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Appendix A: Quantum geometric tensor (Fubini-Study metric)

1. General Mathematical Formulation

This section contains the formulation of the QGT in mathematical language. We present it here to link to the
available mathematical physics literature.

Suppose we have N orthonormal row vectors u,g, n = 1... N, in a Hilbert space, where k is a vector of generic
parameter. The QGT is defined as:

N
[Qij(k)]m = 8kiujnk (1 — ZulkulTk> 8kj Unk , (Al)
=1
where i, j are spatial direction indices. For convenience, we denote g = (u1k, Uk, -+ , UNE). Using tg, the QGT can
be expressed compactly :
Quj(k) = D, (1 — nal, ) O, ik (A2)

We use G;;(k) to denote [Q;;(k)+ Qji(k)] /2, and g¢;;(k) = Tr[G,;(k)] is the quantum metric. As the Berry
connection is defined by A(k) = i&L@kﬂk, then the anti-symmetric part of ();; is proportional to the nonabelian
Berry curvature: [Q;;(k) — Qji(k)] /2 = —1F;;(k) = —5 (0, A; (k) — O, Ai(k) — i[A;(k), A;(k)]). The QGT is then

i

Qij(k) = Gij(k) — §Fij(k)v (A3)

An important property of G;; is its positive definiteness. Suppose we have several complex vectors ¢; € C", we obtain:

ZCIQ”('C)C
S S Qe
17 l,m=1 (A4)
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where ¢ = > . O, Ukci. As {u,,(k)} are orthonormal vectors, the matrix (]l — ﬂkaL) is a projector with eigenvalue

0 or 1. Therefore the scalar product ¢f (]l — ﬂkﬂL) © is non-negative. For the proper choice of complex vectors

¢; properly, Eq. (A4) can be used to prove inequalities between the quantum metric and Berry curvature, i.e., the
so-called lower bounds.

2. Geometric Interpretation of Quantum Metric

The geometric meaning of the quantum metric is the distance between quantum states. The Bloch wave functions
of N bands iy, define a map from the Brillouin zone torus to CPY ~!. The distance between two points k and k + dk
is defined as:

Bk + dk) = T (dpal — il ’ A5
( k+ ) 9 UrUp, — Uk+dkUpy gk | - ( )

By expanding this equation to the second order we will find d?(k, k + dk) = Zij 9ij (k)dk;dk; and represents a direct
link between the quantum distance and the QGT.

3. Physical Interpretation

Now we focus on the quantum geometry in condensed matter system, where k is the Bloch momentum, and g
should be replaced by |unk), which is the periodic part of the Bloch state |¢nx). The quantum metric is related to
the Wannier function localization which is studied in Ref. [1]. Here the Wannier states is the Fourier transformation
of the Bloch state:

|Rn) = \F Ze‘“’“ Blgr) (A6)

where N here is the number of lattice sites. The Wannier function localization functional can be defined in the
Wannier basis:

0= Z (0n|#2|0n) — |(On|#|0n)| ], (AT)

where 7 is the position operator. We now express it in the Bloch basis. Owing to

|wnk> = 6ik.f.|unk> ’

the overlap between the periodic parts of two Bloch functions with different momenta is:

<umk‘unk+q> = <¢mk‘6_iqi|wnk+q> : (A8)

The right-hand side of this equation is the Bloch states. We can transform it into Wannier states:

(ke [t q) = ~ Z e~ k(R —R) <R m|672q r|RTL> iq-R (A9)

RR/
The Wannier functions have a discrete translation symmetry along the Bravias lattice:
(R'm|e” 0" |Rn)e'TR = (R — R)m|e™ 47 |0n),
Eq. (A8) becomes
(i ltna) = 3 e R (Rmle="97|0n).
R

We take the first and second-order derivatives of g on both sides of this equation, and then evaluate the result at
qg=0:

<umk|vk|unk> =—i Z e_ik'R<Rm|’;'|0n> (A]'O)
R
(ke Vi|unk) = = > e”*F(Rm|#*|0n) . (A11)

R



Taking the Fourier transformation
1
(Rm|#|0n) = Z k)| Vi tng)e* B (A12)

k
1
(Rm|i?[0n) = == > {um (k)| VR [unk)e™ 7. (A13)
k

We divide the localization functional € into the following two parts:

Q=73 [(0n]#*|0n) — |(0n|#|0n)[]

