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Supplementary Note 1: Band structure

To describe the band structure of FeSe above the super-
conducting (SC) transition, we adapt the orbital model of
ref. 1. The effective band-mass parameters are extracted
from ARPES measurements. These values, considerably
smaller than the ones predicted by LDA, are usually re-
produced remarkably well by DMFT-based calculations2.
However, both LDA and DMFT fail in the description
of the measured Fermi surface (FS), that are always
smaller than expected. Such a FS shrinking3, present
already well above the nematic transition4,5, and the
nematic splitting, can be explained instead within our
low-energy approach by accounting for the orbital selec-
tive spin fluctuations (OSSF). As detailed in ref. 4, the
orbital-dependent self-energy corrections due to the ex-
change of spin fluctuations at QX and QY lead in gen-
eral to a temperature-dependent FS shrinking. Due to
the anisotropy of the OSSF in a spin-nematic transition,
this results in the nematic orbital splitting below Ts.

To illustrate the model, let us start from the low-energy
Hamiltonian around the Γ point in the orbital space:

HΓ =
∑
k,σ

ψΓ,†
kσ Ĥ

Γ
0kψ

Γ
kσ. (S1)

Here the spinor is defined as ψΓ
k,σ = (cyz,k,σ, cxz,k,σ).

Taking into account the real part of the isotropic ΣΓ
0 and

anisotropic ∆Σh components of the self-energy, respon-
sible for the nematic shrinking, one has that:

ĤΓ =

(
hΓ

0k + ΣΓ
0 + hΓ

3k −∆Σh hΓ
1k

hΓ
1k hΓ

0k + ΣΓ
0 − hl3k + ∆Σh

)
(S2)

where the hΓ
i,k components read

hΓ
0,k = εΓ − aΓk

2,

hΓ
1,k = −2bΓkxky,

hΓ
3,k = bΓ(k2

x − k2
y), (S3)

and we defined ΣΓ
0 ≡ (ΣΓ

xz + ΣΓ
yz)/2 and ∆Σh ≡ (ΣΓ

xz −
ΣΓ
yz)/2. As discussed in ref.s 3,4 the self-energy correc-

tions are negative at the hole pocket, so the ΣΓ
0 term ac-

counts in general for an uniform shrinking of the pocket,
present already in the paramagnetic phase. Below the

structural transition temperature, TS , nematic spin fluc-
tuations induce larger corrections in the QX direction,
which translate in a |ΣΓ

yz| > |ΣΓ
xz|, so that ∆Σh > 0

(ref.4). Taking into account also the spin-orbit splitting
it is easy to see1 that the Hamiltonian (S2) gets an ad-
ditional term ±λ/2σ̂2 in the ± spin sector. As a conse-
quence the eigenvalues defining the bands are given by:

εΓ,k,± = hΓ
0,k−|ΣΓ

0 |±
√
hΓ

1,k

2
+ (hΓ

3,k −∆Σh)2 + (λ/2)2,

(S4)
where the +/− refers to the outer/inner pocket, respec-
tively. Since the two spin sectors have the same energy
dispersion we drop from now on any explicit dependence
on the spin index. By introducing the orbital weights:

u2
Γ,k =

1

2

(
1 +

hΓ
3,k −∆Σh√

hΓ
1,k

2
+ (hΓ

3,k −∆Σh)2 + (λ/2)2

)

v2
Γ,k =

1

2

(
1−

hΓ
3,k −∆Σh√

hΓ
1,k

2
+ (hΓ

3,k −∆Σh)2 + (λ/2)2

)
(S5)

one can also define the rotation from the orbital to the
band basis (

h+,k

h−,k

)
=

(
uΓ,k −vΓ,k

vΓ,k uΓ,k

)(
cyz,k
cxz,k

)
(S6)

where h†+/h
†
− is the creation operator of a quasiparti-

cle in the outer/inner pocket, respectively. Since in FeSe
only the outer pocket crosses the Fermi level, throughout
the main text we dropped the + index and we simply re-
ferred to hk and εΓ,k as the fermionic operator and bare
dispersion of the outer hole pocket. In the paramag-
netic phase (∆Σh = 0) and in the absence of spin-orbit
interaction the two hole bands have a simple parabolic
dispersion εΓ,k,± = εΓ − |ΣΓ

0 | − (aΓ ∓ bΓ)k2. In this case
the orbital weights only depend on the azimuthal angle θ
measured with respect to kx = 0, so that uΓ,k = cos θ and
vΓ,k = sin θ. However, the spin-orbit interaction and the
nematic splitting mix the two orbital characters, leading
to the angular dependence of the orbital weights at the
Fermi level shown in Fig. 2d of the main text.

