¢ — US sin? 2av cos? ¢ — sin? 26 (y1 — vy sin? ¢)2 — 21115 sin? 10)
1
= §y22 sin 2avsin 26 sin® 2¢ — 2V§ sin? 2 cos? ¢ — 2u1 vy sin? ¢
= 21/22 sin 2a sin 26 sin? ¢ cos? ¢ — 2V§ sin? 2a cos* ¢ — 2uy 15 sin? @.

To prove that the state p is a separable state, we only need to prove the concurrence C = 0, i.e.,

—$9 —24/s1 =0,
ie.,
53 —4s1 =0,
ie.,
(—V% sin 2a sin 20 sin? ¢ cos? ¢ + V3 sin® 2a cos® ¢ 4 vy vy sin® (b)2 — Vi3 (sin 20 sin 26 cos® ¢ — sin? (;5)2 =0,
ie.,
T T3 = (T{ + T)(T{ — T3) =0,
with

T = —v2 sin 2a sin 20 sin? ¢ cos? ¢ + v2 sin? 2a cos? ¢ + v sin? ¢,

Ty = 1119 (sin 20vsin 26 cos® ¢ — sin® ¢) .
We only need to prove

T+ Ty = 0.
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We can have

T + TQ’
v2 sin 2arsin 20 sin? ¢ cos? ¢ 4 v2 sin? 2acos® ¢ + vy vy sin gb) + vy, (sin 2arsin 26 cos? ¢ — sin? )
u2 sin 2 sin 20 sin® ¢ cos® ¢ + 3 sin® 2 cos® ¢) + 110 (sin 2 sin 26 cos? ¢)
u sin 2a sin 26 sin? ¢ + 1/2 sin? 2a cos? ¢ + 1115 sin 2a:sin 29) cos® ¢

Vs sin 2a sin 26 sin? ¢+ 1o sin? 2« cos? ¢ + v1 sin 2asin 29) V9 COS gb

o sin? 2ac cos? ¢ + sin 2a sin 20(v1 — vosin (b)) vy cos? ¢

o sin? 2ac cos? ¢ + sin 2o x (v1 — v sin gb) sin 29) vy cos® ¢

Vs sin® 2« cos ¢ — sin 2 X vy cos? ¢ sin Qa) Vg COS ¢

(-
(-
(-
(-
= (VQ sin® 2a; cos qb + v sin 2asin 20 — vy sin 2acsin 26 sin ¢) Vs cos? 10}
(
(
(
0, (S321)

which means C = 0. Thus the state p is a separable state. Similarly, for other three cases (i.e., {8 = n/2,7 = 37 /2},
{B=3n/2,7=m/2}, and {B = 37/2,7 = 3w/2}), one can prove that the state p is a separable state.
In summary, for all 9 possible cases, we have successfully prove if the matrix M = M7, then the state p is separable.
This ends the proof of necessary condition.
O
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B. The Proof of M = M’ as the Sufficient Condition

Sufficient Condition: If the rank-2 state p is separable, then the matrix M = M. In the following, let us come to
prove the sufficient condition.

Proof. The two-qubit quantum state with rank 2 (including rank 1 as a special case) is given by

p =1 |1) (1] + v2 [1h2) (el (S322)
where
|th1) = cos#]00) +sin 6 |11),
|th2) = cos ¢(cos a|01) + sin « |10)) + e sin ¢(sin 0 ]00) — cos @ |11)), (S323)
with

0elo,n/2], ¢ecl0,7/2], «ae€l0,n/2], Bel0,2n],
v € [0, 1], vy € [O, 1], vy +vy =1. (8324)

When v # 0 and v # 0, the state p is rank 2, while when one of v; (j = 1,2) is 0, then the state p is rank 1.
Generally, the concurrence of the state p is given by

C = \/—82—2y/s1, (S325)
where
S9 = —%u% sin 2a sin 20 sin® 2¢ cos 23 — v sin? 2acos® ¢ — sin? 20 (1/12 — vy sin® ¢ + v2 sin? )
—%ul vo(cos 46 + 3) sin® ¢
= —%yzz sin 2a sin 26 sin? 2¢ (2 cos® 3 — 1) — 1/22 sin? 2a cos? ¢ — sin? 26 (1/12 — v sin® ¢ + VS sin* (b)
—v115[1 + cos? 26] sin? ¢,
= —%U% sin 2a sin 26 sin? 2¢ (2 cos® B — 1) — 1/22 sin? 2a cos? ¢ — sin? 26 (1/12 + V% sin* ¢) — 2u1v5 cos? 26 sin? ¢,
51 = %V%V% (sin 2avsin 20 sin? 2¢) cos 26 + 2sin? 2a sin? 260 cos* ¢ + 2sin® qf))
= %ylzyg [sin 2 sin 26 sin? 2¢ (2 cos? B — 1) +2 sin? 2arsin? 20 cos? ¢ + 2sin® ). (S326)

The state p is separable implies the concurrence is 0. The condition of concurrence C = 0 leads to

—89 —24/51 =0, (S327)
ie.,
53— 451 = 0. (S328)
For convenience, let us denote
Gi1 = —s2, Gg=2y/s1, (5329)
then the concurrence C = 0 implies
G} — G5 = (G1 + G2)(G1 — Ga) = 0. (S330)

According to the definition of concurrence as shown in Eq. (S325), to make the formula to be meaningful, one
automatically has —sg > 0 and s; > 0, i.e., G; > 0 and G5 > 0. Thus, the condition (S330) turns to

G1—Gy =0, (S331)
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which is just Eq. (S327).
The state p is shared by Alice and Bob. Alice has a qubit in her hand, and Bob has another qubit in his hand.
Now, Alice performs a measurement on her qubit along the measurement direction

7 = (sin cosT,sinsin 7, cos §), (S332)

where £ and 7 are some measurement angles. The corresponding state vectors read

£ .
|+7) = ( cos ZiT) = cos%\O) —i—sinﬁe”'|1>7

sin% 2
sin & £ £ .
sin .
—A) = ) =sin 2]0) — cos 2 €71, 5333
|—7) <—cos§e”> sm2| ) cos o e |1) ( )

and they form the standard measurement basis {|+#),|—n)}. The corresponding projective measurements projectors
of Alice are

PO | Yy e a L 14 cos€ sin&e T
PO —2(]1+Un)—|+n><+n|—2(81n§e” 1—COS§ s

hno 1 S VA 1/1—cosé —sinée '™

n _ — . = | — — — — .

Pl =gt-giy = -aal =g (Lt ). (5834

Here, |+7) and |—n) are two eigenstates of the operator & - i with eigenvalues +1 and —1, respectively.
Notice that the parameter ¢ € [0, 7/2], thus we divide the proof into three cases: ¢ =0, ¢ = 7/2, and 0 < ¢ < 7/2.

1. ¢=0

In this situation, the state p is given by

p =1 |1) (P1] + w2 [1h2) (el (S335)
where
[1) = cos@]00) + sinf [11),

[1)) cos ¢(cos ar |01) + sin o |10)) + €' sin ¢p(sin 6 |00) — cos 6 |11))
= cosa|01) +sin« |10), (5336)

with 6 € [0,7/2], o € [0,7/2]. Note that in this case the state p does not contain the parameter 5. The concurrence
of the state p is given by

C = |vasin2a — vy sin 26| . (S337)
If the state p is separable, then it implies that C = 0, i.e.,
vy sin 2«0 = v sin 26. (S338)

In this case, in the measurement basis {| + ), | — 7)} one will find that M = M. The proof is shown below.
Let us come to check the three conditions (S245a)-(S245¢) related to M = M, or these three conditions are
rewritten as

myp —m] = —ivgsinasindsin(8 + 7)sin 29, (S339a)
my—mj = —ivgcosacosfsin(f — 7)sin2d, (S339b)
me —mj = §e_lTu2 cos? ¢sin 20 — ie”(ul — vy sin? ¢) sin 26. (S339c¢)

For ¢ = 0, the first two conditions (i.e., Eq. (S339a) and Eq. (S339b)) are automatically satisfied. For the third
condition (i.e., Eq. (S339c)), we obtain

1 _. 1 .
me —mj = 56_”—1/2 sin 2c0 — 56”1/1 sin 20. (S340)
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Based on Eq. (S338), one has
* 1 —ir : 1 iT : 1 —iT —ir : f :
mg —m3 = e vysin 200 — 3¢ visin 20 = i(e — e My sin 20 = —isin 7 (14 sin 20). (S341)
Thus, if Alice chooses her measurement parameter 7 = 0 (i.e., sinT = 0, and ¢ is arbitrary), then one has M = M.

This ends the proof.
Remark 16. The above proof is also valid for the case of § = 7/4 and « = 7/4, i.e., both of the states

1
) = —5(100) + J11)),
) = —=(j01) + [10)), (5342)

V2

are maximally entangled states (i.e., the former is spanned in the subspace of {|00), |11)}, while the latter is spanned
in the subspace of {|01),]10)}). W

Remark 17. By letting v = 0, then one has v; = 1. The above state p reduces a rank-1 quantum state p = [1)1)(¢1].
Actually, the above proof is also valid for the rank-1 state. For convenience, without loss of generality, hereafter, we
only consider the true rank-2 quantum state p with v1 # 0 and v, # 0. B

2. ¢=m/2

In this situation, the state p is given by

p=vi|Y1) (1] +v2 |1h2) (Yol (S343)

where

[t1) = cos@]00) 4 sinf [11),
[ha) = cosd(cosa |01) + sina[10)) + e sin ¢(sin 6 |00) — cos§[11))
= ¢P(sin6]00) — cosf|11)), (S344)

where 0 € [0,7/2], a € [0,7/2]. Note that in this case the state p does not contain the parameter 8 after the
density-matrix form |1)s) (12| is considered. The concurrence of the state p is given by

C = |(v1 — o) sin26|. (S345)
If the state p is separable, then it implies that C = 0, i.e.,
(v1 — ) sin26 = 0. (S346)

In this case, in the measurement basis {| + ), | — 7)} one will find that M = M. The proof is shown below.
Let us come to check the three conditions related to M = Mt (i.e., Eq. (S339a)-Eq. (S339c)). For ¢ = /2, the
first two conditions are automatically satisfied. For the third condition, we obtain

1.
me —mj = —56”—(1/1 — vy) sin 26, (S347)

which is obviously 0 due to Eq. (S346). Thus, we can have the matrix M = M for arbitrary measurement parameters
& and 7. For simplicity, we can choose 7 = 0. This ends the proof.

Remark 18. The above proof is also valid for the case of § = w/4, i.e., both of the states

91) = —=(00) + 1),
1

|’(/}2> - \/5

are maximally entangled states spanned in the subspace of {|00),]11)}. W

S

(100) — [11)), (S348)
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3. 0<op<m/2

3.1. The Case of cos =0

In this subsection, let us consider the simple case of cos 8 = 0. In this situation, the state p is given by
p=v1[Y1) (1] + va [¥h2) (2], (S349)
where

|1) = cos8]00) + sinf [11),
|the) = cos@(cosa|01) 4 sin|10)) + e sin ¢(sin 6 |00) — cos 6 |11)), (S350)

with 8 = 7/2, ¢® =i, 0 € [0,7/2], and a € [0,7/2]. For simplicity, in the following we have taken 8 = 7/2 as example
(for the case of = 37 /2, it will yield the similar result). The concurrence of the state p is given by

C = \/—s0—2/51, (S351)

with
1
89 = §V§ sin 2a sin 20 sin® 2¢ — v3 sin? 2a cos* ¢ — sin? 20 (1/12 + v3 sin? qb) — 2111 cos? 20sin? ¢,
1
s = 5y121/22 (— sin 2a sin 20 sin® 2¢ + 2 sin® 2asin” 20 cos® ¢ + 2sin’ ¢) . (S352)

The concurrence C = 0 means G? — G3 =0, i.e.,

2
G -G% = {V% (cos2 $sin 2o — sin 26 sin? ¢)2 + 2011 cos? 20 sin? ¢ + 17 sin® 20}
—4v2v3 (sin® ¢ — sin 2asin 26 cos® ¢)” = 0. (S353)
Here, we have used
1
Gi = —8y = —§u§ sin 2a sin 20 sin? 2¢ + v2 sin® 2a cos® ¢ + sin? 260 (u12 + vZsin? ¢) + 2111, cos? 20sin” ¢
= —2v2sin 2arsin 20 sin® ¢ cos® ¢ 4 v2 sin” 2ar cos? ¢ + sin? 26 (V% + vZsin? gzb) + 21115 cos? 20 sin? ¢
= V2 (cos2 $sin 2a — sin 26 sin? (;5)2 + 20115 cos? 20 sin? ¢ + V¥ sin® 26, (S354)
and
1
G2 = 4s; =4 x 51/121/22 (f sin 2a sin 20 sin® 2¢ + 2sin? 2arsin® 26 cos ¢ + 2sin? cb)
= 20715 (—4sin2asin 20 sin® ¢ cos” ¢ + 2sin” 2a sin” 26 cos* ¢ + 2sin” ¢)
= i3 (—2 sin 2a sin 20 sin? ¢ cos? ¢ + sin? 2arsin? 26 cos* ¢ + sin? qb)
= 4vivi (sin2 ¢ — sin 2a sin 26 cos” ¢)2 . (S355)

Without loss of generality, hereafter, we only consider v1 # 0 and o # 0. Now, let us come to check the three
conditions related to M = Mt (i.e., Eq. (S339a)-Eq. (S339c)). When cos 3 = 0, then these three conditions become

my; —m] = —ivgsinasinbsin S cos T sin2¢, (S356a)

mg —m; = —ivgcosacosfsinfcosTsin e, (S356b)
1 _. 1.

me —mj = 567”1/2 cos? ¢ sin 2a — 56”(1/1 — vy sin? ¢) sin 26. (S356¢)

The region of the angle 6 is 6 € [0, 7/2], thus sin26 > 0. The region of the angle « is « € [0, 7/2], hence sin 2« can
be equal to or greater than 0. In the following, we would like to study the problem by two different cases: sin2a =0
and sin 2« > 0.
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Case 1.— sin2a = 0. Based on Eq. (S353), one has
2
G- G:= {1/22 (sin 20 sin® q’))2 + 20115 cos? 20 sin? ¢ + v sin? 29} — 433 (sin® ¢)2 =0, (S357)

then one directly has G; — G2 =0, i.e.,

1/22 (sin 20 sin® ¢)2 + 21115 cos? 260 sin? ¢ + V12 sin? 20 — 2uq 1 (Sin2 gb) =0, (S358)

ie.,
v3 (sin 26 sin? ¢)2 — 2u vy sin? 20 sin? ¢ + ¥ sin? 20 = 0, (S359)

i.e,
sin? 20 x [V22 sin® ¢ — 20115 sin? ¢ + V12] =0, (S360)

ie.,
sin? 26 x [1/1 — vy sin? ¢]2 =0, (S361)

which leads to (i) sin20 = 0 or (ii) (1 — vasin?)¢ = 0. Actually, in this case, the concurrence of the state p is equal

to
C = \/—82—2\/52\/sin229>< [Vl—ygsin2¢]2:|sin29(v1—ygsin2¢)|

= sin 20|y — vy sin? ?|. (S362)

Thus Eq. (S361) means C? = 0.

(i) sin20 = 0. In this situation, by choosing 7 = 8 = 7/2 (i.e., cosT = 0), then the first two conditions (i.e., Eq.
(S356a) and Eq. (S356b)) are satisfied. Moreover, due to sin2a = 0 and sin 20 = 0, then the third condition Eq.
(S356¢) is also satisfied. Thus, one can have the matrix M = MT by adopting the measurement direction 7 with
7 =0 =m/2 and £ is arbitrary, i.e.,

7 = (0,sin&, cos&). (S363)

(ii) v; — vosin® ¢ = 0. In this situation, by choosing 7 = § = 7/2 (i.e., cosT = 0), then the first two conditions
(i.e., BEq. (S356a) and Eq. (S356b)) are satisfied. Moreover, due to sin2a = 0 and vy — vpsin® ¢ = 0, then the
third condition Eq. (S356¢) is also satisfied. Thus, one can have the matrix M = M by adopting the measurement
direction n with 7 = 8 = /2 and £ is arbitrary, i.e.,

f = (0,sin &, cos §). (S364)

This ends the proof for this case.

Case 2.— sin2a > 0. Based on Eq. (S353), one has two possible solutions: G; = Gy = 0; G1 # 0, Gy # 0, but
G? =G3.

