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1 Samples and Methods

Single crystals of BaFe2(As1−xPx)2 were grown from FeAs �ux at Stanford Uni-
versity as described elsewhere [1]. The single crystals used in this study measured
approximately 0.4 mm × 0.5 mm × 0.04 mm. Doping values were determined by
magnetization measurement determination of Tc. Single crystals were measured in
a VSM SQUID with an applied �eld of 20 Oe . Zero-�eld cooled superconducting
transitions were typically less than 3.5 K in width. The temperature at which the
moment was 2% of the maximum magnetic moment was taken as the Tc [Supple-
mentary Figure 1]. The doping of each sample was determined by comparing the
measured Tc to the aggregated Tc versus doping from Refs [1�5]. The resulting curve
and the doping values of the samples measured in the current work are shown in
Figure 2a of the main text. Sample quality is discussed further in SI Section 5.

The speci�c heat calorimeter platform is sapphire with a NiChrome heater and
Cernox 10-30 wafer thermometer deposited directly on the sapphire. The calorimeter
thermometer was magnetic �eld calibrated up to 40 T over the temperature range
1.4 K to 12 K. Calibration accuracy was con�rmed by the measurement of a high
purity, thin copper plate with a mass of 1.6 mg at both zero-�eld and 15T.
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Figure 1: Normalized zero-field-cooled magnetization data for 0.44 ≤ x ≤ 0.60.
Samples were measured in a Quantum Design VSM SQUID with an applied field
of 20 Oe. Transition widths were determined from 5% to 95% of the magnetic
moment at the lowest temperature, and found to be less than 3.5 K for 0.46 ≤ x.
At x = 0.44 the transition width is 4.1 K.

Speci�c heat measurements were performed on a mosaic of several crystals with
an aggregate mass of 0.2 mg ≤ m ≤ 1 mg. Samples were attached to the center of
the sapphire platform of the calorimeter with a thin layer of Apiezon N-grease in
a mosaic formation such that the c-axes of the single crystals were parallel to the
applied magnetic �eld.

2 Phenomenology of Nodal Superconductivity

The magnetic �eld dependence of C/T below the saturation regime was inter-
preted using Volovik's phenomenology of nodal superconductivity [6]. At �elds such
that (T/Tc)2 � H /H c2 � 1, the behavior of C/T is

√
H. In the opposite limit

H /H c2 � (T/Tc)2 the behavior of C/T is linear in �eld, which is qualitatively con-
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sistent with the parabolic tails at the very low �elds in the
√
H plots of Figures 1b

and 2b of the main text.
At small T/Tc the crossover from

√
H behavior to saturation of C/T in �eld is

sharp. As T/Tc increases, a `hump' feature at the crossover to saturation develops for
reasons that are yet not understood. At su�ciently high temperature, the hump and
the low �eld `tail' overlap and the resulting superposition gives the false impression
of a

√
H dependence. This `false

√
H' behavior can be distinguished from Volovik√

H behavior by examining the evolution of the slope of the
√
H dependence with

temperature. The phenomenology of nodal superconductors indicates that the slope
of
√
H is inversely proportional to Hc2. As temperature increases, Hc2 decreases,

and therefore the slope of Volovik
√
H behavior must also increase. By imposing

this requirement on our data, we create an upper temperature limit for each doping
above which γH cannot be determined. All data presented in the main text were
taken at temperatures below this limiting temperature.

As stated above, the reason for the 'hump' feature is not yet understood. Note,
however, that there is no reason why the two limiting behaviors we observe in Figure
2 of the manuscript should precisely meet at the same value of speci�c heat when the
sample transitions to the normal state. In particular, the low �eld

√
H behavior has a

slope that, in the Volovik picture, is dictated by the physics of the quasiparticles that
are Doppler shifted around the vortices in the mixed state. By contrast, the high-�eld
saturated value of the speci�c heat is dictated by the normal state density of states.
There is no reason a priori that the two behaviors should meet at a point. Thus,
for x = 0.52, 0.53, and 0.60, the

√
H in the vortex state appears to �overshoot� the

normal state density of states. The existence of this �overshoot� requires a crossover
regime in which the speci�c heat settles to the high-�eld normal state value.

