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Supplementary Note 1: BRIEF INTRODUCTION ABOUT THE FORMATION OF THE ORDER-PARAMETER DOMAIN WALL
IN ULTRAFAST EXPERIMENTS.

In this section, we introduce a mechanism of the domain wall formation [1-3]. It has been reported both theoretically and
experimentally that an optical pump can invert the charge-density-wave (CDW) order parameter in surface regions of samples,
generating domain walls of the order parameter. The formation of the domain wall is driven by a thermal effect due to the
optical pump. When the optical pump acts on a sample surface (Fig. S1), layers near the surface get hotter instantly, while
layers inside a sample bulk remains cold due to a finite penetration depth of the optical pump. Suppose that during the optical
pump, tpump < t < tofr, the temperature in the surface layers is elevated to a temperature with a spatial dependence 7'(z,t) =
To + Ot — tpump)O(tos — t)(Tu — To)e_(zm_z)/ %. Here O(t) is the Heaviside step function, zqp is a location of the top
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surface, and 2, is the penetration depth of the optical pump. Ty is the temperature on the top surface of the sample, which is
above an equilibrium critical temperature 7;. Ty is the temperature deep inside the sample, which is below 7.

Consider that the CDW free energy with the “Mexican hat” potential V' (|1/|) = E.[|%)|* 4+ (z,t)]? depends on time ¢ through
the coefficient «(z,t) and a(z, t) depends on a local temperature 7'(z, t), i.e. a(z,t) = a(T(z,1)). a(z,t) is positive/negative if
T(z,t) is above/below a transition temperature 7¢.. For ¢ < tpump, the order parameter in the whole sample is in the equilibrium
energy minima. Without loss of generality, we assume that ¢ for t < tpump is real, e.g. 1) = 1)eq = —\/W . In experiments, the
duration of the optical pump is typically short, so that dynamics of the phase degree of freedom can be ignored [1]. Therefore,
during such a short duration, 1 continues to be real, where the potential depends only on Rey) = 1y for tpump < t < togf.
Fig. S2 shows schematically an evolution of the potential V' (¢/1) and how the order parameter is inverted in the region of the
surface layers. After the pump, v in the surface layers follows an oscillatory motion, while i) deep inside the bulk remains
unchanged with ¢ = 1)eq = —\/m . When the the pump is off at an appropriate time, v in the surface region find its minimum
on the other side of the double-well potential. Consequently, a domain wall shall be formed at a certain time, t = tg > tog. A

1-configuration with single domain wall at z = 0 can given by ¥(r) = /|« tanh Z with £ = £/+/|| being the coherence
length.
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FIG. S1. Schematic pictures of the 3D sample under an optical pump, and time(¢)-dependence of local temperature of a surface region. For
toump < t < tofr, the optical pump acts on the upper surface of the sample, elevating the local temperature of the surface region to 7y. For the
bulk region away from the surface, the temperature remains 75p.
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FIG. S2. Schematic picture of the order parameter inversion in the surface region. The curves shows an evolution of a free-energy potential
for 11 in the surface region, V (11) = Ec[t)7 + (t)]?. Before the pump (¢ < tpump), and after the pump (¢ > tog), a(t) is negative, and
the function has double wells. During the pump (tpump < t < tosr), @(t) > 0, and the potential is in the single-minimum form. A ball in the
pictures represents the real part 101 of the order parameter 1. In the picture, 1 is in the minimum with the negative value for ¢ < tpump. In
the duration of the pump, 1 ‘slides down’ along the potential, and changes its sign. When the pump is turned off, V'(¢1) changes into the
double-well form again, and v relaxes into the other well with the positive value.

In the following, we will explain the mechanism of the domain-wall formation more formally [1-3]. To describe the oscilla-
tory motion of v in the duration of the optical pump, we add an inertia term into the time-dependent Ginzburg-Landau (TDGL)



equation,
1 1
=07+ 0 = GV = 2a(z, )P = 20y S
g0 v

Here we set a(z,t) = a(Tp) + O(t — tpump)O(tosr — t)a(Ti)e™F =)/ Typically 2, ~ 20nm [1-3]. By solving Eq. (S1)

with the initial condition ¢ = —/|«| before the pump, we confirm that the domain wall emerges after the duration of the optical
pump, as shown in Fig. (S3).
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FIG. S3. Plot of % in the time evolution of Eq. (S1) with the initial condition v = —1. The pump is applied in v¢ € [10,10.2]. i..

alz,t) = a(Th) + O(t — 10)0(10.2 — t)(Tir)e~ *r =)/ Here a(To) = —1, a(Th) = 7. zp /€0 = 20. 70 = 0.17.

Several remarks on Eq. (S1) should be noted in order. To begin, the dynamics of Eq. (S1) is in the mean-field level, which
does not include the fluctuation effect. In the absence of the fluctuation, 1) remains to be real with the real v at the initial time,
and the phase dynamics does not develop at all. Such dynamics is approximately valid within the short duration t,ump < t < to;
these durations are anyway short enough that the phase fluctuation does not develop in practice [1, 3]. To study the further
evolution of the domain wall for ¢t > ¢y, however, it is crucial to include the two-component nature of 1) as well as the thermal
fluctuation effect. This is the major focus of this work.

Secondly, Eq. (S1) includes the inertia term, i.e. the second-order time-derivative term 97, while the “model A” dynamics
that we mainly use in this work for ¢t > ¢ does not include the inertia term. To describe the formation of the domain wall during
tpump < t < to, the inertia term is crucial; without the inertia, v in the surface region falls into the 1) ~ 0 state and would stay
there for the rest of the duration. To study the further evolution of the domain wall for ¢ > ¢y, we will mainly study the “model
A” dynamics without the 9?1/ term for simplicity. In Sec. IV of this supplemental material as well as the end of the main text,
we investigate the effects of the 921 term in the domain wall evolution for ¢ > ¢,. We argue that the inertia term is suppressed
when Ty is close to T¢, modifying only quantitatively the domain wall evolution for ¢ > .

Supplementary Note 2: THE FIRST-STAGE DYNAMICS

In this section, we will discuss the first-stage dynamics for a general system with and without the U (1) symmetry. We
consider the following free energy and dynamics with the thermal noise;

1 1 0F
P Ec/dDr VY + (1] + 0)® + 28¢2. (S3)
2T

(mi(r, ) (r', 1) = ?5“”5(7‘ — 7)ot —t)

C

Here v~ ! has dimension of time, «, 8 and 1) are dimensionless, and E_. has a dimension of energy density. i.e. [Energy][Length] 7.
The system has the U (1)-symmetry for 5 = 0, where F is invariant under a transformation ¢» — 1)*’. The symmetry reduces to
Zy ® Zy symmetry for 3 # 0, where F is invariant under the transformations 1y () — $91(2). Att = to, ¥(r,t9) = o + 6¢
with an initial fluctuation §9b = ¢1 + i¢o. The initial fluctuation comes from the thermal noise accumulated during the time



t < to. We will discuss the nature of the initial fluctuation in the later section of this section. By expanding small ¢; and ¢2, we
obtain Eq. (3) in the main text,

1 A
§at¢a = _(La - fgvgz)% + Na, (S4)

with a = 1,2, 7 = (R,2), V4 = V2 — 92 is the Laplacian in D — 1 dimensions. and L; = —£302 + 2a + 642, and
Ly = —€202 + 2a + 28 + 2¢2. According to Eq. (S4), eigenvectors of —L, + £3V% with positive eigenvalues amplify the
ﬂuctuatlons dominating the first-stage dynamics for ¢ > ty. The eigenvectors are given by a product of eigenmodes of Ly and
plane waves ¢ B Thus, the amplifying eigenvectors must comprise of the eigenmodes of Lo with negative eigenvalues.

A. Eigenvalues of the L. operators.

Ly and L, take forms of one-dimensional scattering problem with Poschl-Teller potential hole. The scattering problem is
defined by a following Hamiltonian with a parameter A,

AA—1)

cosh?(z)’
Setting z = z/£, and & = &y/+/]], we obtain Ly = |o|H (%;3) + 4|a|, Lo = |a|H(Z;2) + 26. The scattering problem has

bound-states solutions with negative energies as well as continuum states with positive energies [4]. The negative eigenvalues

are —(\ — 1 — n)? for non-negative integer n smaller than A — 1: 0 < n < X\ — 1. Thus, L1 has always positive eigenvalues. Lo
can have one negative eigenvalue (—|a| 4+ 23) with an eigenfunction (sech(z)) for 8 < |a|/2.

H(z\) = —82 - (S5)

B. Solving C(R,t) = (¢(0,t)p(R,t)) based on Eq. (S4).
1. An equation of motion for p(R,1).

To see how the eigenmode of Ly with the negative eigenvalue amplifies the fluctuation, let us set ¢ (7, t) = (R, t)sech(z/£)
with r = (R, z). Eq. (S4) in the main text reads

1
féw(R, t)sech(z/€) = (o = 28 + & VR)(R, t)sech(z/€) + 12 (r, 1) (S6)
By multiplying this by sech(z/€) and taking an integral with f 56» we obtain
1

with n, (R, t) = g—gsech(z/f)ng(r,t) and

(R0 = [ Gosech(c/6) [ sech(e/€) nalr (s’ ) = L 0(R= RIS~ ). (58)

2. Derivation of Egs. (4,6) in the main text.

To analyze the dynamics of (R, t) for t > to from Eq. (S7), we follow the literature [5] and study the Fourier transform of
Eq. (S7) with ¢(K ,t) = lDl,l dP7IR ¢o(R,t)e" B Rand fj,(K,t) = lD r [dPTIR ny(R,t)e KR

%am(x,ﬂ — (Jo] — 28 — K@K 1) + 1, (K 1). (S9)

! In this work, we use the following notation for the Fourier transform.