Case 2-A.— G1 = G5 = 0. In this case, we have

G, = vl {(cos2 ¢ sin 2o — sin 26 sin® ¢)2 + cos? B sin 2av sin 26 sin? 241)} + 2u115 cos? 20 sin? ¢ + 17 sin? 26
= (cos® ¢sin2a — sin 20 sin’ ¢)2 + 20115 cos? 20 sin? ¢ + 12 sin? 20 = 0,

G = w2 {(sin2 ¢ — sin 2a sin 26 cos? ¢)2 + cos? (3 sin 2c sin 26 sin? 2@5}

4vtv3 (sin2 ¢ — sin 2a sin 26 cos® (;5)2 =0. (S365)
Because v; # 0 and vo # 0, then we have

cos? ¢sin 200 — sin 20 sin® ¢ = 0,

cos? 20sin? ¢ = 0,

sin? 260 = 0,

sin? ¢ — sin 2a:sin 26 cos? ¢ = 0, (S366)
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ie.,
sin 20 = 0,
cos? ¢ = 0,
sin ¢ = 0. (S367)

However, there is a contradiction between cos? ¢ = 0 and sin® ¢ = 0, which means the concurrence C = 0 does not
occur for the case of G; = G2 = 0. We can neglect this case.
Case 2-B.— G1 # 0, G # 0, but G? = G2. In this case, we have

2
{V% (c032 ¢sin 2a — sin 26 sin® (;5)2 + 20115 cos? 20 sin? ¢ + 12 sin® 29}
—4v{v3 (sin® ¢ — sin 2 sin 26 cos® (]5)2 =0. (S368)
(i) If sin? ¢ — sin 2a:sin 20 cos? ¢ > 0, we can get

{V% (0052 ¢ sin 2a — sin 26 sin® ¢)2 + 20115 cos? 20 sin? ¢ + v sin? 29} — 2111 (Sin2 ¢ — sin 2asin 26 cos? (;5) =0,

(S369)

ie.,
V3 (cos® ¢ sin 2a — sin 20 sin® ¢)2 + 17 sin? 20 — 21115 (sin® 20 sin® ¢ — sin 2asin 20 cos® ¢) =0, (S370)

ie.,
(v15in20)* — 2(v; sin 20) vy (sin 20'sin® ¢ — sin 2a cos® @) + v3 (sin 20 sin® ¢ — sin 2a cos® ¢)2 =0, (S371)

ie.,
[(v1 8in26) — v (sin 20 sin® ¢ — sin 2 cos® @)]* = 0, (S372)

ie.,
v18in 20 — vy (sin 20 sin® ¢ — sin 2a cos® ¢) = 0. (S373)

Let us come to check the three conditions related to M = M. In this situation, by choosing 7 = 3 = /2
(i.e., cosT = 0), then the first two conditions (i.e., Eq. (S356a) and Eq. (S356b)) are satisfied. Moreover, due to
T = = /2, then the third condition Eq. (S356¢) becomes

1 . 1.
me —m5 = —e vy cos? ¢ sin 20 — 56”—(1/1 — vy sin? ¢) sin 20
= —% [v2 cos? gsin 2ar + (v — vy sin? @) sin 26)
= —% [v1 5020 — 15 (sin 20 sin® ¢ — sin 2a cos® ¢)], (S374)

which is obviously zero due to Eq. (S373). Thus, one can have the matrix M = M by adopting the measurement
direction n with 7 = § = w/2 and £ is arbitrary, i.e.,

7t = (0,sin&, cos ). (S375)

This ends the proof for this case.
(ii) If sin” ¢ — sin 2arsin 260 cos? ¢ < 0, we can get

{I/S (cos2 ¢ sin 2a — sin 26 sin® ¢)2 + 2u1 15 cos® 20 sin” ¢ + 1/12 sin? 29} + 21119 (sin2 ¢ — sin 2a sin 26 cos? ¢) =0,
(S376)
ie.,

v3 (COS2 ¢ sin 2a — sin 26 sin® ¢)2 + 4v1v5 cos? 20 sin? ¢ + vF sin? 260 4 2v1 19 (sin2 ¢ sin? 20 — sin 2a sin 26 cos? (b) =0,
(S377)
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ie.,
[(v1 5in20) + vy (sin 20'sin® ¢ — sin 2a cos® ¢)]* + 4wy 5 cos® 20 sin® ¢ = 0, (S378)
ie.,
(1510 260) + v (sin 20 sin® ¢ — sin 2a cos® ¢) = 0,
4v1v5 cos? 20 sin® ¢ = 0. (S379)
Because 0 < ¢ < /2, sin? ¢ > 0, v; # 0, and v # 0, hence we must have
cos 20 = 0, (S380)
which leads to

== 1
0= (9381)

and sin 260 = 1. Then from above equations, we can have
v1 = —1s (sin® ¢ — sin 2a cos® ) . (S382)
With the help of v1 + v9 = 1, we have v;’s (i=1, 2) as

sin 2ar cos? ¢ — sin? ¢ 1
Vo = .
(1+sin2a)cos2¢ * > (1+sin2a)cos? ¢

Vv =

(S383)

However, in Sec. ITE we have shown that we need not consider separately the case of § = /4, thus ending the proof
for this case.

3.2. The Case of cosf =1

In this subsection, let us consider the simple case of cos 8 = 1. In this situation, the state p is given by
p=v1[t1) (1] + v [h2) (2l (S384)
where

|1) = cos@|00) +sind|[11),
l1a) = cosp(cosa |01) + sina [10)) 4 € sin ¢(sin @ |00) — cos @ [11)), (S385)

with 8 =0, e =1, 6 € [0,7/2], and a € [0,7/2]. For simplicity, here we have taken cos 3 = 1 as example (for the
case of cos § = —1, it will yield the similar result). The concurrence of the state p is given by

C = \/—s0—2/51, (S386)

with

1
S9 = —§V§ sin 2a sin 20 sin? 26 (2 cos? B — 1) — v sin” 2a cos? ¢ — sin® 26 (u12 + v sin’ ¢) — 211y cos? 20sin” ¢

—%V% sin 2a sin 20 sin? 2¢ — V3 sin® 2a cos* ¢ — sin? 20 (u12 + V2 sin? ¢) — 2111, cos? 20 sin® ¢,
s$1 = %V%VQQ [sin 20 sin 26 sin” 2¢ (2 cos? 3 — 1) + 2sin? 2a sin? 260 cos* ¢ 4 2sin’ (b]
= %ylzy% (sin 2arsin 260 sin® 2¢ + 2 sin® 2asin® 260 cos? ¢ + 2sin® @) . (S387)
The concurrence C = 0 means G — G2 =0, i.e.,
G?-G3 = {V% (cos2 $sin 2a + sin 20 sin® ¢)2 + 2u1 vy cos? 20 sin? ¢ + v? sin? 29}2

—4v{v} (sin® ¢ + sin 2 sin 26 cos® ¢)2 =0. (S388)
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Here, we have used

1
Gy = —s9 = 5;/22 sin 2 sin 20 sin® 2¢ + v sin® 2a cos® ¢ + sin® 20 [1] + v3 sin® @] + 2v1v5 cos® 20 sin® ¢
= 202 sin 2asin 20 sin? ¢ cos? ¢ + v3 sin® 2accos® ¢ + sin? 26 [V12 + v3 sin? qb] + 2u1 15 cos® 20 sin? ¢

V3 (cos® ¢sin 2a + sin 26 sin® ¢)2 + 2u115 cos? 20 sin? ¢ + v? sin? 26, (S389)

and

G% = 4s) =4 x %V%IJQQ [sin 2a:sin 20 sin? 2¢) + 2sin” 2 sin? 26 cos? ¢ + 2sin? d)]
= 2v7{vj [4sin2asin 20 sin® ¢ cos® ¢ + 2sin® 2asin® 26 cos® ¢ + 2sin’ ¢
= 43 [2 sin 2avsin 20 sin? ¢ cos? ¢ + sin? 2a sin? 26 cos* ¢ + sin* (b]
— 4212 (sin ¢ + sin 2asin 20 cos® ¢) . (S390)
Without loss of generality, we only consider v; # 0 and vo # 0. Now, let us come to check the three conditions

related to M = MT (i.e., Eq. (5339a) and Eq. (S339c)). When cos 3 = 1 (i.e., sin 8 = 0), then the three conditions
become

my —mj = —ivgsinasiné cos B sinTsin2¢, (S391a)

mg —mj = —ivgcosacosfcosfsinTsin2¢, (S391b)
1 _. 1.

mg —mj = 56_171/2 cos? ¢ sin 2a — 56”(”1 — vy sin? ¢) sin 26. (S391¢)

The region of the angle 8 is 6 € [0,7/2], thus sin 20 > 0. The region of the angle « is « € [0,7/2], hence sin 2 can
be equal to or greater than 0. In the following, we would like to study the problem by two different cases: sin2a = 0
and sin 2« > 0.

Case 1.— sin2a = 0. Based on Eq. (S388), one has

2
G2-GE= {yg (sin 20sin2 ¢)” + 2v115 cos? 20 sin2 ¢ + 1% sin 29} — 22 (sin2 ) = 0, (9392)

then one directly has

2 (sin 20 sin? ¢)2 + 2u115 cos? 20 sin? ¢ + 17 sin? 20 — 2v115 (sin2 ¢) =0, (S393)

ie.,
v3 (sin 20 sin? ¢)2 — 2uy vy sin? 20sin? ¢ + ¥ sin? 20 = 0, (S394)

i.e,
sin” 20 x (v3 sin® ¢ — 2v1vasin® ¢ + 17) = 0, (S395)

ie.,
sin® 20 x (1 — vo sin® ¢)2 =0, (S396)

which leads to (i) sin26 = 0 or (i) (v; — va2sin®)¢ = 0. Actually, in this case, the concurrence of the state p is equal

to
C = \/—SQ—Zﬁ:\/SiHQZGX [Vl—ugsin2¢]2:|sin29(1/1—ygsin2¢)|

= sin20|v; — vy sin’ @|. (S397)

Thus Eq. (S396) means C2 = 0.
(i) sin20 = 0. In this situation, by choosing 7 = § = 0 (i.e., sinT = 0), then the first two conditions (i.e., Eq.
(S391a) and Eq. (S391b)) are satisfied. Moreover, due to sin2a = 0 and sin20 = 0, then the third condition Eq.
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(S391c) is also satisfied. Thus, one can have the matrix M = MT by adopting the measurement direction 7 with
7= =0 and £ is arbitrary, i.e.,

fi = (sin&, 0, cos ). (S398)

(ii) v; — v sin® ¢ = 0. In this situation, by choosing 7 = 8 = 0 (i.e., sinT = 0), then the first two conditions (i.e., Eq.
(S391a) and Eq. (S391b)) are satisfied. Moreover, due to sin2a = 0 and v — vy sin ¢ = 0, then the third condition
Eq. (S391c) is also satisfied. Thus, one can have the matrix M = M by adopting the measurement direction 7 with
7= =0 and £ is arbitrary, i.e.,

i ="n = (sin&,0,cos&). (S399)

This ends the proof for this case.

Case 2.— sin2a > 0. Based on Eq. (S388), one has two possible solutions: G; = G5 = 0; G1 # 0, G # 0, but
G? = Gi.

Case 2-A.— G1 = G = 0. Similarly, the concurrence C = 0 does not occur for the case of G; = G2 = 0. We can

neglect this case.
Case 2-B.— G1 # 0, G5 # 0, but G? = G2. In this case, we have

2
{V% (COS2 ¢ sin 2« + sin 26 sin® ¢)2 + 21415 cos? 26 sin? o+ 1/? sin? 29}
—4v{v} (sin® ¢ + sin 2 sin 26 cos® ¢)2 =0 (5400)

Because Gy # 0, sin2a > 0 and 0 < ¢ < 7/2, thus sin? ¢ + sin 2 sin 260 cos? ¢ > 0.
When sin? ¢ 4 sin 2a:sin 26 cos? ¢ > 0, we can get

{V% (cos2 ¢sin 2a + sin 26 sin? (;5)2 + 20115 cos? 20 sin? ¢ + 12 sin® 29} — 21119 (sin2 ¢ + sin 2a sin 26 cos® (;S) =0,

(S401)

ie.,
v3 (cos2 $sin 2 + sin 26 sin? ¢)2 + 2 sin? 20 — 2v1 1 (sin2 26 sin? ¢ + sin 2arsin 26 cos? ¢) =0, (S402)

ie.,
(1510 20)% — 2(vy sin 20)vs (sin 20 sin® ¢ + sin 2 cos® ¢) + 13 (sin 20 sin” ¢ + sin 2a cos ¢)2 =0, (S403)

ie.,
[(v18in26) — vy (sin 20 sin® ¢ + sin 2a cos® @)]* = 0, (S404)

ie.,
V1 8in 20 — v (sin 20 sin® ¢ + sin 2a cos® ¢) = 0. (S405)

Let us come to check the three conditions related to M = M. In this situation, by choosing 7 = 8 = 0 (i.e.,
sin T = 0), then the first two conditions (i.e., Eq. (S391a) and Eq. (S391b)) are satisfied. Moreover, due to 7 = 8 =0,
then the third condition Eq. (S391c¢) becomes

1 . 1.
me —ms = 567”—1/2 cos? ¢ sin 20 — 56”— (v1 — 1o sin? ¢) sin 20
1
= 3 [V cos? ¢sin 200 — (1) — vy sin? @) sin 26)]
1
= 5[(yl sin 20) — vy (sin 20 sin® ¢ + sin 2a cos® ¢)], (S406)

which is obviously 0 due to Eq. (S405). Thus, one can have the matrix M = M by adopting the measurement
direction 7 with 7 = 8 = 0 and £ is arbitrary, i.e., 7 = (sin&, 0,cos§). It ends the proof for this case.
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8.8. The Case of General cos 3

In this subsection, let us consider the general cos 3, i.e., it is not equal to special values of 0 and +1. In other
works, 0 < |cos 8] < 1 and 0 < |sin 3] < 1. In this situation, the state p is given by

p =1 |1) (P1] + w2 [1h2) (ol (S407)
where

|1) = cos@]00) +sind [11),
[1h2) cos (cos ar|01) + sin a [10)) + €' sin ¢(sin 6]00) — cos 6 |11)), (5408)

with 0 < |cos 5| < 1, 8 € [0,7/2], and « € [0,7/2]. The concurrence of the state p is given by

C = \/—s0—2/51, (S409)

with
1
S9 = 751/22 sin 2a sin 26 sin? 2¢ (2 cos® B — 1) — 1/22 sin? 2a cos? ¢ — sin? 20 (1/12 + I/S sin’ <;$) — 20115 cos? 20 sin? ¢,
1
51 = 51/121/3 [sin 2avsin 20 sin® 2¢ (2 cos® B — 1) + 2sin” 2asin® 260 cos® ¢ + 2sin ¢] . (S410)

The concurrence C = 0 means G% — G3 = 0, with
Gi = —s9
= %1/22 sin 2« sin 26 sin? 2¢ (2 cos® B — 1) + 1/22 sin? 2a cos? ¢ + sin? 20 [1/12 + 1/22 sin? qb] + 2u1 15 cos? 20 sin? ¢,
= 12sin?260 4 12 % sin 2avsin 20 sin® 2¢ (2 cos® B — 1) + sin® 2a cos* ¢ + sin® 20 sin® ¢| + 2v1v5 cos® 20sin ¢,
= V12 sin? 20 + y22 [2 sin 2a sin 26 sin? ¢ cos? ¢ (2 cos? f — 1) + sin? 2ac cos? ¢ + sin? 26 sin* (b] + 2w, 15 cos? 26 sin? ¢,
= visin® 20 + 3 [(sin2a cos® ¢ — sin 20 sin® ¢)* + 4 sin 2vsin 20 sin® ¢ cos® ¢ cos® B] + 2v1v5 cos® 20sin® ¢, (S411)
or
G, = V12 sin” 26 + V22 [2 sin 2« sin 26 sin? ¢ cos? 10} (2 cos? f — 1) + sin? 2a cos? ¢ + sin? 26 sin? ¢] + 21415 cos? 26 sin? o,

= visin?20 + V3 [2 sin 2a sin 26 sin? ¢ cos? ¢ (1 2 sin? /3’) + sin? 2av cos? ¢ + sin® 26 sin* (ﬂ + 2u1 19 cos? 20 sin? ¢,
= v?sin?26 4 12 [(sm 20 cos? ¢ 4 sin 20 sin? ¢)? — 4 sin 20 sin 260 sin? ¢ cos? ¢ sin’ B] + 2u115 cos? 20 sin? ¢, (S412)

and
G: = =4x 1 viv: [s1n2a51n2051n 2¢ (2cos ﬁ—l) + 25sin? 2asin® 26 cos* ¢ + 2 sin? d)]
= 21/%1/22 [ 1n20zsm29$1n 2¢ (2cos ,3—1) + 2sin? 2o sin® 26 cos* ¢ + 2sin? d)]
= i3 [4sm2asm2951n ¢ cos? ¢(200$ B—l) + 2sin? 2a sin? 260 cos* ¢ 4 2sin’ qb]
= 4l [281n2asm2951n ¢ cos? ¢(2cos B—l) + sin? 2acsin? 20 cos* ¢ + sin (;5}
= 1/12U22 [ sin? ¢ — sin 2a sin 26 cos? (b) + 4 sin 2a sin 260 sin? ¢ cos? ¢ cos? B} (S413)
or

473 [2sin 20vsin 20 sin® ¢ cos® ¢ (2 cos® B — 1) + sin® 2a sin® 260 cos? ¢ + sin’ ¢
= 4ivi [2 sin 2a sin 26 sin? ¢ cos? ¢ (1 — 2sin? B) + sin? 2asin® 20 cos? ¢ + sin* ¢}

Wivy {(sin2 ¢ + sin 2vsin 20 cos” ) ? _ 4sin 20 sin 20 sin2 ¢ cos? ¢sin? B} . (S414)
The above results show that there are two different expressions for G; and G3 in terms of cos? § and sin® 3. From

C?=Gi-G3=0, (S415)
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we easily find that C? is S-independent if sin 2cc = 0 or sin 20 = 0. In the following, we would like to discuss the issue
by four possible cases: (1) sin2a = 0 and sin 20 = 0; (2) sin 2« = 0 and sin 26 # 0; (3) sin 2« # 0 and sin 260 = 0; and
(4) sin2a # 0 and sin 26 # 0.

