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Supplementary Methods

A. Experimental details

Single crystalline a-RuCls samples were prepared using the vacuum sublimation method as described in the
previous study [1]. The crystal orientation was determined by using the X-ray Laue. The magnetization and
specific heat of RuCl; were measured by using the conventional vibrating sample magnetometry (VSM) and
calorimeter equipped at a commercial Quantum Design Physical Property Measurement System (PPMS-
Dynacool), respectively. The specific heat results are displayed in Supplementary Figure 4.

Zero-field INS measurements were performed by using MERLIN and LET time-of-flight spectrometers
at the ISIS spallation neutron source in Rutherford Appleton Laboratory, UK. 165 pieces of a-RuCls single crystals
with the total mass ~ 5.5 g were co-aligned on an aluminum plate with the (0 K L) scattering plane. The samples
were placed under a liquid helium flow-type cryostat with the temperature control ranging from 2 K to 290 K. In
the MELRIN experiments, we used a chopper frequency of 300 Hz, which provides E; = 12 meV, 22 meV, and
50 meV of incident neutron energies with FWHM (full width at the half maximum) energy resolutions of 0.34
meV, 0.75 meV, and 2.23 meV at elastic scattering, respectively. The measurements were performed for the sample
rotation from -52° to 52° with 4° step referring to 0° at k; || ¢*. The LET experiments were performed at E; = 10
meV with the energy resolution of 0.36 meV (FWHM) for the elastic scattering, and the sample rotation from -
30° to 30° with 5° step relative to k; |l ¢*. The background signals were separately obtained by using an identical
aluminum sample holder both in the MERLIN and LET experiments for the background correction. INS data were
normalized, and converted to the unit for the neutron scattering function by using the incoherent neutron scattering
intensity of a standard reference vanadium sample.

The data presented in Figs. 5 and 6 in the main text were obtained by integration over [0, 0, L] =[-2.5,
2.5], [0, K, 0] =[-0.17, 0.17], and [H, -0.5H, 0] =[-0.17, 0.17]. The magnetic form factor contribution from the
L-component in the integrated data was corrected by dividing with the Ru*" magnetic form factor at each data
point [1], and the scaled data were compared with the theoretical model calculations for S(T', ). All the data were
analyzed by using HORACE software distributed by ISIS [2].

B. Comparion between inelastic neutron scattering and theortical models

Supplementary Figure 1a shows neutron scattering functions S(Q, w) for Q =T (0, 0, 0) at temperatures 7 = 2.3
K, 25 K, and 75 K. The data exhibit the continuum excitations emerging on cooling across 7u (~ 100 K), and the
continuum still remains even below 7n ~ 6.5 K. The experimental S(I', w)s are compared with the theoretical
spectra in the linear-linear scale. The theoretical spectra, which are separately extracted from two different models,
the weak coupling model (Eq. (19) in the main text) and strong coupling model (Eq. (21) in the main text), are
presented by blue and red lines in the high and low energy ranges of 4 meV < iw < 15 meV and 1 meV < hw <
5 meV, respectively. The models well reproduce the respective overall line shapes of S(T', w)s in both energy
ranges except additional contributions, which are not included in the model spectra. In the comparison for S(T', w)
at 7=2.3 K (blow Tx), we only present the weak coupling model spectrum in the high energy range since S(T', w)
in the low energy range is strongly disturbed by the apparent AFM spin wave excitations, which are not taken into
account in the spectrum of the low energy strong coupling model. A broad peak, which involves the AFM multi-
magnon modes, also appears around 14 meV. The spectral weight of the multi-magnon contribution was simply
formulated with a phenomenological Gaussian function (red solid line) as shown in the left first figure. The
phonon contribution, which increases upon heating, also appears as an additional sharp peak at Aw =~ 6 meV [1,
3], and causes a deviation from the weak coupling model.

Supplementary Figure 1b presents a detailed comparison of the S(T', w)s in the low energy region, 1
meV < Aw < 5 meV, with the strong coupling model. The calculated spectra from the strong coupling model
reproduce the S(I', w)s at different temperatures above 7w up to 125 K.
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Supplementary Figure 1. Comparison of the inelastic neutron scattering with the theoretical models. a
Neutron scattering function S(I',w)s measured from MERLIN experiment by using E; =22 meV and 50 meV,
with integration over [0,0,L]=[-2.5, 2.5], [0,K,0]=[-0.17,0.17], and [H,-0.5H,0]=[-0.17,0.17]. The theoretical
scaling functions are extracted from the weak coupling model (blue line) for a high energy scale of 4 meV <
hw < 15 meV and the strong coupling (red line) for a low energy scale of 0 meV < Aw < 5 meV. Below Tn
(2.3 K), only the high energy weak coupling model is presented in the figure since the low energy excitations
are dominated by the AFM spin wave excitations which are not taken into account in the low energy strong
coupling model. The AFM multi-magnon contributions (red solid line), marked with ‘M, are presented by a
Gaussian function centered at 14 meV. b S(I', w) from LET experiment using E; = 10 meV, integrated over
[0,0,L]=[-2.5,2.5], [0,K,0]=[-0.17,0.17], and [H,-0.5H,0]=[-0.17,0.17]. The obtained data (filled circle) are
compared with the strong coupling model (solid red line).

C. ac-magnetic susceptibility measurement with fields along [0,1,0] and [0.0.1]
directions.

Supplementary Figure 2a shows the real part of the ac-magnetic susceptibility ', (T, H) measured with external
magnetic fields along H//[0,1,0]. For this field direction, the ac-magnetic susceptibility at 7=1.8 K shows a sharp
single peak around 7 T, indicating a phase transition from zigzag antiferromagnet to polarized ferromagnet (PF).
Figure 7b in the main text shows the measured ', (T) curves with varying external magnetic fields near the
antiferromagnetic phase boundary. Noticeably, similar to x’, (T) for H//[-2,1,0] (see Fig.7 of the main text), ac
susceptibility at Ho~7.8 T reveals a power-law behavior in the temperature range 3 K< T < 12 K. The scaling
plot for ¥, T% with a = 0.14 is presented in Fig. 2c, showing the collapses of the quantities in a single line as a
function (H — H¢)/kgT above H; = 7.8 T.

On the other hand, in the magnetic field along the [0,0,1] direction (c-axis), the zigzag antiferromagnetic
phase is robust up to 30 T [4]. Therefore, y',. measured for H//[0,0,1] does not show any phase boundary or
scaling behavior up to 14T, which is the highest magnetic field in our data. This large magnetic anisotropy in o-
RuCl; is attributed to the symmetric anisotropic exchange (termed I') [5], and precedent DFT calculations and
experimental analysis (for recent summary, Table 1 in [6]) showed that the size of the term is not small in this
compound.
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Supplementary Figure 2. ac-magnetic susceptibility with external magnetic fields along [0,1,0] and
[0,0,1]. a Temperature-magnetic field contour plot of the ac-magnetic susceptibility for external magnetic field
along honeycomb bond direction (see the inset of b). The black circles indicate the phase boundaries between
zigzag AFM and polarized ferromagnet (PF). b ', (T) measured at various fields near the phase boundary of
AFM, displayed in log-log plot. ¢ A scaled plot of the ', T* with & = 0.14 as a function of (H — 7.8 T) /kgT.
d x',.(T) measured with external fields along [0,0,1]. The blue dashed line indicates the AFM transition

temperature at zero magnetic field.