3 Comparison of Current Work to Previous Quan-

tum Oscillation Studies

Supplemental Figure 2c shows that the equivalent mass associated with γH (blue
circles) is enhanced by about 110%, whereas the mass determined by quantum os-
cillation measurements (open black squares) over the same doping range increases
by only about 40% for a single electron pocket (denoted the β-pocket) [2, 4]. The
equivalent mass associated with γH inherently accounts for all pockets that open a
superconducting gap below the superconducting temperature, whereas the quantum
oscillations in overdoped BaFe2(As1−xPx)2 only determine doping evolution of the
mass of a single electron pocket (β) [2, 4]. It is plausible that pockets for which a
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quantum oscillation mass is not resolved by these measurements over a broad doping
range have stronger mass enhancement, thus accounting for this di�erence. Our data
therefore suggest that some pockets must have an even stronger mass enhancement
than that reported for the β-pocket.

Supplemental Figures 2a and 2b contain the doping dependence of γH and γbg,
respectively. As stated in the main text, γbg is both magnetic �eld independent and
temperature independent over the entire range of measured �elds (0 < H < 35 T)
and temperatures (∼ 1.5 K < T < 20 K). This indicates that γbg does not arise from
pair-breaking, as that would imply both temperature and magnetic �eld dependence
over our broad experimental regime. Additionally, γbg increases with doping which
is consistent with the residual γ observed in Ba(Fe1−xCoxAs2 and concluded not to
arise from pair breaking [7]. If γbg arises from one or more Fermi pockets, they must
be Fermi pockets that do not superconduct. More strictly speaking, given that our
data are at �nite temperature such that we must extrapolate from our

√
H behavior

observed down to ∼1 T, these must be Fermi pockets that, if superconducting, are
so weakly superconducting that they superconduct at temperatures below ∼ 1.5 K
or their superconductivity is destroyed by magnetic �elds of ∼1 T even at our lowest
experimental temperatures. Thus, γH by itself represents the electronic speci�c heat
of the robustly superconducting Fermi pockets.

Assuming a 2D Fermi surface with an unwarped, cylindrical pocket and parabolic
energy dispersion, the average electronic energy at constant volume of the sample is
given by

Ē = Ē0 +
π2

3
kB

2T 2m
∗A

2π~2
where A is the area of the unit cell in the Fe-As plane (i.e. a-b plane), m∗ is the
quasiparticle mass. We therefore de�ne an e�ective quasiparticle mass m with units
of me (i.e. m = m∗/me). Taking the derivative of Ē with respect to temperature, we
obtain the electronic speci�c heat per formula unit

C =
πAmmekBT

3~2
NA

from which we can determine an e�ective quasiparticle mass. For a Fermi surface
with multiple pockets, the total electronic speci�c heat is the sum of the contributions
from each pocket.

Thus, a conversion from the electronic speci�c heat to e�ective mass depends
only on the area of the unit cell. Neutron di�raction studies on BaFe2(As1−xPx)2
at low temperatures have reported the lattice parameters and unit cell volume with
doping across the superconducting dome [8]. Using these lattice parameters, at
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Figure 2: a. Doping dependence of γH . b. Doping dependence of γbg. c. Doping
dependence of γH (blue circles), γtotal (red circles), and effective masses repro-
duced from previous quantum oscillation studies. Empty black squares represent
the effective mass of the β-pocket [2], the empty triangle and arrow indicate the
sum of the effective masses for all observed pockets at dopings x = 0.63 [3]
and x = 1 [9], and empty diamonds indicate effective masses determined from
transport measurements using the Kadowaki-Woods ratio [1].

x = 0.35, C = 1.5mJ/molK2 ×
∑
m∗/me, where the sum is over all pockets in the

Fermi surface. For the doping range studied in the current work, the a-b planar
area of the unit cell changes less than 0.2 Å2 which corresponds to a di�erence in
the speci�c-heat-to-e�ective-mass-conversion factor of less than 2%. Therefore a
speci�c-heat-to-e�ective-mass-conversion factor of 1.5 was used for all dopings.