_ Z (On|#2(0n) — >~ [(Rml#on)|? | +
Rm
+Z Z (Rm|7|0n)|?, (A14)

n  Rm#0n

We denote the first and second terms in Eq. (A14) by Q; and Q, respectively. Q is obviously always non-negative.
Using Eq. (A12) and Eq. (A13), Q7 can be written as the following form:

Q= - %ZZ@MW@WQ
kK n

1 (A15)
- N Z Z <u'mk|vkunk> N <vkunk|umk>
k nm
As (0n|#*|0n) is a real number, we can take complex conjugation and obtain
1 2 1 2
k k

Owign to (Unk|tnk) = 1, the second order derivative gives (unk|Viunk) + (Vitnk|tnk) + 23, (Ok, tnk|Ok, unk) = 0.
Consequently, we obtain

L
N

11
=_—_—_— Z <unk|Vkunk SN Z viunk|unk> (A17)

k
=¥ Z Z (Ok,; Unk | Ok, Unk) -
P

We use this to replace the first term in Q;:

1
=~ DD (O tinke| O k)
k n,i
1
-~ D0 (Oktnke i) (k| O k) (A18)

k nm,i

1
= L Trlak)

Since the quantum metric is invariant under gauge transformation, 7 is gauge invariant. If the integral of Tr [g(k)]
has a nonzero lower bound, the gauge-invariant part of the Wannier function localization functional will also be
bounded. Because {2 is always positive by definition, the lower bound of the gauge invariant part €; is also the lower
bound of the functional Q itself.

<unk ‘Viunk>



Appendix B: Examples of Quantum Geometric Contribution to Spin Stiffness

In this appendix, we provide examples for the quantum geometric contribution to the spin stiffness. Let Hy be the
single-particle Hamiltonian for TBG projected on the active 8 lowest-energy bands, 2 per spin and valley degree of
freedom. The Hamiltonian, H; describing the Coulomb interaction when projected on the active bands of Hy, takes
the form of a positive semidefinite Hamiltonian that can be written in the form [2]

1
Hr=~ Gz;l 04.60—q,-c (B1)

where A is the sample area, { G} are the reciprocal lattice vectors of the moiré lattice, {q} are the wave vectors within
the moiré BZ and

Oq.c :§ : V(G +q)/*M, , (k,q + G)
km,n,
1,8

X (pgz],m,n,s - 511,05771-,”/2)' (BQ)

In Eq. (B2) m(n) £ 1, n, and s are the band, valley, and spin indices, respectively, V' (q) is the Coulomb interaction,
pk:??q,m,n,s is the density operator in the band basis and M), ,,(k,q+G) = <un7m(k+q) \unnk> are the overlap matrices,
form factors, between the bands’ |u, mk) for valley n. The presence of the overlap matrices in the expression of the
operators Ogq ¢ is responsible for quantum geometry terms in the expressions for the dispersion of the excitations.

Starting from H; we can write the energy Fg(q) of the neutral, long wavelength (¢ — 0), “Goldstone” excitations
in terms of the interaction potential and form factors. Up to second order in q, Eg(q) can be written as:

1 S
Ec(q) = 5 Z[Dg ij2ias (B3)
ij
The stiffness [Dgs)]ij can be expressed analytically in some limits.
In Ref. [3], it was shown that in the first chiral limit, the limit in which the interlayer coupling between A sublattices
is zero, the form factors take a simple, diagonal, form [3]:

M (k,q+ G) = ag(k,q + G)e°r° + iz (k,q + G) (B4)

where ey is the Euler’s class (C' = dey = +1), &, 7% are Pauli-matrices acting on the band and valley indices,
respectively, and «; are real functions. In this limit, when M} . (k,q + G) for ¢ = 0 do not depend on k, flat metric
condition that is valid at, or close to, the first magic angle [4], we have [3]:

1
s).. — §
k.q,G

x[ao(k,q + G)Ok, 0k, a0(k, q + G)
+az(k,q+ G)Ok, 0, 02(k,q + G)
+ 20, 0(k, ¢ + G)Oy,a0(k, q + G)
+ 20k, 2 (k, ¢ + G) Ok, a2(k, q + G)] (B5)
from which the explicit relation between the spin stiffness and the metric of the bands can be extracted. Within
mean-field theory, and a single-mode approximation, Ref. [5] obtained an explicit, but approximate, relation between

the spin-wave stiffness of the spin-and-valley maximally polarized sate at filling v = 3 and the quantum geometric
properties of the highest-energy filled band:

1
D(S)iA:
[ s ]J ANMC

Sij > QU exp(—quGimm); (B6)
kq,l,m

where Njsc is the number of moiré cells within A.