For the X/Y pockets the general structure is analogous
to Eq. (S1), provided that the spinors are now defined as
ψXk = (cyz,k, cxy,bk) and ψYk = (cxz,k, cxy,k). In addition,



2

since the xy orbital is not affected by OSSF, one has in
general

ĤX
k =

(
hX0,k + ΣX + hX3,k −ihX2,k

ihX2,k hX0,k − hX3,k

)
(S7)

for the X pocket, with

hX0,k = (hyz,k + hxy,k)/2

hX2,k = vky

hX3,k = (hyz,k − hxy,k)/2− b(k2
x − k2

y) (S8)

where hyz,k = −εyz + ayzk
2 and hxy,k = −εxy + axyk

2.
Analogous expressions hold for the Y pocket provided
that one exchange the role of kx and ky, hYik(kx, ky) =

hXi,k(ky, kx), and ΣXyz is replaced by ΣYxz. At the electron
pockets the self-energy corrections are positive, so that

the Σ
X/Y
yz/xz terms lead again to an upward shift of the

yz/xz orbitals. In the spin-nematic state ΣXyz > ΣYxz so
the yz sector of the X pocket shrinks further and the xz
part of the Y pocket expands, see Fig. 1 in the main text.
The nematic order parameter at the electron pockets is
then defined as ∆Σe = (ΣXyz−ΣYxz)/2 > 0. Notice that in
our approach the change of sign of the nematic splitting
at the Γ and M = (X,Y ) point is a natural consequence
of the self-energy corrections induced by nematic OSSF,
as explained in4. The X/Y band dispersions are given
by

ε
X/Y
k,± = h

X/Y
0,k +ΣX/2±

√
hX2,k

2
+ (hX3,k − ΣXyz/2)2, (S9)

such that ε
X/Y
k,+ is the electronic band crossing the Fermi

level at the X/Y point. The rotation from the orbital to
the band basis is defined now as(

eX,k,+
eX,k,−

)
=

(
uX,k −ivX,k
ivX,k uX,k

)(
cyz,k
cxy,k

)
(S10)

with the orbital weights given by

u2
X,k =

1

2

(
1 +

hX3,k − ΣXyz/2√
hX2,k

2
+ (hX3,k − ΣXyz/2)2

)
,

v2
X,k =

1

2

(
1−

hX3,k − ΣXyz/2√
hX2,k

2
+ (hX3,k − ΣXyz/2)2

)
, (S11)

At the Y points the definitions are again equivalent, pro-
vided that one replaces ΣXyz with ΣYxz and kx with ky. As
for the hole pocket, we drop the + index and we refer to
eX/Y,k and εX/Y,k as the fermionic operators and energy
dispersions of the electronic X/Y pockets. In summary,
the notations used in the main text are:

εΓ,k,+ → εΓ,k h+,k → hk hole pocket

εX,k,+ → εX,k eX,k,+ → eX,k X pocket

εY,k,+ → εY,k eY,k,+ → eY,k Y pocket

With these definitions in mind the rotation from the or-
bital to the band basis defined in Eq.s (1)-(3) of the main
text are equivalent to Eq. (S6) and (S10) above.

Finally, we notice that the present low-energy model
describes properly the orbital character of the bands up
to energy scale of order of 0.5 eV around the Fermi level,
beyond which additional d orbitals should be taken into
account6. Since both the nematic and SC transition in-
volved much smaller energy scales, the results obtained
within the present low-energy approach are expected to
be robust with respect to the band-structure description
obtained within more sophisticated five- or ten-orbital
models.