@ =S fwes fo) =7 [ r@e s,
k



Here [ is the system size. A general solution of Eq. (S9) is given by

t
G(K 1) = (K, to)eSrtto) +7/ o (K, )5k ) g/ (S10)

to

with Si(t,t') = v [, (|a| — 28 — €3K?)ds. Note that (p(—K,t)@(K',1)) = 0w D (t). An amplitude of G(K, 1),
Dk (t) = (p(—K,t)p(K,t)), is calculated as

1 Ty [* ,
D (t) = wﬁeQSK(t’tU)(lD_IDK(tO) + Eé t dt/ e~ 25 (¢ vt0>) (S11)
c 0

T 1
2E:€ o — 28 — K2

_ 1 eQSK(t,tO)(lD—lDK(tO)+

— (1- e—QSK(t,to))).
l —_

C(R,t) = (p(0,t)¢(R,t)) is given by an inverse Fourier transform of D (t),

ixr _p [(A°T'K iK-R
C(R,1) = ;DK(t)e — /WDK@)@
= Ci1(R,t) + C3(R, 1), (S12)
where
dP-1K ) .
C1(R,t) = /(27T)D_11D1DK(t0)62(04|25)vt62§ov(tt0)1{ KR (S13)

D—1 25k (t,to) _ )
Co(R. 1) E/ d°—K T e 1 KR
(2m)P=1 2B (Jof — 2B) — &K

(S14)

(' is dependent on the initial fluctuation at ¢ = ¢, while C5 is a contribution of the thermal noises that are accumulated during
to < t' < t. In the calculation below, we set ty = 0 for convenience.

To calculate Cy, for larger R and ¢, we follow an approximation in Ref. 5, and obtain a simpler analytical expression. For
vt > 1/(|la| — 20), the first term in Eq. (S14) dominates over the second term. Also, due to the e~ 267K factor in the
integrand, the integration over K converges well within the 2 K? < |a| — 23 region in the ¢ > 1/(]a| — 23) limit. Thus, the
K-dependence in the denominator becomes unimportant and could be neglected. Thus, we have

delK T 1 , .
Cy(R,t) ~ 2(Ja|=2B)yt ,— 26t K” iK R
2( I ) / (27T_)D_1 2EC§ (|a‘ _2/3)_ 3K2€ € &
~ Tez(la—w)wt/dD_lKe—zséwtK?eiK-R
2EL (o] - 28) (2m)P-1

T e2(lal=28)yt  _ _n2
— e B&gt

2B.£60 (ol — 28) (yBrryt) "

G 62(|O“72ﬁ)7t 7R72
_ e 8e2yt

2y/]af(1-28/la]) (y8mE)" !

2(Jaf—28)~yt __R?
_ Cla e Pl (S15)

2(1 —28/lal) (Wy)fl

Here we introduced two dimensionless quantities

G=T/(E&), (S16)
¢ =GlalP?72, (S17)
that measures the strength of the thermal fluctuation. Since ¢ > ¢ in the calculation above, T' = Ty in G and ¢ appeared above.

Especially, ¢ plays a similar role as the so-called Ginzburg parameter does in theories of equilibrium critical phenomenon [6].
A similar Cy (R, t) appears in the literature [5].



To calculate C';, we need the expression of the initial fluctuation at t = ¢, i.e. Dk (o). The fluctuation originates from the
thermal fluctuation at equilibrium for ¢ < ¢,,mp. It also evolves during the time domain ¢,y < t < to. To determine D (o),
we calculate the thermal fluctuation at equilibrium for ¢ < #,,mp first.

e Thermal fluctuation at equilibrium : Following the “model A” dynamics, the thermal fluctuation at equilibrium can
be also calculated in terms of the linearized equation of motion for small imaginary part ¥5 around the uniform ground state

b =—=Vlel;
1
SO0z = GV 2 — 2Btz + . (S18)
: : T _ 1 (gD —iker ~ _ 1 (gD —iker
The equation can be solved in the momentum space with ¢3(k, t) = 75 [ dPriy(r,t)e and 7jz(k,t) = 75 [ dPrna(r, t)e ,

%atizz(k,t) = 28+ 1)k, 1) + ik, £),

t

Dk, 1) = Pk, —00)e YHITER) Lo dt y / iz (K, t')e ™1 RAFEORDI=E) gy (S19)
Here we regard that the linear system size along z direction is also given by [. Taking the correlation at ¢ = —oo to be zero, we
obtain
- ~ T
k,t Et)) =0k r————s S20
<¢2( P )¢2( ) )> k,—k ZDEC(26+£8]€2) ( )
and
. g~ ~ 2T"}/ de . ot 1
t 7 1)) = ik-r ik’-r k.t k' +)) = / ik(r—r’) S21
<7/’2(7°a )1/}2(’!’ ’ )> ,;;,6 € <11[}2( 5 )1/}2( ) )> Ec (27T)D6 2,.),(25_’_53]{;2) ( )
From Eq. (S21), we obtain
T l/a k2dk 1 :
. T2 5 s mn 3D,
<¢2 (I’na t)l/]Q (’I‘, t)> = ? Ol/a kiﬁ (25‘1'501#) in 2D (822)

E.Jo 2m (2B+€3k3)°

where 1/a stands for a cutoff for the integral in the ultraviolet (UV) region. With the UV cutoff, the integral is convergent in
3D. Meanwhile, the integral in 2D has an infrared (IR) divergence for 5 = 0. The divergence indicates that the fluctuation is so
strong in 2D that the U(1) symmetry breaking does not occur at finite temperature [6, 7]. Thus, we discuss only (i) 5 # 0 case
in 2D, and (ii) 8 = 0 and 3 # 0 cases in 3D.

We will next discuss the evolution of the fluctuation during ¢,ump < t < to.

¢ Evolution of the thermal fluctuation during ¢,,m, < t < ty: In the time slot, due to the pump, v, acquires an evolution
from 91 (7, tpump) = —1t0 ¥y (1, tg) = \/|a]tanh(z/¢) as shown in Fig. $2,S3. The “model A” dynamics gives the following
linearized equation of motion of 5.

~0u = V0 — 2R (art) + 0l 0) + Blia +m, (s23)
with
(o)) = LD — 17)5(e — ) (s24

Here 1?(z,t) follows the solution of Eq. (S1), a(z,t) and T'(z,t) take the form appeared in Eq. (S1). Apply the Fourier
transform to the x-y coordinates, (7, t) — (K, z,t), n2(r,t) — 72(K, 2, t) with the momentum K in the z-y plane, we
obtain the following equation

%@u&aaqu¢¢wa¢¢uﬁﬂK¢¢) (S25)

with

(K, z,t) = =K + 4y (K, 2, )G 0202 (K, 2,1) — 213 (2, 8) + alz,t) + . (S26)



Therefore, we have the following solution for 1&2 (K, to),

~ t ’ ! o~ to
Do (K, 2,tg) = € wump SESOM LB o i) + 7 / e i S o (Kt
tpump
to

= T(K, 2,t0, tpump) V2 (K, 2, tpump) + 7 T(K, z,to, t')ie (K, z,t')dt’ (S27)

tpump

with T (K, z,t1, t2) = exp[y ft s(K, z,t)dt]. Since the formation of the domain wall is a fast process, e.g. y(to — tpump) ~ 1

(see Fig. S3), the T-factor gives a result of order 1 for long-wavelength modes with £2K? < 1. Therefore, for a practical
calculation, we neglect the 7 -factor in later discussion.
e Calculation of D (to): To calculate Dk (ty) =
(Kto —f wQKZtQ)dZWIthu()E( )
around the domain wall.

~ to
DK, to) ~ /u(z)wg(K7z,tpump)dz + /u /t o (K, 2z, t")dt'dz = ¢, (K, to) + ¢p( K, to).

pump

Drc(to) = (@a(— K, t0)Pa (K t0)) + (@6(— K, t0)Pp(K, to)) = Dk .a(to) + Drcp(to)- (S28)

Here ¢, and ¢, come from the thermal fluctuation in the equilibrium state for ¢ < ¢;,,mp and the thermal fluctuation accumulated
intpump < t < to, respectively. Now we calculate D 4(to) and D p(to).
ox Calculation of Dx ,(to):

(P(—K ,t0)3(K , ty)), we read out G(K, to) from ¢y (K, z,ty) by
Lsech(z/£) being the mode amplified with time, which is localized

dk, T 1
D-1 _ Ghy L ~ 2
l DKJI(tO) _/ ot Ec 2ﬁ+f(2)(k§+K2) |lu(kZ)|
_ [dk. T 1 ons
_/%E25+§§(k§+K2) /25560]“(5)
dk, T % sech®(k.&n/2)

or E. 4 2ﬁ+§o(k2 + K?)
T 72 dqz sech?(g. /(28 + €2K2)/]a|n/2) S29)
~ Elal 4/ 2B+£§K2 )/lal 1+¢:
with k.& = q.\/(28 + €2K2)/|al. Due to a factor of e~2675” in the integrand of Eq. (S13), C1(R,t) in the limit of
4t > 1/|a| is dominated by smaller K, and only those D (t) in £2K? < |a| matters in the long-time behavior of C; (R, ).

Besides, since 28 < |a| and /(28 + §2K?)/|a| < 1, the ¢.-integral in Eq. (S29) always gives a result on the order of 1. See
the estimations below).

