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SUPPLEMENTARY NOTE 1: ONE-ORBITAL EXTENDED HUBBARD MODEL

A single-orbital extended Hubbard model on the anisotropic kagomé lattice formed by the down-oriented 7 and
up-oriented T triangles is defined as:
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where c[ (c,7) creates (annihilates) an electron with spin o at site m, t and ¢’ stand for intracluster and intercluster
hopping parameters along the 7 and 7, respectively. The interaction term H;y, includes the on-site U, intracluster

V', and intercluster V' Coulomb interactions, as well as the intracluster J and intercluster J’ exchange interactions,
defined in the basis of Wannier functions w(r):

U= /dralr’wjn(r)wm(r)U(r,r’)wjn(r')wm(r')7
= /drdr’win(r)wm(r)U(r, rYw! (), (r') for (mm/) € T,
7= [ dras sl (€, 00U 3l 0, () for ') € 7. (2)
V= /drdr’win(r)wm(r)U(r, w! (' )w, (') for (mm') e T,
J' = /drdr’win(r)wm,(r)U(r,r’)w;,(r’)wm(r') for (mm/) € T',
where U(r,r’) is the partially screened Coulomb interaction. On account of its small contribution, we have neglected

a “pair-hopping”-like term, ~ w}, (r)w, , (r)U(r,r")w], (r')w
the on-site U > V ~ V' is the largest parameter.

,(r"). We consider the case of 1/6 filling and assume that

m

SUPPLEMENTARY NOTE 2: QUANTUM DIMER MODEL

Assuming that U > V ~ V' > |t| ~ |¢|, the on-site Coulomb interaction U can be discarded, because all
double occupied states at 1/6 filling lie higher in energy. In the absence of electron hoppings, the intersite Coulomb
interactions are minimised when each corner-sharing triangle hosts exactly one electron, and as a result the system
displays a highly degenerate ground state of all possible patterns with the singly occupied 7 and 7' triangles, as
shown in Supplementary Figure 1a. This degeneracy can further be lifted upon including hopping processes that give
rise to the collective motion of electrons, so that they hop clockwise and counter-clockwise around the hexagons either
along 7T or along 7, as shown in Supplementary Figure 1b. As a result, the charge order III from Supplementary
Figure 1la covered by two elementary plaquette states with three electrons at the hexagons, |[A) = ngcgg cr |0) and
IB) = cg”cl” c;" |0}, is stabilised. The corresponding energy gain is obtained in a perturbative expansion with respect
t0 Hiin to third order in t/V’ and t'/V:
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where EI(IO) is the interaction energy of an electronic configuration |n) given by Hint, that yields:
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Supplementary Figure 1. a Possible charge ordering patterns on the 1/6-filled kagomé lattice (blue and red circles stand for
the spin-up and spin-down electrons, respectively). b Elementary plaquettes of the quantum dimer model. ¢ Ring tunnelling
processes connecting elementary plaquettes at each hexagon.
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Summing up over all hexagons and spin configurations and replacing c;"cyc3” ¢4 ¢5” ¢g = c5 ¢35 €] Co¢f ¢ =

|A)(B]|, we obtain:

Ho=D > (n+gdho,  ho=|A)B|+[B)A] (5)
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with g1 = 6t"3/V? and go = 6t3/V’2. The resulting low-energy model has the form of the quantum dimer model for
the hard-core plaquette states |[A) and |B):

Hou = —tn S (JAY(B| + [B)(A]) +vp 3 (1A)(A] + [B)(B]), (6)
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where the first term ~ tp is a kinetic term that flips hexagonal plaquettes, and the second term ~ vp is a potential
that counts the number of flippable plaquettes, i.e. vp < 0 (> 0) favours (disfavours) such plaquettes. The phase
diagram of this model for spinless electrons is shown in Supplementary Figure 2 [1, 2], featuring three distinct phases
that belong to two different topological sectors which are not flip connected: on the one hand, the so-called star
charge ordered (—0.228 < vp/tp < 1) and plaquette charge ordered states (vp/tp < —0.228), and on the other hand
a staggered charge ordered state (vp/tp > 1), in which all hexagon plaquettes are destroyed. Given that vp = 0 in
Eq. (5), the ground state of Eq. (1) in the limit [¢|/V’ < 1 and |t/|/V < 1 is expected to reveal a plaquette charge
order with resonating hexagons.