D. Specific heat of a-RuCl;

To study the thermodynamic behavior of a-RuCls, we performed specific heat (Cp) measurements the single
crystalline sample. Supplementary Figure 3a shows the temperature dependence from 1.8 Kto 200 Kat H=0T
and Supplementary Figure 3b does the temperature dependence in a 1.8 K to 25 K window for different H-fields
(H Il [2 1 0]) ranging from 0 T to 9 T. The specific heat Cp of a-RuCl; consists of magnetic (Cumag) and lattice (Ct)
contributions. Cy, which is presented by a red solid line in both figures, was estimated from Cp of a non-magnetic
iso-structural compound ScCl; with Debye temperature scaling [7]. Supplementary Figure 3c displays the field
dependent magnetic specific heat Ciag obtained by subtracting Cr. from Cp (Cmag = Cp - C1) of a-RuCls.

The zero-field Ciae shows a sharp peak at 7n = 6.5 K, and exhibits the plateau behavior above 7y as expected in
the local quantum critical region described in the main text. With increasing magnetic field, the peak position and
height gradually decrease, and the peak disappears across Hc = 6 T. We note that the transition temperature 7n(H)

is not well defined at 6 T near the critical field.
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Supplementary Figure 3. Specific heat measurements in magnetic fields. a Specific heat of a-RuCl; and
the lattice contribution Cyt. (red solid line) estimated from ScCls. Inset shows a magnification of specific heats
at a low temperature region. A black arrow indicates the AFM transition peak at 7x = 6.5 K. b Specific heat
of a-RuCl; for different H-fields along [2,1,0] ranging from 0 to 9 T. Cy. is presented by a red solid line again.
¢ Magnetic specific heat of a-RuCls for the different H-fields.



Supplementary Notes

A. Effective field theory, renormalization group analysis, and dynamic spin
susceptibility for the high-energy weak-coupling fixed point

1. Construction of an effective field theory

In order to construct an effective field theory, we start from a ferromagnetic Kitaev Hamiltonian [8]

Hg = —K, z oo — K, z aiyajy—Kz z oi'af’
x—bond y—bond z—bond

— X X y y Z ~Z
==K, Z OrwOrixb — Ky Z Or4yb0rw — K, Z Or,bOr,w»
T T T

Here local spins satisfy the commutation relation [o}%, ajﬁ 1= 2iea/gyaiy 8;;. The lattice vector is given by r =

@)

Nya, + nya, with n,,n, € Z, where the lattice unit cell is spanned by a, = a(+/3/2,3/2) and a, =

a(—/3/2,3/2) for the hexagonal bond length a. The subscripts w and b represent two triangular sublattices as
shown in Supplementary Figure 4a (white and black filled circles).

a Kitaev interaction b -do
lattice unit cell -

Supplementary Figure 4. Schematic figure of the model. a Honeycomb lattice, Kitaev interaction, zigzag
antiferromagnetic order, lattice and basis, and lattice unit cell. b Order of lattice points.

Now we introduce zigzag AFM ordering observed below 7y in a-RuCl; as shown in Supplementary Figure 4a
[9, 10, 11, 12]. This AFM order likely results from the interplay among Kitaev, Heisenberg, and ansiotrpic spin
exchange interactions on the honeycomb lattice. Here, we implement a zigzag AFM fixed point in the Kitaev spin
liquid state and investigate emergent physics near this conjectured fixed point. The corresponding effective
Hamiltonian, which represents the coupling between the zigzag AFM fluctuation and Kitaev spins, can be given
by

Hzz = —gz biof, )

where ¢; = (o) and g is an effective coupling constant. In the zigzag AFM phase, ¢; become finite with ¢,.,, =

_¢r,b-

In order to describe the Kitaev spin liquid phase, we make the Jordan-Wigner (JW) transformation [13, 14]
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where K(j) = 2 ij fj — 1 and the order of lattice points is shown in Supplementary Figure 4b. Here, the spinless
fermion field represents a domain wall excitation, where the nonlocal string operator implies a topological defect
[15]. It is straightforward to check out [o} )0 ] = +20+5”, [ai+,aj ] = 0{*6;; for spin operators and {fl fi}=6ij,

{fi f]} { fiT, fj +=0 for the JW fermions. This nonlocal transformation makes us to rewrite Kitaev and AFM Ising
spin interaction terms as follows;

« =K Z( T+ ) Ui = o) — K Z( By + frons) (e = fras)

(4)
- KZ Z (ZfrbeT,b - 1)(2frwar,w - 1):

Hyz = =g ) [$rw@fluiw = 1) + $roflfrn = D] )

The Kitaev Hamiltonian can be diagonalized by introducing two complex fermions, which correspond to

mixtures of fermions on two sites (black and white) linked by the directional z-bond in Supplementary Figure 4a,
defined as [13]

Xr = Refpw —ilmfrp, P =Imfyy, +iRef; . (6)

Then the Kitaev and coupling Hamiltonians are presented by

= K, Z(wm Yrow) (W1 +9,) — K Z(wﬁy Wray) (W + )

™
+K, Z(z;m ~ 1) (29l - 1),

Hyy = —lgz o (Wi + o), (8)

where we set ¢, = —¢,., = ¢, /2. Here )(T X can be recognized to be a conserved quantity, i.e., [)(;r Xr Hg] =

0, in the absence of zigzag AFM fluctuations. This conservation identifies )(I Xr with the Z, flux density,
described by localized Majorana fermions in the original Kitaev model. As a result, the ground state of the Kitaev

Hamiltonian is described by )(;r X = 0. Within this sector, the Kitaev Hamiltonian becomes reduced into a same
form as the p-wave superconductivity of chargeless spinons

Hy = =K, Z (lp:+x - l;br+x)(1»b7-fr + lp‘r) - K, Z (lp:+y - lpr+y) (I,D,T + lpr)

_ T, —
KZZ 2yl —1 o

Z RO +Z EWIYT + Bivo).

Here, the energy dispersion relation is given by €, = —2K, — 2K, cosk - a, — 2K, cosk - a,, and the p-wave
pairing amplitude becomes A, = 2K, sink - a, + 2K, sink - a,,, where both a, and a,, span the lattice unit cell as

discussed before. 1, is the Fourier transform of ¢,.-field given by i, = \/%Zk el® T, where N, is the number

of z-bonds or the number of triangular Bravais lattice sites in the honeycomb lattice.

Performing the Bogoliubov transformation of y, = u;, + vklpj x> Where the coherence factors of u_, = uy,

8



and v_, = —vy, satisfy |u,|* + |v,|* = 1, we found that the quasiparticle spectrum is given by Ej = /€2 + AZ
[13]. It turns out that gapless points arise at k = +k, with k, = %bx — %by in the symmetric case of K, = K,, =
K, = K, where the reciprocal lattice vectors are given by b, = 2ma(1/+/3,1/3), b, = 2ma(—1/v3,1/3). See
Supplementary Figure 5.

gapless point gapless point

a, -bj = 211:6lj

Supplementary Figure 5. Brillouin zone and gapless points. The red points shows two gapless points K (kK =
ky) and K’ (k = —K,) in the Brillouin zone.