2

sech?(q.) sech2(q2\/(2/5+§8K2)/|a|7r/2)
——=dq, ~ 141 2 dq, = . S30
/1+2q </ 1+ g2 [1</1+ng7T (530)
We approximate it to be 7 for convenience and obtain
T 2 1
1P 1D o(to) = — ) (S31)
’ Ecllol 8 /(28 + &K?)/|a]

o Calculation of Dy (to):

to
1P Dy (to) = / dt /dz
t

2 fo 27°(0,¢ fo 7(0,¢
2) 3%/ dt /dz é’)uQ(z):’y/ dt (’)EDb.
t t

pump pump c pump Ecé-

(S32)
The calculation gives a constant result independent of K.
Substituting Dy (to) = DK,a (t()) + DK’b(tO) in Eq. (S13), we obtain C'y (R, t) = Cl’a(R, t) + Cl’b(R, t) with
D—1
Ciq(R,t) = / : I,{*ZD_lDK a(to)ema‘_25)7’56_2537’51(26”{'1%
’ (2m)P-1 ’
D—1
= 7T 2(Jar— 2ﬂ)vt7r / d K ! e 2607tK? iIK-R. (S33)
B 8 J (2m)P~ /(28 + &K?)



delK .
Cro(R,1) = / (27r)D_le*lDK,b(to)ema‘725)””56*253"’“2611{"{

dP1K 2 2
:Db€2(\a\—2l3)'yt/ o263t [IK R
(27T)D71

D/2-2 2
_ Db|0é‘ ; ‘Ck| > 1€2(‘a|72ﬂ)’yt678:§7t (S34)
—1 — .
Vel \/8m|adyt

Db ‘alD/2—2
oy ™
the following, we discuss C , (R, t) in these limits.
e vt >> 1/4 limit: In this limit, the K integral is dominated by those K in (2K2 < 3 due to a factor of e=27/K” in the
integrand of Eq. (S33). Thus, we can estimate the integral as follows

By the definition of Dy, the factor ~ (. The integration of C 4 (R, t) could be evaluated in some relevant limits. In

T 72 dP-1K 1 2 2

C " th ~ 2(\a|72ﬂ)7t7/ —2¢7tK* iK-R
R T s ) enP1vaE" ‘

1 1 B2

8£3wt

2
— GeQ(la‘_2ﬁ)7t£776
8 V2B \/8ryt" !
__Rr%2
%ezuamﬂme zorl (S35)
8m|alyt

Combining with Egs. (S15, S34), we obtain Eq. (6) in the main text.
¢ U(1) symmetric case in the 3D system (5 = 0 and D = 3): The 3D K-integral in Eq. (§33) can be exactly evaluated in
the polar coordinate with the Bessel functions,

~ (lal

T 72 [T AdK e e T w2 1 R? -
Ci (R t) = —= 2|0“’Yt7/ 2 e 260K T (K R) = ——2lalvt T I 16621
ra(B1) E&° s ), 2n¢ 0(KR) B¢ 16 \/3ré2t 0(16§§7t) ’
1 R? __RZ_ 1 R2? _ _R?
~ Ge?let I e 197t = (|ale?leh? I e ot S36
v8mt 0(16587t) Clod /8|yt 0(1658'775) (536)

Here Jy(z) is the Bessel function of the first kind, and Iy(x) is the modified Bessel function of the first kind. A comparison
between Eq. (S36) and Eq. (S15) with D = 3 and § = 0 shows that C ,(R,t) always dominates over C ;(R,t) and C2(R, t)
in the long-time limit, leading to Eq. (4) in the main text. From Eq. (S36), lim,_,q Io(x) = 1, and lim,_, 1 o, = €*/v/ 27z, we
can see that the spatial dependence of the correlation in the long-time limit (y¢ > 1) shows a crossover from an exponential
decay to a power-law decay;

e~ R/16857t  for R < 4€o\/AT

Cra(R,t) o
Lal( ) {45%\%/%7 for R > 4&p\/7t.

The crossover is consistent with the power-law spatial correlation (g (7)12(7")) ~ 1/|r — 7’| at long distances in the initial
equilibrium fluctuation in the 3D systems.

C. Determine the crossover time ¢..

When |15 (7, t)|? = C(0, t)sech?(z/£) becomes on the same order as [¢); (7, t)|? = |a| tanh?(z/£), the first-stage dynamics
crossover into the second-stage dynamics. The crossover time scale ¢. is defined as C'(0,t.) = C1,4(0,t) + C1,(0,t) +
C2(0,t) ~ C1,4(0,t) + 2C2(0,t) = |«a|. Note that the integrals in Eq. (S33) can be calculated exactly at R = 0 for both 2D
and 3D cases,

aly(t—to) ™/T 1 (1 orf(+ /4B~ (t — ¢ in 3D syst
D (L (1 el(AB 1), in 3D systems, .
Clafe?lel=Ant=to) T [0 (2B~(t — to)), in 2D systems.

Here erf(z) and Ky (z) are the error function and the modified Bessel function of the second kind, respectively. For the long-time
limit (y|t — to| > 1/(|a| — 28)), C=2(0, t) is evaluated in Eq. (S15).

In the general case, we can use Eq. (S15,S38) to calculate C(0, ) and determine ¢, by C(0,t.) = |&|. The results of i,
mentioned in the main text are approximated results in the limits discussed.




Supplementary Note 3: THE SECOND-STAGE DYNAMICS

When t reaches the crossover time t., randomly distributed positive-i)2 and negative-1y domains are located on the z = 0
interface. Since 1) is a continuous function of 7, the boundary between the positive-i)5 and negative-1o domains is nothing but
the zero of ¥3(R, z = 0). Furthermore, ¢ (R, z = 0) remains to be 0. As a result, [¢)| = 0 on the boundary of the domains
on the z = 0 interface, which suggests the existence of topological defects. Writing ¢» = |¢|e?, the profile of 6 around these
defects could be analyzed as follows. On the interface, (R, z = 0) takes the value of 7/2 and 37 /2 in the positive-1), and
negative-1o domains. Far away from the interface, the boundary condition at z = 400 set ¢; = :I:\/@ and ¥y = 0, i.e.
0 =0/matz=+00/ — 0.

Based on the analysis above, on the 1D interface of 2D systems, a clockwise closed path around a zero of 1), obtains a
phase winding 27(—27) if the slope 9,12 (y, 2 = 0) is negative(positive). Therefore, a zero of 1o with a negative(positive)
0,12 is nothing but a vortex(antivortex). Since the positive-1), and negative-1)o domains appear alternatively along the y axis,
the vortex and antivortex also appear alternatively. In other words, a vortex(antivortex) has to lie in between two neighboring
antivortex(vortex). See Fig. (S4)(a) for a schematic plot of the 5 (y, z = 0) function, the 6(y, z) profile and the vortex/antivortex.
On the 2D interface of 3D systems, the zeros of 1) form 1D lines called vortex strings. The orientations of the vortex strings are
defined by a right-hand rule with respect to the direction of V8 around the strings, as shown in Fig. S4(b). In any intersecting 2D
plane parallel to z, 8 distributes in a similar way as in the 2D systems, and vortex/antivortex appears alternatively on the z = 0
interface in the plane. Since the positive-1y and negative-1, domains are closed, the line of zeros of v, which is nothing but
the boundary between the domains, are closed loops. Therefore, the vortex strings form loops.

In the second stage dynamics of 2D systems, the vortex moves under an attractive force from neighboring antivortices, a
frictional force from the damping term v~ 1,1 and Langevin force from the thermal noise 7 in the “model A” dynamics. Due
to the attractive force, the neighboring vortex and antivortex move toward each other and annihilate. The annihilation processes
lead to a coarsening phenomenon of the topological defects in the interface [8]. In the second stage dynamics of 3D systems, the
vortex string contracts under a tension corresponding to the local curvature, a frictional force from the damping term v~ 19,9
and Langevin force from the thermal noise 7 in the “model A” dynamics. It contracts and annihilates, leading to a coarsening
phenomenon. In this section, we derive an equation of motion of the defects, and analyze quantitatively the coarsening process
in the second stage dynamics.

Z4 e
o Vo
Yo (v,z2=0)
r 3 H
0- v W N— T
5 0
y
y
y
(a) z (b)

FIG. S4. Schematic plot of the profile of 1), after the first-stage dynamics on the z = 0 interface. (a) On the 1D interface of 2D systems, the
nodes of 12 generate a vortex-antivortex-pair array denoted by ® /®. The inset is the corresponding profile of 6. (b) On the 2D interface of 3D
systems, 12 are positive/negative in the black/white regions. The borders between the black and white regions, where 1) = 0, generate vortex
strings. The vortex strings have specific orientations marked by the blue arrows. The orientations are defined by a right-hand rule concerning
the direction of V6 around the strings, illustrated in the inset.
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A. Spatial profile of the topological defect without the U (1) symmetry (53 # 0).

We first determine a spatial profile of the defect to derive the equation of motion of a topological defect from the “model
A” dynamics. For the U(1)-symmetric case (8 = 0), the spatial profile of the vortex or vortex string is well known [8]. In this
section, we will determine the spatial profile of the vortex without the U (1) symmetry (8 # 0). Especially, we will clarify the
spatial profile far from the vortex core, and the profile near the core. In the following, we will focus on a 2D spatial profile of
a vortex pinned in the 1D interface of the 2D systems. A vortex loop in the 3D systems can be regarded as a stack of the 2D
spatial profile of the vortex along the third direction. We also limit ourselves to the ‘nearly U(1) symmetric’ case (8 < |«|) for
analytical convenience.

The spatial profile of a single vortex forms a local minimum of the Ginzburg-Landau free energy functional of ¢ (r) =
[4(r)]e?(™), i.e. Eq. (S3). In the limit of 8 < |a/, it is a good approximation to neglect the amplitude dynamics and fix the
amplitude ¢ = \/|a], and study the free energy functional of f(r) with r = (y, 2);

F = E.|a| /d%« €2|1VO* + 2B sin? 6. (S39)

Or equivalently, 6 F'/660 = 0;
£8V20 = Bsin(20). (S40)
With the boundary condition lim,_, o, 6o = 0, lim,_, ., 8y = 7, the equation leads to the following two solutions,
05 (2) = arg(sinh(y/282/&) + i) (S41)

These solutions are nothing but the Sine-Gordon solitons. The soliton has a finite energy per unit length along the y-direction,
oo = E|al /dz E2IVOE > 4 28sin® 0F = 4E.&o)al/28. (S42)

In the second-stage dynamics, 6(y, z) = 67 (2) and 8(y, z) = 0 (z) appears alternatively along the y-direction, connected by
vortices. Consider a vortex at (y, z) = (0,0). The 2D spatial profile of the vortex can be described by combining the two soliton
solutions at y = 0; 0(y, z) = 07 (2) for y — +oc and 0(y, z) = 0 (z) for y — —oo [9]. Such spatial profile of the vortex is
generally given by

_J05(2) +s(y,z) for y >0,
Yoz = {90_(2) +s(y,z) for y <O0. (S43)

Note that at y approaches f-o0, the vortex profile approaches the Sine-Gordon soliton profile due to small but finite 5. At
|z| approaches +oo(—00), 8§ = 0(m). Therefore, s in Eq. (S43) satisfies the boundary condition lim,_,+; s(r) = 0. s and
lim, 1 $(r) = 0. Thus, we can determine a form of s(y, z) for the larger |y| by substituting §(r) = 6y(z) + s(r) into
Eq. (540) and linearizing the equation in small s;

£2V?%s = 23 cos(26)s. (S44)
The linearized equation is decomposed into an operator in ¢ and an operator in z,

5528@ 2) = [_i 22
25 V7 2677 cosh?(v/2Bz/¢)

with 2’ = 1/282/&. H(z';\) is nothing but the 1D Hamiltonian with the Poschl-Teller potential hole mentioned in Eq. (S5).
Thus, in terms of the eigenmodes of H(z';2), s(y, z) can be expanded as

+ 1s(y, 2) = [H(2';2) + 1]s(y, 2), (S45)

s(y, 2) = coho(2') + /dk'c(k/)e* VEZ Y (k! 2. (S46)

with k' = &k/V28, v = yv28/&, 2 = 2v28/&, and c* (k') = c¢(—k'). Here ho(2') o sech(z’) is the bound-state
eigenmode of H(z',2) with negative eigenenergy —1. h(k’,2) oc (1 + i/(k’)tanh(z'))e’*'* is a continuum eigenstate of
H(%',2) with positive eigenenergy (k’)2. From the boundary condition at y = o0, cg = 0. c(k’) is chosen to satisfy the
boundary condition lim,_, 1., s = 0.
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The energy for the Sine-Gordon soliton with a single vortex is given by
Ra/2
E(Rq) =/ dyo(y),
—Rq / 2

with
oly) = Edal /dz IV (OF + 5)2 + 2Bsin’(6F + 5).