3.83.A.  The Case of sin2a =0 and sin20 = 0

In this case, we have

e v2sin? 20 + v2 [(sin 200 cos? ¢ + sin 20 sin? $)? — 4 sin 2a sin 260 sin” ¢ cos? ¢ sin’ ﬁ] + 2u1 15 cos? 20 sin? ¢
v sin? 20 + v2(sin 20 sin® $)? 4 2v1 15 cos? 20 sin? @, (5416)

G2 = 422 [(sinz 6 + sin 2a:sin 20 cos? ¢)” — 4sin 2 sin 20 sin® ¢ cos? ¢ sin® ,8} = 22sint . (S417)
Since sin 260 = 0 and cos? 26 = 1, then we have
Gi = 2uvysin® ¢, (S418)
this leads to
C? = G-Gi=o. (S419)

This means that in this case the state p is always separable.

Now, let us come to check the three conditions related to M = M (i.e., Eq. (S339a)-Eq. (S339¢c)). The third
condition is automatically satisfied. Because sin2a = 0, then it means sina = 0 or cosa = 0. For the former,
the first condition is satisfied, and by taking 7 = 3, the second condition is satisfied. For the latter, the second
condition is satisfied, and by taking 7 = — [, the third condition is satisfied. Thus by choosing appropriate projective
measurements (i.e., 7 € {3, —3}) one can prove M = M for this case.

3.8.B.  The Case of sin2a = 0 and sin 20 # 0

In this case, we have

G = visin?20+v3 [(sin 200 cos? ¢ + sin 20 sin® $)? — 4 sin 2a sin 260 sin” ¢ cos? ¢ sin’ B] + 2v1 15 cos? 20 sin® ¢
= v¥sin® 20 + v3(sin 20sin” $)? + 2v; v, cos? 20 sin? ¢, (5420)
G2 = wivi {(sin2 ¢ + sin 2a sin 26 cos® ¢) ? _ 4sin 20 sin 26 sin? ¢ cos? ¢sin? ,6}
= 42 sin ¢. (S421)
Then from
C? = Gi — G} = [v]sin® 20 + 13 (sin 20 sin” ¢)® + 2v1 15 cos® 26 sin® ¢] — 422 sin ¢ = 0, (S422)
we can have
[v7 sin® 20 + 13 (sin 20 sin® ) + 2v1 v cos® 20 sin® @] — 2v4v5 5in® ¢ = 0, (S423)
ie.,
v? sin? 20 + v3 (sin 20 sin? ¢)? — 2v1 v sin? 20sin% ¢ = 0, (S424)
ie.,
sin® 20 x (1 — vo sin® ¢)2 =0, (S425)
ie.,

vy — vysin® ¢ = 0, (S426)
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which is condition for the concurrence is 0.

Now, let us come to check the three conditions related to M = MT (i.e., Eq. (S339a)-Eq. (S339c)). Because
sin2a = 0 and v, — vy sin® ¢ = 0, the third condition is automatically satisfied. Because sin2c = 0, then it means
sina = 0 or cosa = 0. For the former, the first condition is satisfied, and by taking 7 = 3, the second condition is
satisfied. For the latter, the second condition is satisfied, and by taking 7 = — (3, the third condition is satisfied. Thus
by choosing appropriate projective measurements (i.e., 7 € {3, —3}) one can prove M = M for this case.

3.8.C.  The Case of sin2a # 0 and sin20 = 0

In this case, we have

G = visin?20+v2 [(sin 200 cos® ¢ + sin 20 sin? $)? — 4 sin 2a sin 20 sin” ¢ cos? ¢ sin’ ﬂ] + 2u1 5 cos? 20 sin® ¢

V3 (sin 2a cos? ¢)? + 2v1 15 sin? ¢, (5427)

G2 = wivd [(Sim2 ¢ + sin 2 sin 20 cos? gb)z — 4sin 2a sin 20 sin® ¢ cos® ¢ sin® 5} = 4vivdsint ¢. (5428)

Then from
C?* = Gi — G} = [v3(sin2acos® ¢)® + 2v1 v sin’ ¢]2 —4v32sint ¢ =0, (5429)
we can have
G1— Gy = [Vg(sin 20 cos? ¢)2 + 2uy 15 sin? qﬂ — 2y sin® ¢ = 0, (5430)
ie.,
V3 (sin 2a cos? ¢)? = 0. (S431)

However, in this subsection, vo # 0, sin 2« # 0, and cos? ¢ # 0, then the above equation is not valid. This implies
that the concurrence C = 0 does not occur in this case. We can neglect it.

3.4.D.  The Case of sin2a # 0 and sin20 # 0

In this case, we can have
G = visin®20 + 2 [(sin 20 cos® ¢ — sin 20 sin? ¢)? + 4sin 2 sin 260 sin? ¢ cos? ¢ cos? 6] + 21415 cos? 26 sin? @,
G% = 41/%u22 {(sin2 ¢ — sin 2a sin 26 cos? ¢)2 + 4 sin 2a:sin 20 sin? ¢ cos? ¢ cos? B} . (5432)
The concurrence C = 0 is equivalent to
G,y — G2 =0. (S433)
Let us study the quantity G; — G2, which is

G1— Gy = visin®20 + 12 [(sin 200 cos? ¢ — sin 20 sin? ¢)? 4 4 sin 2 sin 260 sin? ¢ cos? ¢ cos? B} + 2u4 v cos? 20 sin? ¢

—2u119 \/(sin2 ¢ — sin 2a:sin 26 cos? ¢) ® 1 cos? sin 2ar sin 26 sin? 2¢. (S434)
With the help of
% +y? > 2y, (S435)

we have

G 2v1 V5 sin 20\/(sin 200 cos? ¢ — sin 20 sin® ¢)2 4 4 sin 2 sin 260 sin? ¢ cos? ¢ cos? B + 2v1 v, cos? 260 sin? ¢

Y

= 22U {sin 29\/(sin 200 cos? ¢ — sin 20 sin? $)2 4 4 sin 2 sin 20 sin” ¢ cos? ¢ cos? B + cos? 20sin? ¢ | , (S436)
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here we have used sin 260 > 0, because 6 € [0, 7/2]. For the above equation, the equal sign occurs at x = y, i.e.,

vy 8in20 = vy \/(sin 200 cos2 ¢ — sin 20 sin? ¢)2 4 4 sin 20 sin 260 sin? ¢ cos? ¢ cos? 3. (5437)
This yields

Gy — Gy > 2v11s [sin 20 \/(Sin 20 cos2 ¢ — sin 20 sin? ¢)2 4 4 sin 20 sin 260 sin? ¢ cos? ¢ cos? B + cos? 26 sin? qﬁ}
—2v119 \/(sin2 ¢ — sin 2« sin 26 cos? qb) ® | 4sin 2a sin 20 sin? @ cos2 pcos? 8
= 211 \/sin2 20 [(cos2 ¢ sin 2a — sin 26 sin® ¢)2 + cos? (3 sin 2c sin 26 sin? 2(;5}
—2v119 (\/(sin2 ¢ — sin 2a sin 26 cos? ¢)2 + cos? B sin 2arsin 26 sin? 2¢ — cos? 26 sin® QS) . (5438)
Note that

[(cos2 ¢sin2a — sin 20'sin® ¢) ® 4 4cos? B sin 20 sin 26 sin? ¢ cos® d)}
= [(cos2 ¢ sin 2ar + sin 26 sin” (;5)2 + 4 sin? §sin 2ar sin 20 sin® ¢ cos? qzﬁ} > 0. (S439)

Let us denote

Y, = \/ sin? 20 {(cos? ¢ sin 20 — sin 260 sin? ¢)” + cos? B sin 2a sin 26 sin® 2¢}

Y, = (\/(Sin2 ¢ — sin 2arsin 26 cos? ¢) ? 1 cos? £ sin 2a:sin 20 sin? 2¢) — cos? 26 sin® qb) , (S440)

note that Y7 > 0, we can have Let us denote

2
Y2 - Y7 [\/sin2 20 [(0052 ¢ sin 2o — sin 26 sin? ¢)2 + cos? 3 sin 2cv sin 26 sin? 2(1)”

2
— (\/(sin2 ¢ — sin 2« sin 26 cos? ¢)2 + cos? (sin 2ar sin 20 sin? 2¢ — cos? 26 sin® gb)

= sin” 26 [(0052 ¢ sin 2a — sin 26 sin? ¢)2 + cos? 3 sin 2cr sin 20 sin? 2¢>]

2
— (\/(sin2 ¢ — sin 2« sin 26 cos? ¢)2 + cos? 3 sin 2cr sin 20 sin? 2¢ — cos? 26 sin® gb)
= sin? 26 [(0052 ¢ sin 2a — sin 26 sin? (;5)2 + cos? 3 sin 2ar sin 20 sin? 2(1)]

- [(sin2 ¢ — sin 2arsin 20 cos? ¢)” + cos? Bsin 2a sin 20 sin® 2¢ + cos” 20 sin* 4

+2 cos? 26 sin? ¢\/(sin2 ¢ — sin 2« sin 26 cos? qﬁ) ? + cos? (sin 2ar sin 26 sin? 2¢

= 2cos? 26 sin® ¢\/(sin2 ¢ — sin 2a sin 26 cos? (b) ? + cos? f3sin 2ar sin 20 sin? 2¢
—2cos? 20 sin? ¢ [51112 & 4 cos 23 sin 2« sin 26 cos? d)]
= 2cos® 20sin® ¢ [Y3 — (sin® ¢ + cos 2B sin 2a sin 20 cos® ¢)] (S441)
with

Y; = \/(sin2 ¢ — sin 2« sin 26 cos? (;5)2 + cos? B sin 2arsin 26 sin? 2¢. (S442)
Because
Y32 — (Sin2 & 4 cos 23 sin 2« sin 26 cos? ¢)2
= [(sin2 ¢ — sin 2asin 26 cos? ¢) 2 + cos? B sin 2c sin 26 sin? 2(;5] — (Sin2 & + cos 20 sin 2a sin 26 cos? d))z
= cos? ¢sin? 26 sin? 2arsin? 26, (S443)
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thus

Y32 - Y3

2 cos? 26 sin? ¢ [Yg, — (sin2 ¢ + cos 23 sin 2a sin 26 cos? ¢)]
2 cos? 26 sin? ¢ [Y32 — (sin2 ¢ + cos 23 sin 2 sin 26 cos? ¢)2]
(Vs + (sin2 ¢ + cos 23 sin 2arsin 26 cos? ¢) |

2 cos? 26 sin? ¢ cos? ¢ sin? 23 sin? 2a sin? 260

= . S444
(Vs + (sim2 ¢ + cos 23 sin 2arsin 20 cos? ¢) | ( )
Then from Eq. (S438), we can have
Gi1— Gy > 211 \/sin2 20 [(0082 ¢ sin 2o — sin 26 sin’ ¢)2 + cos? (3 sin 2« sin 26 sin? 2(;5}
—2v115 (\/(sin2 ¢ — sin 2a sin 26 cos? ¢)2 + cos2 (sin 2a sin 20 sin? 2¢ — cos? 26 sin® gb)
= 2V1V2(Y1 — }/2)
_ 2vm(YP - Y5
B Yi+Y;
_ 4vy vy cos? 20 sir‘122q§cos4 $sin® ?6 sin2.2a sin? 26 > 0. (S445)
(Y1 +Y2) [Y3 + (sin® ¢ + cos 28 sin 2a sin 26 cos? ) |
From G{ — G5 = 0, one must have
V15 cos? 260 sin? ¢ cos? ¢ sin? 23 sin? 2o sin? 20 = 0. (5446)
Because in this subsection v # 0, v, # 0, sin? 8 # 0, sin 2a # 0 and sin 20 # 0, then from Eq. (S446) we have
cos 260 = 0, (S447)
which leads to
™
0=— S448
4 ’ ( )
and sin 260 = 1. Then from above equations, we can have
v = Uy \/(sin 20 cos2 ¢ — sin® ¢)2 + 4sin 2arsin? ¢ cos? ¢ cos? . (S449)

However, in Sec. IE we have shown that we need not consider separately the case of § = 7 /4, thus ending the proof
for this case.
This ends the proof of the sufficient condition. O

In summary, we have successfully prove our Result: Under the local unitary transformations, the rank-2 quantum
state p is separable if and only if M = M.
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IV. THE EPR STEERING INEQUALITY
A. The N-Setting Linear Steering Inequality

It is well-known that Bell’s nonlocality of quantum state can be detected by the violations of Bell’s inequalities.
Similarly, for a quantum state, whose property of EPR steerability can be detected through the violations of EPR
steering inequalities. For instance, in [2], the scientists have presented the N-setting linear EPR steering inequality
to study the EPR steerability. The IN-setting linear steering inequality is given by
1
N
In particular, for N = 3, we have the 3-setting EPR steering inequality as

Ty [A1(131 GBY 4 Ag(by-GB) 4 -+ An(by - 53)] < Cips. (S450)

[A1(b1-67) + As(bs - 7) + Aalbs-5%)] < = (S451)
V3
Here A} = +1, Ay = +1 and A3 = +1 are classical values for Alice, Crsg = 1/v/3 is the classical bound (i.e.,
the local-hidden-state (LHS) bound, or the LHS bound), & = (0,,0,,0,) is the vector of Pauli matrices, &7 is
the vector of Pauli matrices for Bob’s side, by , by and bs are unit vectors in the 3-dimensional space for Bob,
and they are mutually orthogonal. Generally, vectors {61,132,133} can be obtained by rotating the simple vectors
{é; =(1,0,0),é, = (0,1,0),é, = (0,0,1)}.
Let us introduce the 2 x 2 unitary matrix

L{:( cosn —sinne ), UT:( cosT smmne— >’ (8452)

1

Is 3

sinne™'" cosn —sinne'™  cosn

then we have

by & = U@, AU =Uo U,
by & = U@, d)U =Uo, U,
by-& = U, - U =Uo. U (S453)

In this situation, one can have the vectors as

by = (cos®n — cos 27 sin® 1, — sin® ysin 27, — sin 27 cos 1),

by = (—sin® nsin 27, cos? 1) + cos 27 sin? 1), — sin 2 sin 7) (S454)
bs = (cos T sin 21, sin 7 sin 27, cos? i — sin® 7). (S455)

One can verify that
b1 =1, |bo|=1, |bs|=1, by-bo=0, by-bs=0, bs-by =0. (S456)

Quantum-mechanically, for Alice, the measurements are represented by

Il
Q>

1 1°

:I>> mn tl>>
]
|
>
[}
Al Q1

(S457)

Il
Q>

3 3"

where a7 ,d9, and a3 are unit vectors in the 3-dimensional space for Alice, and they can be parameterized as
a1 = (sin 61 cos @1, sin 0 sin ¢1, cos 61),
o = (sin 63 cos ¢, sin O sin ¢a, cos bs),
as = (sin 05 cos ¢3, sin O3 sin @3, cos b3). (S458)

The 3-setting (and also general N-setting) linear steering inequality is a state-independent inequality. In quantum
mechanics (QM), for a given state p, its quantum expectation value is calculated by

M = T {p B [(al N @ (by - 78) + (a2 3Y) @ (by - 75) + (a3 - 74) @ (bs - 5B)H } . (S459)
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In the following, we would like to provided two examples.
Ezample 1.— Using the 3-setting steering inequality to prove the pure state |¢)1) = cos@|00) + sinf|11) (or
p = |t1) (¥1]) is steerable in all the entangled region. In quantum mechanics, the expectation value is calculated by

2 = o [F@-6Y 6 G 6%) 4 02-5Y) G 5%) 4 054 0 5]}

= 3 [l 5% @ b)) + (a5 © (B 5P)n) + (al(as - 5%) @ (b - 72 )] (5460)

We need to prove that for the entangled region 6 € (0,7/2), one always have the quantum violation

1
M > 7 (S461)

The following is the proof.