Supplementary Note 2: Orbital Selective Spin
Fluctuations Model

Once established the orbital composition of the low-
energy model, one can project the general interacting
Hamiltonian including the Hubbard and Hund terms into
the low-energy states. As shown in7,8 one obtains that
the effective low-energy interacting terms can be written
as

Hint = − Ũ
2

∑
q

S
yz/xz
X/Y · S

yz/xz
X/Y . (S12)

Here Ũ is the intraorbital interaction renormalized at
low energy and the intraorbital spin operators connect-
ing hole and electron pocket are given by Eq.s (4)-(5) of
the main text, that we rewrite here explicitly including
also the contribution of the inner pocket, when present:

SyzX =
∑
k

(uΓh
†
+ + vΓh

†
−)~σ uXeX , (S13)

SxzY =
∑
k

(−vΓh
†
+ + uΓh

†
−)~σ uY eY , (S14)

where momentum dependence has been dropped for
simplicity. The low-energy interacting Hamiltonian in
Eq.(S12) defines the OSSF: at low energy the hole pock-
ets at Γ and the X/Y electron pockets share only one
orbital, the yz/xz respectively. Thus the spin interac-
tions along x and y has a single orbital character (see
Fig 1 in the main text):

〈S · S〉(QX) ⇒ 〈SyzX · S
yz
X 〉

〈S · S〉(QY ) ⇒ 〈SxzY · SxzY 〉 (S15)

By computing self-energy corrections of the orbital states
coming from these OSSF one obtains orbital-dependent
self-energy corrections, as shown in Eq. (S2) and (S7)
above. In addition, within a spin-nematic scenario the
anisotropy of the spin fluctuations at different Q vectors
translates in the nematic splitting ∆Σh, ∆Σe of the or-
bitals discussed previously. Here we argue that OSSF can
also mediate an orbital-selective nematic pairing. The
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pairing model mediated by OSSF can be easily derived
by rewriting the spin-spin interaction terms (S12) in the
pairing channel, using the projection of the orbital spin
operator on the band basis encoded in Eq.s (S13)-(S14)
above. The resulting pairing interaction is given by Eq.
(8) of the main text.

Supplementary Note 3: Model parameters for FeSe

We solve self-consistently the set of BCS equations for
realistic parameters for the FeSe system in the nematic
phase.

Although the physical outcome of this work does not
crucially depend on this, instead of using exactly the
band parameters of ref. 4, we will adjust them to fit
a smaller value of the nematic splitting of the electron
pockets reported afterwards in the literature, ∆Σe ' 15
meV9–11. When computing self-consistently the spectral
function of electrons coupled to spin modes in ref. 4, we
included the full frequency-dependent self-energies, thus
we also effectively included the quasiparticle weight Zspin
due to the orbital-dependent mass renormalization. How-
ever, since we checked that Zspin was of order one for
the various orbitals, to reduce the number of parameters
we decided in the present work to choose directly the
band parameters which reproduce the experimental dis-
persions. This explains the small quantitative differences
between the values listed in Table S1 and those listed in
ref. 4. The list of the band parameters appearing in Eq.s
(S3), (S8) and used in the calculations are given in Table
S1. The spin-orbit coupling is assumed λ= 20 meV. We

use |ΣΓ
yz/xz| = 70/40 meV and Σ

X/Y
yz/xz = 45/15 meV, in

order to have ∆Σh/e = 15 meV.

Γ X

εΓ 46 εxy 72 εyz 55

aΓ 263 axy 93 ayz 101

bΓ 182 b 154

v 144

TABLE S1: Low-energy model parameters for FeSe in the
nematic phase at kz = 0. All the parameters are in meV, the
k vector is measured in units 1/a ∼ 0.375 Å, where a = aFeFe

is the lattice constant of the 1-Fe unit cell (so that ã =
√

2a =
3.77 Å is the lattice constant of the 2Fe unit cell).

