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1. AB INITIO PARAMETERS AND DFT CALCULATION DETAILS

The electronic structure calculations by using OPENMX were carried out with 400 Ry energy cutoff. In order to
take into account of pressure effect, we used the experimental lattice parameters measured at 0 (ambient), 5, 10, and
14.5 GPa [1]. The tight-binding hopping parameters and the interaction parameters were estimated in between to
molecular orbitals. As shown in Fig. S1(a), MLWF-based tight-binding bands well reproduce the DFT-LDA results.
Fig. S2(a) visualizes the calculated MLWFs denoted by Dyy, Dy,, and D,y ecach of which is composed of four atomic
dyy, dys, and d,x orbitals, respectively. Four major hopping parameters are presented in Table. I where we present
the values obtained from ECALJ code [2]. This set of hopping parameters were double checked with OPENMX, and
the deviations are found to be less than 1 meV.

Lattice structure Pressure (GPa)|t1(meV)|t2(meV)|t3(meV) |t (meV)
0 —55 28 7 14
Experimental 5 —65 31 v 14
10 —73 35 5 15
14.5 —78 36 4 15
Optimized (within DFT)[3] 0 —55.7 27.6 7.1 14.5

TABLE 1. The calculated hopping parameters as a function of pressure. For the convention of each parameter, see Fig. S2 (c).
It is found that the lattice optimization does not make significant changes.
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FIG. S1. (a) The calculated band dispersion by DFT-LDA (violet) and MLWF tight-binding parameters (green) at the pressure
value of 0 (left) and 14.5 GPa (right). (b) Schematic diagram to describe the polarization in cRPA procedure. The black arrow
represents the polarization within the (correlated) model space (Py) while the gray ones refer to the other polarizations (P,).
In the current study, the correlated space is defined as molecular ¢, orbitals corresponding to the green-colored bands in (a).

In order to consider electron interactions, we performed cRPA calculations which can properly take into account
of screening effects in solids [4-11] and give rise to the reliable estimation of effective ‘on-site’ interaction strengths
being much smaller than the ‘bare’ interactions, V. Within RPA, the fully screened interaction U can be calculated
from

U=tV (S1)

where e =1 — VP and P is the polarization [4]. In order to cooperate with correlated electron models (e.g., Hubbard
model), the correlated orbitals or subspaces need to be defined properly. The effective Coulomb interaction U in such
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Pressure (GPa)|U (eV)|U’ (eV)|Ju (eV)|U (eV)|U' (eV)|Tu (eV)
0 (ambient) 0.668 | 0.507 | 0.061 | 0.175 | 0.063 0.046
5 0.637 | 0.481 0.059 | 0.184 | 0.071 0.046
10 0.599 | 0.448 | 0.057 | 0.190 | 0.077 | 0.046
14.5 0.585 | 0.436 | 0.056 | 0.193 | 0.080 | 0.046

TABLE II. The calculated interaction parameters as a function of pressure. U, U’, and Jy refers to the intra-, inter-orbital
interaction, and the Hund coupling calculated by cRPA, respectively. The corresponding fully screened values are denoted by
U, U’, and Ju, respectively.

a model can be represented by [4]
U=[1-V(P-P)] 'V=[1-V(P) "V (S2)

where Py and P, refers to the polarization within the correlated orbitals and the other (‘rest’) space, respectively; see
Fig. S1. The relationship between the fully screened interaction, U, and the partially-screened (‘constrained’) U can
be found by [4]

U=[1-V(P.+P)] " 'V=[1-VP){1-(1-VP) WP}~V (S3)
={1-(1-VP)'WP} "1 -VP) 1V =[1-UP;'U. (S4)

Our calculation results of these values are presented in Table. II.

