Supplementary Material

Mathematical Proofs

Proof of Theorem 1

We start this section with a recall of the model parameters of reactions (Set), (Hold), and (Reset).
Let the rare event detection rate o be in R, the reset rate constant p be in Ry, and the hold rate
parameter x be in Ry (. Let the maximum population density P be in Ryy. Denoting by H € R, the
density of H cells, its behavior over time ¢ € R is given by

dH H"
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We refer to the right-hand side of Equation (1) as the function s, from Ry to R, emphasizing the
fact that it depends on o. In particular, s, = so + o - (P — H).

The equilibrium points of H(t) are the roots of s,. We start the analysis of the roots by establishing
conditions for when s, has a unique local minimum and a unique local maximum. Those will be later
on used to establish the requirements on s, to have two stable equilibrium points. We begin with a

technical lemma:

Lemma 1. Let II(H) = C —aH — bH"™ + cH" ™! with H >0, C >0,a>0,b>0, ¢ >0, and n > 0.

For H > 0, one of the following is true:

1. There exists an interval I =|Hne, Haee|, such that II{(H) < 0 if and only if H is in I. Further-
more, one has II(H) = 0 if and only if H = H;pe or H = Hgee.

2. The polynomial 11 is positive with the exception of at most one zero in [0, +o0].

Proof. It is % = —a—nbH" 1 + (n+ 1)cH". Further, if H > 0,
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As n > 0, the expression 77 + %b is strictly decreasing for H within R, converges to 0 as H goes to
inf, and converges to inf as H goes to 0. Thus, there exists Hg3z > 0 such that for all H in ]0, Has],
Equation (2) holds, and for all H in [Hgs, +00[, Equation (2) does not hold. For the remaining value
of H = 0 that is needed to complete the analysis in the interval [0, +oo[, one has 42(0) < 0. It
follows that % is negative in [0, Hg3][, positive in |Has, +00[, and zero at Hgs. Therefore, II is strictly
decreasing for H within [0, Hg3), strictly increasing for H within [Hgs,+o00[, and there is a unique

global minimum for IT at Hgs.

Let @Q be the following predicate: There exists Hg, that is in [0, Hg3] such that TI(Hg,) < 0. To
conclude the proof, one can perform a case distinction over ) and it’s negation to show that @) implies

statement 1 of the lemma and the negation of () implies statement 2 of the lemma:



Case Q: Let us assume there exists an Hg, that is in [0, Hgs] such that II(Hg,) < 0. As IT is
continuous for H in Ry, the intermediate value theorem applies. Thus, as II(0) = K > 0,
II(Hg) < 0, and TI(Hy,) is strictly decreasing for H within [0, Hg3], one has that II has a
unique root Hyine in [0, Hys]. Also, as II(Hg,) < 0, limpg_, 400 II(H) = 400, and II is strictly
increasing for H within [Hgs, +00], one has that IT has another root Hggec in |Has, +0o[. Thus,
there exists an interval I =]Hginc, Hadec[, such that II(H) < 0 for all H € I and II(H) > 0 for
H € [0, Hginc[U])Hadec, +0[. Let Haine = Hine and Hyadec = Hgee for statement 1 to hold.

Case —(Q): Otherwise, there does not exist an Hy, in [0, Hys] such that II(Hg,) < 0. Thus, II(Hgs) > 0.
It follows that II is positive in [0, +oo[ with the exception of at most one zero Hys, as II has a

unique global minimum at Hgz. Thus, statement 2 of the lemma follows.

Since either statement 1 or statement 2 hold, the lemma follows. O
We next provide a definition to distinguish between different types of s,:

Definition 1. We say s, is well-shaped if it has a unique local minimum at H = H 1m0 10 Rso and

a unique local mazimum in Rso at H = Hpgzo, With Hemine < Hfmaz,o-

We also provide the first and second derivatives of s,, as they will be used to study the conditions
for which s, is well-shaped. From the definition of s,:
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We now prove a lemma that describes the progression of % as H increases.

Lemma 2. Using the notation from Lemma 1, the derivative %(H) 18 strictly increasing for H within

[0, Hyne), strictly decreasing for H within [H e, Haee|, and strictly increasing for H within [H gee, +00].

Proof. From Equation (4), since nK"H"~2 > 0 for H > 0, the sign of [I(H) = nPK"— PK" — (nK" +

K™H — (nP + P)H™ + (n — 1)H™"! in any interval Iy determines if % is increasing, decreasing, or

neither for H in I3.