Proof. After direct calculation, we can have

1
Z:?M =3 [COS(T + ¢3) sin 2 sin 03 + cos> ) ( cos ¢ sin f1 — sin O sin ¢2)

—sin?ny [005(27 + ¢1) sin 61 + sin 6, sin(27 4+ qbg)} sin 20

+% cos 27 cos B3 — sin 2 ( cos T cos 61 + cos By sin T)] . (S462)
Let the angles

T:%, 0, =0y =m, ¢3:—£, n:%arctan\/i, (5463)

then the quantum expectation becomes

2 + cos O3 + /2 sin 20 sin 05

M = , S464
ie.,
1 2 sin 26
24+ vV1+2sin?20 | ——— cosfs + fisineg
QM V1 + 2sin” 20 V1 + 2sin” 20
7 =
3v3
24+ V142 sin? 26 (cos 6 cos A3 + sin Ay sin 63)
3v3
_ 2tVIit 25in% 20 cos(f3 — ) ’ (S465)
3v3
where
1 2sin 260
cosfp = —————————, sinfy = \TL, tan 6y = v/2sin 26. (5466)
V' 1+ 2sin® 20 V' 1+ 2sin® 20
By taking
05 = 0y = arctan {\/5 sin 29] : (S467)
then cos(f3 — 6p) = 1, thus we arrive at
24+ V1+2sin?20 24V1+2C2 1
oM _ 2t VitIsm' 2t vit — (S468)

3V3 3V3 e

Here C = sin 20 is the concurrence of the pure state |11). Obviously, the relation Eq. (S461) is valid for all the
entangled region of 6 € (0,7/2) (i.e., C > 0). This ends the proof. O
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Ezample 2.— Using the 3-setting steering inequality to prove a special rank-2 quantum state ps (given below) is
steerable in all the entangled region. Here, the special quantum state with rank 2 is given by

ps = v1 [Ph1) (1| + o |2) (ol , (5469)
with

|th1) = cos#]00) +sinf |11),
|th2) = sin6]00) — cos @ |11), 6 € [0,7/2]. (5470)

In the matrix form, the density matrix reads

v1 cos? 0 + vy sin?6 0 0 (v1 — vo)sinf cos b
e | R e T s
(v1 —vg)sinfcosf 0 0 vycos?0+ vy sin? 0
whose concurrence is given by
C =|(v1 — ) sin 20|. (S472)

We need to prove that for the entangled state ps (i.e., C > 0), one always has the quantum violation as shown in Eq.
(S461). The following is the proof.

Proof. After direct calculation, the quantum expectation is given by

1
I??M =3 [COS(T + ¢3) sin 2 sin O3 + cos? 77( cos ¢1 sin f1 — sin 6 sin ¢2)

(1 — v2)sin26

—sin?n [COS(ZT + ¢1) sin 6y + sin Oy sin(27 4+ ¢2)}

1
—|—§ cos 27 cos 03 — sin 27 ( cos 7 cos 01 + cos 5 sin 7)1 . (5473)

By choosing the same measure directions as the pure state case, i.e.,

1
%, 0, =0=m, ¢3= —%, =3 arctan v/2, (5474)

T =

then the quantum expectation becomes

2 + cosf3 + \/§(V1 — 1) sin 260 sin O3

M = : 8475
3 3\/§ ( )
ie.,
2+ /1 +2[(v; — v2) sin 26]2 ! - cos b3 + V2 - o) sm.29 sin 03
ZM _ V1 +2[(1 — 12) sin 26]2 V1 +2[(1 — 12) sin 26]2
3 3\/§
2+ /1+2[(v1 — v2)sin26]? (cos b cos s + sin 0 sin O3)
a 3v3
_ 2+ V1 +2[(v1 — v2)sin20]2 cos(fs — 96)7 (S476)
3V3
where
1 2(vy — sin 2
cos 0, = sin 6, V21 = o) sin 26 tan 6 = v2(v; — vy)sin26.  (S477)

V14 2[(v) — va)sin20]2 N V14 2[(v1 — vo)sin 202
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By taking
03 = 0} = arctan |V2(r; — vy)sin(26)] , (S478)

then cos(f3 — 6)) = 1, thus we arrive at

som _ 2+ V1 +2[(v1 — v2) sin 202 _ 2+ V1+2C? L
’ 33 33 V3

Obviously, the relation Eq. (S461) is valid for the entangled state p’ with C > 0). This ends the proof. O

(S479)

Remark 19. However, the N-setting linear steering inequality is not powerful enough to detect all the rank-2 quantum
entangled states. For example, the all-versus-nothing (AVN) state which is given by

pavn = Vi Y1) (1] + va [1)2) (e], (5480)
with

[th1) = cos0]00) +sin 6 |11),
[th2) = cos0]10) +sinf|01), 6 € [0,7/2], (S481)

and whose concurrence is
C = |v1 — v|sin 26. (S482)

By using the approach of AVN proof of EPR steering (i.e., EPR steering without inequality), Ref. [3] has been
successfully proved that the state payn is steerable in all the entangled region (i.e., C > 0). However, the N-setting
linear steering inequality cannot be violated by the state payn for all the entangled region even we have increased the
measurement setting from N = 3 to N = 10. Due to this reason, it motivates us to find other more efficient steering
inequalities to detect the steerability of rank-2 quantum states. In the next subsection, to reach this purpose, we shall
present a novel state-dependent steering inequality.
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B. The State-Dependent Steering Inequality

The two-qubit density matrix p can be written as
p = PP+ Prepl + |+ ) (—h| @ M+ | —d)y(+h| @ M. (S483)

To detect the steerability of the state p, we adopt the approach of EPR steering inequality. In this work, we present
a state-dependent steering inequality, which is given by

(W) < Cras. (S484)
where CLys is the classical bound (i.e., the LHS bound), and
(W) = Tr(Wp) (S485)

is quantum expectation of the operator VW acting on p.
Explicitly, the operator W is a projector defined by

W = [+){+] ® |np)(n5], (S486)
with
1 .
|4+) = 7 (J[+7) + € |-n)), & € [0,2n]. (S487)
7 = (sin& cosT,sin€sin T, cos§), (S488)
l+a) = % 5= cos §|0> + sin & (1) (S489)
~ \sin % er) 2 2
—ay= (3 ) —sin€jo) = cos & ey ($490)
\—cossem) T2 2 ’
Here |+)(+] is the projective measurement of Alice, i.e.,
1
|+><+|:§(11+5-m), (5491)

whose measurement direction (denoted by ) is perpendicular to the 7 direction (i.e., m -7 = 0). For example, let
6 =0 and n = é,, then

1

[+7) = ﬁ(l@ + 1),
A= (o) —
|—-n) = ﬂ(|0> 1), (5492)
1 o o —
+) = 7 (I+7) + [=7)) = 10). (5493)
From
) (H =5 (1+5-2), (5494)

we know that the measurement direction corresponding to the projector |+)(+| is just m = é,, which is indeed
perpendicular to n = é,. For the general § # 0, the measurement direction m is a unit vector located in the yz-plane.
Similarly, |fig)(fip| is the projective measurement of Bob, with

6 05
lfup) = cos 73 |0) + sin 736@3 1) (S495)
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and the angles 05 and ¢p are free parameters. Explicitly, |iip)(fip| is expressed as

. - 1 (1+cosfp sinfpei¢z
I75) (| = 2 (sin Opei®s 1 —cosbp )’ (5496)
or
A 1 S
) (| = 5 (L+5-np), (S497)
with
fip = (sinfp cos ¢p,sinfp sin g, cosbp). (S498)
In this work, the classical bound Cpys is defined by
Crus = max {Tr[(|+)(+| ® [ip)(7B]) psep]} , (S499)
np
where
psep = Pyt @ py + P @ p + | + ) (—h| @ M + | — ) (+n| @ MT (S500)

represent the rank-2 (including rank-1 as a special case) separable states. From previous sections, we have known that,
under the local unitary transformations, for the separable states psep there always exists a measurement direction
7 = (sin & cos 7, sin € sin 7, cos €) for Alice such that the matrix M = M. Due to such a measurement direction 7 and
the projector defined by Eq. (S487), one can have the LHS bound as

“h o =h 16 —is

Cins = max [Tr (|ﬁ3><ﬁ3|p0 +pf et M e MT)] . (S501)
B 2

Note that C g depends on the state p, thus we call the presented steering inequality as a state-dependent steering

inequality. Besides, the expression of Cp g in Eq. (S501) also depends on the measurement parameters of Alice (such

as 1 and 0). In practical operation, we can choose appropriate measurement directions such that Crys is easy to

calculate. For example, we can choose

m
== — 2
6=3. (8502)

then we have
M+ e M =i (M- MT). (S503)

Remarkably, as we have proved in the previous sections, under the local unitary transformations, for any rank-2
quantum state psep, the necessary and sufficient condition for the separability is just M = M. Then the classical
bound can be simplified to

OLus = max [Tr <|ﬁ3><ﬁ3|p° ;rm)], (S504)
ie.,
1 R
Cins = 5max([Tr(jg)(Rslps)], (S505)
where
o5 = 5+ 7 (8506)

is the reduced state of Bob. Because pp is independent of the measurement direction 7, thus one may observe that
the expression of Cpyg in Eq. (S505) does not depend on the measurement direction 7.
By the way, we can also choose

™
=3, (S507)



then we have

M+ e M = -1 (M- M),
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(S508)

which yields the same Cpps. The physical meaning of Cpygs is simple, it is half of the maximal eigenvalue of pp, i.e.,

1 . R 1
Crus = ;max [Tr (|nB)(nBlpB)] = 3 Amax(pB)-

(S509)

In addition, for the convenience of calculation, we would like to list the matrix forms for the state vector |+) and

the projector |+)(+|, which read

1 R ; R
+) = (2 +e’ =)
1 .
= 7 |:<COS|O> +sin 2 3 1T|1>) (sin§|0> e’ cos§|1>)]
1 : ) .
= 7 Kcos 24— sin g 616) |0) + '™ (sing — cos ge‘5> 1>]
1 cos £ + sin 5 eld
A2\l sm cos%ei‘s) ’
] 1 (cos %Jr sin e9)(cos § $4sin & S eld)r cos gJrslng i9) el sing
i+ =35 . .
2 (cos%Jr sin%e“s) [e” (sin% — cos %e“s)} [ (smf coSs 3 e )} [ (smf
1 14 sin € cos § e iT {— (cos g) —i6 (sm 5) }
~— a9 . 2 2
2 e’ {— (cos %) e+ (sin%) e“‘s] 1—siné cosd
_ 1 1+ sin€ cosd e™\™ [~ cos d cos & + isind)
~ 2\ €7 [—cosdcos¢ —isind) 1—sin& cosd ’

Specially, for 6 = /2, we can have

1 .
+) = = (140) + €™/ |=a) ) = —= (j+7) +i|-))
V2 wff
and
1 1 e”iT
#0= 5 (e 7 )
which is -independent, thus simplifying the calculations. For § = —m/2, we can have
|+5:=;Lﬂ+ﬁ>+6*””|—ﬁ» 4*O+n%—ﬂ— )
V2 V2
and

1 1 —jei7
i / I -
e = 3 (e 7).

which is also &-independent.

(S510)

cos ge“s)}
eid)} *

N

— COS

(S511)

(S512)

(S513)

(S514)

(S515)

In the next section, we shall adopt the state-dependent steering inequality (S484) to study the steerability of the
rank-2 quantum states. As a result, we present a theorem on Einstein-Podolsky-Rosen steering, i.e., all the rank-2
(including rank-1 as a special case) two-qubit entangled states violate the state-dependent steering inequality, thus

possessing the EPR steerability.
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V. A THEOREM ON EINSTEIN-PODOLSKY-ROSEN STEERING

A. The Theorem

Our main result is the following theorem on Einstein-Podolsky-Rosen steering.

Theorem 1. For the two-qubit quantum state

p=vi|P1) (1] +v2 |1h2) (Yol (S516)
with
|th1) = cos#]00) +sin 6 |11),
|the) = cos p(cos a|01) + sin «r |10)) + e sin ¢(sin 0 ]00) — cos @ |11)), (S517)
and

0el0,7/2], ¢€l0,7/2], a€cl0,7/2], Be]l0,2n]
v €10,1], »el0,1, r+ra=1, (S518)

under the local unitary transformations, if p is entangled, then p must be steerable. Here p is generally a rank-2 mized
state, which reduces to the rank-1 pure state when one of the weights (V1 or v) becomes 1.

Our approach is the following state-dependent steering inequality
(W) < Crus. (S519)

To prove Theorem 1, we need to prove any entangled state p violates the steering inequality (S519). Let us denote
(W)ymax as the maximal value of quantum expectation. Mathematically, we only need to prove that for any concurrence
C > 0, we always have the following relation

WY S Crue, ¥ C > 0. (S520)

B. Proof of the Theorem

To prove the theorem, we need to calculate the classical bound Crus and the quantum expectation value (W).

Remark 20. Calculation of the Classical Bound. Based on Eqs. (S516) and Eqgs. (S517), one can have Bob’s reduced
density matrix as

_ vy cos? 6 + v sin? avcos? ¢ + vosin? @sin® ¢ o sin g cos @ (eiﬁ cos asin @ — e~ sin v cos 9) (S521)
PB = Vo sin ¢ cos ¢ (e‘iﬁ cos asin § — P sin o cos 9) vy sin? 0 + vy cos? o cos? ¢ + vy cos? 0 sin® 1)

There are two methods to calculate the classical bound. The first method is based on Eq. (S505), i.e.,

Cus = 5 max [T ([p) (i sl

B
1 1 (14 cosfp sinfpe i¢s
QH%an{Tr [2 <sin036i¢3 1—cosfp PB

1
= 1+73 n}ax{ Vg sin a cos @sin Op sin 2¢ cos(f — ¢p) + v cos asin O sin O sin 2¢ cos(B + ¢p)
p

—3 cos 2a cos O cos” ¢ + cos” B cos O (11 — vs sin? ¢) — 1 sin® 0 cos O + 1 sin® 0 cos O sin® ¢

1 1
=1 + 1 max{ — sinfp [cos pprs cos Bsin(a — 6) sin 2¢ + sin ¢ pre sin B sin(a + 0) sin 2¢] +
fAp

cosfp [_VQ cos 2a cos? ¢ + cos 20(11 — g sin? qb)] } (S522)
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Let us define the vector

—

F = (Fy, Py, F3) (S523)
with
Fy = —vycosSsin(a — ) sin 2¢,
F, = —vysinfBsin(a + 6) sin 2¢,
F3 = —vycos2acos® ¢ + cos20(vy — v sin? @). (S524)
We then have
1 1 R -
Cius = -+ -max(ng-F |, (S525)
4 4 np
with
fip = (sinfp cos ¢p,sinfp sin ¢, cosbp). (S526)
Thus
Cins = =+ 2| (S527)
Lus = 7+ 7 1F].