It is noted that the strengths of ‘on-site’ Coulomb and Hund's interaction are smaller than the typical values for 5d
transition metal ions. It is is reasonably well understood from the nature of molecular orbitals which are distributed
over the four atomic Ta sites. According to a recent study, these interaction parameters get reduced by a factor of
~1/4 [12]. The effect beyond this simple estimation such as the screenings of other molecular orbitals have been taken
into account by our cRPA calculation.

2. TIGHT-BINDING MODEL DESCRIPTION

FIG. S2. (a) The calculated MLWF's of three molecular ¢; orbitals where we used the isosurface value of 0.05. (b) Top view
of crystal structure which clearly shows the arrangement of TasSes and GaSes clusters in the xy-plane. The hoppings in
between TasSes cluster sites are depicted by black arrows which are orbital dependent. (c) The schematic figure to represent
the orbital-dependent hoppings. The calculated four major hoppings, t1, t2, t3, and t’ are presented in Table. 1.
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In this section, we construct the tight binding model description for the completeness. We mainly repeat the
description of Ref. 3 here. The starting point of our tight-binding model is the molecular t5 orbitals (Dyy, Dyz, D,s)
basis. In the absence of the SOC, the nearest-neighbor hopping matrix from ¢ site to j site can be generally written
as,

R S11 S12 — A1g Si3+ Ais
Thopping;ij = | Si2 + A1z S22 Saz — Aags (S5)
Si3 — Ay Sag + Ass S33

Here, we separate the inversion even and odd hopping components as S and A respectively. According to the
Wannier function analysis, there exist four distinct hopping channels #1, t9, 3, and #. The inversion even hopping
terms, 1, t2, and t3, correspond to tqq1 (o-type), tpa (m-type), and tqqe (6-type) hopping integrals (See Figure S2). In
addition, the inversion odd term ¢’ is allowed due to the lack of inversion symmetry. In terms of the hopping matrix
defined in Eq. (S5), the matrix elements are explicitly given as,

(n1,n2,n3) = (£1,0,0) S11 =t1, Soo = S33 = to, Sa3 = —t3, A13 = —A1p = Ft’ (S6)
(n1,n2,n3) = (0,£1,0) Sy = S33 =tg, Sog =t1, S13 = —t3, Ag = —Aoz = Ft'
) =(0,0,%1) Si1 = Sz =ta, S33 =11, S1a = —t3, A1z = —Ag3 =+t
(n1,n2,n3) = (£1,F1,0) Si1 = Sao =tg, S33 =11, S12 =t3, A13 = Agz = £t
(n1,n2,n3) = (0,£1,F1) Si1 =t1, Sop = Sz =ty, Sag =t3, A1z = A1y = +t’
(n1,n2,n3) = (£1,0,F1) Si1 = S33 =tg, Sop =t1, S13 =t3, A1z = Aoz = Ft'

(nla N2, M3

where (n1,n2,n3) characterizes the direction of the hopping, r;; = n1a; + neas + nias. ap 2 3 are the unit vectors of
the FCC lattice. We now include the SOC effect in the Hamiltonian as,

Hsoc = AsoL - S. (S7)

where Agp is the strength of the SOC. and L and S are the orbital and the spin angular momentum operators,
respectively. We can rewrite the Hamiltonian in Eq. (S5) in terms of jog basis:

ion = 3om = 3 = =Dy 1+ =lDes 1)+ =IDay ).
o = 51m = = 3) = 7=Dye 4) = =Das ) = 21Dy 1,
or = 5:m = 3) = =—5IDye 1) = = |De 1

o = om = 1) = = iDye 1) = 1Dus 1+ /21Dy
ok = o= ~3) = 21Dy 1)~ 1D 1) 4y 21D
o = 5om = =3) = =Dy 1) = Z=1De ).

where the arrows indicate the electron spin. In jeg basis, the hopping matrix and the on-site SOC term transforms
as,