From Lemma 1 applied to polynomial II, either the lemma’s statement 1 or 2 holds. Assume by

dss

means of contradiction that statement 2 holds. Then, 73

is strictly increasing for H within [0, +-o00[.
From the definition of s,, one has %(0) =—0—p>—k—0o—p. However, limpy_, | o ‘fis—lg =—K—0—p.

As %(0) is greater than its limit to infinity, one has that ‘;S—Ig cannot be strictly increasing in H in
[0, 4+00[; a contradiction to statement 2 of Lemma 1.

Therefore Lemma 1 statement 1 has to hold; concluding the proof. O



We next establish the conditions for s, to be well-shaped using the roots of its derivative ‘(ﬁg in

the following lemma:
Lemma 3. The function s, is either:

1. Not well-shaped with ds" being negative in Ry except for at most one zero.

2. Well-shaped with both an interval I =|H g1, Hgs[, such that for all H in I, one has %(H) >
0, and a union of two intervals S = [0, Hg[U]H gz, +00[, such that for all H in S, one has

%(H) < 0. In this case, Hpmino = Ha1 and Hppin,o = Hgs.

Proof. From Lemma 2, one has that fl;"

S5 is strictly increasing for H within [0, Hiyc], strictly decreasing
for H within [Hine, Haec|, and strictly increasing for H within [Hgec, +00[.

By means of contradiction, let us assume that there exists an Hgp, in [Hgee, +00[ with dé" B (Hg) > 0.
As % is strictly increasing for H within [Hgec, +00], if such Hygp, exists in this interval, then for any
H > Hg,, one has %(H) > 0. However, from the definition of s,, one has limpy_, 4 s, (H) = —00,
thus, the existence of such an Hgp implies a contradiction to the assumption. It follows that for H in
[Haee, +00], one has:
dss

T2 () <0 (6)

Let T be the following predicate: There exists Hg, in [0, Hinc[ with ds % (Hgp) > 0. To prove both
statements of Lemma 3, one can show that =7 implies statement 1 to hold while statement 2 not to

hold and T implies statement 2 to hold while statement 1 not to hold:

Case —T': Let us assume that for all H in [0, Hinc[, one has %%« (H) < 0. Since, from Lemma 2, for all

H within [0, Hinc[, the derivative %% is strictly increasing, and by assumption %< (H) < 0, one
has ds" % (H) < 0 for any H in [0, Hinc[. The inequality becomes a strict one because the interval is
open: Assume by means of contradiction that there exists an Hging in [0, Hinc[ with ds 2 (Haint) =
0, then there also exists an Hacont With Haing < Hacont < Hine for which ds % (Hacont) > 0 by the
strict monotonicity of dﬁ ; a contradiction to the initial assumption. Moreover, from Lemma 2,
one has that %= is strictly decreasing for H within [Hine, Haec]. Thus, one has that %2 (H) < 0
for H in |Hine, Haee|. From Equation (6), one has that %(H) < 0for H in |Hgee, +oo]. It follows
that %(H ) < 0 for H in [0, +o0], except for at most one zero at Hi,.. Consequently, neither

a unique local maximum nor a unique local minimum for s, exist in Rsg. By the definition of

well-shaped, s, is not well-shaped.

Case T Let us assume that there exists an Hqp in [0, Hinc[ with %(Hdp) > 0.

So

Since ‘éH is continuous for H in R, one can use the intermediate value theorem. From the
definition of s, and Hygp, one has ds” 2(0) <0 and ds” 2 (Hap) > 0. It follows that ds” has a unique

root Hgy in |0, Hap[C [0, Hinc).



Further, from Equation (6), for all H in [Hgec, +00|, one has %= (H) < 0. Take any Has, from

[Hdee, +00], it is %(den) < 0. One can apply the intermediate value theorem to conclude that
dg“ has at least one root Hqy between Hgp with d*” 5 (Hap) > 0 and Hgg, with ‘“" 5 (Ham) < 0.
From Lemma 2 we have that is strictly decreasing in the interval [Hinc, Haec), as well as Hqp
in [Hine, Haec]. Also, from Equation (6), for all H in [Hyec, +00[, it is %(H) < 0, and Hgg in

[Haee, +00[. Tt follows that the root Hqe must be unique.

rom Equation one has that 23z cannot have any roots in [Hgec, +00[. From the continuity
From Equation (6), one has that %= t h ts in [H, From the continuit

of 2 in R, and the uniqueness of the roots, one has %z (H) > 0 for any H in |Hay, Hao|, and
dse (H) < 0 for any H in [0, Hqy[U]Haa, +oo[. Since %2 only has two roots Hq; and Hgs, one

has that s, has a unique local minimum Hg; in Rsg and s, has a unique local maximum Hgo

in R5o. One can conclude that s, is well-shaped with Henin o = Hq1 and Hemax,o = Hao.