Taking into account zigzag AFM fluctuations described by ¢,., )(;r Xr 18 not a conserved quantity any more.
Hereafter, we only consider the symmetric case, K, = K,, = K, = K, and the effective Hamiltonians become

iA 4K
o= e+ ). SE vl + o) + 2K ) a7 D tisa¥laabe  (10)
k k z

k k.p.a
Hyz = =ig )" bq(Csral + Vikoi-q), an
k.q
where y and ¢, are the Fourier transformations as y, = \/%Zk e*7y, and ¢, = ¥ e*7 ¢, and an irrelevant

constant term is eliminated. We note that qb; = ¢_q, where ¢, is real.

In order to construct an effective field theory, we consider low energy states near the gapless points and obtain

Hy = Z (€+,k¢1,klp+,k + E—,klp:klﬂ_,k)
k
iA, iA_
+) {1 S (] i st ) + (] w_,klpﬁk)}

k

+ ZKZ (Xi,k)(+,k + Xik)(—,k) 12
4 (12)

4K t t t t
+ N (X+,p)(+.p+q + X—,pX—,p+q)(lp+,k+qlp+,k + lp—,k+qlp—,k)
z
k.p.q

4K
t + + +
N Z (Ui pXeprq T X pXepra) Wirq¥-i + VL iqWin),
Z
kp.aq



Hyz = =ig ) $o(l rq¥l + WiXoiq), (13)
k.q

where €, ~ tvk, and A, ~ —vk, with v = 3Ka.

Considering two-component Dirac spinors of

Yok X+k
w= (i) =) @

we reformulate the effective Hamiltonian as follows

Hg = Z ‘P,I(vkx‘rz + vky‘ry)‘l’k + ZKZ X,ITZX,( + H|, (15)
k 3
Hzz = _igz ¢q(X12r+qTxlpk - lpl:rTxXk—q)' (16)
k.q

where Hj represents four-fermion interactions between itinerant and localized fermions. It turns out that these
effective interactions are not relevant in the renormalization group (RG) sense, which will be discussed below.
Then, the effective action is given by

__f (2m)3 W(k) iy - kP( )+f 27 X(k) (iyoko + iys M) X (k) + S; N

) d3kd3q _ _
~ig | e (R0 + 900 = PAOXCk ~ 0)p(@)
where (k) = W1 (k)y, and X(k) = Xt (k)y,. Dirac gamma matrices are y, = ¥, y; = —0”?, and y, = ¢%. §
is the action term corresponding to H;. The excitation gap for the Z,-flux fluctuations is My = 2K and the
interaction strength between itinerant and localized fermionic spinons (S;) is 4K. It is rather unexpected to see
that the gap of localized spinon excitations appears with the y; matrix, which implies that My plays the role of an
effective gauge field to generate the spinon current iX (k)y, X (k).

It is natural to introduce an effective action Sy for the dynamics of zigzag AFM fluctuations into the above
effective action, and Sy is given by

1 3k A [ d3kd®pd?
| S 68+ DB (-p - D). (19

S0 =3 Gy $CRE+DEEO + 37 | —Fs

Here, 7 is an effective mass parameter and 2 is an effective self-interaction constant. This ¢*-theory is an effective
field theory in an Ising AFM lattice model [16].

Through the g-vertex, critical fluctuations of the ¢-fields generate a kinetic term of the X-field. Including this
kinetic term, we construct the partition function in an effective field theory as

Zogt = f DW () DX (k) Deb (k) exp (—Sere[¥ (), X (), p(K)])

Bk Bk
Serl P (), X (), ()] = f Gy P VG0 + f Gy X0y - G+ X Q)
(19)

o [ R o k) — PUOX (k
~ig | e #@ (T + () ~ T K~ )

L e oo A [ LD
+3] G 9002 41900 + 4 [ SEET o000k + 09 (-p - Do),
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Here, we neglect the four-fermion interaction term since it is irrelevant in RG sense [17]. Also we set the velocities
of two fields be identical because the Dirac theory recovers the Lorentz symmetry as it flows to the low-energy
limit in RG [18]. It is interesting to observe that the gapless point of being-itinerant spinons X (k) is separated
from that of W(k) in an amount of M = (0, My, 0) in the momentum space. This means that Z, flux fluctuations
driven by zigzag AFM excitations are represented by a current-flowing state in the Kitaev spin liquid phase.

2. Wilsonian renormalization group analysis

We rewrite the effective action in a D-dimension with a cutoff A as
= f Pk P)iy - k¥ (k) + f d’k Xy - (k + M)X (k)
INCOE ¥ | (2mp TV

dPkdP _ _
_lgf (2m )zuq (X(k +q)¥(k) —YkR)X(k — q))(p(q) (20)

1 dPk 2 Dbk A [ dPkdPpdPq oo
+5fA(2n)D ¢RI ( Hgf/\wqb(— )Pk + @)p(—p — @) p(p).

In order to perform the Wilsonian RG analysis, we separate all field variables into low and high energy-momentum
parts

N _ N
W(k) = W(k)O k(——k) +wme|n -k (k—z) = W, (k) + Wy (),

b
X(k) = X(k)0 :k (% - k) + X(k)e :(A ) (k - %) = X, (k) + Xy (K), @

NG | e
B) = 600 [k (3~ k)| + 900 |4 = ) (k= 3)| = 600 + w0

Here, k = / ﬁ:o kz in the Euclidean signature and b is a scaling parameter to define the observation energy

scale. ©(x) is a step function with ©(x) = 1 forx = 0 and ©(x) = 0 for x < 0.

Implementing these expressions into the effective field theory, we can divide the action into three parts: low-
energy field action Sy, high-energy field action Sy, and terms of mixed fields. Integrating over high energy degrees
of freedom, i.e., performing the functional integral of [ DWy(k)DXy(k)D ¢y (k) in the perturbative way of the
cumulant expansion, we obtain quantum-fluctuation corrections on the dynamics of low energy degrees of
freedom. While many new interaction terms of low-energy fields arise, we are interested in the same form of terms
in the original action. Then the corrections are of a form

D D

d’k k
6S = f — Sy PL(k)iy - k¥L(k) +J- X, (B)iy - (6xk + 6y M) X, (k)
asp (2T A

5 TP

—igs, f Ca g (ke + (k) — P (X, (k — 4)) ()
(2 ) (22)

Lk kg bk
2], , G SRR
A dPkdPpdPq
s ] T ARG DO~ D6

Note that 8y, 8y, 6y, and 8 are obtained from self-energy corrections of each field, and §, and &, are obtained

from vertex corrections, and all §,, a =¥, X, ¢, g, 4 are functions of scaling parameter b. Including the
corrections and rescaling of the momentum k = k/b, the renormalized action is

11



dPk _ dPk  _
A A
(P 1Z Yk + b2 Zi M) X (k/b)
Ddeq
A (ZT[)ZD
+ 1 dPk
2), @myp

1b—2D

—igZg (XL(k/b + q/b)¥L(k/b) — P(k/b)XL(k/b — q/b))$L(a/b)