) TV e, . +Xsol 0
Thoppingij = i s |, Hsoc = S0z : S8
hopping;ij < Gij(_A)T Tg/z SOC 0 _%)\SOLL ( )

where I,, are n-dimensional identity matrix. 7%/2(3/2) describes the intraband hopping terms of jeg = 1/2 (3/2)
bands, and O represents the interband tunnelings. The explicit forms of the hopping matrices follow Eq. (S5). If the
energy splitting between the jeg = 1/2 and 3/2 bands, %)\SO, is large compared to the inter-orbital hopping terms O,
Jeft = 1/2 and 3/2 subsectors effectively decouples.



iv

(2)

Initial states Intermediate states Final states
(b), © ,
.-0-
LT A=
I - 37 A" ]
451 .- P ] —A"—o—"*
o7 _--" ] P T
Pae . - 2F B _-o-T
o7 -7 -0 A AT UL
. o ,:Zr s a0 -
— E z z P = e P La” -
>40 /,° ,/“ oo LAt > 1r At o-- a —‘o____o-,
(3) . a’ e [} et .- 0--
g P R P atiie g PRI - e o-""
— P Y 2 = nk PRasvts PEoie |
S35t ,0',,": G §0 AL
et jenit” R A e
e e ~°~Ambient b ox’ﬂ -9 -Ambient| |
30 F /:2/ :::SGPa L~ ’,f’ “"°5 GPa
Lo . 10 GPa r.-- -%-10 GPal]
k -4-15GPa d -A-15GPa
25 | | | | . | | ]
0 50 100 150 200 250 0 50 100 150 200 250

EJW =1/2 — E(]w :3/2(meV) E,](;Nzl/g - E‘]‘,Hzg/g(nlev)

FIG. S3. (a) Schematic representation of the interband tunneling process. The second-order process mediating the intermediate
Jet = 1/2 states contributes to the effective jeg = 3/2 many-body interactions (b-c) jeg = 3/2 projected pairing interaction
strength derived from the exact diagonalization result using (b) the cRPA and (c) the fully screened values of the interaction
parameters. We find that the reduction of the band splitting decreases the pairing constants, g;.

3. PROJECTION TO j.s = 3/2 BASIS

In this section, we project the interacting Hamiltonian to jeg = 3/2 basis. We start our analysis by writing down
the interacting Hamiltonian as,

Z NiuoNive’ + JTH Z dzugd;‘rvg'diuo’divo' + Ji

iu,v<u

Z (djuad;rug'diva’divg + hc)

H; = UZniuTniw + U’
i iuFv,0#0’

iuFv,o,0’

=Hy+Hy +Hjyp+Hjo (59)

where 7 is the site index, u, v € (zy, yz, zz) denote the orbital indices (Dyy, Dy, D,;) and 0,0’ € (1, 1) are spin indices.
Here, n;u, = d;-rwdiw is the number operator and d;,» (dzw) are the annihilation (creation) operator of electrons
at site ¢ and orbital u with spin 0. U and U’ represent the intra-orbital and inter-orbital interaction strengths
respectively. The third and fourth terms are the Hund exchange interaction and Hund pair hopping interaction

respectively parametrized by J. With (U,U’, J) > 0, these interaction terms are repulsive in nature.



A. jes = 3/2 intra-band contribution

Due to spin orbit coupling, in the absence of interactions, the degenerate to orbital states split into J = 1/2 doublet
with energy A and J = 3/2 quartet with energy —\/2. Large \ leads to the large energy gap between these states
with negligible mixing. Hence, we restrict to J = 3/2 manifold and project the interacting Hamiltonian Hj, given in
Eq. (S9), to the J = 3/2 basis states. Any operator O expressed in terms of spins and orbitals are projected to the
J = 3/2 subspace through the projection operator Ps/, and the projected operator is denoted as 0= P3,50P35.
Thus, the projection of the number operators nqp, spin operators Sas = (555, Saﬂ, S3p) to the J = 3/2 subspace can
be written as

_ (3. B
fias = PsjanasPsjn = ¥ (ZI - ?)\p

. 3 J3
)5 = PysSl 3Py = W ( J, —?)qx

~ Iy Japyd:

529 — Py S2 Py _xlﬁ( i) — %”)xp (S10)
where «, 3,7 € (z,y,2) with @ # B # ~ and the orbital index w in Eq (S9) can be represented as u = af.
J = (Jz, Jy, J.) and I is the 4x4 identity matrix. W = [d3/9 d1 /2 d_1 2 d_3/2] is the four component spinor where d,,
is the annihilation operator of electrons in angular momentum state |J = 3/2,m;) and m; = (3/2, 1/2,—-1/2, —3/2)
with J, being diagonal in this basis. The projected interacting Hamiltonian is written as,

Hy=Hy+ Hy + Hyy + Hyo (S11)

which is a 4 x 4 matrix. Hence, we can express the projected interacting Hamiltonian in terms of the Dirac gamma
matrices. In our work, the gamma matrices are explicitly given as following:

MN=0"®0Y%, =0"®0" 13=0Y®loxz, Ta=0"QIax2, V5=0"®0" (S12)

where 0 = (0%, 0¥, 0%) are the Pauli matrices. Using the gamma matrices, we can define the time-reversal operator

as, T = y1v3K where K is the complex conjugate operator. The projected interacting Hamiltonian can, thus, be
written as

~ U
Hy = 2 [ (UT0)? 4 (U, ) 4 (U5 0)? — 2(WTy, W) — (W, 1) — (\IIT735\I/)2}
. U’
Hyr = S5 [4010) = (1y,0) - (w15 0)?]
o
Hp = 72 [12(\IIT\I})2 = 3(Uiyy0)? = 3(Wlys0)? — 4(UTy1 )% — 4(Tly130)° — (U0 0)2 + (Tl 50)? — 4(TTh30)?

J
— (U9 0)2 + 3(UTy50)2 4 5(0Ty3,T)2 — 3(‘I’T735‘I’)2} BRT [2(‘I’T’712\I’)(‘PT’Y34‘I’) — (U3 W) (U1, )

(T4 0) (TTy50) — (UTyp50) (U3 0) — (U3 0) (UTyas ) — (BT, W) (U Ty05 W)
6v/3

J
Hp =25 [(\IJT\Il)Q +6(TTyT)2 + 6(T W) 4+ 3(UTys0)% 4 4(TTy50)2 — (UTyo0)2 — 2(UTy30)2 — 2(UTy,1)2

+ (Ul W) (U00)| =

— 6(UTy50)? — 2(TTyp30)% — 2(Wip  T)? — 6(TTya50)% — 4(UTs, 1) — 3(‘1’“%45‘1’)2}

+ 1;]8 {(\IIT’Y14\I/)(\IJT723\I/) + (UT0) (BT 0) — (BT 30) (U, T) — (\IIT’YIZ‘II)(\IJT’}/34\I/):| (S13)

1. Fierz transformation

Using Fierz identity we can decompose the particle-hole channel interactions into the pairing channel interactions.
We will show that the repulsive particle hole channel interactions can be written in the form of attractive pairing
channel terms through Fierz transformation.[13, 14] The required Fierz identity is,

1

(TTMO)(UINT) = —Te[MTTANTE|(UITA0*) (T TP W). (S14)
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Cy Cs Oh | Oy 0d
Y| V2 Y2 —Y1|—71 Y2
Y2 | —71 Y3 —Y2| V2 Y1
Y3|—73 Y1 Y3 | —7Y3| V3
Ya|—va|— Lf% Y4 | Ya |—7a
Y5| V5 7\/§V§ =5 | 45 | v5 | s

TABLE III. The table shows the transformation of 7;, ¢ € [1,5] under Cs and C5 rotations and reflections about the horizontal
plane (op), one of the vertical plane (0,) and dihedral plane (oq).