Here the maximal value of (g - F) occurs when the vectors g and F are parallel.
The second method is based on Eq. (S509). We can rewritten the density matrix pp in its Bloch form, i.e.,

pB:%<n+5~ﬁ), (S528)

where F' represents the Bloch vector. It is easy to know that two eigenvalues of pp are (14 |F|)/2 and (1 — |F)|)/2,
respectively. Thus one immediately has

1 1 1 5
= S Amax == — . 2
CLus 2)\ (pB) 1t 4\ \ (5529)
|

Now, let us come to prove the theorem.

Proof. To prove the theorem, we choose two kinds of the projector |+)(+|. The first one (still denoted by |+)(+| for
convenience) is obtained from |+)(+| by letting § = +m/2, and the second one (denoted by |+')(+’|) is obtained from
|+)(+| by letting § = —7/2. Obviously, these two choices lead to the same classical bound Crps as shown in Eq.
(S527). Accordingly, the two corresponding quantum expectations are as follows

W™ = max Tr(|4)(+] @ |25) (s o],
W™ = maxTr[(+) (+'| ® [25) (As]) o] (S530)
We shall prove that at least one of them can exceed the classical bound when the state p is entangled, i.e.,
max[(WV)1", W)y = Crns, (S531)

here the equal sign occurs only when the state p is separable. Explicitly, we have

Whn = i + i {va [cos(a — ) cos Tsin 8 — cos S cos(a + 0) sin 7] sin 26 }

1
—1—1 cosfp | — vy cos 2a cos? ¢ 4 cos 20 (V1 — vy sin? (Z))
“+vo [—sin S cos(a + 0) cos T + cos 8 cos(a — ) sin 7] sin 2¢
1
—1—1 sinfp sin ¢ {cos T [—1/2 cos? ¢ sin 2ac + sin 26 (1/1 — vy sin? gf))] — o sin Bsin(a + 6) sin 2gz5}

—1—3 sinfp cos ¢ {sinT [VQ cos? ¢ sin 2ac + sin 26 (1/1 — vy sin? d))] — o cos Bsin(a — 6) sin 2(;5} . (S532)
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11 {va [cos(a — B) cos Tsin B — cos B cos(a + 6) sin 7] sin 26}
+Z cosOp | — vy cos 2 cos? ¢ + cos 20 (1/1 — vy sin? ¢)

—vy [—sin B cos(a + ) cos T + cos B cos(a — @) sin 7] sin 2¢

1
+Z sinfp sin ¢p {f COST [71/2 cos? ¢ sin 2o 4 sin 20 (u1 — vy sin? ¢)] — g sin Bsin(a + 0) sin 2¢}

+i sinfp cos ¢ {f sin T [1/2 cos? ¢ sin 2a + sin 260 (Vl — vy sin? qb)} — vy cos Bsin(a — 6) sin 2¢} .

Let

Hy = vo [cos(a — 6) cos 7sin B — cos 3 cos(a + 6) sin 7] sin 2¢,
and

H = (Hy, Hy, Hy),

with

H; = sinT [1/2 cos? ¢ sin 2a + sin 26 (Vl — vy sin? ¢)] ,

Hy = cosTt [71/2 cos? ¢ sin 2a + sin 26 (I/1 — vy sin? gb)] ,

H; = vy [—sinfcos(a+ ) cosT + cos 5 cos(a — ) sin 7] sin 2¢.

Thus, the quantum expectations are

1 1 1 S
WH = 1 + ZHO + Z(sinOB cos ¢p,sinfpsingp,coslp) - (F + H)
1 1 1 S o
:Z+Zm+zpmmF+Hﬂ,
1 1 1. , . L
W)2 = i ZHO + Z(smHB cos ¢p,sinfpsin¢p,cosfp) - (F — H)
1 1 17, S,
= 1o+ g[e PR
Then we have
1 1 1= =
"=+ -Hy+-|F+H
<W>1 4 + 4 o+ 4| + |a
here the maximum occurs when the vectors fip and (ﬁ +H ) are parallel. Similarly,
1 1 1= =
N =—- —-Hy+-|F—-H
<W>2 4 4 o+ 4| |a

the maximum occurs when the vectors g and (ﬁ —H ) are parallel.
Based on Egs. (S539) and (S540), we can have

sl
|
st

WP 4+ Vg =

+
s
_|_
]
_|_
My
|

N O e N e
+
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(S533)

(S534)

(S535)

(S536)

(S537)

(S538)

(S539)

(S540)

(S541)
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which implies that at least one of {(W)»* (W)5@*} is equal to or larger than the classical bound Cpus (for example,
(W)Pax > Crpus). To complete the proof, we need to further show that any entangle state cannot reach the equality.
In other words, we only need to prove that reaching the equality must lead to a separable state.

To reach the equality, i.e.,

)T+ (W)™ = 2CLns, (S542)
one needs
H=FkF, [k <1 (S543)
Besides, because
W)™ = 14 LHo+ N (S544)
W)g™ = 1 — tHo+ — 2 IF, (5545)
we still need
Hy + k|F| = 0. (S546)
Due to Eq. (S543), we have
|Ho| = |H]. (S547)

Let’s check all possible cases. From previous sections, we have known that the condition M = MT is equivalent to
the following conditions

Ve sinasin@sin(8 + 7) sin2¢ = 0, (S548a)
Vg cos acos Bsin( — 1) sin 2¢ = 0, (S548b)

vy cos? ¢sin 2 — €27 (v — vy sin? ¢) sin 20 = 0. (S548c)

For the rank-2 state p, when sin 2¢ # 0, we have known that 7 € {8, —(}; and when sin2¢ = 0, we have known that
7 = 0. Thus we need to analysis two possible cases: 1. 7 € {8, -0} (For sin2¢ # 0); 2. 7 =0 (For sin2¢ = 0).

Case 1.— 1 € {8,—F} (For sin2¢ # 0).
Recall that

Fy = —vycosBsin(a — 0)sin 2¢,

F, = —vysinSsin(a + 0) sin 2¢,

F3 = —uyco82acos? ¢+ cos20(v) — v sin? @), (S549)
Hy = vy cos(a — 0) cosTsin 5 — cos B cos(a + 6) sin 7] sin 2¢, (S550)

H, = sinT [1/2 cos? ¢ sin 2a + sin 26 (u1 — vy sin? ¢)] ,
Hy = cosTt [71/2 cos? ¢ sin 2a + sin 26 (1/1 — vy sin? gf))] ,
H; = vy [—sinfcos(a+ 0) cosT + cos 5 cos(a — ) sin 7] sin 2¢, (S551)
For 7 = 8 or 7 = —f3, we always have
[Ho| = [Hs3|. (S552)

Because

|Ho| = |H], (5553)
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we then have

Hy =0, Hy=0, (Sh54)
ie.,
H = (Hy, Ha, H3) = (0,0, Hs). (S555)
Because
H=kF, k<1, (S556)
thus
F = (Fy, Fy, F3) = (0,0, F3), (S557)
ie.,
Fi =0, F,=0. (S558)
Based on
F, = —vycosBsin(a —0)sin2¢ =0,
Fy, = —vysinfBsin(a+ 6)sin2¢ = 0,
H, = sinTt [ug cos? ¢ sin 2o 4 sin 20 (1/1 — vy sin? gb)] =0,
Hy, = cosTt [—VQ cos? ¢ sin 2ac + sin 260 (Vl — vy sin? qb)] =0, (S559)

we can easily determine that the corresponding state is separable.

Let us take 7 = 8 as an example. For the case of 7 = —f, the result is similar.

Ezample 1.—The case of 11 =1 and v5 = 0. In this case, the state p = [¢)1){(¢1] is a rank-1 pure state. From Eq.
(S559) we have

sin 26 = 0. (S560)

In this situation, |¢)1) = |00) or |11}, thus p is obviously separable.
Ezample 2.—The case of v # 0 and v # 0. From Eq. (S559) we have

Fy = —vycosfBsin(a —0)sin2¢ =0,

Fy = —wysinfBsin(a+ 0)sin2¢ =0,

H, = sinp [1/2 cos? ¢ sin 20 4 sin 260 (I/1 — vy sin® gb)] =0,

Hy = cosfs [—1/2 cos? ¢ sin 2ac + sin 26 (1/1 — vy sin? ¢)] =0, (S561)

(i) If sin 8 = 0 or cos § = 0. Let us take sin 5 = 0 as an example. For cos § = 0, the result is similar.
When sin 8 = 0, Eq. (S561) becomes

Fiy = —vycosfBsin(a — 6)sin2¢ = 0,
Hy = cosf[-vs cos? ¢ sin 20 4 sin 260 (v1 — vy sin? ¢)] =0, (S562)

Because cos 8 # 0, vo # 0 and sin2¢ # 0, we then have
a=90, (v — 12)8in26 = 0. (S563)

In this situation, one can verify that the concurrence of the state p is C = |(v1 — v2) sin 20|, thus the state is separable.
(ii) If sin 8 # 0 and cos § # 0. Because vy # 0 and sin 2¢ # 0, from Eq. (S561) we have

sin(ae — 6) =0,
sin(a 4 6) =0,
vy cos® ¢ sin 20 + sin 26 (yl — vy sin? (b) =0,

—y cos® ¢ sin 2ar + sin 20 (V1 — vy sin® (;5) =0, (S564)
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which yields
a=20, sin 26 = 0. (S565)
In this situation, the state is separable. Thus only the separable states can reach the equality condition.

Case 2.— 7 =0 (For sin2¢ = 0).
For 7 = 0 and sin 2¢ = 0, we can have

Fy = —vycosfsin(a — 0)sin2¢ = 0,
F, = —uysinfsin(a+ 0)sin2¢ = 0,
F3 = —vyco82acos? ¢+ cos20(v) — v sin? @), (S566)
Hy = wocos(ar — 0) cos7sin 8 — cos B cos(a + 0) sin 7] sin2¢ = 0, (S567)
H, = sinTt [1/2 cos? ¢ sin 2a + sin 26 (1/1 — vy sin? qb)] =0,
Hs = cost [_VQ cos? ¢ sin 2ac + sin 26 (1/1 — vy sin? (/))] ,
Hs = vy [—sinfcos(a + 0)cosT + cos S cos(ow — 6) sin 7] sin2¢ = 0, (S568)
Because
|Ho| = |H| =0, (S569)
then we have H = (0,0,0), thus
Hy = cosT [_VQ cos? ¢ sin 2ac + sin 260 (ul — vy sin? (b)] =0. (S570)

Note that when H = (0,0,0), one automatically has H = kF with k = 0. From Eq. (S570) we have
—vysin 20 cos? ¢ + sin 20(vy — v sin® @) = 0. (S571)
(i) If ¢ =0, we have
—vy sin 2 + sin 260y = 0. (S572)

In this situation, the concurrence of the state p is C = |vo sin 2« — sin 20y, | = 0, thus the state p is separable.
(ii) If ¢ = w/2, we have

(1 —v2)sin26 = 0. (S573)

In this situation, the concurrence of the state p is C = |(v1 — v2) sin 26| = 0, thus the state p is separable. Thus only
the separable states can reach the equality condition.
This ends the proof. O
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VI. SOME EXAMPLES

In this section, we would like to provide some examples. Notice that the parameter ¢ € [0, 7/2], thus we can provide
examples for these three cases: 1. ¢ =0; 2. ¢ =x/2; and 3. 0 < ¢ < 7/2.

1. ¢=0

Ezxample 1.— In this situation, the state p is given by

p=v1[Yr) (1] + v [vh2) (2l (S574)

where

1)
|h2)

where 0 € [0,7/2], « € [0,7/2]. Note that the state p does not contain the parameter 3.
The concurrence of the state p is given by

cos 0 |00) +sinf|11),
cosa |01) + sin|10) (S575)

C = |vgsin 2a0 — vy 8in 20)] . (S576)

In Sec. IIIB we have known if Alice chooses her measurement parameter 7 = 0 (i.e., sinT = 0, and ¢ is arbitrary),
then one has M = M for separable states. In this situation, Alice’s measurement direction is given by

7= (sincosT,sin€sinT, cos) = (sin&, 0, cos§). (S577)

Now, we come to prove that the state p will violated the state-dependent steering inequality if it is entangled. We
can adopt the following the measurement parameters

T 7r
7_07 6_57 5_57 (8578)
then we have
7 = (sin& cos 7, sin ¢ sin 7, cos &) = (1,0,0) = é,, (S579)
N3
[ cos5 \_ & R
|[+7n) = (sinée”) = C082|0> +singe 1) = 7 (10) +11)), (S580)
n € ¢ ¢ 1
sin
—n) = . =sin =>|0) — 2e1) = — — 1 1
i) = (g ) = s §l0) —cos§ ) = 2 (o) = ). (s581)
A1 Yoy e L 14 cos€ singem ™\ 1 (11
P} = 2(]1+a-n)—|+n><+n—2<Sm£eiT 1_COS,5> —2<1 1)’ (8582)
a1 Yoy v, a1 [1—cos¢ —singe ™\ _1/1 -1
Pf =g =g = -an-al =3 (Lot e ) = (), (583)

1 . .
vy cos? 0 cos? (%) + vy sin? asin® (%) Ze‘” (ug sin 2a 4 €27y sin 29) sin &

Po = i i 2 2
Ze*” (621TV2 sin 2« + vg sin 29) siné vy cos? o cos? (%) + vq sin” O sin (%)
1
1 vicos20 + vesin?a = (va sin 2a + vy sin 26)
= -, 2 , (S584)

3 (vosin2a + v sin26)  vocos? a+ vy sin® 6
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1 . .
B Vg cOs? (%) sin? a + v cos? 0 sin? (%) —Ze*” (1/2 sin 2« + €217y sin 29) sin &
pT = 1
——e7 ' (e*Try sin 2a + vy sin 20) sin € vq cos? (%) sin? 6 + v cos? a sin? (g)
1
1 V1 cos2 0 + vy sin® a —— (Vo sin 2« + 14 sin 260)
_ 2 , (S585)
2 ) (v sin 2 + v sin 26) V5 cos? o + vy sin? 0
5= (1 cos? 0 + vy sin® o 0 (S586)
PB=Po TP 1= 0 vy sin? 6 + vy cos? a
Based on the above results, we can have the classical bound as
1 A
Crus = 5 max [Tr(lng)(hslpB)]
np
1 1 /1+cosfp sinfge=i¢B v1 cos2 0 + s sin® a 0
D) n%an [Tr [2 <sin Opei®s 1 — cosfp 0 V1 sin? 0 + Vo cos? a
1
= mex [(1+ cosOp)(v1 cos® 0 + vosin® ) 4 (1 — cosOp) (v sin® @ + 15 cos® o)
nB
1
= —max [l + (v1 cos20 — v, cos 2a) cos O]
nB
_ 14+ |y COS29—U2COSQO&|. ($587)
4
The quantum expectation is given by (we take (WW); as (W) and the parameter 7 = 0)
W) = Tr[(|+)(+| @ [np)(sl)pl, (S588)
ie.,
1 14+ siné cosd e 7 [~ cosd cos € + isin d] 1+cosfp sinfpe '¢s
W) = 4Tr{ [( el™ [~ cos§ cos & — isin d] 1—sin&cosd © \sinfpeos 11— costp ) |° (5589)
ie.,
1 1 1 ie7iT 1+ cosfp sinfpe %5
W) = 4’H{ [2 < —iel™ 1 ) ® (sin@Bei¢B 1 —cosfp P
1 1 /1 i 1+ cosfp sinfpei¢B
- 4Tr{ [2 < —-i1 ) ® (sin936i¢3 1—cosby /|”
(S590)
with
vy cos? 6 0 0 vy sin 6 cos @
_ 0 vocos?a  vesinacosa 0
P= 0 vasinacosa  vosin® a 0 (8591)
vy sin 6 cos 6 0 0 1 sin? 0
After direct calculation, we obtain
1 1 . . . .
W) = 1 + 7] o8 05 (11 cos 20 — vacos 2a) + sinOp (v sin 20 — vosin 2a) sin ¢ | . (S592)
By taking singp =1 (i.e., ¢p = 7/2), we have
1 1 . . .
W) = 1 + 1 cos 0 (v1 cos 20 — vocos 2a) + sin O (v sin 20 — vesin 2ar)
1 1 2 . . 2
< 1 + 1 (1 cos 20 — vocos 2a)” + (11 8in 20 — vasin 2a)”, (S593)



67

the equal sign occurs at

V1 8in 20 — vesin 2a

tanfp = . S594
anvn V1 cos 20 — vycos 2a ( )
Thus
max 1 1 2 . . 2
4% =1 + Z\/(1/1 cos 26 — vacos 2a)” + (v sin 20 — vasin 2ar)
1+ \/(1/1 €08 20 — vyc08 2a)* 4 (11 sin 20 — vosin 2a)°
B 4
1+ \/|1/1 c0s 20 — vycos 2al? + C2
- . (S595)

4

By comparing the classical bound Crpg in Eq. (S587) and the maximal quantum expectation (W)™2* in Eq. (S595),
one easily proves the relation (S520). It ends the proof for this case.