The extension of such a sum to the case where pockets have insigni�cant warp-
ing is straightforward. However, angle-dependent quantum oscillation studies have
shown that the BaFe2(As1−xPx)2 pockets experience measurable warping [2]. For
those pockets, we take the arithmetic mean of the maximum and minimum masses
reported in previous quantum oscillation studies [2, 3].

We now consider the absolute value of the γH equivalent mass. The total mass
of all pockets from quantum oscillation measurements at x = 0.63 (triangle) [3] and
in the parent compound (x = 1) (arrow) [9] are also shown in Supplemental Figure
2c. Both are dramatically higher than the equivalent quasiparticle mass deduced
from γH at our highest doping, x = 0.60. We note that γtotal = γH + γbg (red
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circles) matches better the quantum oscillation data available for the total mass of
all pockets. This may suggest that γtotal corresponds to the Fermi surface density
of states of all pockets. Such interpretation implies that γbg corresponds to the
density of states of a non-superconducting pocket or pockets. Since γbg decreases
approaching optimal doping (Supp. Fig. 2b), such a non-superconducting pocket
would experience a mass decrease by a factor two in the same doping range over
which the superconducting pockets double their mass.

4 Comparison of Current work to Previous Speci�c

Heat Studies

Previous studies that have investigated the speci�c heat of BaFe2(As1−xPx)2 as
a function of doping have focused on the jump in speci�c heat at Tc in order to
estimate the normal state density of states. This strategy necessarily depends on
assumptions concerning the behavior of phonons over a large temperature range, as
well as the modeling of the jump in C/Tc and the universal applicability of the BCS
ratio, C/Tcγn = 1.43. From the current work, we have a direct measurement of the
normal-state speci�c heat once superconductivity is suppressed by magnetic �eld,
from which the ratio C/Tcγn can be experimentally determined.

In order to build a bridge between our high-magnetic �eld method and previous
jump-at-Tc methods, we replicated previous studies for three dopings using the same
samples measured in the current work. To remove the contribution to the speci�c
heat from phonons, we measured the zero-�eld speci�c heat and subtracted a second
order polynomial as a function of T 2 �tted above Tc. Due to the small temperature
range over which �tting was performed, the uncertainty in the �tting parameters
was constrained by imposing entropy conservation from 0 ≤ T ≤ Tc. The resulting
curves are shown in Supplementary Figure 3. The height of the jump in the speci�c
heat was determined by further constraining that entropy be conserved through the
superconducting transition anomaly.

We determine an upper bound to our superconducting transition width by cal-
culating the distance from the beginning of the upturn above Tc to the apex of the
speci�c heat peak in the raw data. This corresponds to a maximum transition width
of 3 K, comparable to the transition widths determined by the same method in
Refs [10�12], although sharper transitions, 1.5 K in width, were measured in Ref [2].
We also note that the width of the transition decreases with increasing doping for our
samples. Our observed transition widths correspond to a ∼0.04 spread in P doping
on the As site, which yields a 1% uncertainty in the molar mass, resulting in a 1%

6



Figure 3: Doping dependence of the jump in the electronic specific heat at zero-
field, plotted as the deviation of the electronic specific heat from its high tempera-
ture value. The height of the electronic specific heat jump is only weakly depen-
dent on doping with no evidence of parabolic or cubic dependence on Tc [13,14].
The magnitude of the jump at x = 0.46 is much smaller than that reported by
previous studies [2, 10], however, the shape of the transition is similar to those
reported in nano-calorimeter studies [10], and the height of the jump at x = 0.53
is comparable to that shown in Ref. [10] for x = 0.55.

uncertainty in the speci�c heat per mole over each mosaic of crystals at the three
nominal dopings measured. Figure 3 of the main text and Supplemental Figure 2c
includes error bars from these doping uncertainties.