Il v [ v2 | v3 | va |5 |vi2| V13|14 |15 |23 | V24| V25 | V34 | V35 | V45
Y13 ij1{1|1}{1}{1|-1|-1{-1|-1|-1|—-1|-1|—-1|—-1|-1
yizgyi |1 1 |—-1|—-1{—-1|—-1 1|11 |1]|-1|-1|-1|—-1|—-1|-1
Y137y2 (1|—-1{1 |-1{—-1|—-1| 1 |—-1|—-1|—-1|{ 1|1 |1 |-1|—-1|-1
yi3ys|l|—1{—-1| 1 |-1|—-1|-1| 1 |—-1|—-1| 1 |—-1|—-1|1 |1 |-1
Y137vs [1|—-1|{-1|-1| 1 |-1|-1|—-1| 1 |—-1|—1| 1 |—-1|1 |—-1| 1
Y37ys [1|—1{—-1|-1{—-1| 1 |-1|—-1|{—-1| 1 |—-1|—-1| 1 [—-1|—-1| 1

TABLE IV. The table gives the values of 401‘3‘? ~ With rows representing the matrix N and column representing the matrix r4.

Eq. (S14) are non-zero only for antisymmetric I' matrices, i.e. I" € v13,9v1371, V1372, #1373, Y1374, V1375

Using these pieces of information, we construct a Table IV giving the values of 401‘\‘,‘7‘3 N With rows representing the
matrix N and column representing the matrix I'* where Tr[MTTANTP] = C3}5 .. After the Fierz transformation,
the interactions with M # N vanishes. From Table IV, we can write the projected interaction Hamiltonian terms in
(S13) in pairing channel form as,

Hy = %[2(‘1’T(’713)T‘I’*)(‘1’T%3\I’) + (U (1137) ") (BT 7137 0) + (T (11375) T0*) (U7 1575 0)]

- U’ N " *
Hyr = ﬂ[(‘w(%:‘a)w’ )(‘I’TWB‘I’) + 3(‘I’T(713’71)T‘I’ )(‘I’T%?ﬁl‘l’) + 3(‘I’T(713’Y2)T‘I’ )(‘I’TV13V2‘I’)
+ 3007 (y1373) ") (U v13730) + 2(0 T (11374) TO) (U y15720) + 2( T (v1375) ") (BT 41375 0)]

-
Hyi = =30V (313) ") (BT y130) + 3(TT (71371) ") (T 1371 0) + 3(TT (11372) ") (TT 1370 0)

72
+ 3(WT (11373) ") (U7 71373 0) + 6(WT (4137) ) (U7 71374 0) + 6(TT (32375) W) (771575 0)]
Hyp = %[12(\I’T(V13)T\I/*)(\I’T713\I’) = 3(UT (y1374) ") (BT y1374 ) — B(¥T (y1375) T 0*) (U7 41375 0))] (S15)
The total projected pairing interaction can be written as
Hy = W(‘Iﬁ’ﬁa‘l’*)(qﬁ%s@) + 30‘;%[(‘I’T(71371)T‘I’*)(‘I’T’Yl3’}’1‘1’) + (‘I’T(713’Y2)T‘I’*)(‘I’T’71372‘I’)
(0 )N (95 0)] + T2 0 0 ) (07 570) + (0159 (1550

(S16)

The first term in Eq. (S16) give rise to the singlet pairing while the remaining terms here correspond to the quintet
pairing channel. We notice that the quintet pairing channel can be attractive in the strong Hund’s coupling limit,
whereas the single pairing channel is always repulsive.