The quantum dimer model for spinful electrons can also include antiferromagnetic spin fluctuations between next-
nearest neighbours ((ij)) at each hexagon (for example, 1-3, 3-5, and 5-1 in |A)), which are obtained to second order
in ¢y, /U:
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Supplementary Figure 2. Phase diagram of the quantum dimer model for spinless electrons on the dual hexagonal lattice [1,
2]. Blue and red links encode the spin-up and spin-down electrons, respectively, and the green colour corresponds to the
resonating hexagons.

that gives

1
HS = Jnn Z nmj (Sz . Sj - Z) (8)
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with Jy, = 4t2, /U, where t,, is the hopping parameter between next-nearest neighbours; n; is the occupation number
at site i, and n;n; emphasises that J,, couples only occupied sites because the electron positions are not fixed in the
hexagon.

The final form of the low-energy model reads:

Hp = Ho + Hs. (9)
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Supplementary Figure 3. a Ground state energies per site for different S, sectors of the quantum dimer model, Eq. (9), as
obtained from exact diagonalisation for finite geometries with periodic boundary conditions containing N = 27 and 36 sites.
The difference with the lowest energy level Egg is shown. b Geometries used for exact diagonalisation with N = 27 and 36
sites



The results of exact diagonalisation for the quantum dimer model (9) are presented in Supplementary Figure 3. One
can see that when g; and go have the same sign the ground state is highly degenerate, and the different spin sectors
with total spin S, can further be split by exchange interactions Jy, between next-nearest neighbours, in agreement
with Ref. [3]. However, when ¢g; and g5 have opposite signs the degeneracy of the different spin sectors is lifted even
in the absence of spin fluctuations, which is at variance with Ref. [3]. When g¢; and g2 have the same sign, the matrix
elements of Ho can be chosen positive owing to the bipartite lattice, and the Perron-Frobenius theorem can be applied
to show the degeneracy of different spin sectors, as was done in Ref. [3]. This is no longer true in the case of opposite
signs, when Ho contains both positive and negative entries and the theorem is not applicable.

Density-density, spin-spin, and plaquette-plaquette correlation functions are used to characterise the PCO state:

C(ro,rx) = (n(ro)n(ry)) — (n(ro))(n(rs)), (10)
C*(ro,rx) = (S(ro) - S(r)) — (S(ro)) - (S(rw)), (11)
C"(Ro, Re) = (ho(Ro)ho (R)) = (ho(Ro))(ho (Ra)), (12)

respectively, and the corresponding static structure factors are calculated as (for i = n,s, and h):
4 1 , 4
S'(aq) = N Ek: e~ 1w Ol (1, vy, (13)

The resulting correlation functions for Ho and Hg obtained from exact diagonalisation are shown in Supplementary
Figure 4. The calculated C" clearly demonstrates the formation of resonating hexagons in Hq, and the corresponding
C™ and C® show short-range correlations in Hq melting down with distance. These results are in agreement with
Ref. [4].

In the plaquette charge ordered state, the resonating hexagons can be effectively decoupled, so that one can consider
a single hexagon containing three electrons in the basis of plaquette states |o10203)a @ |010203)s, where the Hilbert