(23)

b=P72Z5 k2L (—k/b)py(k /D)

A dPkdPpdP
+ bz fA qu $1.(—k /)b (/b + q/b)y.(~p/b

—q/b)p(p/b),

where Z;1 =1+ 6,,a =¥, X, ¢, g, 1. Concerning the free parts, we define renormalized fields as

p+1_ -1 p+1_ 1 p+2 -1
Wr(k) = b~ 2 Z,°W.(k/b), Xr(k) = b~ 2 Z,* X, (k/b), pr(k) = b~ 2 Z*$1.(k/D). 24)
Expressing the interactions in terms of renormalized fields, we obtain renormalized couplings,

1 1

111
gr = bz—gzglz;,z;zgj g, Ar = b*PZy ZEA, Mg = bZy Zy M. (25)

Then the renormalized action becomes the same form as the original action, but now in terms of renormalized
fields and couplings as

ek ok
SR = J;\ (Z'IT)D l'pR(k)ly . kl'pR(k) + L W XR(k)I]/ . (k + MR)XR(k)

) d’kd®q _ _
~igr | e (Rnlk+@)¥r() — Prl)Xn(k —0))ér(0) (26)
A
dPkdPpdPq
(21.[)313

L[ g Clopatio) + 28 k) pr(k
+§fA amp PP HZL Pr(=K)Pr(k + Q) pr(—P — D Pr(P).

Now the ‘integral’ equations (25) become translated into differential equations as follows

_ ldlogZy _ ldlogZy _ ldlogZ,
™ = dlogh . ™ T 27dlogh’ ™ T 2 dlogh’
dgr D dlogZ,
= = - 27
_dAg dlogZ,
Br= diogh = AR( D~ Gogy T 4’7"’)'

Here, Ny, nx, and 14 represent anomalous scaling dimensions of each field variable, which results from correlated
dynamics near quantum criticality. f; and f8; describe how each interaction parameter evolves as a function of an

energy scale b self-consistently due to correlation effects. The initial condition of the effective field theory at A is
defined as b = 1 while b — oo gives rise to the low energy renormalization.

The functional integration for high energy degrees of freedom contributes self-energy corrections to low
energy degrees of freedom

A D A D

o) = g7 [ L otk + )6y(a), T = % [ 0 Gyl + 9)Gy (@) 28
w —g%(ZH)Dx 0)G4(@), Iy —g%(zﬂ)pw 0)G4(q), (28)
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A D A de

d’k
— 9.2 = ==
Zpa(q) = —2g % )P Tr Gy(k + q)Gx(k), Zg.(q) = 2 % )P

as represented in the form of Feynman diagrams of Supplementary Figure 6. In this context, the three-point vertex
with the coupling constant g contributes self-energy corrections to all excitations of W(k), X (k), and ¢p(q) in the
one-loop level. In addition, the self-interaction vertex with the coupling constant A results in the self-energy
correction on the Ising spin AFM fluctuations [19]. Green’s functions are given by

iy -k iy-(k+M) 1
Gy(k) = ———, Gy(k) = ——=-, Gy(k) = 55— 29
The W-propagator Gy (k), X-propagator Gy (k), and ¢-propagator G4 (k) are represented by a single line, double
line, and dashed line, respectively, as shown in Fig. S7. Hereafter, we focus on the zigzag AFM quantum criticality
atr = 0.

Such quantum fluctuations also affect the vertices and contribute to corrections of

A qu
— 3
I, = —ig f% 5 Go (06w (@),
(30)
32_2 A qu A dD

2 _ 4 9
a = 5 % W [qu(CI)] » D=9 % W Tr Gx(q)Gw(q)Gx(q) Gy (q).

See Supplementary Fiture 6 for Feynman diagrams. The three-point vertex is renormalized by itself in the one-
loop level and also gives rise to the vertex renormalization for the four-point A-vertex of the Ising spin fluctuations.
The self-interaction vertex is also renormalized by itself in the one-loop level, and its renormalization typically
leads to the Wilson-Fisher fixed point [16]. Here, we only consider the most relevant interaction channels with
zero energy-momentum transfer.

s Gyl =
k?
iv-(k+ M) X

=== Gx()= " >% N L
, 1
b
m A)\‘ \ /,-}\\ 7 N }(/
-4 ! = o », A *
L L 3 (
- - ﬂ'\\\ My v A
- //)\\ ! T ' |
J/ \ i' ) + permutations ¥ >

g \/ > RN

Supplementary Figure 6. Feynman diagrams for self-energies and vertex corrections. a The solid line, double
line, and dashed line represent the W propagator Gy (k), X propagator Gx(k), and ¢ propagator Gg(k),
respectively. b The three-point interaction vertex with g contributes self-energy corrections to all excitations of
Y(k), X(k), and ¢(q) in the one-loop level. In addition, the self-interaction vertex with A causes the mass
renormalization, but does not the wave-function renormalization in the one-loop level. ¢ The three-point (four-
point or self-interaction) vertex becomes renormalized by itself and additionally gives rise to the four-point vertex
renormalization in the one-loop level.

In the end of this Supplementary Notes(Calculation details), we describe all details of integrals for both self-
energy and vertex corrections. Here we present all renormalization constants as follows
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gR gR dl
Zy=1- (M)A4 5 L =1-2Somp Zp 1—gRsDF"’(1\/1)A4 =
Z, —1+gR5DGg(M)A4 L =148, 2 128 Gh ) - and (31)

Iy=1+ gRsDGy(M)

A4—D’

2mD/2
(2mPr(p/2)
is dl = logb. The wave-function renormalization constant Z for the zigzag spin-fluctuation field ¢ (k) originates
from the three-point interaction vertex rather than the four-point self-interaction vertex in the one-loop level. Both
three-point and four-point interaction vertices contribute to the four-point vertex renormalization constant in the
one-loop level.

where Sp = is the surface area of the D-dimensional sphere, and the high energy-momentum domain

The mass-dependent functions, FDW"’J (M) and GJ AM (M) in the renormalization constants are as follows

2 (g o (1 = 5)sin”2¢
Fy(M) = —=—5*=5=| ds| d¢ )
i ﬁr(%)f" f" +ﬂ$+¥cosq{>)2
¢
0 D ) M? M
_ i F(j) f dsf 46 sind-2 3s(1 —5)+s%(1 _S)F"' 2s(1 —zs )Kcos¢’
ﬁF(%) o (1+ 55 + 2 cosp)
2 (1 —s)sin’%¢ (1 +—= cos¢) (32)
GI(M) = do )
’ \/EF J- J- S%Z +¥cos¢)3
D 2M 2M? M2
Ga(M) = \/_if dsf d¢ s(1 — s)sin®2¢ ! +TCOSI\(52+ ZZMCOS ks ——,and
F( 2 ) (1 +SA—2+STC q>)
sin?~2¢
Gg[(M) — 1 f dsf Qb 51\/22 B Z-j\M OS¢)2.