Here Ry is a size of the vortex along the 1D interface, and 6] and 6 in the right hand side are for an energy density per length,
o(y), inthe y > 0 and y < O regions, respectively. Since the size of the vortex is constrained by its neighboring antivortex,
whose 2D spatial profile takes the same form as Eq. (S43) with y — —y, R4 can be also regarded as a distance between the two
defects along the 1D interface.

For large |y|, the energy density per length, o(y), can be further evaluated by an expansion in small s(y, z). The zeroth order
term in s is the energy density of the domain wall without the vortices, 0. The first-order term in s vanishes because the soliton
solution QOi is a local energy minimum of the free energy. The second-order term gives the energy density of a vortex per length
for large |y|;

o) ~ a0+ Bufal [ dz 63(0,5)" + 63 (0.5)" + 2573 cos(260)
= 09 + F¢|a] /dz €2(0y5)* + €50.(50,5) — £3(502s) + 25% B cos(20p)

=00 + Eclo /dz €2(9ys)* + 5(2)(8853) + €20, (s0.5)

= 00+ 2Ec|al§0/2 / (k) P(k + e 2VFHW T dk 4 Belalg) (s0.5227%)
= 00+ 2Ec|alé\/28 / (k)P (K2 + 1)e2VREH2IVER S0 g/ (S47)

From the second line to the third line, we use Eq. (S44). From the third line to the fourth line, we use Eq. (S46) and an
orthonormal condition of h(k',2"); [ dz'h(k}, 2" )h*(kS, 2") = 6(k} — k%). From the fourth line to the fifth line, we use the
boundary condition hrnz_,j[Oo s = 0

The free energy can be decomposed into an energy of the vortex, F4(Ry), and the energy of the soliton, oo Rq,

Ra/2

E(R4) = ooRq —l—/ ) dy [o(y) — oo] = 0gRa + E4(Ra). (S48)
—Rq/2

By Eq. (S47), o(y) — o decays exponentially for larger |y|. Therefore, the energy of the vortex is convergent in the larger Ry
limit; limpg, o Ea(Rq) = Eo x Ec|a|€3.

Since Rq can also be regarded as the distance between vortex and antivortex along the 1D interface, dEq/dRq gives an
estimate of an action-reaction force between the two defects. The force is attractive and it is dependent on the distance R4. For
larger Rq with Rq >> &5/+/2/3, the magnitude of the force decays exponentially,

dE,
Fy= TRZ = 0(Ra/2) ~ Ec|a|éyy/2BeTav?B/60, (S49)

We have discussed the energy and attraction force of the vortex far away from the vortex core, Rq > £y/+/23. Next, we will
discuss the energy and force of the vortex near the vortex core Rq < &y/+/208. Let us rewrite Eq. (S39) in the polar coordinates,

Rd/2 2 go 80 9 Rd/2
F = E¢|a| ; Tdr/o [go(ar) + (6¢) + 2fsin 9} = E¢la ; dro(r). (S50)
For r < £y /+/20, the vortex profile approaches the U(1) symmetric vortex, where o (r) is dominated by the gradient term;
50 a0 ., a0 ., 2Br* ., / 50 00., 00,
= d — sin” 6| ~ d —)°]. 1
o= [ s S G e < [T as Ll e o) (ss1)
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Thus, for Rq < &/v/2B, Ea(Ra) = Ec|a| [ d*r&|VO|* ~ |a|E.&2 In(Ra/€). Here the coherence length £ plays the role of
the core size of the vortices. Thereby, the attractive force decays with a power law for Rq < &o/+/25;

- dEd - £8|Q|EC

Fd(Rd) - m Rd )

(S52)

which is the same as the U (1)-symmetric case.

The 2D spatial profile of the vortex discussed so far has a characteristic length scale, &y/+/23, which separates the long-
length regime with the exponential decay of the attractive force, and the short-length regime with the power law of the force. We
confirmed that numerical solutions of the vortex are consistent with these analytical results in the two limits; Fig. S5, verifying
the conclusion above. In Fig. S5, we can see that the defect behaves like a circular symmetric vortex in the shorter length regions
ly| < &o/+/2B, while in the long-length region |y| > £y /+/2/3, it behaves as a Sine-Gordon soliton with a translation symmetry
along the y-direction.

In the 2D interface of the 3D systems, the vortex forms a vortex string, and the cross-section of the string contains the vortices
discussed above. For a vortex-string loop with diameter ~ Ry, its energy is estimated as ~ RqEq4(Rq) where E4(Rq) takes the
expression obtained above.

2m

z/&o

Yo

-40 -20

0 20 40
y/%o

FIG. S5. Numerical solution of a vortex of the free energy Eq. (S3) for the 2D spatial profile of the phase with a vortex core at (y, z) = (0, 0).
The numerical solution is obtained with |a| = —1, 8 = 0.02. i.e. £&0/v/28 = 5&o.

B. Force balance of the defects

In this section, we start from the 2D systems and derive an equation of motion for a single vortex from the “model A
dynamics”. The equation of motion becomes a force balance equation among the attractive force between vortex and antivortex,
frictional and Langevin forces. When a pair of vortex and antivortex meet each other due to the attractive force, they annihilate.
Events of the pair annihilations keep enlarging the mean distance between vortex and antivortex in the whole interface, leading
to a coarsening phenomenon [10-12]. From the force balance equation, we derive an equation of motion of the mean distance
and estimate a growth law of the mean distance (correlation length) in the coarsening process. In 3D systems, a similar thing
happens and the topological defects are vortex strings. They contract and annihilate driven by the tension that stems from the
local curvature [13, 14], leading to a coarsening phenomenon. The analytical methods used in this section are mainly adopted
from a review paper by Bray [8].

1. 2D systems

Let us begin with the 2D system. Consider that a vortex core moves with a velocity v(t), represented by the ® symbol in
Fig. (S6). The spatial profile of such a moving vortex is given by ¢(r,t) = f(r — [ ! v(t')dt'), where f(r) is given by a defect
atr = (0,0) in Eq. (S43); f(r) = \/|alexp[if(r)]. (r,t) satisfies the dynamical equation,

oF

1 1
—R o =1 1y, (S53)
32 X S an 5o T
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Ry

FIG. S6. A schematic picture of the force balance relation for a vortex moving with a velocity v around the interface at z = 0. An
attractive force Fy is along the grey dashed line, which connects the vortex (®) and its neighboring antivortex (®) with a distance Rq. ¢ is a
displacement of the vortex from z = 0. We consider the 6, /Rq — 0 limit. Thus, the direction of Fy is nearly along the interface.

where F[1] takes the form of Eq. (S3). Here for the usage of the later section, we also added the inertia term ~; >97¢) based on
the “model A” dynamics in Eq. (S2) and derived a general equation of motion for the vortex.

For a moving vortex with ¢(r,t) = f(r — [ “o(t')dt'), its distance from the neighboring antivortex could be regarded as its
size 4. In the second-stage dynamics, the vortex moves toward the neighboring antivortex under the attraction force and Rq
gets smaller with time going by. Thus, its energy F4 changes with the following energy-dissipation rate

dEqy dE4qdRq
o dRy dl Fy-v. (S54)
Here Fy is the attraction force from the neighboring antivortex with a magnitude Fy = dFEq/dRg, as illustrated in Fig. S6.
We consider the vortices are nearly confined in the interface, i.e. the distance between the vortices are much larger than their
displacements from the z = 0 interface, which is illustrated by the 6,/Rq — 0 limit in Fig. S6. Therefore, Fy is along the
y-direction, i.e. Fy, = 0 and Fy, = Fy. Since v is measured from the frame of the neighboring antivortex, v, = —dRq/dt
and —Fy - v = —Fy yv, = FadRq/dt, yielding Eq. (S54). The asymptotic forms of Fy in the two limits, Rq > &y/+/20 and
Ry < &0/+/20, are discussed in Egs. (S49,552).
According to Eq. (S53), the energy-dissipation rate can also be given by the inertia term of the vortex, frictional force, and
Langevin force acting on the vortex,

Ay _ [ g P00 OF o
dt’/drawat+5¢* ot

E.0%* E. 00" B B 0% E.0 o0+
:/d%( Y w+Ec)w+< v w+Ec>w

e o2 7 ot 8t Ve o2y ot ot
avz E, * *
= X [ (= 00 e+ O G+ 0 i+ Bar) @),
1,5,k=y,z v
E. Ec N
+ ( e @0+ 5 (0 NI B iy + Ben) @3,

’Vo Y

=(F\—F,— A)-v. (S55)

Here A = )", m;a;i with @ = dv/dt, is the inertia term of the vortex [15], F) = — )", \;v;i is the frictional force, and F,is

the Langevin force. m; and )\; are the inertia mass and the friction coefficient in the i-direction, respectively. The inertia mass
and friction coefficients and the Langevin force are given as follows;

m; = %/d% 210 f)?, (S56)
0

i = %/d% 2|10 f)?, (S57)

F, = Ec/d2r "'V f+nVfo. (S58)