space at each plaquette spans all possible spin configurations |o10903) = {| 1), | L), | T4, | T4, [ 411, | 414,
| J41), | 444y}, The isotropic exchange within each plaquette is written as:
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Supplementary Figure 4. Density-density C™(ro, ), spin-spin C*(ro, rx), and plaquette-plaquette C*(Ro, Ry) correlation
functions and the corresponding static structure factors, S™(q), S°(q), and Sh (q), of the quantum dimer models: Ho with
g1 = —0.01, g2 = —0.01, Hp with g1 = —0.02, g2 = 0.01, and Hgs with J.n = 0.01, as obtained from exact diagonalisation for
finite geometries containing N = 27 and 36 sites with periodic boundary conditions. The radius of the dots is proportional
to the absolute value of the correlation function, and the colour encodes the sign (red for a positive value, blue for a negative
value). Here, S®(q) is calculated on the original Brillouin zone; S®(q) and S®(q) are calculated on the extended Brillouin zone
(double of the original one).
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Supplementary Figure 5. Specific heat and spin susceptibility of a single hexagon calculated with the model parameters for
LiZnaMo3Os: g1 = 13.5 meV, g2 = —40.1 meV, and J,n = 1.4 meV.

In turn, the ring tunnelling processes are given as:
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The full Hamiltonian for a single hexagon has the following form:

o = (

that yields four fourfold degenerate states:
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where § = \/¢? — g192 + 93. When g; < 0 and go < 0, E(P3) with a totally symmetric superposition of the [A) and
|B) plaquettes is the ground state of Hp. On the other hand, the ground state is given by E®D gither when i) g1 <0
and g2 < 0 and J,, > %(—gl — g2 — §), or when i) g1 and g have opposite signs regardless of Jy,,. This state is
formed by valence bonds at the resonating hexagons with dangling spins.

Specific heat and spin susceptibility of Hp calculated on a single hexagon with the model parameters for
LiZnyMo3Og are shown in Supplementary Figure 5.



SUPPLEMENTARY NOTE 3: CLUSTER HUBBARD MODEL

When [t| ~ V', the perturbation theory with respect to ¢/V’ breaks down. In this case, the original single-orbital
Hubbard model from Eq. (1) can be reformulated by grouping the atomic states at the 7 triangles:

Hc = Her + Hiin + Hu + Hy + Hyr, (22)

where the “crystal-field” and intercluster hopping terms are given as:

A 011
Hor = 3 Z el tot | €y Hin= Z t’czzlc?m,, (23)
i;mm' €T r10/) (i), mm’ €T’

respectively, with A = 3t; the intracluster Coulomb interactions are:

Z mm/nzm ;Lm’ HV = Z me’nzmnzm (24)
i,mm’eT i,{mm/)eT
with
uvy 011
U=|vuv v=V|101], (25)
Vv U 110

and the intercluster Coulomb interactions are (neglecting J' ~ 0 and J’ ~ 0):

HV/ = Z V;Lm/njm ]m/ + Z V,/nm/nfmn?m, (26)
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Supplementary Figure 6. Schematics of the extended Hubbard model on the triangular lattice formed by the 7 clusters,
where U + V and V' stand for the intracluster and intercluster Coulomb interactions, respectively, and T’ is the intercluster
hopping parameter. The indices 1, 2, 3 number atomic positions at each T cluster.
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with
011
V=vV']1101]. (27)
110

Here, ¢ and j run over all T clusters, and m and m’ are the intracluster indices taken as ordered in Supplementary
Figure 6. The term Hcr has the form of trigonal distortion along the local C5 axis, n = 7(%, %, %) The
corresponding rotation R to the local trigonal frame (2',y’,2") with 2z’ || n transforms the electronic states into
the single a; and double-degenerate e; states with energy levels 22 and —2£, respectively, as 1) = D(R)|i), where

i) € {1),12),13)}, [D) € {lar), ler) ™D, [ef?)}, and:

D(R) =R = (28)

shshsi
o shshk
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These states can be further taken as a liner combination (in analogy with the t54 electrons so as to diagonalise the
orbital angular momentum operator in the local frame, L., = D(R)L,D~*(R)):

1
a) = —
@)= —

€M) = L (wi1) + wl2) +[3)), (20)

(11) + [2) + 13)),

-5l %
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where w = €2™/3. Using the inverse transformation |i) = Q7):
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the Hamiltonian in Eq. (22) can be rewritten in the “molecular” basis |z), where the interaction terms are:
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and the intercluster hopping parameters are T = QiT'Q. Importantly, when A < 0 (¢ < 0) the electrons occupy the
ay state at the 7 clusters. Thus, the original single-orbital electronic model on the kagomé lattice is now mapped
onto the three-orbital cluster Hubbard model on the triangular lattice, as schematically shown in Supplementary
Figure 6. In the limit ¢ < U, the theory of superexchange can be applied by considering electron hoppings between
two neighbouring clusters, for example:

000 g f1wew 00 ¢ N g1
Tigo=1 000 — Tioo = 3 1w w T ipo={000 — Tlig = glwww |- (32)
00 1w w 000 W W W
Then, the corresponding spin Hamiltonian is derived to second order in ¢' /U and t'/A:
Ha =Y JnSi-S; (33)

(i5)
with
8t/2 4t/2 8t12
T3V A —2v)) 3T 2V —2v)) | 3(U 12V 4 3|A]—2v)

Jp = (34)
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Supplementary Figure 7. a Crystal structure of LizInMo3Os. b Two stacking types of the kagomé lattices along the ¢
axis (blue and pink colours correspond to different layers). Li2InMo3Os and LiaScMozOs correspond to the BB stacking, and
LiZnyMo3Og corresponds to the ABABAB stacking.

SUPPLEMENTARY NOTE 4: FIRST-PRINCIPLES CALCULATIONS

The crystal structure of LisInMo3Og is shown in Supplementary Figure 7, and the corresponding crystallographic
parameters of LisInMo3zOg and LisScMogOg are given in Supplementary Table 1. The crystal structure parameters
of LiZny;Mo3Og are presented in Supplementary Table 2.

The band structures of LiosInMo3Og and LisScMo3QOg with spin-orbit coupling are shown in Supplementary Figure 8.
The effect of spin-orbit coupling gives a small band splitting of the a; and e; states and can be discarded from the model
construction. However, it is worth noting that spin-orbit coupling is important to reproduce spin wave excitations in
LisInMo3Og and LiaScMo3Og that were reported to have a spin gap due to anisotropic magnetic interactions [5].

The resulting Wannier functions representing the a; and e; states for LiosInMo3Og are shown in Supplementary
Figure 9. The calculated spreads of the Wannier functions are 3.92 A2, 3.70 A2, and 3.36 A2 for LisInMosOsg,
LisScMo30sg, and LiZnsMosOyg, respectively. The full list of hopping parameters for LisInMo3zOg and LisScMo3zOg
is given in Supplementary Tables 3 and 4, respectively. Hopping parameters for LisInMo3Og are presented in Sup-
plementary Table 5. The parameters of Coulomb and exchange interactions were calculated within random-phase
approximation in the basis of Wannier functions [8, 9]. The values of J and J’ were found to be less that 0.01 eV and
can be neglected from the consideration.

Finally, the Mo3O;3 layers possess different types of stacking, as shown in Supplementary Figure 7. The interlayer
hopping parameters of the B type in each system are small and can be neglected. The interlayer hopping parameters
of the A type in LiZny;Mo3Og can lead to the interlayer exchange comparable to Jy,, between intralayer next-nearest
neighbours and are expected to give a small change to the final T without destroying the plaquette charge order.
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Supplementary Table 1. Crystal structure and Wyckoff positions of Li2InMo3Os and Li2ScMo3Og as determined from
powder x-ray diffraction [10]. The space group is P6zmec.

Atom Wyck. Pos. X y zZ

LizInMo3Og (a = 5.7846 A ¢ = 10.4475 A)

Li 2a 0 0 0.1678
Li 2b 1/3 2/3 0.0825
In 2b 1/3 2/3 0.6744

Mo 6c 0.1876  0.8124 0.3931
0 6 0.5190  0.4810 0.0261
0 6e 0.8421  0.1579 0.2940
o) 2a 0 0 0
o) 2b 1/3 2/3 0.2579

Li2ScMo30s (a = 5.7732 A ¢ = 10.2880 A)

Li 2a 0 0 0.1689
Li 2 1/3 2/3 0.0836
Sc 2 1/3 2/3 0.6732

Mo 6c 0.1870  0.8130 0.3916
0 6c 0.5193  0.4807 0.0319
0 6c 0.8429  0.1571 0.2862
0 2a 0 0 0
0 2 1/3 2/3 0.2585

Supplementary Table 2. Crystal structure and Wyckofl' positions of LiZnaMogOs as determined from neutron powder
diffraction [11]. The space group is R3m.