Fy (M) (FD¢ (M)) results from the self-energy correction for W spinons (¢ Ising spin fluctuations). G5 (M) and
G (M) come from quantum corrections for the three-point vertex with g and the self-interaction vertex with A,
respectively. Self-energies of the W and X fields cause mass renormalization G5 (M), which expands the
difference between zero energy momentum points (the so-called Dirac points) of the ¥ and X fields.

Inserting the renormalization constants in Eq. (31) into Eq. (27), we derive the anomalous scaling dimensions

2

_ ldlong,v N ldlogZX _ 9
M =37a " 32m 2F4 G 2 a  32n? (33)
__1dlogZy 9% ¢
e =3"a 16n2F (),
and the B-functions
/12
By =2 =L (2GI(M) + 2 EF ) + EP (M) +2), By =2 22+ 22GE ), (34)

Here we consider D = 4 — € with € = 1 and obtain the mass-dependent functions as follows
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F‘P(M)—4f1d J-T[d in2 1-s
* A s o qulrl(]>(1+SM2+ZsMcosq>)2'

35(1 —s) +s%2(1 — s)M? + 2s(1 — s?)Mcos¢
(1 + sM? + 2sMcos¢)3 ’
4t n ) (1 —s)(1+ 2Mcos¢) (35)
g = _
Gy (M) = nfo dSJ; de sin*¢ (1 + sM2 + 2sMcos¢)?’

2M 2M? M?
1 +TCOS¢ +TCOSZ¢ _F

sM?  2sM *
(1 + T + TCOS¢)

4 1 T
F4¢(M) = E.fg dsfo d¢ sin’¢

1 T
GHM) = %f dsf d¢ s(1 — s)sin?¢
0 0

a b c i d
1.0 1.0 1.0} ] r
1.0
0.8 0.8 0.8
52 06 4 06 25 06 & 05
0.4 04 0.4 ] [
! 0.0
0.2 0.2 0.2‘E ] \
0.0 00 0.0 ] Y
0.0 02 0.4 06 08 1.0 1.2 14 0.0 02 04 06 08 10 12 14 0.0 02 04 06 08 1.0 12 14 0 1 2 3 4 5 6
M m M m

Supplementary Figure 7. The functions Fj (M), Ff m), Gi (M) and the B-function g ,. We plot a EY(M),b
Ff’ (M), and ¢ GJ (M) as a function of M, respectively. d By in terms of g with M = 0 (blue) and M = 1 (red).

It is straightforward to solve the coupled S-functions (34), and the interaction parameter g between spinon
excitations and Ising spin fluctuations evolves to decouple from the self-interaction constant A. The fixed point
for the three-point interaction vertex is given by

97

8wz

1'7] -1
(ch (M) + F‘*T(M) +FEP (M) + %) : (36)

This interacting fixed point is stable, as expected for the three-point interaction vertex in the abelian case. However,
this effective interaction causes instability on the Wilson-Fisher fixed point, leading to a interacting fixed point

A+ [Fige + 329161 01) -
A* = 2 ]

where A,y = 162/3 is the Wilson-Fisher fixed point. Supplementary Figure 5 displays the flow diagram of the
[B-functions together with the new fixed point.
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Supplementary Figure 8. The renormalization group flow diagram of coupling constants. Solving the
coupled B-functions, we find RG flows in a § — A coupling space with 2 = g?/8m? and 1 = 1/8m?, and obtain
a novel interacting fixed point.

Inserting this fixed-point value into Eq. (33), we have

EY (M)
Ff (M)
2

Ny = —

)’

4 (ch (M) + +EP(M) + %)

1

Nx =— ,
426500 + M 4 o) +3) (38)

EP (M)

2 (ch(M) RGN EP (M) + %)

Ne = —
2

It is interesting to observe that the Ising spin field ¢(k) acquires an anomalous scaling dimension in the one-loop
level through interactions with spinon excitations. Meanwhile, without the three-point vertex, the anomalous
scaling dimension requires the two-loop order at the Wilson-Fisher fixed point.

a b c

0.25 : 0.25; 0.25
0.20 0.20: 0.20} ]
015 _ 0.5} 0.15 :
x [ = 1
£ 010 / = 0.0 = 0.10—_———_\{
0.05 0.05/ 0.05 ]
0.00 o ‘ ‘ 0.00: R ‘ 0.00F oo
00 02 04 06 08 10 12 1.4 00 02 04 06 08 10 12 14 00 02 04 06 08 1.0 12 1.4

M M M

Supplementary Figure 9. Anomalous scaling dimensions. Anomalous scaling dimensions as a function of the
Z, flux gap M for a ny, b 1y, and ¢ 1.

3. Dynamic spin susceptibility

In order to extract the dynamical spin susceptibility at the ['-point, we introduce a uniform field Zeeman coupling
Hyz = —g. % o H*, which can be reformulated as
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d3kd? _ _
Hyz = iguf (zT);I H, () (X(k + Qyo¥ (k) — Py X (k — q)). (39)

Here, we do not take into account for the coupling between the zigzag AFM ¢ (k) and the uniform field since its
effect is negligible in comparison with the ferro-component contribution of the I' -point. Then, the spin
susceptibility is given by

1 8°InZege[H(q)] |
V 6Hu(_q)6Hu(q)|H(q)=0’

xu(@) = (40)

where Z.¢ is the effective partition function including the Zeeman term. This 2™ derivative of the effective free
energy with resect to the magnetic field reduces to the Kubo formula for the spin susceptibility as like

1 _ _
xu(@) = gﬁZjuZwa; ((Xr(k + QyoWr(K)Pr(kD)yoXr (k' + q))c

k'

+HWr(K)yoXr(k — Q))?R(k, - Q)VquR(k’))c) (41)
= G222 742y fk Tr [{G (k + ) + Gx(k — }oGuw(Dyol = 9222, Zu Zxin(@),

where Z; is the renormalization constant for the effective coupling constant in the Zeeman term. The
renormalization factors play roles of anomalous scaling dimensions in the spin susceptibility and account for the
absence of well defined quasiparticle excitations near the interacting fixed point.

Inserting the spinon Green’s functions into the above expression, we obtain yg(q) = Xﬁo) (iv, @) at finite
temperatures,

x O (v, q) = _g_ﬁz f 4k Tr [_%(w - if (e 67_,+ M) Yo o — 1 kVo
B &) (2m)? (@+v)2+ (k+4+ M)? w? + k? (42)
+(q - -.
After detailed calculations presented in the end of the Supplementary Note (Calculation details), we obtain

)(IEO) (iv, @) in a BCS (Bardeen-Cooper-Schrieffer) form with a coherence factor. Taking the analytic continuation
for the frequency iv — v +i8, we finally determine the imaginary part of the spin susceptibility y,(q) =
xr(iv, q) at the T point (§ — 0) as follows,

Imyr(v,q - 0)

gﬁf” v—ZkO—MCOSH(t hko . hkO—V)
2m ), ® v+ Mcosh alor M Tor (v>M)
2 T
=72 ZuZy guf v+2k1+Mc050( ki+v kl) (43)
gueP4X —_— d@k h —t h_
21 ) g, Y v —Mcos T AT y
<
+gﬁf” dekV—Zkz—MCOSQ(t th . hkz—V) v )
g, 2 v+ Mcos@ amllor ~ Mo
where we used short-hand notations
k—l v2 — M? 1 M? —v? 1 v — M? _
"7 2v + Mcosh’ 17 2v — Mcost’ 27 2v+ Mcosd Y (44)
6, = d 0, = i
cos 1= cosb, ==