Remark 21. For 8 = 7/4, one has cos 20 = 0, thus the classical bound as

1 32
Cras = w» (8596)

and the maximal quantum expectation as

1+44/|racos2a)” +C2 14 \/|1/2 cos 20|” + (11 — vo sin 2a)2
(wymax = = (S597)

4 4

Obviously, the relation (S520) is valid. Specially, when « = 7/4, then both [11) and |¢)2) are maximally entangled
states, and we have

1 — 1
(ymas + |1 — vy > CLis = - (S598)
4 4
for any vy — vy # 0 (i.e., the concurrence C # 0). B
Remark 22. By letting v5 = 0, then one has v;1 = 1. The above quantum state p reduce a rank-1 pure state

p = |11)(¢1]|. Actually, the above proof is also valid for the rank-1 pure state. H

Remark 23. One may note that, (W) and (W)5®* are the same when Hy = 0 and F 1 H. In this situation, we
have |H|?> = C2. By the way, for this quantum state p, the classical bound can be written as

1+ |vp cos20 — vy cos2al 1+ |F| B 14+ VE?
= = VR

C = 5599
LHS 1 1 ( )
where F is the Bloch vector of the state pp. Similarly, the quantum expectation can be written as
1+ VF2 42
<W>max _ + . + . (8600)
|
2. ¢=m/2
Ezample 2.— In this situation, the state p is given by
p =1 |1) (P1] + v2 [1h2) (2l (S601)

where

[¢1) cos 6 |00) + sin 6 [11) ,
lo) = € (sinf|00) — cosf|11)), (S602)
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where 0 € [0,7/2], a € [0,7/2]. Note that [1hy) contains the phase factor e, but |¢2) (12| does not contain the
parameter 3, thus the global phase e!? is trivial and can be ignored.
The concurrence of the state p is given by

C = |(v1 — o) sin26|.

(S603)

Now, we come to verify that this specific state p will violated the state-dependent steering inequality if it is entangled.
In Sec. III B we have known for any measurement parameter £ and 7 (i.e., £ and 7 can be arbitrary), one can have
M = M for separable states (for simplicity, one can choose 7 = 0). In this situation, Alice’s measurement direction

is given by

7 = (sin& cos T, sin € sin 7, cos §).

For convenience, we can adopt the following the measurement parameters

then we obtain

™

TZO) £:g7 (5:57

7 = (sin€ cos 7, sin ¢ sin 7, cos &) = (1,0,0) = é,,

£ .
) = (o022, ) = con 100 +sin Sl = 5 (0) + ).
R in§ . " 1
=)= (L2 ) = sin§i0) —cos el = 5 (o) - .

2 \ sinée’™ 1 —cosé

a1 Yoy ey a1 [1—cosé —sin€e T\ 1/1
Pl =gt=g iy ==l =g (L gret T ) - 5 (

1 (v1cos?0 + vosin? 0 (v — 1) sinf cos
(v1 —v9)sinfcosf 1y sin? 0 + vy cos?26 )’

1 ( vy cos2 0 + o sin’ 0 —(v1 — o) sinf cos 9)

2 \—(v; — o) sinfcosf vysin? 6 + vy cos? f
_ 5= (1 cos? 0 + vy sin” 0 0
PB=Po TP 1= 0 vy sin 0 + vy cos?6)

Based on the above results, we can have the classical bound as

Crus

_ %%%XURQﬁBMﬁBmBﬂ

1 {Tr [1 <1 + cosfp sin QBe_id)B) (1/1 cos? 0 + v sin? @

= —max . ;
2 Ap sinfge'®s 1 — cosfp

2

1
= —max [(1 4 cosfp) (v cos® O + vasin® 0) + (1 — cos O) (1 sin® 0 + v cos® 0)]

4 np
1
7 hax [1+ (11 — v2) cos 26 cos O]
np
1+ |(v1 — v2) cos 26|
1 .

(145 7)= +ﬁwwl:1<1+mﬁ‘m@6”>:;(11

0

0 vy sin? 0 + vy cos? 0

)

(S604)

(S605)

(S606)

(S607)

(S608)

(S609)

(S610)

(S611)

(S612)

(S613)

(S614)
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The quantum expectation is given by (we take (W) as (W) and the parameter 7 = 0)

W) = Te[(|H) (+| @ |2) (ns])pl, (S615)
ie.,
1 14+sin€ cosd e™I™ [~ cos § cos & + isin d] 1+ cosflp sinfge i¢s
W) = 4’1&{(( el™ [~ cosd cos & — isin d) 1—sin{cosé © sinfpei®s 1 —cosbp ) ) (8616)
ie.,
1 1/1 i 1+ cosfp sinfge 95
W) = 4Tr[(2 ( —i1 > ® <sin936i¢5 1—cosfg ) )P
(S617)
with
v1 0820 + vysin?6 0 0 (v1 — o) sinf cos b
0 00 0
P= 0 00 0 (5618)
(1 — o) sinfcos® 0 0 vysin? 6 + vocos? O
After direct calculation, we obtain
1 1
Wy = 1 + 1 {cos Op[(v1 — v2) cos20] + sinOp[(v1 — v2) sin 26] sin qﬁB] . (S619)
By taking sin¢pp = 1, we have
1 1
W) = 1 4[ cos Op[(v1 — v2) cos 20] + sin O [(v1 — v2) sin 29]]
1 1
< i Z\/ V1 — vg) cos 20)2 + [(v1 — v2) sin 26]2, (5620)
the equal sign occurs at
tanfp = :g;zg = tan 26. (S621)
Thus
1 1 -
(W)ymax — Y Z\/[(Vl — vg) 08 260]2 + [(v1 — v2) sin 262
1 1
=5+ Z\/[(yl — vg) cos 20]2 4 C2. (S5622)

By comparing the classical bound Cpyugs in Eq. (S614) and the maximal quantum expectation (W)™** in Eq. (S622),
one easily proves the relation (S520).

Remark 24. For 8 = /4, one has cos 20 = 0, thus the classical bound as
1

Crus = T (S623)
and the maximal quantum expectation as
1 _
(yymax — 2F = bel |V31 il (5624)
Obviously, the relation (S520) is valid for any 11 — v5 # 0 (i.e., the concurrence C = |v; — 12| > 0). B
Remark 25. By the way, for the quantum state p, the classical bound can be written as
14 |(1 —1)cos20| 1+ |F| 14 VF?
Crus = = = , (S625)
4 4 4
where F is the Bloch vector of the state pp- Similarly, the quantum expectation can be written as
1+ VF? 42
(wymax — %. (S626)
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3. 0<op<m/2

3.1. The Case of cosf =0

In this situation, the state p is given by
p=v1[Y1) (V1] + v [vh2) (2l (S627)
where

1) = cos#]00) + sinf[11),
[42) = cosp(cosa|01) + sina [10)) + ¢ sin @(sin 6 [00) — cos 6 [11)), (S628)

with 8 = 7/2, ¥ =i, 0 € [0,7/2], and a € [0, 7/2]. For simplicity, in the following we have taken 8 = 7/2 as example
(for the case of 8 = 37/2, it will yield the similar result).

The concurrence of the state p is given by
C = \/—s2—2¢/s1, (S629)

with

1
S2 §V§ sin 2a sin 20 sin? 2¢ — V2 sin® 2a cos® ¢ — sin? 20 (V12 + vZsin* ¢) — 2111, cos? 20 sin? ¢,

1
s1 = EV%US (— sin 2arsin 260 sin® 2¢ 4 2 sin® 2asin® 26 cos” ¢ + 2 sin? ). (S630)

In the following, we would like to study the problem by two different cases: sin2a = 0 and sin 2a > 0.
Ezample 3.— Let us consider a simple case of sin 2o = 0 with o = 0 (for a = 7/2, the result is similar). In this
situation, the state p is given by

p=v1|Y1) (1] + v [v2) (2l (S631)
where

[t1) = cos@|00) +sinf|11),
|the) = cos¢|01) + e sin ¢(sin 0 ]00) — cos @ |11)), (S632)

with 8 =7/2, e =i, § € [0,7/2]. Actually, in this case, the concurrence of the state p is equal to

C = \/—52—2\/52\/sin220>< [Vl—ygsin2¢]2: |(1/1—1/2sin2¢) sin29|

= |v1 — vy sin® ¢|sin 26. (5633)

In Sec. IIIB we have known that for the measurement parameters 7 = § = 7/2 and ¢ is arbitrary, one can have
M = M for separable states. In this situation, Alice’s measurement direction is given by

7 = (sin€ cos7,sin € sin 7, cos &) = (0,sin&, cos§). (S634)

For convenience, we can adopt the following the measurement parameters

™ ™ ™
T=F=3, 5—5,575, (S635)
then we obtain
= (sincosT,sin&sinr,cos&) = (0,sin&,cos§) = (0,1,0) = &, (S636)
g
[ cos5 \_ & R .
|[+7) = (sin%e”) = cos 2|O> + sin 5 ¢ 1) = 5 (10) +1i|1)), (S637)
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in &
|—7) = (_:;:gzeh) zsin§\0> —cosge”u) = % (10) —1i]1)), (5638)
X 1 1 in e~ i7 1 —i
P = qsaa =+l = g (et e - (1), (5630)
| 1 - —sinée 7 1 i
r=ga-am=-men=g (L ) =3 (5 ) 5040

v sin? avcos? ¢ + vy cos? 0 + vasin® Osin? ¢ vy sin ¢ cos ¢ (eiﬂ cosasinf — e~ sin v cos 9)
B = . i . i3 . . .
P vosingcos ¢ (e ¥ cosasing — e sinavcosf) v cos? acos? ¢ + vy sin® 0 + v cos? Osin® ¢
Rz sin® avcos® ¢ + vy cos? 0 + vosin® Osin? ¢ i1y sin @ cos @ (cos asin @ + sin v cos ) (S641)
—i vy sin ¢ cos ¢ (cos asin @ + sinacos @) vy cos? acos? ¢ + vy sin® 0 + vy cos? fsin® ¢ |

We can have the classical bound as

1 . .
Crus = imaX[Tr(‘nB><nB|pB)]
np
1 1 /14 cosfp sinfge i®B
2 H%aBX{Tr {2 (sin Ope'®® 1 —cosfp

vysin? avcos? ¢ + vy cos? @ + vy sin® fsin® ¢ g sin ¢ cos ¢ (cos asin 6 + sin avcos §)
X . . . . 2 2 .2 2 .92
—ivgsingcos ¢ (cosasinb + sinacosf)  vg cos® acos® ¢ + v sin® 6 + v cos® 0sin” ¢

=1 + 1 max[ — Vo sinacosfsinfp sin 2¢ sin ¢ g — 15 cos asin @ sin g sin 2¢ sin ¢
nB
— 15 cos 2a cos O cos® ¢ + cos? 0 cos O (1/1 — vy sin? gb) — vy sin? 0 cos O + vo sin? 0 cos O sin? gb] (S642)
By taking sin ¢ = —1, we have
4 4 np

1
Crus = -+~ max{ sin 05 (v2 sin a cos 0 sin 2¢ + v5 cos asin 6 sin 2¢)

+cosfp [—1/2 cos 2a cos? ¢ + cos? (V1 — vy sin? gb) — vy sin? 0 + v sin? O sin? d)] }

1 1
= + 1 max{ sin O [ve sin(a + 0) sin 2¢] 4 cosOp I:*VQ cos 2 cos? ¢ + 1 cos 20 — vy cos 20 sin® gb] }
Ap
11 . . . 9 o
=1 + 1 max< sinfp [vg sin(a + 0) sin 2¢| + cosfp [—1/2 cos 2 cos” ¢ + cos 260(vy — ve sin ¢)}
np
1 1
< 1 + Z\/[yg sin(a + 6) sin 2¢]2 + [—v2 cos 2a cos? ¢ + cos 20(vy — v sin? )] 2, (S643)

the equal sign occurs at

vo sin(a + 6) sin 2¢

tanfp = . S644
B Uy cos 2a cos? ¢ + cos 20(vy — vasin” @) ( )
Because sin 2a = 0 with a = 0, we have the classical bound as
1 1
Crus = 1 + i \/(V2 sin 0sin 2¢)2 + [—vs cos? ¢ + cos 20(v; — v sin® ¢)] %, (5645)

Accordingly, the quantum expectation is given by (we take (W); as (W) and the parameter 7 = = 7/2)
W) = Te[([+)(+| @ [aB) (2s)p), (5646)
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ie.,

. 7i7— _ . . . 7i¢B
Tr{((eh[ 1+ siné cosd e 7| COS§COS§+1Sln5])®(1+00503 sinfpe ))p]

—cosdcosé —isind] 1—siné cosd sinfge'?? 1 — cosfp

11 1 +cosfp sinfpe '¢5
ﬁ[<<1 1)®<§n&wa 1—C%93)>4’ (S647)

I B N

with

voe 1P cos a sin 0 sin ¢ cos ¢ vg cos? a cos? ¢ v sin o cos a cos? ¢ —vpe 1B cos a cos 0 sin ¢ cos ¢

i

sin a cos 0 sin ¢ cos ¢

vq cos? 6 + vy sin? 6 sin? ¢ voelf cos a sin 0 sin ¢ cos ¢ voelP sin a sin 0 sin ¢ cos ¢ v sin 0 cos & — vg sin 0 cos 0 sin? ¢
p = voe—iB g . . : 2 in2 2 -
se sin a sin 0 sin ¢ cos ¢ vg sin a cos a cos? ¢ vy sin? a cos? ¢ —vge

| ¥1 sin 6 cos 6 — vg sin 6 cos 6 sin2 ] 7U2€i[3 cos a cos 6 sin ¢ cos ¢ —Vzeiﬁ sin a cos 6 sin ¢ cos ¢ vy sin2 6 + vo cos? 0 sin2 ]

vy cos2 0 + vy sin® 0sin? ¢ woisin@singcosd 0 vqsinfcosb — vy sin b cosfsin? ¢
s . . 2 . .
_ ivg sin 0 sin ¢ cos ¢ Vg COS” ¢ ivg cos 0 sin ¢ cos ¢ (S648)
0 0 0 0
| v18in6 cosf — v sin 6 cos sin? ¢ —ivp cosfsingcosd 0 vy sin? 0 4 vy cos? O sin? ¢

After direct calculation, we can have

1 1
W) = 1 + 1| cos O (v1cos20 — vy sin® 0 cos 2¢ — vp cos® ) + sin O cos pp[sin 20(v1 — vo sin® @)

—sinfp sin ¢ g (v sin §sin 2¢) | . (S649)
Because
11 cos 20 — vy sin? 6 cos 20 — vy cos?0 = v cos20 — vy cos? ¢ — vy cos 20 sin? 10}
= —vyco8® ¢+ cos 20(v) — vy sin? @), (S650)
then we have
1 1 9 . 9 . . . 9
W) = 1 + 7| cos 0 [—Vg cos” ¢ + cos 20(vy — vosin qb)] + sin @ p cos ¢ p[sin 20(v1 — v sin® ¢)]

—sin 0p sin ¢ (v, sin 0 sin 2¢)

1 1
< -+ 1 \/[—ug cos? ¢ + cos 20(vy — v sin® ¢)] 24 [sin 20(v; — vy sin® @))% + (v2sin@sin2¢)2,  (S651)

the equal sign occurs at

Vg sin 0 sin 2¢

sin 20(vy — vo sin? ¢)’
\/[sin 20(v1 — va sin? ¢)]2 + (v sin 0 sin 2¢)2

—vg cos2 ¢ + cos 20(vy — vy sin® ?)

tangi)B = —

(S652)

tanfp =

?

and the maximal value is obtained due to the relation (cosfp)? + (sinfp cos ¢)? + (sinfp sin )% = 1. Thus

(Wymax = % + i\/[—l@ cos2 ¢ + cos 20(vy — v sin® ¢)] g (v sin@sin2¢)2 + C2. (S653)

By comparing the classical bound Cppg in Eq. (S645) and the maximal quantum expectation (W)™2* in Eq. (S653),
one easily proves the relation (5520).