Atom Wyck. Pos. X y Z occ.

LiZnaMo3Os (a = 5.7956 A ¢ = 31.039 A)

Mo 18 0.18493 0.81507 0.08372 1.0
o) 18h  0.84510 0.15490 0.04788 1.0
o) 18h  0.49240 0.50760 0.12458 1.0
o) 6c 0 0  0.11841 1.0
o) 6c 0 0  0.37140 1.0
Zn 6c 1/3  2/3 -0.64229 1.0
Zn 6c 0 0 0.18144 1.0
Li 6c 0 0  0.50510 0.5

Li 3a 0 0 0 1.0
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Supplementary Figure 8. Band structures of LiScMo3Os and Li2InMo3sOg from local density approximation with spin-orbit
coupling.

Supplementary Figure 9. a Wannier functions representing the a; and e; states in LizInMo3Osg as obtained from LDA
calculations; I and II denote two clusters in the unit cell. b Wannier functions in the Mo3O13 cluster. ¢ Order of the Wanner
functions for two Mo3O13 clusters in the unit cell of Li2InMo3Os.
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Supplementary Table 3. Hopping parameters (in meV) for the one-orbital model in LipInMo3Os as obtained

from LDA calculations. The unit cell contains two MosOis clusters I and II centered at (3,2,0.3931) and
(%, %,0.8931) in fractional units, respectively. Atomic coordinates of the Mo sites in each clusters are given in fractional

units as (0.1876,0.8124,0.3931), (0.1876,0.3752,0.3931), (0.6248,0.8124,0.3931) for cluster I, and (0.8124,0.1876,0.8931),
(0.8124,0.6248,0.8931), (0.3752,0.1876,0.8931) for cluster II, and their order is shown in Supplementary Figure 9c. The

lattice translations are a(1,0,0), a —%, @,0)7 (0,0,c¢), with a = 5.7846 A and ¢ = 10.4475 A.

Intracluster hoppings

0 —409.1 —409.1

JLL g
[000] = %poo0] = | —409.1 0 —409.1
—409.1 —409.1 0

Intercluster hoppings

Intralayer nearest neighbours (tE’H = [tALI]T)

158 100 —0.8 15.8 8.1 181.2 ~158 81 10.0
Elio0) = 8.1 —15.8 10.0 tiog = | 100 —15.8 8.1 o= 100 158 —0.8
181.2 8.1 15.8 08 100 15.8 8.1 1812 158
15.8 181.2 8.1 158 —0.8 10.0 ~158 100 8.1
towo = | —0.8 158 10.0 torg = | 1812 158 8.1 tito) = 8.1 15.8 181.2
100 8.1 —15.8 81 100 —15.8 100 —0.8 15.8

Interlayer nearest neighbours (fgl = %.H)

~116 —1.6 —1.6 —75 120 —12.0 —75 —12.0 12.0
tooo = | —12.0 —7.5 12.0 tiog = | 120 —7.5 —12.0 forg = | —1.6 —11.6 —1.6
~12.0 120 —-7.5 16 —1.6 —11.6 12.0 —12.0 —7.5
75 120 -16 —11.6 —12.0 —12.0 —75 —1.6 120
o = 120 -75 -16 oo = | —1.6 —75 120 for = | —12.0 —11.6 —12.0

—-12.0 -12.0 —-11.6 -1.6 120 -7.5 120 —-1.6 =75
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Supplementary Table 4. Hopping parameters (in meV) for the one-orbital model in Li2ScMo3Og as obtained from LDA
calculations. The unit cell contains two MogO1s clusters I and II centered at (3, 2,0.3916) and (2, 1,0.8916) in fractional
units, respectively. Atomic coordinates of the Mo sites in each clusters are given in fractional units as (0.187,0.813,0.3916),
(0.187,0.374,0.3916), (0.626,0.813,0.3916) for cluster I, and (0.813,0.187,0.8916), (0.813,0.626,0.8916), (0.374,0.187,0.8916)

for cluster II, and their order is shown in Supplementary Figure 9c. The lattice translations are a(1,0,0), a(—%, @, ), (0,0,¢),

with @ = 5.7732 A and ¢ = 10.2880 A.