In order to introduce anomalous scaling dimensions, we rewrite the renormalization constants as
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2 2
9rSp ~IRSD o (yinp

Zg =1 _WFSI(M)IHI) ~ e 20%D = p2n¥,
45
9&So i “
ZX=1—2A4_Dlnbze 204D = p2ix,

Here, we do not take into account the anomalous scaling of g, given by Z;  at the leading order. Then, we find
the scaling theory for the spin susceptibility

v M T v M
1 ,M,T — 1+2nq,v+2nxl (_'_‘_) — T1+277LP+ZTIXI (_‘_‘1)’ 46
my (v )=s M\ som”’s T Tym (46)
where we set s = T in the second equality and y,, is the scaling dimension of M. Assuming M /T < 1, we can
expand y(v/T,M/TM,1) in M/TY™ . Based on Eq. (43), we find that the lowest non-vanishing term is
(M /TYM)2, Accordingly, the spin susceptibility is given by

T\ 17 2nw—2nx v v
Imy (v, M,T) = yoT1H2me+20x (M JTYM)? (;) tanh - = 77 f (T) (47)

where y, is a cut-off dependent and non-universal constant. The anomalous scaling dimension of the spin
susceptibility is n,, = 2yy — (1 + 20y + 27y) and the scaling function is f (%) = yoM? (2)1—217‘;,—211;(

v
tanh —.
v 4T

B. Effective field theory, dvnamic spin susceptibility, specific heat, and dvnamical
mean-field theory analysis for the low-energy strong-coupling fixed point

1. Effective field theory, dynamic spin susceptibility, and specific heat for the local quantum criticality

We start from an empirical formula for the spin susceptibility with an external magnetic field H [20]

A
(aT —iw)® + a®Ty§’

Xrqep(w, T, H) = Ty = Ty(H = 0)8h"%. (48)

Here, w and T are frequency and temperature, respectively. Ty is the Néel temperature, and §h = 1 — H/H¢,
where H is the critical field. The exponent vz = 0.125 is experimentally determined from the specific heat data
shown in Fig. 8b in the main text. Parameters A, a, and a can be obtained from fitting of the spin susceptibility
data. The explicit form used in the fitting is the imaginary part of y;qcp at the critical field, H = H¢ so Ty = 0;

A

A w
— —Ta_____ G -1 __ 4
Imypqcp(w, T, He) = Im L T @ T o sh (a tan aT)' (49)

which is Eq. (2) in the main text.

Based on this local form of the spin susceptibility, we write an effective action for the low-energy region as
7= f DYDyD¢p e Sx¢]

B
St 9] = [ dr [ a2 [0 (00 + vy 9 2) + ZEX0 0, + iy MG, 2)

50)
— g () (7@ Y@, 2) = P D)x (@ 0))]

1B
+§f0 dr d‘r’f d*x ¢(7,X)xiqcp (T — TP (T, X).
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This expression looks quite similar to that for the description of high energy delocalized quantum criticality.
However, there exist two essential different aspects. Firstly, the spin dynamics is locally critical, described by
)(fécp in the AFM spin-fluctuation part instead of the relativistic dispersion. In the Matsubara frequency space,

Xiqcp has the following form [19]

xiger(iw, T, H) = [(aT + |wD® + a“T1/A (51

assumed to be momentum independent based on both spectroscopy and specific heat results (experiments) as
shown in the main text. Secondly, the dynamics of Z, flux excitations is also local. Below, we perform the
dynamical mean-field theory analysis in the non-crossing approximation [21, 22], which confirms that this
renormalization ansatz is self-consistent.

Integrating over the ¢-field, we obtain the following effective action
7 = fDllJDX e~SWxl

1
Sy, x] = ETI‘ log xzqcp

B
+ f dr f a2 [0, ) (10, + vy '8, )(, ) + 26,000, + iy MOP(r, 0] (52)
0

A2 B —
-5 [ arar | @x [z@ow @ dmac @ - 060
0

+ (0, )X (T, ) xer (T — T, VX, )]

Performing the self-consistent one-loop analysis in this effective field theory, we find that this effective field
theory yields a fixed point, which is locally quantum critical, as a self-consistent solution. Here the pairing channel
has been neglected for simplicity.

Based on this effective field theory, we calculate the free-energy

1 _
F= ETrlog)(Lécp. (53)

Here we neglect contributions of both fermions ¥ and y since excitations at low temperatures are dominated by
the AFM critical bosons. It is because the Z, flux excitations are ‘gapped’ and the itinerant Majorana fermions
have the Dirac dispersion. Now the specific heat is

0°F T (*® 9? E 1
Cn(T) = _TW = _ﬁj; dE ﬁ(cothﬁ Imlog)(LQCP), (54)
where
a? + x2)Z sinaf E T
ImlogXI:QICP = _tan_l ( a ) ’ X =, y =_N’ (55)
(a? + x%)zcosab + a*y® T T
and 6 = tan™? f—T From this analytic form, one can deduce Eq. (54) as a function of Ty /T, or §h¥#/T. This scaling

behavior originates from the local behavior of yqcp. Using the values @ ~ 0.14 and a ~ 0.88 obtained from
fitting the dynamic spin susceptibility (Fig. 6 in the main text), the calculated specific heat is shown in
Supplementary Figure 10.
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Supplementary Figure 10. Cacluated specific heat. a Specific heat C,,, versus temperature T with various &h.
b Scaling behavior of Cp,. All curves with different §h collapse into a single curve. The value for the critical point
(6h = 0) corresponds to the value at T — co.

Note that the parameter a = 0.14 is much smaller than @ = 1 for the dynamics of a decoupled local
moment. This critical exponent of the spin susceptibility could explain the plateau behavior of the specific heat in
the intermediate temperature regime as shown in the main text. We show that this small value is supported by the
self-consistent one-loop calculation in the next section. We also point out that the slow convergence to the critical
value is due to the small value of vz = 0.125, which is not well understood within the first principle.

2. Dynamical mean-field theory analysis for the low-energy strong-coupling fixed point

One-loop self-energies for both 1 and y fermions are

£y (0, K) = — Z f Gy Hiacr (g0~ 0.k~ @), (56)

A d¢
%00 = =35> [ G e (g (o - 0.k - o) (57)
i

where g, (iw, k) and g, (iw, k) are renormalized Green’s functions of the y- and y-fields. These renormalized
Green’s functions satisfy the Dyson equations as follows

g5 (0, K) = g7 (0, k) = 2y (0, k) = V7 (i0 = 2y, (0,K)) + ¥ (ivpk; - Zy,00,K),  (58)
g7 (10, K) = g0 (0, k) — T, (iw, k) = y* (iw -3, (o, k)) +yt (iMi -3,(w, k)). (59)

Here, 9/’1(/?) (iw,K) = [y’(iw) + yi(ivwki)]_ (0) (iw, K) = [y*(iw) + y'(iM;)]™1) is the bare Green’s function
for the ¥ (x) fermion field. ) .(iw,K) and Zy(p,i(iw, K) are the temporal and spatial components of
Ly (iw, K), respectively.