We see little change in the magnitude of the jump in C/T at Tc with doping
over the measured doping range; however, the range of Tc for samples in this work
is too narrow to make any reliable conclusion about possible scaling of the jump
with Tc [7,8]. The ratio C/Tcγn can be calculated using either γH or γtotal as the
normal state electronic speci�c heat [See Supplemental Figure 4]. Two disparate
behaviors are apparent: a constant value of the ratio with a magnitude close to 1,
and a ratio that increases from ∼1 to ∼2 for the three samples studied. Neither of
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these behaviors is consistent with BCS theory in the weak coupling limit.

Figure 4: The BCS ratio, C/Tcγn, as a function of doping. Gray line is the BCS
value 1.43. Dashed colored lines are guides for the eye.

5 Sample Quality

In our measurements, we observe a zero-�eld, zero-temperature electronic speci�c
heat, γbg, which is �nite and increases with increasing doping, such that at x = 0.60
the magnitude of γbg is nearly equal to the value of γH [Supplemental Figure 2a,b].
We make no a priori assumptions concerning the origin of γbg, and therefore must
consider the possibility that γbg arises from disorder, such as �ux inclusions or im-
purities, in the samples rather than from the Fermi surface or more exotic physics.

Both speci�c heat and magnetization transitions show at most a ∼3.5 K width of
the transition into the superconducting state for 0.46 ≤ x. This width is comparable
with the superconducting transitions in speci�c heat on single crystals as reported in
a number of studies [10�12], although narrower widths ( 1.5 K) have been reported
in Ref [2]. As stated in SI Section 4, the widths in Tc as seen in the jump in the
speci�c heat at Tc translate a ∼1% uncertainty in the values of γ. This would imply
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that doping inhomogeneity within a single crystal and across the mosaic of samples
is unlikely to be the source of γbg. Additionally, we observed in SI Section 4 that the
width of the speci�c heat jump at Tc decreases with increasing doping. One would
expect the opposite trend if γbg arose from doping inhomogeneity that a�ects Tc. It
is worth noting that γbg increases by a factor of �ve from x = 0.46 to x = 0.60.

Microprobe studies performed on 2-4 crystals at doping x = 0.3, 0.44, and 0.60
show an increase in the number of �ux inclusions with increasing doping. If �ux
inclusions are responsible for the observed γbg, we would not expect the �ux and the
superconducting sample to have the same density of states, i.e. one could not simply
add γbg to γH to yield a meaningful γtotal. However, as shown in Supplemental Figure
2, γtotal agrees well with the sum of the e�ective quasiparticle masses determined by
quantum oscillation measurements. Because quantum oscillations are only sensitive
to quasiparticles at the Fermi surface, this suggests thatγtotal, and therefore γbg, origi-
nate from Fermi surface quasiparticles. Such a conclusion implies that γbg arises from
non-superconducting pockets. However, the claim of non-superconducting pockets
would be at odds with ARPES measurements that report comparable superconduct-
ing gap energies for all pockets on the Fermi surface [15].

The observed doping dependence of γbg might alternatively suggest a non-Fermi
surface origin of that component of the speci�c heat, arising perhaps from localized
electrons. However, quantum oscillation measurements probe the Fermi surface and
would not detect these localized electrons. A �nal possibility is that γbg arises from
non-Fermionic modes associated with quantum criticality [16,17], although an inter-
pretation in terms of speci�c heat is not straightforward. We emphasize that these
questions can now be discussed based on a model-independent analysis of magnetic-
�eld-dependent speci�c heat as presented in this work. In particular, our measure-
ment may renew an interest in the evolution of the speci�c heat jump at Tc and its
relation to the electronic density of state in high temperature superconductors.
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