The u, v, factors defined by Eq.s (S5), (S11), computed
using the above set of parameters, are shown in Fig. 2
of the main text. We reproduce the FS and their or-
bital distribution as experimentally observed by ARPES
at kz = 0 (ref.s 4,9–12), with the hole pocket having
kxF = 0.056 Å−1 and kyF = 0.11 Å−1, the X one kxF = 0.20

Å−1 and kyF = 0.051 and the Y , kxF = 0.10 and kyF = 0.20

Å−1 in the nematic phase.
Using now the T = 0 BCS equations, Eq.s (10)-(15)

FIG. S1: Numerical results for the band gaps on the Γ (top),
X (middle) and Y (bottom) pocket obtained considering a
larger nematic splitting at M , ∆Σe = 20 meV.

of the main text, we can fit the experimental data of ref.
13 using the SC couplings as fitting parameters. The
results for the orbital SC order parameters, Eq.s (10)-
(15), are listed in Table S2 while in Fig. 4 of the main
text we showed the band gaps, Eq.s (16)-(18) of the main
text. Notice that assuming isotropic pairing interactions
gX = gY = 1.03 eV and accounting only for the orbital
splitting effects, encoded in the u, v factors, the SC gap
at Γ presents opposite anisotropy with respect the one
found in the experiment. On the other hand, considering
nematic pairing, gX/gY = 21, with gX=5.88 eV> gY =
0.28 eV we reproduce both the absolute values and the
angular modulation of the observed gap at Γ and X.
For sake of completeness in Fig.4 we show the results
obtained including the xy-pairing channel. We use gxy =
−0.45 eV in order to reproduce the experimental data
from ref. 13. The inclusion of such contribution does not
affect the discussion above. Notice that our results are
rather robust with respect to small variations of the band
parameters and nematic splitting. For example, a larger
nematic splitting ∆Σe = 20 at M as initially estimated in
ref. 4, would not alter our results, see Fig. S1. The only
difference is that in this case one has a larger gain from
the orbital ordering at M , so that the experimental data
are reproduced with a slightly smaller nematic pairing
gX/gY = 19.

It is interesting to compare the value of the anisotropy
obtained here with the anisotropy of the OSSF extracted
from the analysis of the shrinking effect in ref. 4. In ref.
4 the spectral function of the spin modes along the two
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∆yz
h ∆xz

h ∆yz
e ∆yz

e ∆xy
X ∆xy

Y

15.71 0.19 −1.46 −0.71 −0.20 −0.23

TABLE S2: T = 0 orbital SC order parameters (in meV) of
the band gap shown in Fig 4 of the main text.

directions has been modelled as:

BX/Y (ω) =
1

π

ωω0

ω2
X/Y + ω2

. (S16)

While at RPA level the spin modes are always degen-
erate, taking into account spin-spin interactions beyond
Gaussian level8,14 one can show that below TS spin fluc-
tuations break the Z2 Ising degeneracy and they become
stronger at a given Q vector. This is encoded in Eq. (S16)
above with two anisotropic masses ωX/Y below TS . The
analysis of the orbital ordering induced by OSSF dis-
cussed in4 and outlined above shows that below TS one
should then have stronger spin fluctuations at QX , which
implies ωX < ωY and VX > VY , where VX/Y is the cou-
pling of the fermions to the spin modes. The strength
of the pairing interaction is given by the product of the
real part χ′X/Y (ω = 0) of the spin-fluctuation propaga-

tor at ω = 0 times the spin-mode coupling VX/Y . Using
then the Kramers-Kronig relation of χ′ to the spectral
function (S16) we get:

gX/Y ∝ VX/Y χ
′
X/Y (ω = 0) = VX/Y

∫
dω
BX/Y (ω)

ω
=

= VX/Y
ω0

ωX/Y
(S17)

The analysis of ARPES measurements performed in ref.
4 gives at T > Tc ωY /ωX = 1.6 and VX/VY = 8. Here we
used, in the notation of ref. 4, the values of the coupling
V ehX/Y . With these numbers we obtain gX/gY = 13.4, a

ratio of the same order of magnitude of what we extracted
from the gap anisotropy gX/gY = 21. Notice that the
present estimate does not take into account the feedback
of the SC order on the spin modes and could explain
the difference between the two results. Such a full self-
consistent treatment is beyond the scope of the present
manuscript and will be addressed in a future work.

Let us finally address the issue of the kz gap depen-
dence. As discussed in the main text, a crucial differ-
ence when moving from kz = 0 to kz = π is that the
orbital character of the hole pocket changes consider-
ably. Since all the FS pockets expand15–17, the effect
of the nematic order is less dramatic on the hole pocket,
with the consequence that it retains full yz character at
θ = 016. This has already a profound impact on the
hole-gap anisotropy, as recently pointed out in ref. 18.
To highlight the effect of the change of orbital weights
on the hole pocket at Z we analyze the BCS solution us-
ing a set of realistic band parameters for the Z-pocket as
listed in Table S3.