For the case of saturated ferromagnetism, using the variational approach, the authors of Ref. [6] found that in the
strongly correlated limit,
Ne Noce

D [0k, 0k, enke + 2A(K)gij (k)] (B7)

n

PN = oo



where €, are the eigenvalues of the single-particle Hamiltonian, N, is the number of unit cells in the sample, and
Noee is the number of occupied states per unit cell. Notice that in this approximation, the occupied (and unoccupied)
bands are degenerate, so g;;(k) in Eq. (B6) is the Abelian (minimal) quantum metric.

Equations (B5),(B6),(B7) exemplify, for specific cases, the role of the bands’ quantum geometry in determining the
spin, or pseudospin, stiffness and therefore the dispersion of the associated Goldstone modes.

Appendix C: Quantum Geometry and Electron-Phonon Coupling

In this appendix, we provide additional details on the Gaussian approximation (GA) based on Ref. [7] and use it
to illustrate how quantum geometry contributes to the EPC.

Under the tight-binding approximation and Frohlich two-center approximation [8], the non-interacting electron
Hamiltonian and the EPC Hamiltonian are directly given by the smooth hopping function ¢(7), which satisfies [¢t(r)]* =
t(—r) to ensure Hermiticity.

Here, t(7) does not carry any orbital, sublattice, or spin indices, as we focus on one type of atom and one spinless
s orbital per atom, though more than one atom per unit cell may be present.

Using the hopping function, the electron Hamiltonian (without the Coulomb interaction) that accounts for atomic

motions reads
HelJrionfmotions = Z CI{+TCR/+T/
RT,R'1T/ (Cl)
Xt(R+T+upir — R — 7 —up/ ),
where R labels the lattice point, 7 labels the positions of the sublattices in the R = 0 unit cell, CL L, Creates an
electron in the spinless s orbital at R + 7, and ugr, denotes the displacement of the atom at R + 7.
Since the hopping function generally decays exponentially as |r| increases, t(R+ 7 + urir — R — 7 — up/ 1)

can be expanded in a series of (Ugi1+ — UR/ 11/ )-
The zeroth-order term yields the non-interacting electron Hamiltonian under the tight-binding approximation:

H, = Z ttR+1—- R — 'r/)ckJrTcR/H./ , (C2)
RT,R'T/

and the first-order term is the leading order term for EPC, given by
Hel*:ﬂh = Z Z CI{Jr‘r,a.,-cR/Jr""xOé;/
RT,R'T' ara!, (CS)
X (URtr —UR 7)) Vol (") —por_mr—rr

Higher-order terms are typically neglected.
The GA assumes that the hopping function has a Gaussian form:

oo (+2) o8

where r = |r|, and v < 0 is determined by the standard deviation of the Gaussian function. As a result, we have
Vaot(r) = yrt(r) . (C5)

Eq. (C5) converts the spatial derivative to the position vector in the EPC Hamiltonian (Eq. (C3)), along with an
additional factor of v. To better understand how this conversion connects the EPC Hamiltonian to the electron
Hamiltonian, we transform the Hamiltonian to momentum space. Specifically, the Fourier transformation rule for the
basis states reads

1 .

T § : ik-(R+7) .t
C = — e C

k,T /N m R+T ( )
C6
1 .
Ugri = e—lq-(R-‘rT)u T,%
? \/NER: R,



from which we obtain
“j;ﬂ' = U—qri - (C7)
For the electron Hamiltonian,

1BZ 1BZ

Hey = chhlk)ee =D et Ve - (C8)
k kE n

where CL = (...,CLﬂ,, ),

[h(k)]ff, _ Zt(R+ T — T/)efik-(R+‘r7T/) , (Cg)
R

h(k)Unk = €nkUnk 5 (ClO)

and ’y};)n = c};Unk. Under the tight-binding approximation, the term “quantum geometry” (or band geometry)
typically refers to the momentum dependence of