From the third line to the fourth line in Eq. (S55), we set [ d?r(9;0f*)(9; f) + c.c. = 0, because f(r) = —f(—r).
Equating Eq. (S55) with Eq. (S54), we obtain a general equation of motion for the vortex under the force from its neighboring
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antivortex,
d?y dy
my—>5 di2 + Ay at =Fay — Fyy,
d?z dz
e+ N— =—F, .. S59
Mg T . (559)

For the “model A” dynamics without the inertia term (m; = 0), the equation of motion does not have the acceleration term,
leading to the force balance equation;

dy dz
Y dt Fd,y Fn,ya )\zi = _Fn,z~ (560)

A dt

Using Fy , = 0 and Fy , = Iy, the force balance equation is solved for the coordinate of the vortex core,

2(t) = /dt M1F,
y(t) = /dt A (Fa = Fyy). (S61)
The mean displacement is
() =0 o) = [dt \'Fu (562)
Eq. (S62) leads to a conclusion: the mean velocity v(Rq) of a vortex in a contracting vortex-antivortex pair with distance Ry

reads

vy(Ra) = d%(tt» = —% = A, ' (Ra)Fu(Rq). (S63)

For a coarsening system, a single typical time-dependent correlation length L(t), which is, physically, the typical inter-defect
distance or the defect size, characterizes the system. Thus, the typical velocity reads v(Rq ~ L) [8, 10, 11]. Equating it to the
rate of change of L gives the following Eq. (S64), an equation to obtain the growth exponent p of the growing length L(¢) o P
[8, 10, 11].

dL
i A, (L) Fy(L). (S64)
In Sec. B3, a formal of Eq. (S64) from Eq. (S63) is presented. Eq. (S64) is referred to as Eq. (5) in the main text, where A
denotes A, for simplicity.

To solve Eq. (S64), \;(L) and Fy(L) need to be evaluated. In L < &/+/23 limit, the defects behave like circular vortices
in the U(1)-symmetric case. Therefore, E4(L) ~ Ec|a|¢2In(L/€), Fy(L) = |dEg/dL| = E|a|¢2/L. For Ay, notice that for
L < &o/v/2B,

Aie y,z~E'o“/d2 2|V6 - i = °‘a|/d2 Vo|* = ?ON 7' n(L/¢). (S65)
Thus,
~t
L(t) ~ & Wn(lat) (566)

The scaling is the same as the 2D U (1)-symmetric systems after a global thermal quench [8].
In the L >> &/+/20 limit, the typical attraction force reads Fi(L) ~ E.|a|éoe"V2P/% according to Eq. (S49). For \,,

_E _2E; L/2
Ay Eela| /d2 2(0,0)> |a|/ dy/dz (8,5)>. (S67)

L2
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In the |y| — oo limit, by Eq. (S46), the integrand in the integral of y approaches the following asymptotic form,

/ dz (9,5)? = / AR (k)2 (k2 + 1)e—VETFTIIVEB/So (S68)

As |y| gets larger, the integrand show an exponential decay. Therefore, the integral of y is convergent for L — +oc. In other
words, for larger L, the leading-order contribution of A, (L) is a L-independent constant A\, (+00) = A\g ~ E;|a|/~. Thus, from
Eq. (S64, S49),

U N~ oy /2Be Y (369)
i.e.
L x \/g—% In(287t). (S70)

e Defect displacement in the z-direction and stability of the interface: The analysis above assumes that the vortices are
confined within the interface. In fact, from Eq. (S60), the vortices acquire a weak Brownian-like motion along the z-direction
due to the thermal noise. Write the equation of motion in the z-direction in the following dimensionless form,

d(z/8)
=H,. (S71)
d(~t)
Here H, = —\;'F), ./(£7), whose correlator reads
/ 2T —1 /
(H.(t)H.(t')) = W)\z (Ra)d(yt — 1) (872)
0
Here R, is the vortex size. By the expression of \; in Eq. (S65), \; = E.|a|yth;(Rq) where h;( = [d?r |0,6)* is
dimensionless. Therefore,
/ 2T / —1 /
(H-(t)H-(t)) = Eillal hZ Y (Ra)d(vt —~t') = 2Ch; H(Ra)d (vt —t'). (S73)
CSIe

Replacing R4 in Eq. (S73) by the typical defect size L, we obtain Eq. (9) in the main text. Eq. (S71) and Eq. (S73) imply the
defect motion in the z-direction is negligible because ( is small in consideration of this paper. Thus, the interface is stable.

For the L < §y/+/203 case with a nonzero 3, one has A\, = A\, and h,(L) = hy(L) ~ In(L/¢), while it is hard to evaluate
h (L) for the other cases. In the L < &y/+/20 case, after replacing Rq in Eqs.(S72,573) by its typical value L , we could solve
the following scaling of (22(L))

(22 2T//\ t—QT//\

By"qé“‘*)zT/ F; (L)dL’—QT/ VAR If dL' ~ (L*. (S74)
0

ie. \/(22(L)) = /(L <« L. \/(2%2(L)) may physically represent the typlcal value of the defects’ displacement in the z-
direction when the typical inter-defect dlstance is L. In that way, \/(22(L)) = /(L < L means the interface is stable. For
other cases, quantitative evaluation of y/(z2(L)) is hard to achieve since /\Z( ) and h, (L) are hard to evaluate.

2. 3D systems

In 3D systems, vortex string loops contract and v (r, t) satisfies Eq. (S53). For convenience, we separate the coordinates by
r = (R, s) where R,, is the local coordinate of the intersecting plane normal to the string and S is the coordinate along the
string. The motion of the string is characterized by the ansatz ¢ (r = (R, s),t) = f(R, f . Here f(R,,) is the
order-parameter profile of a point defect in the 2D plane spanned by R,,. As 111ustrated in Fig. S7, the ansatz implies that v (s, t)
is confined in the 2D plane spanned by R,,.

To further simplify the problem, we idealize the shape of the vortex-string loop to be circular with a diameter Rq4. The energy
of such a vortex-string loop is Fx = RqFEq(Rq), where a constant 7 factor is omitted. Here Fq(Rq) is the energy per unit length
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FIG. S7. A circular vortex string loop contracts under the driving of the force Fy, which points to the center of the circle. The local motion of
the string is confined in the local R,,,1 — Ry,2 plane normal to the string, which is marked by blue.

of the string. E4 equals the energy of point vortices in the 2D intersecting plane of the string, whose expression is given in
Sec. A. Since the vortex string loop is contracting, Rq as well as E; = RqFE4(Rq4) decrease with time. The energy dissipation
rate of the vortex string loop reads

dE, dE, dRy Ra
= == ds — Fy(s) - . S75
dt ~ dRy dt /0 s = Fals)-ols) 57>

Here Fy(s) is a force acting on per unit length of the string, which comes from the string tension stem from the local curvature.
Fy(s) points to the center of the circle and drives the loop to contract, as shown in Fig. S7. Since the loop is circular, the
magnitude of Fy is independent on s with the following expression,

1 dEs  E4(Rq) n dEq(Rq)

S76
RgdRys Ry dRy (576)

d=

In our theory, the strings are nearly confined in the interface, i.e. the displacement of the strings from the z = 0 interface is
negligible compared to Rq. Therefore, the direction of Fy(s) is nearly confined in the 2z — y plane.

Consider an infinitely small segment of the string with length € located at s = sg. Set its energy as F.. Eq. (S75) impies that
the energy dissipation rate of the small segment reads

dE so+e€
= :/ ds — Fa(s) - v(s) = —eFa(s0) - v(s0). S77)
S0
Moreover, by Eq. (S53) and the ansatz of ¢)(r = (R,,, s0),t) = f(R,, f v(sg,t')dt"), the energy dissipation rate of the small

segment can be given by the inertia term, and friction and Langevm forces acting on the small segment.

S()+6 *
/ / £R, §F azp §F 0o
. 50 ot a0 o

:/so+s ds/d2Rn - %821/)* %aw* E, *) o ( E. 821/) E. Oy E. )6¢*

2 o2 4 ot ot 2 ot2 4 ot ot
sote ﬁ’fvZ EC
—— % / as [ &R, (- <a OhfYoron + 5 (D) 5+ (00 Yo + B ) (0o
i,J,k=R R '7 v
2Js n,1,4in,2
E c *
+( (00 f)v,uﬁ 2 (0 ne — @i+ Een) (057
0
= (EF)\ — F‘77 — EA) . ’U(So). (578)
Here eA = 3 ,_ em;a;i with a = dv(sg)/dt, is the inertia term for the small segment. ¢F) = — Y, —y €N i(50)1 is

the frictional force. F,, is the Langevin force. m; and \; are the inertia mass and the friction coefficient in the i-direction,
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respectively. The inertia mass, friction coefficients, and the Langevin force are given as follows;

my = %/cﬂRn 210,12, (S79)
)
E.
N = 7/d2Rn 210, ]2, (S80)
So+e€
F, :EC/ ds/dan (N f + 0V f5).. (S81)

Here V,, = 0/0R,. Without loss of generality, we set the tangent of the string at s = sy is along the z-direction and
R, = (y, z). Therefore, Fy = Fygy. Equating Eq. (S77) and Eq. (S78), we obtain an equation of motion for the small segment
of the string under the driving force Fy.

d?y dy _
myﬁ—f—)\yg :dey—E 1F,,77y,
d?z dz
st A— = —€'F . S82
Mg T g T (582)

For the “model A” dynamics without the inertia term (m; = 0), we obtain the force-balance equation

d d
Y —Fyy—e'F,,, A\ =—c'F,,. (S83)

Ay— = z
Y dt ’ dt

The force balance equation is solved for the coordinate of the vortex core,

2(t) :/dt — e '\'F, .
y(t) = /dt A (=T Ry + Fy). (S84)

The mean displacement is
() =0 o) = [ e\ Fu (585)

Eq. (S85) leads to a conclusion: that the mean velocity of the string motion reads v(Rq) = —dRq/dt = \;'(Ra)Fu(Rq).
Similar to the analysis for the 2D systems, taking R4 by its typical value L and equating dL/dt = v(L) gives Eq. (S64) [8]. See
Sec. B 3 for a more formal derivation.