Ezample 4.— Let us consider the case of sin2a > 0, which satisfies the condition sin? ¢) — sin 2a:sin 20 cos? ¢ > 0.
In this case, the square of concurrence of the state p is equal to

C2 = —82 — 2\/5 = G1 - GQ, (8654)
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with
1
G, = —s9 = —51/% sin 2« sin 26 sin? 2¢ + 1/22 sin? 2a cos® o+ sin? 260 (1/12 + VS sin® ¢>) + 2u1 5 cos? 20 sin® 10}

= —2v2sin 2arsin 20 sin® ¢ cos® ¢ + v2 sin” 2a cos® ¢ + sin? 26 (Vf + vZsin? (b) + 21115 cos? 20 sin? ¢

V3 (cos® ¢sin 2a — sin 26 sin® ¢)2 + 2u1 v cos? 260 sin? ¢ 4 17 sin? 26, (S655)

1
Gy = 2¢/51 = 4/4 x §V121/2 (— sin 2arsin 20 sin® 2¢ + 2 sin® 2asin® 260 cos? ¢ + 2sin’ ¢)

\/ 90212 (—4sin 20sin 20 sin® ¢ cos? ¢ + 2sin? 2arsin? 20 cost ¢ + 2sin’ )

_ \/ 4202 (—2sin 20 sin 20 sin? ¢ cos? ¢ + sin? 2a sin? 20 cos* ¢ + sin? ¢)

= \/4yf1/22 (sin® ¢ — sin 2arsin 26 cos? ¢)2
= 21115 (sin® ¢ — sin 2arsin 260 cos® ¢) > 0. (S656)

Then we have

c? {1/22 (0052 $sin 2a — sin 26 sin® ¢)2 + 2v1 15 cos? 20 sin? ¢ + v sin? 29} — 2111, (sin2 ¢ — sin 2asin 26 cos? (b)
= V2 (cos2 ¢ sin 2a — sin 26 sin® (;5)2 + 21119 (— sin? 26 sin? ¢ + sin 2cvsin 26 cos? ¢>) + v2sin” 260
= vl (cos2 $sin 2a — sin 26 sin? ¢)2 + 2(v1 sin 20)v, (—sin 20 sin? ¢ + sin 2a cos? o) + v? sin? 20
= 3 (sin2a cos? ¢ — sin 26 sin? ¢)2 + 2(v1 sin 20)v; (sin 20 cos? ¢ — sin 26 sin® o) + visin? 20

2

= [v2 (sin2a cos® ¢ — sin 260 sin” ¢) + 1 sin 26 (S657)

In Sec. IIIB we have known that for the measurement parameters 7 = § = 7/2 and ¢ is arbitrary, one can have
M = M for separable states. In this situation, Alice’s measurement direction is given by

7 = (sin€ cos 7, sin € sin 7, cos &) = (0,sin &, cos§). (S658)

For convenience, we can adopt the following the measurement parameters

T 71' 71'
_g_" . §== S659
T /8 2 ) g 2 9 2 9 ( )
then similarly we obtain the classical bound as
11 . . . . . . . .
CrLus = y + 7 ax [ — vosina cosfsinfp sin 2¢ sin ¢ — v cos asin 6 sin O sin 2¢ sin ¢
ne

—15 cos 2ac cos O cos? ¢ + cos? 0 cos O (V1 — vy sin? ng) — vy sin? 0 cos O + vo sin? 6 cos O sin? qﬁ}

1
=7 + 1 max{ sin fp (V2 sin v cos 6 sin 2¢ + V5 cos e sin 0 sin 2¢)
np

+cosfp [—1/2 cos 2a cos? o+ cos? 0 (V1 — vy sin? (;5) — vy sin? 0 + v sin? O sin® (;S] }

1 1
=1 + 1 max{ sin 0 [ve sin(a + 6) sin 2¢] + cosfp [—ug cos 2a cos? ¢ + 11 cos 20 — v, cos 20 sin® (b] }
Ap
11 . . . 2 .2
=1 + 7 axy sin 05 [v2 sin(a + 6) sin 2¢] + cos O [~ cos 2a cos® ¢ + cos 20(vy — vosin® @)
g
1 1 . . ) 2
< it Z\/[VQ sin(a + 6) sin 2¢]2 + [~ cos 2a cos? ¢ + cos 20(vy — vosin® ¢)] . (5660)

Thus the classical bound reads

Crus = i + i\/[yg sin(a 4 0) sin 2¢]2 + [—vs cos 2acos? ¢ + cos 20(vy — vo sin® @) 2 (S661)
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Accordingly, the quantum expectation is given by

W) = Tr[([+){(+| @ |p) (nsl)pl; (S662)
ie.,
W) = ET 14 siné cosé €™ [~ cosd cos € + isin ] 1 +cosfp sinfpe™'¢e
- '™ [~ cosd cos & — isin ] 1—sin cosd sinfpei®s 1 —cosbp ) )P

1 11 1+ cosfp sinfge i¢B
4Tr{<< 11 ) ® (sin&Bei¢B 1—cosby ) )| (8663)
After direct calculation, we can have

11 ) L . . . .

W)y = 1 + 1 cosfp [—1/2 cos 2a cos” ¢ + cos 260 (1/1 — o sin gb)] — sinfp sin ¢ glve sin(a + ) sin 2¢)

4 sin f cos ¢ p[vs cos? ¢ (sin 2ar + sin 260) + sin 20(v; — vy)] }, (5664)

which can reach its maximum
. 1
<W>max = 4 7\/1"727 (8665)

with

I? = [~vpcos2acos® ¢+ cos20 (1 — v sin® ¢)] “y [vg sin(a + 0) sin 2¢]?
+[v cos? ¢(sin 2a + sin 26) + sin 20(vy — 10)]?

[vo sin(a + 6) sin 2¢]* + [—15 cos 2ccos® ¢ + cos 260 (v — vo sin® @) ?
+ [1/2 (Sin 20 cos? ¢ — sin 26 sin? qb) + vy sin 29] 2
= [vosin(a + ) sin2¢]* + [—vs cos 2acos® ¢ + cos 260 (v — e sin® @) ] ‘re (S666)

By comparing the classical bound Crys in Eq. (S661) and the maximal quantum expectation (W)™?* in Eq. (5665),
one easily proves the relation (S520).

Remark 26. By the way, for the quantum state p, the classical bound can be written as

1+|F| 1+ VF?
==,

CrLus = 7 (S667)
where F is the Bloch vector of the state pp. Similarly, the quantum expectation can be written as
1+ VF2 42
(yymax — 2EVI 1 Ay (S668)
|
3.2. The Case of cosf =1
In this situation, the state p is given by
p=vi|Y1) (r] + v |v2) (Yol (S669)
where
|t1) = cos@|00) +sind |11),
l1) = cosp(cosa|01) + sina [10)) 4 € sin ¢(sin @ |00) — cos @ [11)), (S670)
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with 8 =10, cos3 =1, =1, 0 € [0,7/2], and o € [0,7/2]. For simplicity, in the following we have taken cos 3 = 1
as example (for the case of cos 5 = —1 and 8 = 7, it will yield the similar result). The concurrence of the state p is

given by
C = \/—s2—2¢/s1, (S671)
with
S9 = —%V% sin 2a sin 20 sin? 2¢ (2 cos? B — 1) — v3 sin® 2 cos? ¢ — sin® 26 (u12 + 12 sin? ¢) — 211y cos? 20 sin® ¢

1
—§V§ sin 2a sin 20 sin? 2¢ — V3 sin® 2a cos* ¢ — sin? 20 (1/% + V2 sin? qb) — 20115 cos? 20 sin? @,

1
S1 §V12V22 [sin 20 sin 20 sin? 2¢ (2 cos? 3 — 1) + 2sin? 2a sin? 260 cos* ¢ 4 2sin’ (b]
1
= 51/121/22 (sin 2arsin 20 sin® 2 + 2 sin® 2asin® 260 cos? ¢ + 2sin® ¢) . (S672)
In the following, we would like to study the problem by two different cases: sin 2a = 0 and sin 2« > 0.

Ezample 5.— Let us consider a simple case of sin 2a = 0 with o = 0 (for @ = 7/2, the result is similar). In this
case, the concurrence of the state p is equal to

C = /—82—2¢/51 = \/sin229>< [Vl—ygsin2¢]2: ‘(Vl—ygsin2¢) sin29|

= |v1 — vy sin® ¢|sin 26. (S673)

In Sec. IIIB we have known that for the measurement parameters 7 = 5 = 0 and ¢ is arbitrary, one can have
M = M for separable states. In this situation, Alice’s measurement direction is given by

7= (sin€ cos 7, sin € sin 7, cos§) = (sin¢, 0, cos ). (S674)

For convenience, we can adopt the following the measurement parameters

ﬂ' ™
=B=0 ==, §== S675
T /8 ) g 2’ 2’ ( )
then we obtain
7 = (sin€ cos 7, sin ¢ sin 7, cos &) = (1,0,0) = &, (S676)

o5 &
) = <sm§§ >—cos|0>+sm§ A7) = — (10) + 1)), (S677)

V2

sin §
|—n) = ( é iT) = sin = |O> - cosg ey = 1oy — 1)), (S678)

—COS§€

1
\/§

A1 ooy a1 (14cos€ singe™ ™\ 1 /11

PO = 2(11“‘0'n)_|+n><+n_2<81n§ew 1—COS£ _5 11/’ (8679)
a1 Loy L1 —cosg —sine T\ 1.1 -1
By _§(ll—a~n)—|—n><—n\—2 (—sinfeiT 14 cos¢ ) ) <—1 1)’ (5680)

pB = 2

v sin? acos? ¢ + v cos? 0 + vy sin? 0sin? ¢ 1o sin ¢ cos ¢ (eiﬁ cosasinf — e~ sin v cos 9)
vasingcos ¢ (e ¥ cosasing — e sinavcosf) vy cos? acos? ¢ + vy sin® 0 + v cos? Osin® ¢

> (S681)

(1 sin? a cos? ¢ + vy cos? 0 + vy sin? @ sin? ¢ v sin ¢ cos ¢ (cos asin — sin ac cos 6)
Vo sin ¢ cos ¢ (cos a sin §— sin « cos 0) Vo cos? avcos? ¢ + vy sin® 0 + vy cos? 0 sin? ¢
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We can have the classical bound as

Crus = 5 Max [Tr (|ng)(nBlpB)]
nB
1 1 /1+cosfp sinfge i®B
- X {Tr {2 (sin fpei®s 1 —cosfp
vo sin? o cos? ¢ + vy cos? 0 + vy sin? @ sin? ¢ Vv sin ¢ cos ¢ (cos asin §— sin a cos 6) 1
Vo sin ¢ cos ¢ (cos a sin — sin « cos ) Vo cos? o cos? ¢ + vy sin® 0 + vy cos? 0 sin? ¢

1 1
=1 + 1 n}ax[ — vy sina cos B sinfp sin 2¢ cos ¢ + V5 cos asin 6 sin g sin 2¢ cos ¢
nB

—15 cos 2a cos O cos® ¢ + cos? 0 cos O (1/1 — vy sin? gzﬁ) — vy 8in% @ cos O + vo sin® O cos O sin® ¢ (S682)
By taking cos ¢ = 1, we have

1 1
Crgs = 1 + 1 max{ sin fp (—ve sin a cos 0 sin 2¢ + v5 cos asin 6 sin 2¢)
nB

+cosfp [71/2 cos 2a cos? ¢+ cos? 0 (Vl — vy sin? cb) — vy sin? 0 + v sin? O sin? qb] }

1 1
=1 + 1 max{ sinfp [ve sin(f — «) sin 2¢] 4 cosOp [—1/2 cos 2 cos? ¢ + 1 cos 20 — vy cos 20 sin® gi)] }
Ap
1 1 . . . 2 2
=1 + 7 lmaxy sin 0p [v2sin(f — ) sin 2¢] + cosfp [_VQ cos 2a cos” ¢ + cos 20(v1 — va sin ¢)}
np
1 1
< 1 + Z\/[yg sin(f — o) sin 2¢)2 + [~ cos 2a cos? ¢ + cos 20(v; — vo sin’ ¢)] 2, (5683)

the equal sign occurs at

Vo sin(f — «) sin 2¢

tanfp = . 5684
B Uy cos 2a cos? ¢ + cos 20(vy — vy sin” @) ( )
Because sin 2a = 0 with a = 0, we have the classical bound as
1 1
Crus = 1 + 1\/@2 sin 0 sin 2¢)2 + [—I/Q cos? ¢ + cos 20(vy — vy sin’ ¢)] 2, (S685)
Accordingly, the quantum expectation is given by
W) = Te[([+)(+| @ [aB) (2s)p), (5686)
ie.,
1 1+ siné cosé e~1™ [~ cos § cos € + isin 6] 1+ cosfp sinfge i¢s
W) = 4’1\{(( '™ [~ cosd cos € — isin d) 1—sin&cosd © sinfpei®s 1 —cosbp ) ) (S687)
ie.,
1 1 /1 i 1+ cosfp sinfpei¢B
W) = 4Tr[<2 ( —-i1 > ® <sin Opci®s 1 —coslp ) )P|" (S688)
After direct calculation, we can have the general expression of (W) as
1 1
W) = 1 + 1 {va [cos(a — 0) cos T sin B — cos B cos(a + 6) sin 7] sin 2¢ }

1
—1—1 cosfp [ — 1y cos 2a cos? ¢ + cos 26 (1/1 — vy sin? ¢)
+vs [—sin S cos(a + 0) cos T + cos 3 cos(a — ) sin 7] sin 2¢

1
—1—1 sinfp sin ¢ {COS’T [—1/2 cos? ¢ sin 2ac + sin 26 (1/1 — vy sin? (b)] — g sin Bsin(a + 0) sin 2¢}

—1—3 sinfg cos ¢ {SiH’T [VQ cos? ¢ sin 2ac + sin 260 (V1 — vy sin? (Z))] — vy cos Bsin(a — 6) sin 2gz5} . (S689)
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For 7= 8 =0 and a = 0, we have
L1 2 .92
Wy = 1 + 1 cosfp [_VQ cos 2a cos” ¢ + cos 26 (1/1 — vy sin gb)]

+sinfpgsingp [71/2 cos? ¢ sin 2ar + sin 260 (I/1 — vy sin? gb)] + sinfp cos pp [vo sin(f — «) sin 2¢]}

1 1
= 1 + 4{ cosfp [—VQ cos? ¢ + cos 26 (1/1 — vy sin? ¢)]
+sinfpsin ¢p [sin20 (v, — vasin® ¢)] + sinfp cos ¢ [v2 sin 0 sin 2¢)] }, (5690)
which can reach its maximum
1 1

with
2 = [—1/2 cos? ¢ + cos 26 (yl — vy sin? (b)] 2 + (v sin @ sin 2¢)? + [sin 20 (yl — vy sin? (b)]2
= (v2sin@sin2¢)? + [—v2 cos® ¢ + cos 20(vy — vy sin® §)] ’ 12 (S5692)

By comparing the classical bound Cpyug in Eq. (S685) and the maximal quantum expectation (W)™** in Eq. (S691),
one easily proves the relation (S520).