Poe = UUl, (C11)

and we will particularly use the quantum metric

1
Gn.ij(k) = 3 Tr [0k, PrukOk, Pak]

N (C12)
=5 [0k, Prke PakoOk, Pk ] + (i ¢ 5) -
For the EPC in momentum space, we have
He—pn
1BZ 1BZ
= \/% %: %: ; CLI [Xr fi(k2) — fi(k1)x+] Ckzultrkhm- ) (C13)
where
Drlr1ry = OrirsOrims (C14)
is the projection matrix onto the 7 sublattice,
fik)] iy = D e BITTD 5 (1) gy (C15)

R

and ¢ = x,y, z labels the spatial direction. It is clear from Eq. (C13) that the form of the EPC Hamiltonian is governed
by fi(k), which we focus on below.
Using Eq. (C5), we find that the EPC term f;(k) relates to the electron matrix Hamiltonian h(k) as

Lfi(R) 7,7y = 170k, [R(E)], -, (C16)
which means that
fi(l) = 9y, h(k) - (1)

We refer to Eq. (C17) as the Gaussian form of the EPC.
The Gaussian form of the EPC allows us to define the energetic and geometric components of the EPC. Note that
the electron matrix Hamiltonian contains information about both the bands and the projection matrix, i.e.,

h(k) = enkPuk , (C18)



where the projection matrix P, is defined in Eq. (C11). Then, we have
fi(k) = ivOp, h(k) = fE(k) + f9°(k) , (C19)
where

FE(R) =17 Ok enkPrk (C20)

is the energetic component of the EPC, which vanishes if all electron bands are exactly flat, and

fgeo 17 Z Enkﬁk nk (021)

is the geometric component of the EPC, as f/°°(k) depends on the geometric properties of the Bloch eigenvector U,
(i.e., the momentum dependence of Pnk) In the one-band case (i.e., with only one atom per unit cell), f7°°(k) must
vanish since P, = 1 is independent of momentum (n can only take one value in the one-band case), while f (k) can
still be nonzero since the energy band can still vary with momentum.

The key quantity we study is the dimensionless EPC constant A [9], which is given by

A=~ D)

r), (C22)

where p is the chemical potential, D(u) is the electron density of states at u, and <w2> is the mean-squared phonon
frequency as defined in Ref. [9]. The EPC matrix element Iy, (k, k') is defined by

Lo (K, k/ Tr (P, TJi (k)X
/( Z {Pak [xr fi(K') = fi(k)x+] ©23)
X Py [X‘rfi( ) — filk)x+]}

where m is the atomic mass, and

() = b Lo O (1= €nn) 0 (10— €nrir) Do (k K)
11<57BkZ/ Zn,n’ 6 (/’[/ - Enk) 6 (/J/ — €n/k/)

(C24)

As discussed in Ref. [7], we will focus on (I'} and treat <w2> as a parameter determined by first-principles calculations,
primarily because <w2> can be well-approximated by the frequency of specific phonon modes in graphene and MgB, [7].
By combining Eq. (C23) with Eq. (C19), we can express

Do (ke k) = DELE (e k) D209, ) 4 T2 9% (k K (C25)
where
rrE(k k) = ZTr{Pnk e E (K = 1 (R)x+]
XPn’k’[XTfE( )_fE( ) }}
Lo 7k, k') Tr { P [ f7(K') — f7°° (k)X
Z {Pur [ ] 26)
X Poky [Xffgeo(k) — (K )x]}
L9k, k') = ZTr{Pnk [ £E(K') = £ (k) x-]
X Pogs [xrffeo( ) = fI°(K )xx] } +cc.
By defining
1BZ . e / /
<F>X _ k.k’ Zn,n’ 0 (/’L Enk) 4 (1u’ En'k )an (k k ) (027)

1BZ
kK’ Zn,n’ 4 (,U - enk:) 4] (,U — en’k’)



for X = F — E, geo— geo, E — geo, we arrive at

A= )\E + )\geo + /\E—geo ) (028)
where
_ 2 1 E-E

is the energetic contribution to A as it depends only on fF and not on f7°°,

2 1
Agoo = —D [)9eo—geo
is the geometric contribution to A as it depends only on f{°° and not on fF, and
2 1
—D

is the cross-term contribution to A as it depends on both f7°° and f¥£.
We now further examine the expressions of (I')7“°77°° and A;e,. We can split (T')

Ab—geo = (T)E-oe (C31)

9€079%% into two parts:

<F>geo—geo _ <F>geo—geo72 + <F>geo—geo71 7 (032)
where
1BZ
O S S S i)
k1 ks n,m
X8 (e — €mk2> Tr [fgeo(kl) nk; fgeo(kl)X‘erkzX‘r]
1 11
T geo—geo,2 — - (033)
o D7) 2m 2
1BZ 2
(Z Z (5 Enkl X.,-fg O(kl)Pnk1> +c.c. .
ki n
Similarly, Ageo can be decomposed into two parts:
)\geo = )\geo,l + Ageo,2 ) (034)
where
2 1 _
Y - “D ryoee geo,1/2 '
geo,1/2 N (M) <UJ2> < > (C35)
For convenience in illustrating the explicit geometric dependence, we re-write (I)9°°9¢%1/2 T)9e0=9¢0:L cap e

re-written as

1BZ

geo— geol [L—€

k n,ni,ne

><€n1k€n2kT1"[8k P kPO, Pryk M

where
1BZ
T ZZZ(S 6mk:g Pmng‘r
T m ke (C37)



and

Ar = T Z Z 5 Eka mk2} (038)

In the following, we consider the two-band case (i.e., a system with only two electron bands) for clearer illustration
of the explicit geometric dependence.
For Ageo,1, we have

AE2(k)
€0, T ?’LTZI k 177
Ageo.l = 27) 3m 2 ) /FS d0k|Vke e [9n.r.ii (k)] (C39)

TL'L‘I’

where AE(k) = |E2(k) — E1(k)|,

1
[9n.+(R)];; = 3 Tr [0k, Pk PrakcOk, Prkx+] + (i > j) (C40)

and a, is defined in Eq. (C38). As discussed in Ref. [7], g, (k) is an orbital-selective quantum metric, as it is defined
by inserting the projection matrix y, into the original definition of the quantum metric. Therefore, in the two-band
case, Ageo,1 directly depends on the linear combination of the orbital-selective quantum metric.

We can further simplify Ageo,2 to

_ M
hooz = B )

T,

2
k) 4.
( 271' 3 Z/FS |vk€nk|Al7n7T(k3) +c.c.,

(C41)

where

A7 (k) = Tr [Xr Vie Pk Pk (C42)

is an orbital-selective complex vector field. Thus, the explicit geometric dependence in Ageo 2 arises from the orbital-
selective complex vector field.
Finally, in the two-band case, we can also explicitly derive the geometric dependence of Ag_4e,, Which is given by

AE(k)
)\Efgeo - 2 Z/ ( 1)n
(w Vkénk
FS., | | (C13)
X Z Re T,mn, ’L (8k: EnkQr — b‘rﬂ’) )
where a, is defined in Eq. (C38), A ,, ;(k) is the orbital-selective complex vector field in Eq. (C42), and
1BZ
Z Z 5 en/kz TI‘ [3k' en/k/P /k’XT} . (044)

Thus, we see that the explicit geometric quantity in Ag_geo is again the orbital-selective complex vector field, similar
to /\geo,2~

Appendix D: Quantum Geometry of Nearly Flat Chern Bands

In this appendix, we will compute the quantum metric of the nearly flat Chern bands of the two-band model in
Ref. [10], which was used in Ref. [11] to demonstrate FCIs. The model is defined on the square lattice with lattice
constant set to 1; the matrix Hamiltonian in the momentum space reads

_(mlE) )
= (1 L) (1)
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FIG. 1. The plots of the trace of quantum metric (Tr[g(k)]) and the Berry curvature of the lower band of the model in
Eq. (D1) in (a) and (b), respectively.

where
m(k) = 2ts[cos(ky) — cos(ky)] + M , (D2)
and

r(k) = t1e'® [1 4 v R] 4 gye79 [elby 4 ek (D3)

As discussed in Ref. [11], clear numerical evidence of the FCIs can be found for t, = (2 — v/2)/2t; > 0, ¢ = 7/4,
and M = 0, when (i) we consider the fractional fillings of the lower band and (ii) we artificially flatten the dispersion
of the lower band. Clearly, flattening the dispersion is to minic the exact flatness of the Landau level. One the other
hand, as shown in Fig. 1, the quantum metric and Berry curvature of the lower band have considerable fluctuations,
which are not that close to the uniform ones in Landau levels. In particular, the integration over Trg(k)], i.e.,
% J d*k Tr[g(k)], is 1.71 which is not that close to the Chern number 1 of that band. Nevertheless, FCIs can still
exist despite the fluctuations of the quantum geometry demonstrates.
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