To solve Eq. (S64), A\;(L) and Fy(L) need to be evaluated. In the presence of the U(1)-symmetry (8 = 0) or in the
L < &/+/2B limit when 8 # 0, Eq(L) < E.|a|€2 In(L/€) and the leading order contribution of Fy(L) is the F4(L)/L term in
Eq. (S76). Therefore,

1 L
Fy~ Eclal&) 7 (7). (S86)
For \i—y -, as shown in the analysis of 2D systems,
Ea| . L
Mgy ~ 2N (2, (S87)
/Yy ~ ( ¢ )
Thus, from Eq. (S64), we obtain
L(t) ~ &Vt (588)

In the L >> &y/+/20 limit, Eq(L) ~ E.|a|€2 according to the calculation in Sec. A. The leading order contribution of Fy(L)
is the Eq(L)/L term in Eq. (S76). Therefore

1
Fy ~ Ecla\a%z- (S89)
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For )y, according to the calculation in Eq. (S67),

Ay = Ao x Ecla|/v (S90)
Therefore, from Eq. (S64), we obtain
L(t) ~ &Vt (S91)

The analysis reveals a discrepancy between 2D and 3D systems. In 2D systems with 3 # 0, as L gets larger, the scaling of L(t)
undergoes a crossover from a diffusive behavior to a subdiffusive behavior. See Eq. (S66, S70). However, in 3D systems, L(t)
always shows a diffusive behavior.

The discrepancy could be explained in the following way. In 2D systems, as shown above, the L-dependence of the attraction
force Fy shows a 1/L (long range) to e~ LV2B/¢ (short range) crossover as L goes across the scale &y/+/28. The crossover of
F4 makes the motion and annihilation of vortices slower with time going by, leading to the diffusive-to-subdiffusive crossover
of the coarsening dynamics. In 3D systems, the dominant contribution of the driving force Fy(L) always comes from Eq4(L)/L,
the first term in Eq. (S76), which is from the derivative of the string-loop diameter L rather than E4(L). (Physically, it means
that the driving force Fy(L) is dominated by the tension of the string.) Moreover, the L-dependence of F4(L) is the same as
Ay(L) inboth L < &/+/2B and L > &y/+/2(3 limits. Therefore, we always obtain dL/dt ~ ~£2/L, leading to the result
L(t) ~ &ovAt .

o Defect displacement in the z-direction and stability of the interface: Similar to the analysis for 2D systems, the discus-
sion above assumes the strings are confined within the 2D interface. In fact, the string-loop could acquire a weak Brownian-like
motion in the z-direction due to the thermal noise. Consider the center-of-mass motion in the z-direction of a macroscopical
segment of the string loop with diameter R4. The length of the segment is ~ Rq. The equation of motion is derived by simply
replacing € by Ry in Eq. (S78, S81, S83), where Ry is the diameter of the loop. Written in the dimensionless form, the equation
of motion reads

d(2/&o)
) _ . ($92)
d(vt)
Here
Ra
H, = —(507)‘1(Rd/\z)‘1Ec/ ds/dQRn (*0.f +no.f*). (S93)
0
H, satisfies
(HL( HL () = i AT (Ra)(rt — A#). (594)
z z Rdgg’y z
By the expression of \; in Eq. (S81), \; = Ec|a|y~'h;(Rq) where h;(Ra) = [ d*R,, |0;0]* is dimensionless. Therefore,
2T - 2T Ry -1
H,(OH.(t'")) = =——5—=—h; 5yt —4t') = ————(—h.(R S(yt — At
(HOH() = Fragrahs 60t =) = o= (Fhe(Ra)) 800t = 1)
R -1
= 2C<?th(Rd)) 5(yt —t"). (S95)

Replacing Rq in Eq. (S95) by the typical defect size L, we obtain Eq. (9) in the main text. Eq. (S92) and Eq. (S95) imply the
defect motion in the z-direction is negligible because ( is small in consideration of this paper. Thus, the interface is stable.

For the U(1) symmetric case as well as the L < &/+/23 case with a nonzero 3, one has A\, = A, and h,(L) = hy(L) ~
In(L/¢), while it is hard to evaluate &, (L) for the other cases. In the L < &y/+/20 case, after replacing Rq in Eqs.(594,595)
by its typical value L , we could solve the following scaling of (2%(L))

(Z2(L(t))) :2T/t LYY L)) dt’ = 2T/tL—1(t’)A;1(L(t’)) dt’

By eq. (S64) L =1 =171 o L 1 /
L/¢ 1 L>¢ &L
_ 2 - / 2
—ace /Z A S (396)

Here we set a lower limit of 2¢ in the integration over L’ to prevent the unphysical singularity. Eq. (S96) gives 1/ (22(L)) < L.
(22(L)) may physically represent the typical value of the defects’ displacement in the z-direction when the typical inter-defect

distance is L. In that way, 1/(22(L)) < L means the interface is stable. For other cases, quantitative evaluation of +/(z2(L)) is
hard to achieve since A, (L) and h (L) are hard to evaluate.
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3. Derivation of Eq. (S64) from Eq. (S63).

This section discusses how Eq. (S64) is derived From Eq. (S63). The interface contains random domains of size Ryq. R4
satisfies a probability distribution function p(R4) with f0+°° p(Rq)dRq = 1. Suppose the coarsening dynamics is self-similar
with a single length scale L(t), we obtain p(Rq) = g(Ra/L)/L where g is a function satisfying f0+°° g(x)dx = 1.

Eq. (S63) implies that the typical velocity of the defect motion depends on the defect size (domain size). Statistically, when
the typical correlation length is L(t), the typical velocity of the defect’s motion reads v(L) = Fy(L)/A,(L). Therefore, within
a time dt, the number of the annihilated domains reads

v(L)dt v(L)dt/L
de = —Nd/ p(Rd)de = —Nd/ g(.’L‘)diL‘ (597)
0 0

Here Ny denotes the number of domains. Suppose the system size is I. In the 1D interface of 2D systems, Nq = [/ L. In the 2D
interface of 3D systems, Ny ~ [2/L?. Obviously, in both cases, dNyq/Ng ~ —dL/L. Thus, Eq. (S97) implies

dL
T g(0) I

dt, (598)

for v(L)dt/L < 1. Neglecting the dimensionless constant g(0), we derive Eq. (S64).

Supplementary Note 4: EFFECTS OF THE 97 TERM
A. Suppression of the 977 term when the temperature is near 7.

The “model A” dynamics used in Eq. (S2) neglects the inertia term, the second-order time-derivative 92¢). In fact, as
mentioned in Eq. (S1), the inertia term is crucial to form a domain wall. In this section, we discuss the effect of the inertia term
and analyze how it modifies our results. With the inertia term, the dynamical equation reads

1 oF
E. 0y*

1 1
;F&¢+;@w: +n =V — 200p — 2Bivpy — 2Y[*Y + . (S99)
0

Here 7y is a parameter controlling the strength of the inertia. Typically, one has v, vo ~ T, a ~ (T — T) /T for pure electronic
orders arising from Fermi surface nesting, see Ref. [16] and Appendix E of Ref. [17]. The following scaling analysis shows
that when the temperature 7' is close to T, the inertia term is effectively suppressed. Eq. (S99) is invariant under the following
rescaling;

o = O_‘bza 6 = Bbza Ec == Ecbizlv w == ”(/;b,
%, &o = &b, v=b"2, 70 ="0b"". (S100)

The rescaled equation reads,
1 o+ 1, - -2 o~ _ - = - 9T
%8”#—1—%@@/1:50 Ve —2a0) — 2Bivhy — 2|9°Y + 7. (S101)

with the noise correlator (7;(r, )7 (7, t')) = 2T(YE.) " 10;6:5(r — 7')6(t — t'). We could set & = —1. If T is close to T,
la| and b = \/|a| will be small. Thus, 52 /9% = b*7? /12 is suppressed to be small. Since we discuss the dynamics happening
after to, as long as T'(t > tg) = Tp is near T¢, the inertia term is much weaker than the damping term and our analysis using
the “model A” dynamics is valid. The condition 7 /4p% = |a|y?/78 = 1 gives a lower critical temperature 7%, below which
the inertia term is non-negligible. Moreover, another condition ¢ = G/|a|P/272 > 1 sets an upper critical temperature T, with
T < Tg being the Ginzburg criterion in the conventional theory of critical phenomenon [6]. If T < Ty < T, the thermal
fluctuation is strong and the mean-field solution of ¢ = —y/a for ¢ < tpumyp is invalid and the domain wall will not form.
The successful formation of the domain wall in the CDW materials proves those systems are inside the Ginzburg criterion. In
summary, the valid criterion of the analysis in this paper is T, < Ty < T, shown by Fig. S8.

Note that the inertia term is suppressed for ¢t > £y by Tp. While within t,ymp < ¢ < tom, the pump lifts the temperature to
Ty and a ~ (Ty — T..) /T, may be larger, making the inertia term significant enough to form the domain wall.
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FIG. S8. Valid criteria of the analysis in this paper is marked by green.

B. Quantitative modifications of the first and second stage dynamics by the 971 term.

In the following discussion, we discuss how the weak inertia modifies our results quantitatively for ¢t > .
o First-stage dynamics. For the first-stage dynamics, we calculate the correlation C(R,t) = C1(R,t) + C2(R,t) defines
in Eq. (S12, S13, S14). A calculation is shown in Sec. C. C5(R, t) is evaluated in the ¢ > 1/|«/| limit,

<|a‘ e2c7t R2

Co(Rt) = - —e S (S102)
2rc/lod («/871'\04725/&)
Besides, C (R, t) is given by the following integral.
2ent d°'K 5 —2¢24tK? /k iK-R
Cl(R, t) =€ W[ DK(O)C 0 (& (8103)

Here v = /1 +4(Ja] = 28)72/7g,¢ =27 (k — )75 /7.

Compared with Eq. (S15, S13), Eq. (S102,S103) only contains corrections of the coefficients. Espectially, the time-dependent
correlation length &y+/~t shown in the results of Eq. (S15, S34, S35, S36) is renormalized to £y+/~t//k.

e Second-stage dynamics. For the second-stage dynamics, the equations of motion with the inertia term are given in
Egs. (559,S82) for 2D and 3D systems. have nonzero m,;. An average of Egs. (S59,S82) over the thermal noise 7 gives the
equation of motion

y)  , dy)
v gy = Faw
d*(2) d(z)
me s + A 7 0 (S104)
Therefore, Eq. (S63) is modified to
dvy, (R,
my# + Ayvy(Ra) = Fa(Ra). (S105)
Taking v, (Rq ~ L) = dL/dt, Eq. (S64) is modified to
d’L dL

Eq. (S106) is the Eq. (10) in the main text, where A, m in the main text denote )\, m, here for simplicity. Note that all
the results of L(t) satisfying Eq. (S64) obtained in this work satisfy Eq. (S106) in the long time limit, at which time the term
my(L)d*>L/dt? is much smaller than the other two terms.