B. Effect of Interband coupling between j.g = 3/2 and jeg = 1/2 bands

We now derive the effective many-body Hamiltonian induced by the interband coupling between jog = 3/2 and
Jet = 1/2 bands. To systematically calculate the effective Hamiltonian of jeg = 3/2 band, we employ the many-body
Schrieffer-Wolff transformation[15] and exact diagonalization technique.
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1. Schrieffer-Wolff transformation

The Schrieffer-Wolff transformation decomposes the many-body interaction, H;, into diagonal and off-diagonal
component, D(Hy) and O(Hj) respectively, where each of them acts with the projection operator, P, to a target
subsystem and its complementary space, Q = 1 — P. The diagonal and off-diagonal part can be written as,

D(H;) = PH;P + QH;Q (517)
O(H;) = PH;Q + QHP

In our case, we aim to derive the effective many-body interacting Hamiltonian of jegr = 3/2 bands. Therefore, P
projects to the target subspace, characterized by the quarter-filled electrons in jog = 3/2 bands and zero electrons in
Jef = 1/2 bands. The complementary space corresponds to the states with N electrons filled in jeg = 1/2 bands and
N electrons removed from quarter filled jog = 3/2 bands.

The effective Hamiltonian can be perturbatively expanded as[15],

Hepra = PHP (S18)
Hepgo = 1P[S1,0(H))]p
H.sps = PlO(H;), L|D(Hy), S1]]P

dieles]r
2,7 Eiij
contributions considered in the previous section. The second-order describes the virtual many-body hopping processes
as shown in Fig.S3(a). Other higher-order terms describe the more complicated virtual processes.

More specifically, we rewrite the interacting Hamiltonian in jeg basis, which is written as,

Hi= Y Viaucl (b +a)cl, (k2 — g)ci, (k2)e, (k1) (S19)

i1..4,k1,k2,9

where we define a superoperator as L(X) = > |i){j]. The first-order term is just equal to the intra-band

where i = (134), 12 = 1) 122),120),12 — 1), |2 — 2)) indicates the jog basis. The second order effective Hamiltonian

can be written as,

Heppo= Z Ve s flivisigia (K1, K2, Q)Cll(lﬁ + CI)C;[Q(kz — q)ciy(ka2)ci, (k1) (520)

i1..4,k1,k2,q

where the coupling constants can be computed from the eigenstates and the energy eigenvalues of the non-interacting
Hamiltonian as,

0(€j, (ka—q2))0(€ej, (k1+q2))
Verf2linizisiia(F1, k2, Q) =232, 0 o ( ,zjs(sz;),e;:(kﬁ;) Wi ingsrja (k1 + 2, k2 — g2, Q@ —q2)  (S21)

X Wj17j2,is,i4 (klv ko, qQ)(5j37j25j47j1)0R(j3 <2,54 < 2)

where Wk, ko, q)(k1, k2, q) is the interaction coefficient in the energy eigenstate basis. 6 is the heavi-side step
function. €; is the energy eigenvalue of i-th non-interacting band. By numerically plugging in the information of the
non-interacting bands, we find that the second-order interband tunneling always contributes as the attractive singlet
and quintet pairing interactions. This result becomes analytically apparent if we consider the flat band limit. In this
limit, Heg 2 can be explicitly calculated as,

1@ tU-U)? 1g LUy
Geff,0 = 18 AE geff,1 = 6AE7 geff,2 = 24 AL 5

where AFE' is the band splitting between jogr = 3/2 and 1/2 bands. As a result, we find that the leading order
corrections are all negative, which contributes as an attractive pairing channel. This result is irrespective of the
specific values of (U,U’, Jg), since they are the complete square form.

The exact interband tunneling contribution can be numerically computed up to all orders using the exact-
diagonalization technique in the flat band limit. Fig. S3(b) shows the effective pairing strength derived from the
exact diagonalization technique as a function of the interband splitting between jeg = 3/2 and jeg = 1/2. We find
that the decrease of the interband spacing increases the effect of the interband tunneling, finally contributing as
negative correction of g; Especially, when the fully screened interaction is taken into account, we find that the pairing
interaction strength can turn to a negative value. Eventually, the attractive superconducting pairing channels open.
In results, we conclude that the reduction of the band splitting in addition to the strong Hund’s coupling may induce
the quintet pairing superconductivity in jog = 3/2 bands.