Ezample 6.— Let us consider the case of sin 2a > 0. In this case, the square of concurrence of the state p is equal
to

C? = —s9—2y/51 =G — Go, (S693)
with

1
G, = —s9 = 51/22 sin 2a sin 26 sin? 2¢ + 1/22 sin? 2 cos? ¢ + sin? 20 (1/12 + 1/22 sin’ gb) + 2u1 15 cos? 20 sin? ¢,

1
Gy = 2¢/s1=2X 51/12V22 (sin 2 sin 20 sin® 2¢ + 2 sin” 2arsin 26 cos* ¢ + 2sin’ ¢)

= 2\/s51 =2X \/1/%1/22 (2sin 2a sin 20 sin® ¢ cos? ¢ + sin® 2a sin® 26 cos* ¢ + sin” ¢)
= 2v115 (sin® ¢ + sin 2a:sin 260 cos® ¢) > 0. (S694)
One can have
C? = [v15in 20 — v (5in 20 sin® ¢ + sin 2 cos® ¢)]2. (S695)

In Sec. IIIB we have known that for the measurement parameters 7 = § = 0 and £ is arbitrary, one can have
M = M for separable states. In this situation, Alice’s measurement direction is given by

7 = (sin€ cos 7, sin € sin 7, cos§) = (sin¢, 0, cos ). (S696)
For convenience, we can adopt the following the measurement parameters
r=B=0 £=3, §=3, (S697)
similarly we have the classical bound as
Crus = i + i\/[l/g sin(f — @) sin 2¢)2 + [—1s cos 2acos? ¢ + cos 20(v1 — o sin® @) 2 (5698)

Accordingly, we have the quantum expectation as

1
W) = =+ { cosfp [—Vg cos 2a cos? ¢ + cos 26 (u1 — vy sin? (/))]

1
4 4

+sinfpsin ¢p [—1/2 cos? ¢ sin 2ac + sin 260 (1/1 — vy sin® (;5)} + sinfp cos g [v2sin(f — ) sin 2¢) },(8699)



78

which can reach its maximum

1 1
(wymax = 1 + ZVFQ, (S700)
with
2 = [—z/2 cos 2a cos? ¢ + cos 260 (V1 — vy sin? (b)] 2 + [—1/2 cos? ¢ sin 2« + sin 26 (1/1 — vy sin? ¢)] 2

+ [vo sin(f — a) sin 2¢]°
= [vysin(f — o) sin 2¢)° + [—15 cos 2 cos® ¢ + cos 260 (v — o sin® §) 2
+[v1 8in 20 — v (sin 20 sin” ¢ + sin 2a cos® ¢)]?
= [vysin(6 — o) sin 2] + [—15 cos 2 cos® ¢ + cos 20 (v — o sin® §) ‘rez (S701)

By comparing the classical bound Cppg in Eq. (S698) and the maximal quantum expectation (WW)™2* in Eq. (S700),
one easily proves the relation (5520).

Remark 27. By the way, for the quantum state p, the classical bound can be written as

14+|F| 1+ VF?

Crus = 1 1 (S702)
where F is the Bloch vector of the state pp. Similarly, the quantum expectation can be written as
w)mex = W (S703)
|
3.8. The Case of General cos 3
In this situation, the state p is given by
p =i |1) (r] + w2 |ih2) (ol (S704)
where
|Y1) = cos0]00) 4 sinf [11),
l) = cosp(cosa|01) + sina [10)) 4 € sin ¢(sin @ |00) — cos @ [11)), (S705)
with 0 < |cos 8] < 1, 6 € [0,7/2], and « € [0,7/2]. The square of concurrence of the state p is given by
C? = —s3—2y/51 =G —Go, (S706)
with
G = visin®20 + v [(sin 20 cos® ¢ — sin 20 sin? ¢)? + 4 sin 2 sin 260 sin® ¢ cos? ¢ cos? 6] + 2w 15 cos? 26 sin? @,
(S707)
or
G = visin®20 + 2 [(sin 200 cos? ¢ + sin 20 sin? ¢)? — 4 sin 20 sin 260 sin? ¢ cos? ¢ sin’ ﬂ] + 2u1 15 cos? 20 sin? ¢,
(S708)
and

Gy = 2ui19 \/ (sin® ¢ — sin 2arsin 26 cos? @) ® 1+ 4sin 2asin 20 sin? ¢ cos? ¢ cos? B, (S709)
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or

Gy = 2u119 \/(sin2 ¢ + sin 2a sin 26 cos? c;S) ® _ 4sin 2 sin 26 sin? ¢ cos? ¢sin® . (S710)

In Sec. III B we have known that if one chooses the measurement parameters 7 = § and ¢ is arbitrary, then he has
M = M for separable states.

Ezample 7.— Let us consider a simple case of sin2a = 0 with & = 0 (for @ = 7/2, the result is similar). In this
situation, Alice’s measurement direction is given by

fi = (sin& cos T, sin € sin 7, cos §) = (sin & cos B, sin € sin 3, cos §). (S711)

For convenience, we can adopt the following the measurement parameters

™ ™

T 67 g 2’ 6 2’ (87 )
then we obtain
fi = (sin& cos T, sin € sin 7, cos §) = (cos B, sin 3, 0), (S713)
N cosg § £ o™ _ iB
|[-+7) = sin 5 2 | = cos f|O> + sm 1) = 7 (10) + €”[1)), (S714)
¢ ¢ 1 .
sin
_H) = ) _ S _ 1'r 1 _ip 1 1
|—n) (—cos§e”> sin |O> cos 3 1) = 7 (j0) —€”|1)), (S715)
A1 ooy v 1 (14cos¢ singe™ ™\ 1 /1 e
R = gaaa=+apal =5 (ghent ) =2 (). (5716)
a1 Loy vy L1 —cosE —singe T 1/ 1 —e i
A= 2 (1 =&-0)=[=m(-n|= 2 (— sin&el” 14 cos¢ ) 2 (—eiﬁ 1 ’ (5717)

.2 2 2 02 2 : i8 inf — e Bgi
op = ( vy sin® acos? ¢ + vy cos? 0 + v sin® fsin® ¢ vy singcos ¢ (e cosasingd — e smac059)> (ST18)

Vg sin ¢ cos ¢ (e‘iB cos asin @ — € sin o cos 9) vy cos? avcos? ¢ + vy sin’ 0 + vy cos? 0 sin? ¢

For a = 0, we can have the classical bound as

1 . .
Crus = 5 max [Tr (InB)("BlpB)]

1
=7 + - 1 max | — v sin acos 0 sin 0 sin 2¢ cos(8 — ¢p) + v cos asin 0sin O sin 2¢ cos( + ¢B)
TLB L

— 15 cos 2a cos O cos ¢ + cos? 0 cos O (1/1 — vy sin? gb) — vy sin? @ cos O + vy sin® 0 cos O sin® gb]

1 1
=1 + = 7 Thax | v sin 0 sin 0 sin 2¢ cos(8 + ¢ )
g |

—wy cos O cos® ¢ + cos? f cos O (1/1 — vy sin? ¢) — vy sin? 0 cosOp + vo sin? 0 cos O sin® ¢]

1
= + = 7 luax |:V2 sin 0 sin O sin 2¢(cos B cos ¢ — sin Bsin o)
B

—vy cos O cos? ¢+ cos? 0 cosfp (1/1 — vy sin? d)) — vy sin? 0 cos O + o sin® 0 cos O sin® d)]

1 1
= -+ - 1 max [Fl sinfp cospp + Fosinfpsin ¢ + F3cosbp

4
1 JF+FZ+F; 1 |F (5719)

1 RS

IN
= |

+
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with

Fy = vy sinfsin2¢ cos G,

F, = —vysinfsin2¢sin 3,
Fy = —wpcos® ¢+ cos® 0 (v — vasin® ¢) — vy sin® 0 + o sin® Osin® ¢
= v1(cos? § — sin® ) + vy(— cos® ¢ — cos? fsin? ¢ + sin? fsin? ¢)
= 110820 — v5(cos? ¢ + cos 20 sin? ¢). (S720)

Then we have

1 F?2 4+ F7 + F3
Crus = 1 + —3
1
= 1 \/ V1 cos 20 — va(cos? ¢ + cos 26 sin ¢)} + (v2 sin @ sin 2¢ cos )% 4 (v2 sin 0 sin 2¢ cos 3)?
1
= 1 \/ [v1 cos 20 — v5(cos? ¢ + cos 26 sin qﬁ)} + (v2 8in 6 sin 2¢)2. (S721)

After direct calculation, we can have the general expression of (W) as

(W) = i + i {va [cos(a — B) cos T sin 8 — cos B cos(a + 0) sin 7] sin 2¢}

1
—1—1 cosfp [ — 1y cos 2a cos? ¢ + cos 20 (1/1 — vy sin? gZ))

+vs [—sin B cos(a + 0) cos T + cos 3 cos(a — 0) sin 7] sin 2¢

+i sinfp sin ¢p {COST [71/2 cos? ¢ sin 2ac 4 sin 20 (1/1 — vy sin? ¢)] — g sin Bsin(a + 0) sin 2¢}

—i—i sinfpg cos ¢ {sinT [VQ cos? ¢ sin 2ac + sin 260 (V1 — vy sin? d))] — g cos Bsin(a — 6) sin 2gz5} (S722)
For 7 = § and a = 0, we have

W) = i + i {va [cos 6 cos Bsin B — cos 8 cos O sin 3] sin 2¢}

1
+Z cosfp | — vs cos® ¢ + cos 20 (1/1 — vy sin? qb) + v [—sin S cos 6 cos B + cos 3 cos 0 sin (] sin 2¢

—&—i sinfp sin ¢ {cosﬁ [Sin 260 (u1 — vy sin? qﬁ)] — Vo sin 3 sin 6 sin 2(;5}

—&—i sin 0 cos ¢ {sinﬁ [sin 260 (1/1 — vy sin? qﬁ)] + 15 cos B sin f sin 2(/)}

= i + i cosfp [—VQ cos? ¢ + cos 26 (1/1 — vy sin? ¢)]
—&—i sinfp sin ¢ {cos,@ [sin 20 (1/1 — Uy sin? ¢)] — Vo sin B sin 6 sin 2(;5}
—&—i sin 0 cos g {sin B [sin 20 (1 — vo sin® ¢)] + v2 cos Bsin@sin2¢} (S723)

which can reach its maximum

o = L L (S724)
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with
2 = [—1/2 cos? ¢ + cos 20 (1/1 — vy sin? ¢)] ? + {cos B [sin 26 (1/1 — 1y sin? ¢)] — Vg sin B sin 0 sin 2¢)}2
+ {sin I} [Sin 20 (V1 — vy sin? (;5)} + 15 cos B sin f sin 2(;5}2
= [—y2 cos? ¢ + cos 20 (1/1 — vy sin® ¢)] 2 +cos? 8 [sin 20 (1/1 — vy sin? ¢)] 2 + sin? B(v2 sin 0 sin 2¢)?
+sin? 8 [sin 260 (11 — vasin® ¢)]” + cos® B(vy sin B sin 2¢)
— [71/2 cos? ¢ + cos 20 (1/1 — vy sin? gf))] 2 + [sin 20 (1/1 — vy sin? qﬁ)} 2 + (V2 sin @ sin 2¢))2
= [-1 cos? ¢ + cos 20 (1 — 1o sin® ?)] ’ 4 (vo sin @sin 2¢)% 4 C2. (S725)

By comparing the classical bound Cppg in Eq. (S721) and the maximal quantum expectation (W)™2* in Eq. (S724),
one easily proves the relation (5520).

Remark 28. By the way, for the quantum state p, the classical bound can be written as

14+|F| 1+ VF?
==,

Cius = 1 (S726)
where F is the Bloch vector of the state pp. Similarly, the quantum expectation can be written as
1+ VF2 42
(Wymax % (S727)
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VII. DISCUSSION

In this section, we provide additional discussions to address several foundational questions regarding the physical
scope, geometric boundaries, and methodological aspects of our steering theorem. These discussions are intended to
clarify the conceptual implications of the theorem and its relation to existing results, while the key methodological
derivations needed for the main result are reported in the METHODS section of the main manuscript.

The hierarchy of quantum nonlocality naturally raises the question of exact equivalence boundaries for mixed states.
Bell’s nonlocality is the strongest form of nonlocality, quantum entanglement is the weakest, and EPR steering lies
between them. Gisin’s theorem shows that all pure entangled states, namely rank-1 entangled states, possess Bell’s
nonlocality. Our theorem establishes the corresponding rank-2 boundary for EPR steering: all rank-2, including rank-
1, entangled two-qubit states possess EPR steerability. Below, we elaborate on the theorem’s relation to measurement-
restricted scenarios, the geometric motivation for state-dependent inequalities, the breakdown of the equivalence in
higher-rank systems, and the challenges of higher-dimensional generalizations.

Comment (1). Apparent contradiction with unsteerable rank-2 states in specific scenarios.

Answer: Certain existing studies have identified specific rank-2 entangled states that admit a local hidden state
(LHS) model, thus appearing unsteerable. This does not contradict our theorem; rather, the two results address
different physical limits.

The unsteerability reported in such works is a measurement-restricted phenomenon, evaluated under a constrained
two-measurement-setting (N = 2) scenario. When the number of measurement bases is restricted, the target party
can often construct an LHS model to reproduce the conditional states. In contrast, our theorem evaluates the intrinsic
steerability in the asymptotic limit (N — oo). When finite-setting constraints are relaxed, these LHS models no longer
hold. Thus, our theorem confirms that intrinsic steerability remains a universal property of all rank-2 entangled states
once measurement constraints are removed. O

Comment (2). Necessity of the state-dependent steering inequality.

Answer: Unlike Gisin’s theorem which utilizes a fixed CHSH inequality, our approach relies on a state-dependent
steering bound. This is motivated strictly by the geometric complexity of mixed states.

For pure states (rank-1), the state space geometry allows a fixed linear inequality to efficiently separate local models.
However, classical mixing alters this geometry. Conventional fixed linear steering inequalities optimally probe only
specific directions, inevitably leaving “blind spots” where weakly entangled mixed states go undetected. Meanwhile,
numerical Semidefinite Programming (SDP) methods operate under finite measurement settings and may encounter
precision issues near the separable threshold. By coupling the measurement operators directly with the internal
parameters of the density matrix, our state-dependent boundary dynamically adapts to contour the threshold of
steerability, providing an exact analytical condition free from finite-setting approximations. O

Comment (3). The physical boundary of the equivalence in higher-rank systems.

Answer: Tt is a known fact that classical mixing can disrupt the equivalence between entanglement and steerability.
Our theorem indicates that rank 2 is the highest boundary where this equivalence unconditionally holds for two qubits.
To illustrate this point, we provide a concise comparison using Bell-diagonal states.

For a generic two-qubit Bell-diagonal state with correlation matrix T = diag(t1, to, t3), the condition

3
Y <t (S728)
i=1

gives a sufficient condition for the existence of a local hidden state model, and hence for unsteerability.

Case I: A rank-3 example.
Consider a rank-3 Bell-diagonal state with eigenvalues {A1, A2, A3, \s} = {0.51,0.245,0.245,0}. Since Apax = 0.51 >
0.5, the state is entangled. Its correlation elements are

t1 = A1 — X2+ A3 — Ny =0.51,
to = A1+ X2 — A3 — Ay = 0.51,
t3 = A — Ao — A3+ Mg = 0.02. (8729)

Therefore,

3
> 17 = (0.51)* + (0.51)% + (0.02)* = 0.5206 < 1. (S730)
1=1
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This state satisfies the above sufficient LHS condition and is therefore unsteerable, while it is still entangled. This
provides a concrete rank-3 example showing that the universal equivalence between entanglement and EPR steerability
no longer holds from rank 3 onward.

Case II: The rank-2 Bell-diagonal constraint.
For a rank-2 Bell-diagonal state, let A3 = Ay = 0 and A\; + Ay = 1. Up to local unitary transformations and relabelling
of the Bell basis, the correlation elements can be written as

ti =M — )\2, to =1, t3= A1 — Ao (8731)

The Horodecki CHSH criterion states that a Bell-diagonal state violates the CHSH inequality whenever the sum of
the two largest values among {t7,t3,t3} is larger than 1. For the above rank-2 Bell-diagonal state, this quantity is

T+ (A — A2)% (S732)
Entanglement requires Apax > 0.5, which is equivalent to Ay # Ao. Hence,
T+ (M =) > 1. (S733)

Therefore, every entangled rank-2 Bell-diagonal state violates the CHSH inequality and is Bell-nonlocal. Since Bell
nonlocality implies EPR steerability, every entangled rank-2 Bell-diagonal state is necessarily steerable. This Bell-
diagonal comparison illustrates why rank 2 is the sharp boundary for the Gisin-like equivalence in two-qubit systems,
while the full theorem for arbitrary rank-2 two-qubit states is proven in the main manuscript. O

Comment (4). Prospects and challenges for higher-dimensional and multipartite systems.

Answer: Generalizing this theorem to bipartite qudits (d x d) or multipartite systems involves significant mathe-
matical difficulties.

For bipartite qudits, the primary challenge lies in the geometric complexity of the SU(d) group. Our two-qubit
proof benefits from the algebraic simplicity of Pauli matrices, which allows for a tractable parameterization of the
density matrix. For generic d-dimensional systems, constructing an exact, state-dependent steering criterion requires
managing a much larger set of coupled non-linear parameters, making the analytical derivation highly intricate.

Furthermore, multipartite EPR steering involves complex correlation structures across different system partitions.
A single bipartite analytical framework cannot straightforwardly capture these varied multipartite relationships. We
leave the exploration of exact analytical criteria for these high-dimensional and multipartite scenarios as a direction
for future research. O
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