Intracluster hoppings

0 —281.2 —281.2

AT AL
tio00] = tooo) = | —281.2 0 —281.2
—281.2 —281.2 0

Intercluster hoppings

Intralayer nearest neighbours (f%’n = [f;l]T)

166 14 28 16.6 13.8 146.7 247 138 14
AN _ ANl _ ANl _
fhog = | 138 —247 14 fiog = | 14 —24.7 138 i = 14 166 238
146.7 13.7 16.6 28 14 166 13.8 146.7 16.6
16.6 146.7 13.8 166 2.8 14 —247 14 138
b = | 28 166 14 torg = | 146.7 166 13.8 fiig = | 13.8 16.6 146.7
1.4 138 —24.7 13.8 1.4 —24.7 14 28 166

. A1T LTI
Interlayer nearest neighbours (tij =1 )

—74 53 53 20.3 —8.5 —3.1 20.3 —3.1 —85
foo = | =31 203 -85 i = | -85 203 —3.1 iy =1 53 -74 53
~3.1 -85 20.3 53 53 —74 ~85 —3.1 20.3
20.3 —8.5 5.3 ~74 —31 -3.1 20.3 5.3 -85
fhon = | -85 203 53 ooy =| 53 203 -85 fiy = | —3.1 —74 —3.1

=31 =31 —-74 5.3 =85 20.3 -85 5.3 203
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Supplementary Table 5. Hopping parameters (in meV) for the one-orbital model in LiZnaMosOs as ob-

tained from LDA calculations. The wunit cell contains six Mo3zO13 clusters, centered at (%,%,0.083720),
(3,2,0.249613), (0,0,0.417053), (0,0,0.582947), (%,%,0.750387), and (2,3,0.916280). Here, the hopping pa-
rameters are shown for cluster I. Atomic coordinates of the Mo sites in the clusters are given in frac-
tional units as (0.18493,0.81507,0.08372), (0.18493,0.36986,0.08372), and (0.63014,0.81507,0.08372) for cluster
I, (0.481737,0.518263,0.249613), (0.481737,0.963473,0.249613), and (0.036527,0.518263,0.249613) for cluster II,

(0.81507,0.18493,0.91628), (0.81507,0.63014,0.91628), and (0.36986,0.18493,0.91628) for cluster VI. The lattice trans-
lations are a(1,0,0), a(—%, ¥2,0), (0,0, ¢), with a = 5.7956 A and ¢ = 31.039 A.

20

Intracluster hoppings

0 —134.3 —134.3
foog = | —134.3 0 —134.3
—134.3 —134.3.2 0

Intercluster hoppings

Intralayer nearest neighbours

279 —78 7.3 279 113.3 —25.6 —58.0 —256 7.3

torg = | 1133 27.9 2556 towg = | 78 279 73 i = 73 27.9 —7.8
—256 7.3 —58.0 7.3 —25.6 —58.0 —25.6 113.3 27.9

—580 7.3 —25.6 279 73 —7.8 27.9 —25.6 113.3

tiig = | —25.6 27.9 1133 foo = | —25.6 —58.0 7.3 thog = | 7.3 —58.0 —25.6
73 —78 279 113.3 —25.6 27.9 78 73 279

Interlayer nearest neighbours
A type
—-33.1 —-38.8 —38.8
L

ooy = | —38.8 —33.1 —38.8
—38.8 —38.8 —33.1

B type
~12 05 05 0.5 0.3 —68 05 —6.8 0.3
oo = | 03 05 638 ty =1 05 -12 05 fio = | —68 05 03

0.3 —6.8 0.5 —6.8 03 05 05 05 —1.2
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