(S22)
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FIG. S4. (a) Total energy calculation derived from the mean-field theory as a function of gi. The superconducting order
parameters are represented as three component vectors. Inset: magnified figure around —g1 ~ 50meV. we find the phase
transition from the time-reversal broken phase to the time-reversal symmetric phase. (b) The density of states of (1,0,0)-
pairing as a function of the temperature. Nodal line superconductivity shows the linear DOS profile. Inset: (1,0,0) order
parameter dependence as a function of the temperature. Using the critical temperature 7T, ~ 6K, we expect the formation of
2.4meV superconducting order parameter at zero temperature.

4. MEAN-FIELD ENERGY CALCULATION

In the previous section, we find that the pairing channel with ¢,, symmetry can be attractive when the high pressure
is applied. Based on this observation, we perform the standard mean-field theory calculation of the superconductivity.
We compare the possible order parameter configurations with ¢z, symmetry: time-reversal symmetric (1,0,0)-state,
time-reversal broken (1,i,0)-state, and (1,e>™/3, e*™/3)state. Fig. S4(a) compares the corresponding ground state
energies. In the weak coupling limit where —g; < 50meV, we find that the time-reversal broken (1, e2mi/3 gdmi/ 3)state
is the most energetically favored ground state(See inset for the magnified figure). As g; is further increased, the
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phase transition from the time-reversal broken phase to the time-reversal symmetric phase is observed. In particular,
GaTaySeg has the critical temperature of T, ~ 5.8K, where the corresponding energy scale, Egs ~ 0.5meV, is well
outside the phase transition point in Fig. 1 (b). Therefore, we conclude that the time-reversal symmetric (1,0, 0)-
pairing is the relevant ground state and perform further analysis assuming (1,0, 0)-state in the main text.

Nevertheless, we also note that the time-reversal broken states can be realizable near the phase transition where
the order parameter is suppressed. In such a case, the gap structure of the time-reversal broken states are generally
characterized by the Bogoliubov Fermi surfaces. This time-reversal broken states have been similarly found in the
previous studies of Luttinger semimetal[13, 16-21]. However, we also note the important difference with the Luttinger
semimetal that GaTaySegis a quarter filled material where the Fermi level lies at the center of the jog = 3/2 valence
band.

As explained in the main text, (1,0, 0) pairing state is characterized by dy,-wave nodal line gap structure. Fig. S4
(b) shows the density of states(DOS) profile of (1,0, 0) pairing state with T, = 5.8K as a function fo the temperature.
Due to the presence of the nodal lines, the DOS profile shows a linear nodal behavior rather than the full gap. This
difference with the BCS superconductivity can be directly observed from the tunneling spectroscopy.

5. DETAILS OF TRANSPORT CALCULATION

To model the Josephson junction, we introduce the four band model of the s-wave BCS superconductor. The BdG
Hamiltonian describing the BCS superconductor is given as,

[—2to(cos(kz) + cos(ky) + cos(kz)) — pu|ls
[Ale™" 713

|A|€i¢%3

Hpes(k) = ( —[~2to(cos(kz) + cos(ky) + cos(ks)) — ,414> - (523)

where p is the chemical potential. ¢ is the order parameter phase difference between the lacunar spinel and the BCS
superconductor. To model the tunneling junction, we introduce the tunneling term between the Lacunar spinel and
the BCS superconductor as,

Htunneling = Z

i€junction

tO\IIILLCia (824)

where ¥ and c¢ indicate the four component spinors of the lacunar spinel and the BCS superconductor. the site
index 7 is summed over the junction region. After constructing the tight-binding model of the Josephson junction, we
numerically diagonalize the occupied energy of the tight binding model while varying the phase difference, ¢. This

procedure gives the free energy, F'(¢), as a function of ¢, and the Josephson current is given as I;(¢) = % dlz((f).

Finally, we derive the current-phase relation of the planar Josephson junction by gradually rotating the orientation
of the junction.
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