Z

εZ 26

aZ 473

bZ 264

TABLE S3: Low-energy model parameters for the hole-pocket
at kz = π in the nematic phase.

Zk
y

kx

Z

kx

0

1

0 π/2 π

u
, 

v

θ

0

1

0 π/2 π

u
, 

v

θ

0

1

0 π/2 π

u
, 

v

θ

0

1

0 π/2 π

u
, 

v

θ

0

1

0 π/2 π

u
, 

v

θ

FIG. S2: kz = π cut of the FS FeSe in the (a) paramagnetic
and (b) nematic phase. The colors represent the main or-
bital character. (c) Orbital component amplitude of the FS
as a function of the azimuthal angle theta in the tetragonal
(dashed lines) and nematic phase (solid lines)

In the absence of a detailed comparison with the band
structure above TS as done in ref. 4, we already include in
εZ the effect of the isotropic shrinking, (ΣΓ

yz+ΣΓ
xz)/2, and

consider separately a further nematic splitting ∆Σh = 10
meV. In Fig. S2 we show the FS shape and composition
of the Z pocket in both the paramegnetic and nematic
phase. Notice that even below Ts, the large elliptical
Z pocket, kxF = 0.10 Å−1 and kyF = 0.15 Å−1, retains
a marked yz character at θ = 0 in agreement with the
ARPES measurements15–17. Moreover given this band
structure, the inclusion of a finite spin-orbit coupling
does not lead to any significant change, and the uZ , vZ ,
factors defined as Eq.s (S5), (S11) scale approximately
as cos θ and sin θ even below Ts.

Solving the BCS equation in this case one can eas-
ily check that, contrary to what found at kz = 0,
〈u4
Z〉 ∼ 〈v4

Z〉, so that the increase of the 〈u4
X〉 factor

over the 〈u4
Y 〉 in the nematic phase is enough to have

∆yz
h > ∆xz

h . In this case already without nematic pairing
one has a larger gap value at θ = 0, as observed indeed
in ref. 18 (see also Fig 5 in the main text). As a con-
sequence, if one retains instead the pairing anisotropy
gX/gY extracted from the fitting of the kz = 0 gaps the
anisotropic effect due to the nematic pairing is amplified
now by the orbital factors that cooperates to give the
same gap modulation. As a result we would get larger
gap values and larger anisotropy when moving from the
Γ to the Z pocket. Recent ARPES experiments inves-
tigated the SC gaps at kz = π12,15–17. While all the
experiments confirm the in-plane anisotropy of the gap
of the hole-pocket, with a larger gap value at θ = 0, the
various reports are somehow in disagreement on the kz
dependence of the gap-magnitude. In fact in ref.s 15,17
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the absolute value of the gap and its anisotropy are found
to be larger at kz = π, while in ref.s 12,16 the authors
claimed a decreasing of the gap magnitude when mov-
ing from the Γ to the Z pocket. The present situation
calls for a more detailed experimental analysis and spe-
cific theoretical studies involving a 3D modeling of the
band structure. As a matter of fact, details of the 3D
band model could change the estimate of the magnitude
of the gaps at different kz, influencing the orbital order-
ing effects and the balance between such mechanism and
the nematic pairing one. For example, in ref. 18 the au-
thors obtain a larger anisotropy ∆max/∆min at the Z
pocket than in our case. This is possibly due to a much
larger suppression of xz character at the Y pocket in

their model, leading to a larger 〈u4
X〉 � 〈u4

Y 〉 anisotropy
at the electron pockets. Unfortunately, the controversy
on the observation of the Y pocket in ARPES12,17 does
not allow us to disentangle this issue experimentally. Fi-
nally, notice that the authors of ref. 18 do not solve the
self-consistent equations at T = 0, as we do, but the lin-
earized ones near Tc. Since in a multiband system the
ratios of the gaps in the various bands depend on tem-
perature, one cannot trivially compare those results with
the one discussed in the present manuscript. Nonethe-
less, the main qualitative findings, and in particular the
wrong gap anisotropy found at Γ without nematic pair-
ing, hold in both works, apart from possible quantitative
differences.
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