C. Derivation of Eq. (5102, S103).

In the derivation in this section, we use the rescaled notation used in the dynamical equation Eq. (S133) with 42 /52 < 1.
Moreover, we drop the bar symbol on the top of the characters for convenience.
In the first-stage dynamics, the dynamical equation Eq. (S4) with an inertia term reads

1 1 .
?33%/2 + §3t¢1/2 = —(Lij2 = &VR)b1/2 +m1j2- (5107)
0
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Here 42 /92 < 1. Only the modes ¢X (r) = sech(z/&)eE R with K < /|a| — 28/& will be exponentially amplified with
time. Writing ¢2(r) = ¢(R, t)sech(z/£), Eq. (S7, S9) are modified to be

1 1
?af@(Rv t)+ ;3&0(1{, t) = (la] = 26 + & VR)p(R, 1) + (R, 1),
0

1 _ 1. . - -
?ffso(K,t) + Z0B(K, 1) = (laf —26 - %) P(K, 1)+ ijp (K, t). (S108)
0
Construct the following two functions,
72 2
Al(Kvt):ﬁ76f¢(Kat)+[72 (K)+1]¢(K7t)7
Y0 Y0
v? ¥2
Y Y0
with
=1+ A(K) 73
al(K) - 9 ?7
—1- A(K) 7
az(K) = 5 ? (S110)

Here A(K) = \/1+4(la| — 28 — §K?)y2/+2. From Eq. (S108), A; /5 satisfies

1 -
;31‘,/11/2 =ay)2(K)A1 )2 +17,(K, ). (SI11)
The solution reads
t ’ t t "
Ay (K1) = Ay o (K, tg)e" Jro @720 7/ o (K, ) e Jir arr2(K)dt” gyt (S112)
to

Therefore, the function A (K, t) will be exponentially amplified with time if K < \/|a| — 28/&y since a1 (K) > 0, while
Ay (K, t) will exponentially decay with time since az(K) < 0. Notice that the decay of Ao(K ) is extremely rapid, since
az(K) is large with as(K) ~ 7¢ /72 in the v2 /43 < 1 limit. Therefore, by the relation

A1(K ,t) could be approximated by A; (K, t) ~ A(K)@(K,t). for t > tg. Thereby, from Eq. (S111), we obtain

1, . ~ o (K, t
S0 1) = ana(K)RUK. 1) + T (s114)
t ~ Kt/) ,
3(K,t) = G(K,tp)eVxtto) 4 /Mi’e[]’((t’t)dt’ (S115)
P(K,t) = ¢(K,t1) 7y N

Here Uk (t1,t2) =7 ftt; a1 (K)dt. Define the amplitude Dg (t) = (p(— K, t)p(K,t)). We obtain

_ 1 2Uk (t,to) ( 1D—1 ﬂ 1 ! 1, —2Uk (' ,to)
Di(t) = 5 (z Dic(to) + T 3707 | dte ) (S116)
L ot (tto) (1D—1 r 1 1 —2Ux (t:t0)
- 1) (1P=1 D (¢ 1 — e~ 2Ux(tt0))),
p—1°¢ ( ko) + S A ) L€ ))

Here [ is the system size. In the following derivation, we set t; = 0 for convenience. Apply the inverse Fourier transform to
Dk (t) to obtain the function C(R, t).

C(R.1) = Do (t)e KR = D1 dD_lKD e KR
(R, t) = Z K(t)e = W K(t)e
K
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with

delK )
C1(R,t) = / WZD’IDK(O)eQUK(t’O)eZK'R (S118)

CQ(RJ):/ dPI'K Ty/]la] 1 1—e 2Ux(t0) Wie(1.0) KR

2n)P-1 2B.6, A2(K)  ay(K) (S119)

To make the calculation of C; (R, t) and Ca(R, t) practical, we approximate a1 (K') by the following Taylor expansion at & = 0,
which is suitable for large (¢t — to) when the long-wavelength mode dominates.

QUK (8.0) o (2evt—2657ytK? /s (S120)

Here & = A(0) = /T 4(Ja] = 28)77/78, ¢ = a1(0) = 27 (x — 1)73/72
We apply the approximation used in the derivation of Eq. (S15), in the v¢ > 1/|«/| limit, we integrate over K with the
integrand e~ 2607¢K”/beiK R and omit the K -dependence of other factors in Eq. (S119), i.e.

T |O‘| 1 dP-1K 2 2 )
Cy(R,t) ~ 2ot / w M O 260vtK /R IK-R
2( ) ) 2Ec§0 FLQCe (27‘('>D_1€ e

BN e
= D 9.2 D=
Eelo’ 2r%c ( 87r'yt//<c)
. 2
o] " T (S121)

B 2K2¢/|a| (\/W)

C is given by the following integration.
D—lK )
Ch (R, t) = > / é)DlzD—lDK(o)e—Qfgvaz/“elK'R (S122)
s

Note that Eq. (S121, S122) are written by the notation used in Eq. (S133) with the bar symbol on the top of the characters being
left out. They could be rescaled back to the notation used in Eq. (S99) to give Eq. (S102, S103).

Supplementary Note 5: COUPLED THREE-COMPONENT FIELD IN 3D SYSTEMS.
A. Free energy and first-stage dynamics

As mentioned in the last discussion part in the main text, for a theory of coupled three-component field in 3D systems, similar
dynamics could happen. For example, we consider the following free energy and “model A” dynamics

F= Ec/d?’r fo() + f1(T, T*) + 2|0 |22 (S123)
1 1 6F
;@‘If = 7@5\1’* +n
1 1 6F
AT T
(s D1 (1)) = o G308 — )5t — )
(3 ) 1 ) 'YEC 1
2T

(' (r, ' (r', 1)) =

_ ’ _/
g0 =)0~ 1)

with
fo(r) = &IVY? + (¥* + a)?
[1(@) = IV + (8 + x)*.
(S124)
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Here o < x < 0, g > 0. ¥ isreal. and ¥ is complex with U = ¥; 4 U,

The theory describes a Z5 real-scalar field competing with a U(1) complex-scalar field. Physically, it could effectively
describe some CDW-superconductor competing systems [18, 19]. In this case, i) represents the amplitude of the commensurate
CDW order and its phase fluctuations can be ignored. The CDW free energy in Eq. (S2) with 8 >> |a| belongs to this case. ¥
can represent the order parameter of the superconducting order, and f;(¥) has the U (1) symmetry ¥ — e,

The symmetry of the theory is Zo @ U (1). Its mean-field ground state reads ¢ = ++/|c|. By the optical pump, a domain wall
configuration ¢y (r) = /|| tanhg could be generated by the mechanism mentioned in Sec. . Similar to the analysis applied
in the first-stage dynamics, we expand the fluctuation of W to the linear term and obtain

1 N
;atxp = —(M — V%) +1. (S125)
with

M = —£192 + 2x + 293

1
= €202 _2gla)] ——— + 2 2
£10; gIaICOShg(Z/O + 2gla| + 2x
2 2 1 295(2)/5%
gl[ 8z £2 COShQ(l’/é-)]—‘r g|a|+ X (S 6)

Based on the result of the eigenvalue problem in Eq. (S5), the lowest eigenvalue of M, which is denoted by my, reads

& 2

mg = 2+ 2glal + 2x. (S127)

If mp < 0, from Eq. (S125), the domain wall is unstable and the first-stage dynamics, the growth of ¥ around the interface,
could happen.

B. The second-stage dynamics

After the first-stage dynamics, topological defects are generated and a second-stage dynamics will happen. Basically, the
following two situations may appear:

1. Only one component of ¥ grows up around the interface. In that case, the systems go back to the case of the two-
component parameter theory we discuss above. The defects are string defects. The coarsening should be diffusive.

2. Both two components of W grows up around the interface. In that case, the defects are point defects called monopoles.
For the last case, we present a brief discussion of the monopole spatial profile and the corresponding coarsening dynamics.

We separate the coordinate by r = (2, R) = (2, Rcos ¢, Rsin ¢) and write ¥ = pe'®. Suppose a monopole solution with a
rotational symmetry around the line of R = 0, i.e. p(R = 0) = 0. The monopole solution satisfies

SF
= —263V2 + dat) + 4° + 4gp*p = 0
SF
op —267V2p 4 267 p| VO + dxp + 4p° + 4g9°p = 0
F
o = gV =, (5128)

with boundary conditions

A= £Vl
lim p=20

z—+oo

de 0(z, R) = +2m. (S129)
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In the asymptotic regions with | R — Ry| — +oo, the following solution

p(r) = po(2),
0= :t¢7
P(r) = vo(2), (S130)

satisfies Eq. (S128, S129), as long as the the solution of ¢y (z) and po(z) with respect to the following equation exists.
—2650210 + dap + 45 + dgpiibo = 0,
—26202py + 4xpo + 4pj + 4gibdpo = 0, (S131)

with the boundary condition lim, _, 4, %o (2) = £+/]|, lim, 1+ po(2) = 0.
Substituting po(z), ¥o(z) into Eq. (S123), we can separate the free energy by

F=Fq+ Ey

with
E4= Ec/d2R ET|VRIP?, T = /dz p3(2)
By = E. / PR / dz E2(60())? + (W2 + )% + (o () + (02 + X)° + 200202, (S132)

Here E) is the energy of the solution p(z) and 1g(z), Eq is the energy per monopole, which has the same form as the energy per
vortex of a 2D system with the U (1) symmetry. Therefore, in this case, the coarsening dynamics has the same scaling behavior

as the 2D vortex system, where the typical length scale L(¢) scales as L(t) ~ &g/ (Vit [8].