The last self-consistent condition is derived from the renormalized spin susceptibility. The spin susceptibility
calculated with the renormalized Green’s functions should be the same as y1,qcp(iw) from which we have started.
Thus, the self-consistent condition is

Xrqcp(iw) = /)’Zf ) Tr g, (o', K)gy (0" + iw, k + q). (60)
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Now we solve self-consistent equations formed by Egs. (56), (57), and (60). As discussed in the main text, we
consider the power-law ansatz in frequency for the self-energy corrections,

2y (iw, K) = 2y (iw) = Cy|w|™, 2, (iw, k) = 2, (lw) = C,|w|*. (61)

Inserting these expressions into Eqs. (56) and (57) with the Dyson equations and the local spin susceptibility
ansatz, we obtain

. i . Xo yr(iw —inN - Z){ ‘r) - yiz)(i
VB0 + 1By, () = Z [ . A e e
2% (@m¢ | (aT — i) (i =i = Zy0)" + Zy,° iw-iQ
V’EXT(iw) + YiEX i(iw)
Z f Xo Y (iw—i2—3y.) —yi(ivy (ki — q) — Iy, l)l (63)
d
(2m? | (aT — i)« (iw —i2 — Zwr) + (1U¢ (ki —qi) — Z1/) i) i
Perfoming the momentum integral in the second equation, we have
Zy(lw) = Z - Ty =0
wId@) =58 L (@ — i) i — 10 — 3y, (o —10)’ T (64)
1
212 T nd Xo d-1
) (ia))=——<—csc—5d>z—_|im—iﬂ—2 (w—i0)|
xXT . d _ a Y,T
2B 2(ivy) 2 = (aT — i) (65)

Z){,i =0.

Substituting the power-law form of the self energies, we obtain their explicit expressions as follows

1 A2 Xo 1
2f £ (aT — iD)% o — i — Cylw — 0]% 2B i (aT — i) Cylw — 0| (66)

Cwlﬂ)lalp = —

Clofer = — [T o™ thm—m—z (iw — i)
x 26\2(iv,)* 2 ) & (@l — i) b

67
5 A2 < T cscndS )Z Xo €1 — @ Day “
T ol L. Nat Ty d (aT —ine ¥ - .
2B Z(Ww) 2 = (aT — i)
The self-consistenct condition for the renormalized local susceptibility is
: 1 d%k o L
Xuqep(iw) = EZ_[(ZT)"I Tr g, (o', K)gy (0" + iv, k + q)
(68)

Zf d% i +iw — Iy (i + iw)
d T 2 -
'8 @m? i’ ZXT(W ) (m)’ +iw — Iy (i0" + ia))) + (ivwki)z

Performing the momentum integral and substituting the power-law form of the self energies and the spin
susceptibility, we have

Xo 2 T nd 1 d-1y, .1 @-Da
—_— = — —_ _— P
g ﬁ(mmdc“ 50 ) O+l ©)
1w/

To obtain the w/T-scaling, the power of T should be matched in Egs. (60), (61), and (68). As a result, we find
the self-consistent condition for all the critical exponents of the power-law behaviors in frequency
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ay =1—a—a,, a,=1—a+(d—-1Day, —a=1-a,+(d—-Day. (70)

Solving these equations with d = 2, we obtain

ay =0, a, =1, a=0. (71)

Indeed, these critical exponents cannot explain our experiments and the phenomenological analysis above.
However, this failure should be regarded as an artifact of the one-loop level analysis. The unitarity of this system
has to give positive critical exponents for both ay, and a [23, 24, 25]. If we introduce the flavor degeneracy N for
both fermion excitations and take the large N limit as a theoretical device for a controllable approximation, the
next leading order quantum corrections are in the order of 1/N. It is beyond the scope of the present theoretical
analysis to find such critical exponents with the introduction of vertex corrections. However, we claim that the
appearance of 1/N quantum corrections to the critical exponent a supports why it is quite small compared to the
dynamics of decoupled local magnetic moments. The present dynamical mean-field theory analysis at least
confirms existence of the heavy-fermion-like local quantum criticality at low energies involving the emergent
local dynamics of both Z, flux and Ising AFM fluctuations.

C. Calculation details

1. Self-energy and vertex corrections

The self-energy correction for the W-field is given by

AdPqg 1 —-iy-(k+q+M)

_ 2 -
Zy(k) = g A 2mP ¢ (k+q+ MY

L (" dPq fl —iy-(k+q+ M)
Tl @op )y @ Ta+sk+ P (72)
, (M dPq (t —iy - [(1 =)k + M]

" @), T T @My

= —Ag(g,M; Niy - k — Ay (g, M; A) iy - M,

where the renormalization coefficients are

N|T

Ap(g M) = ' — )2
v g’ 4 g D D ( )A4_D'
@mer(3)

2 F(%) 1 T (1 — s)sin®~2¢
o' (M) _\/_EF(DT‘l)fo dsfo @ (1+st 2sM ¢>2’

Az tTp o cos
» (73)
A M;A) = 2—1'[2 GM(M —dl
M(g’ ) ) g D D ( )A4_D;
@mer(3)
D
2 Tl 1 R sin?~2
GM (M) =—L ds | do ¢ :
\/E D-1 0 0 SIVI2 2sM 2
F( 2 ) (1 T-l'TCOS )

Here, the generalized polar coordinate in a D-dimension has been used. We note that SA = A — A/b = Adl,
FY(M=0)=1,and G¥(M =0) =1.
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Similarly, the self-energy correction for the X-field is given by

d’q 1 - k
%00 =0 | G o D e —htg My K (74)

where the renormalization coefficient is

s dl
2m)Pr (%) A

Renoralization of M, the so-called mass renormalization, is irrelevant to Xy and is caused by Zy. To show this
renormalization, we introduce iy - My in the W sector. Then, the self-energy of the X-field is the same as that of
the W-field by replacing M with My. Demanding My e, = My + §My = 0, we have the renormalization as
M->M-AyM.

Ax(g,M; A) = g?