T(al%)

Supplementary Note 6: DETAILS OF THE NUMERICAL SIMULATION

In Fig. 3 in the main text, the result of the numerical simulation of the scaling of L(¢) in the second stage dynamics was
shown. In the simulation, the “model A” dynamics were rescaled in the same way as in Eq. (S100, S101) with b = +/|«|,

& = —1. We further define 7 = |a|vt, 7 = 7 /¢ and V = /87 and write the dynamical equation in the following form;

@21/7+21/72@i1522ld7|21/3+17, (S133)

S

Here ) = ¢/\/|al, 1 = n|a|=3/2. The rescaled noise correaltor reads (7;(7,7)7y (7, 7)) = 2¢6;0(F — #)6(1 — 7).
In this equation, there are only two dimensionless parameters, ¢ and (3/|c|. We discretize the space and time by the steps
drj—zy,. = 0.5 and d7 = 0.03 in the program and use the following Euler method to update v in the time evolution;

T+ dr) = (7, 7) = (VE(F, ) + 20(F,7) - 2@2'@52(1:@ = 20 (7,7)P0(F, 7)) dr +(F T)dT. (S134)

2¢dr
I;dr;
dent standard normal distribution for each discretized 7 and 7.

The initial condition of Eq. (S133) in the program is simply set as 1)(#,7 = 0) = tanh Z. Note that the initial fluctuation
81 (7) is neglected in the program because it is hard to generate the initial fluctuation, which is a random function of r satisfying
a specific statistical correlation function. The simplification is appropriate since the simulation is to fit the scaling of L(t) in the
second-stage dynamics, which is independent of the initial condition information.

The following method evaluates the length scale L(t) in the simulation. In 2D systems, we count a number N of vortices
in the y-z plane and define L = L, /(N) with (V) being the average of IV over ten independent runs, where L, is the system
size along y. In 3D systems, we count a number N of vortices in the y-z planes and calculate (V) by an average of N
over each discrete = and independent runs to obtain L = L, /(N). To count the number of vortices, we extract the function
P(y) = 1 — [¢(z,y,z = 0)|? for each z. A peak of P(y) with a height larger than 0.6 is identified as a vortex(or antivortex). N
equals the number of peaks.

In the main text, the average results over ten independent simulations are shown. Here we list the results of the fitted value
of p for each simulation in Table. I to show that our simulation size is large enough to reduce the statistical error.

Here 7j(7, 7)dT are generated by 7; (7, 7)dr =

n; (7, 7) with 2¢ = 0.0001 with n, (7, 7) being generated from indepen-
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D = 3. Run number: | 1 2 3 4 5 6 7 8 9 10
B/lal =0 0.45365(0.4512310.45414|0.44534|0.45779|0.46566 | 0.46025|0.44490 | 0.44960 | 0.45672
B/lal =0.1 0.45910(0.44516|0.45337|0.46073 |0.45576|0.45869|0.46217|0.45613]0.45594 | 0.44143
D = 2. Run number: | 1 2 3 4 5 6 7 8 9 10
B/|la| = 0.001 0.27497(0.26555|0.30045|0.30077|0.27175|0.29875|0.28527{0.27797 | 0.28693 | 0.27962
B/lal =0.1 0.19070(0.16815|0.18172|0.17463 |0.17473|0.16713|0.17261|0.16296|0.18281 | 0.17346

TABLE I. Linear fit results of the values of p = 1?;&% for ten runs of the program in D = 3 and D = 2. The parameter set is the same

as mentioned in the caption of Fig. (3) in the main text.

Supplementary Note 7: MICROSCOPIC DERIVATION OF THE FREE ENERGY MODEL IN CDW SYSTEMS.

This section gives an electron-phonon coupling model to derive the CDW free energy in general spatial dimensions. The
derivation is similar to the theory of CDW in one dimension [20]. The Hamiltonian reads

H—uN = Zepcpacpg +qub bg + lD/2 Z 9qbq cm_qacp(7 + cc. (S135)
po 9.0

Here €, wq are the dispersions of electron and phonon. [ and D are the system size and spatial dimension. g4 is the electron-
phonon coupling strength. Defining the order parameter as Ag = gqbq, the Hamiltonian reads

w
H—puN=> ¢ pgcpg+z 'IA Aq+ ZD/2 D Ageh antpo +ce. (S136)
po q,0,9

In this notation, cq , and b, are dimensionless, ¢, and w, carry dimension [t~'], g, carries dimension [/”/2¢~1]. The action
reads

B=1/T
S = / dr Zcm (O0r +€p) Cpa“l‘zquTA + lD/2 Z chp+qacpo—|—cc

q,0 q
w . . . .
- Zﬂ q ATA + Z Z Cpor (10 ) (—iwy, + €p) cpo (iwn ) + W Z ch;r,_l_qa(zwn)cpg(zwn) + cc. (S137)
TWnp, q,0,q9
Here the AL@TAq term is not shown since the derivation is to obtain the mean-field free energy of A4 which does not depend on

7. For a given Fermi surface, a nesting vector @ is preferred for the CDW. Integrating out the fermions, we obtain the effective
action for Ag.

Apnl?
So =1 “Q|A }: In(1 : Al
2 i ¥ ) (—itom T p1Q)
wQ A 2 |AQ|2 [Agl*
~f Agl™ + - - (S138)
9% [Aal p%;” 1P (—iwn + €p)(—iwn + €prQ) p%; ZQD —iwn, + €p)%(—iwy, + €p+Q)?

Note that the summation over ¢, is restricted by the characteristic energy of the phonon scattering W. i.e. The summation only
contains momenta p with || < W and |epq| < W. Other momenta are neglected since they do not contribute to the nesting.
The fermi-surface-nesting induced CDW has a quasi-one-dimensional nature and we approximate €, ~ —¢p4@ in the effective

action. Meanwhile, we define the density of states for electrons contributing to the nesting as v satisfying [~ Z =/ WW vde.

As an estimation, v ~ pE /Eg, where pr and E denote the fermi momentum and fermi energy. Taking the summation over
iwy,, one obtains

w
_wg 1 —2np(e)
Sa/p= (53~ [ ar—mld )\AQ|2+5ZDVZ/ Crraltal

Q —w
(wQ QV/W de%)m |2+LVZL‘A E
~ gQ 2¢ Q 2B81P ” |wn? Q
—2 1527
20 oy [ ald=2eynge s SO Lc@iagl

:a(Q, T)|Aq|” +b(Q,T)|Agl|*. (S139)
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Here np is the Fermi distribution, and ¢(s) = Y,° 1/n® is the Riemann zeta function. The equation a(Q,T) = 0 sets the
critical temperature 7, with [20, 21]

“’Q

T. = 1.14We *"%. (S140)

In the vicinity of T¢, a(Q,T') =~ 2v(T — T.) /T, was obtained in the literature [20, 21]. For a general momentum around @, the
coefficient of |Ag4 q|? reads

w, 1
alg +Q.T) = 4+2 4

Ya1q 51;%: lD (—iwn + ep)(—iwn + €p+Q+q)

— YatQ Z 2 nrp(ep) — 1 (6prq+Q)
93+Q B P €p — €p+g+Q

%

Yat+Q | Z 2 np(ep) —nr(—€piq)
93+Q 5 v €p t €ptq
~a(Q,T)+v Z €3 42 (S141)

1=T,Y,2

Without loss of generality, we set the nesting vector () = @)y, which breaks the rotational symmetry. Therefore, the system is
generally anisotropic with &y, # &y /.. Neglecting the momentum dependence of the first term wq g/ gg +q> §o,: 1s derived
from the second term, which has the same form as the Lindhard function in conventional Bardeen—Cooper—Schrieffer (BCS)
superconductors. Following a calculation in BCS superconductors [21], we estimate &5, ~ 7¢(3)(vr3)? /247 where v is the
Fermi velocity along the nesting direction. &y ../, depend on the detailed band structure and we cannot obtain a simple expression
for them. To derive the free energy model in the main text, we define a dimensionless quantity ¢ () and write the CDW order
parameter as

A(r) = Vrp(r)e' QT T (S142)

Combine Eq. (S139, S141) and notice 7¢(3) ~ 8, we obtain the free energy for ¢(r) around T,

F=S/8~vI?

T-T,
[P S algp ol + 2m e E o+ ot
. C

T,
=vT? [ + [o[*]. (S143)

/dDr VY| + om =

Here 7 is the rescaled spatial coordinate of the real space r with r; = 7/ /&0.i. &0 = (7112, &, $)Y/P is the averaged bare
coherence length over the spatial dimensions. Comparing with the free energy in Eq. (2) of the main text, we obtain E, = vT72,
a = (T — T)/T.. If the system does not show a strong anisotropy of & ; in different dimensions, we could approximate
& ~ &y ~ vpf = vp/T. around T" = T.. Therefore, around T = T, the quantities defined in Eq. (S16, S17) read
G ~TP=Y/EP~V and ¢ ~ G|(T — T.)/T.|P/?>2. The microscopic derivation and parameter estimation are similar in spin-
density waves, excitonic insulators, and BCS superconductors [21-24].

Q is along the in-plane direction (normal to the sample surface) for typical materials in experimental measurements [2]. If @ is

commensurate to the lattice structure, the ions tend to lock the phase of 1 to reduce the Coulomb energy, producing a Z5 term
233 with 3 > 0.

Supplementary Note 8: HOW DOES A DOMAIN WALL IN THE Z, SYMMETRIC CASE WITH 3 > |«|/2 DECAY IN REAL
EXPERIMENTS?

In the ideal model considered in this manuscript, the domain wall is flat, and the sample’s surface is infinitely away from the
domain wall. In this case, as mentioned in the main text, the domain wall is stable and will not decay for 5 > |@|/2 in the Z5
case. However, in real experiments, the pump pulse is a light spot acting on the surface of the bulk material. It only heats the
sample with a finite range, roughly equal to the spot size (~ 102m). Therefore, the generated domain wall is not exactly flat
but has a curvature. Such a domain wall will shrink to decrease the free energy, as shown in Fig. SO.
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\1, — ¥Time

FIG. S9. The pump-induced domain wall and its decay in the Z case with 8 > |«|/2. The gray region denotes the sample. The red curve
denotes the pump-induced domain wall with a size ~ 10%um. With time going by, its shape evolves from the red curve to the orange, yellow,
green, and blue curves and disappears.

Note that this decay also happens in experiments for other cases discussed in the paper (U(1) or with a weak Zo term).
However, the length scale of this decay dynamics is much larger than the length scale of the dynamics proposed in our paper
(~ 10 — 100 nm). Therefore, the ideal model we use is effective for our proposal.
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