(75)

The self-energy correction for the ¢-field is given by

s _ _ 2 A dPq [4Vﬂ—W'@+q+M): Zf‘d% L q-(q+k+M)

-9 A (2mP g2  (k+q+M)? 2 2P, S g+ skt M (76)

Expanding Zsbl) (k) in terms of k2, we have the field renormalization of the form —Ay (g, M; A) k?, where

D
2 mz ¢
Ap(g,M; ) = g* —— (Tr1) B (M) —— A4 >
em°r(3)
2 (77)
s 2 F(%) 1 T . 3s(1—15) +sz(1—s)%+25(1 —sz)%cos¢
Fy (M) = \/—Eﬁf dsf d¢p sin®~2¢ RN 5 :
F( 2 )0 0 <1+SA2 + “j\ cos¢)
We note that FD¢ (M = 0) = 1. The self-energy correction due to the A-coupling effect is given by
A dPq 1
©) 49
2,0 =—41 —
¢ _L\ (Zn)D (78)
which does not cause the field renormalization in this one-loop level.
The three-point vertex correction for the coupling constant g is given by
. AdPqg 1 —iy-(k+q+q)—iy-(k+q +M)
ok, k +4q,q) = ig® D /2 N2 1 2 (79)
A (2m) (k+q+q) k+q" +M)
Here, we set k = g = 0 for all external momenta and perform the integral
AdPq 1 —-iy-q' -iy-(¢'+M
[,0,0,0) = ig? ¢ 1-ivq-iy I(q )
A (2mP q? q% (g +M)?
(80)

_ o 4 d’q’ s(@*+y-qdv-M)
- f S 2P (g + (1 = )M + s(1 — s)MZ}

For this [; vertex correction, we have to consider a term proportional to the unit matrix in the spinor space. Taking
into account y;¥; — ¥;¥;, we obtain

23



A dPq (1-5)(q%+q M)
2m)P (q'? + 2sM - q' + sM?)3

[,(0,0,0) » —2ig3 f dsf

D (81)
2igt— g -
® gt ———p70p VY
Guer(z) M
where the renormalization coefficient is
; (1 —s)sin?~2¢ (1 + %cosqﬁ)
G, (M) = ——f dsJ- d¢ : (82)
D—1 2 3
vm r (T) 0 0 (1 —S% + —ZZM cosq,’))
We note that G, (M = 0) = 1.
The four-point vertex correction for the coupling constant A is given by
D
W _ 3/12 A dPqg 1 372 2mz dl
% r @00 @2 2 gyor (D) A &3)
emer(3)

as well known [16].

The three-point interaction vertex gives rise to renormalization for the four-point self-interaction vertex as
follows

r@ _ 19 4f“ dPq Tr—iV-(q+M)—iy.qiy.(q+M)_iy.q
A A (2m)P (@+M? ¢ (g+M)? g2

A dPq q*+2(M-q)q* +2(M - q)* — M?q?

_ 4
=49 )y G ¢*(q + M)?
d +2(M - +2(M - q)* — M*q*
=24g4f dsﬁ\ (ZR;ID s = )q (( -Z)qu2+gqu))4
o 5 @ 1 (84)
_ 2 2
2 % 1+2—Mcosq>+ M cos?¢ — M
=24 - d d 1 -2 A
= 24g* o DF A4D s ¢ s(1 —s)sinP2¢ ZSM
(2mPT (== (1+ 2t ¢)
D
= 24g* il GE(M) dl
= LI v=r
emer () A
Here, we have
2
2 F(%) 1 T 1+%cos¢+ e coszq,’) 1\//\12
Gi(M) = —=—=22—| ds| d¢s(1l—s)sin®?¢ 85
_ 2 (85)
vap(D=1\J, ) sM?  2sM
F( 2 ) (1+ Azt cosd))

2. Dynamic spin susceptibility

The I'-point spin susceptibility is given by
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Yo|+ (q

0) _ 1y0(w+v)—iy-(k+q+M) —iyow —iy -k
(v @) = _ﬁZf @ T wrvrrkrq Mz T w2 ik
- =q) (86)

d2k iw(iw+iv) + k- (k+q+ M)
ﬁZf (

2m)2 [(iw)? — K2][(iw + iv)? — (K + q + M)?] + (q - —q).

Performing the Matsubara frequency summation, we obtain

_l iwliw+iv) +k-(k+q+M)

B4 [(iw)?2 — k2][(iw + iv)2 — (K + q + M)?]
__1( k'(k+q+M)) f(IkI)—f(Ik+q+MI)+f(—|k|)—f(—lk+q+MI) 87)
- K|[k+q+M[/liv+ |kl - [k+q+ M| iv— K[+ K+ q + M|

_1( _k'(k+q+M)> fARD — f(-Ik+q+M]) f(-IKD - f(k+q+M])
4 k|[k+q+M|/L iv+|kl+|k+q+M] iv— K| - |k+q+ M|

As a result, we find

) . _ 1 d*k k- (k+q+M)[f(kD - f(k+q+M|)
ar(v,Q) = =3 (21'[)2( )

k|[k+q+M|/Lliv+|Kk|—|k+q+ M|
f(=Ik]) = f(=]k+q+M])
iv— |kl + |k+q+ M| (88)
1 dk ( _k-(k+q+M>) fUK) = F(—Ik+ q + M]) f(—lkl)—f(lk+q+MI)]
2) (2m)? |k||k+ q + M| iv+ |k|+ |k+q+ M| iv—|k|—|k+q+ M|
+(q@ - .

Taking into account iv = v + i§ and the limit of ¢ = 0, we obtain

ret(O)(Vq_O)
_ 1 o k + McosO\ | f(k) — f(ky) | f(=k)—f(=ky)
Toam? dkf dak(” Ky )[v+k—kM+i6+v—k+kM+i6 (89)

1 oodkfzn 40 k (1 _ k + MCOSQ) fk) = f(=km) f(=k)— f(kn)

4 ), Ky Vik+ky+i6 v—k—ky+is)

where the short-hand notation is k, = Vk% + M2 + 2Mkcos#.

It is straightforward to extract out the imaginary part

Imy (v, q = 0)

— e [ [ a1+ ) 0 - ftalow +k - k)
+ﬁ dkf o k (1 M MCOSH) [f (k) = f(~ka)18@ — k + kyy) o
+ﬁ dk f ao k(1= ) 00 = F kB0 + e+ i)
o f a | Taok(1-1 ) U0 = £ IO = K = b
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Without any loss of generality, we consider v > 0. Then, we have
Imy (v, q = 0)

=—f dkf do kv+2k-||:11:1c056 [F (k) = f(k +)]SW + k — kyy)

1 T v — 2k — Mcos6 o
+ﬁf0 d"f d6 k—————[f(=k) = f(~k + VI8 — k + k)

V(7 gk [ qp vt o2k —Meost K VS(y — k— K
+ﬁf0 f —— 5 SR - fk IS — k= k).

First, we consider v > M. Then, the first and the second delta functions are zero. As a result, we find

Im)(ret (0)(1/, q=0)

1 T v — 2k — Mcosf (92)
% dkf de kT[f(—k)—f(—k+v)]6(v—k—kM).
Performing the 6-integration, we obtain
v+M2 M?2 2
ret(o) S M? — (2k —v) ( i_ k—V)
(v,q=0) f —vz 2 tanh T tanh o) (93)

Second, we consider v < M. Then, the third delta function is zero. As a result, we find

Im)(ret ,(0) (V, q — 0)
1 (> v + 2k + Mcos6,

_ ) (ke + )] + 1 f‘x’ die —v + 2k + Mcos0, i
“onl,., msimg, U —flkAVI+oT] Msind, =0
—f(=k+v)]
(94)
(2k+v)2 M2 ety hk)
e AT Mg
°° i 2k —v)? — (t hk . hk—v>
an),,,, Mz—yz  \ oo T BT
2 2 2 2 2 2
where cosf, = = WHOTMEK ond cosf, = oMok = cosb,.
2Mk 2Mk
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