This concludes the proof. O

We are next studying the roots of s, with the goal to use a Lyapunov stability argument for

convergence. First, we establish that all roots are in [0, P].
Lemma 4. The function s, does not have any roots greater or equal to P.

Proof. For all H > P, one has —pH < 0, also 0 - (P — H) <0, and k7w (P — H) < 0. Therefore,

e

se(H) < 0 and s, does not have any roots greater or equal to P. O
Lemma 5. The local optima of s, for H in Rsg, are within |0, P]|.

Proof. Since s, and ds" are both continuous and differentiable for H in Ry, a necessary condition
for a given H), to be a local optima in R+ is %(Hlo) = 0. From Equation (4), for any H > P,
one has %(H) < 0. Further, from Equation (4), one has %(0) = —o — p. The lemma’s statement

follows. O

We will next show in Lemma, 6 that s, has between one and three roots. In case of three roots, we
denote them Hicq o, Heeq,or a0d Hieq o, With Hicq,o < Heeq,o < Hfeq,o- If two roots exist, we denote
them Heeq,o and Hieq,o, With Heeq,o < Hfeq,o- In case of a single root, we denote the root by Hyeq,o-
We use o as an index to emphasize that the roots’ values depend on o. Before showing that there are

one to three roots, we state a direct consequence of Lemma 4 and Lemma 5:

Corollary 3. All of the following r00ts Hicq.or Heeqor Heqo, and local optima H im0, Hfmaz,o are

in [0, P[ whenever they ezist.
We next establish necessary and sufficient conditions for s, to have three roots.

Lemma 6. The following holds:



o The function s, has three roots if and only if it is well-shaped, so(Hfmin,o) < 0, and s5(Hfmaz,o) >

0; with Hieq,a < Hfmin,(r < Hceq,a < Hfmaz,o’ < erq,a-

o The function s, has two roots if and only if it is well-shaped and either sq;(Hpmin,o) = 0 or

SU(Hfmaz,a') = 07 with Hfmin,a’ < Hceq,d < Hfma:z:,a’ < erq,o"
e Otherwise, the function s, has a single Toot.

Proof. One has that s, is continuous for H in R, so the intermediate value theorem applies. If s, is
well-shaped, Lemma 3 implies that s, is strictly decreasing for H within [0, Hepin, o], strictly increasing
for H within [H ¢min,o Hfmax,o|, and strictly decreasing for H within [Hfpmaqe,o, +00[. It follows that s,
has a

unique minimum at Hiyin o € [0, Himax,o] (7)

and a

unique maximum at Himax,o € [Hemin,o, +00] - (8)

One can distinguish on whether s, is not well-shaped and, in case it is well-shaped, the values of s,

at Hfmin,U and Hfmax,a':

o If s, is not well-shaped: Lemma 3 statement 1 implies that s, is strictly decreasing. Since
55(0) = 0P and s,(P) = —pP, s, has at least one root in [0, P] due to the intermediate value

theorem. The root in [0, P] must be unique because s, is strictly decreasing in [0, col.

o If se(Hfmin,o) > 0 and s;(Hpmaz,e) < 0: this case is a contradiction to the statement that s,

has a unique minimum at Hpmin,o i [0, Himax,o -

o If so(Hfmino) > 0 and so(Hfmaz,o) > 0: From (7), only Hemin,e can be a root in [0, Hemax,o)-
Further, s(Hpmax,oc) > $(Himin,o) > 0. Since impy_st 00 So(Hfmax,e) = —00, and s, is strictly
decreasing for H within [Hpmax,o, +00[, the function s, has only one root in |Hpmax, o, +00[. It

follows that s, has either one root or, if s, (Hpmin,s) = 0, two roots.

o If so(Hpmino) < 0 and so(Hfmaz,s) > 0: Since s,(0) = 0P, it is So(Hmin,e) < 0, and s, is
strictly decreasing for H within [0, Hpmin,s], the function s, has one root in [0, Hiin,o[. From
(8), only Hfmax,o can be a root in [Hemin,s, +00[. It follows that s, has either one root or, if

So(Hfmax,o) = 0, two roots.

o If so(Hpmino) < 0 and So(Hpmaz,o) > 0: From the definition of s,, one has s,(0) = 0P and
limp 400 $(H) = —o0. From the monotocity of the intervals in Lemma 3 statement 2 and the
intermediate value theorem, the function s, has a root in [0, Himin o [, another in | Henin o Hemax o [,

and a last one in |Hynax, o, +00][. O

As a consequence of Lemma 3 and Lemma 6, we get the following corollaries about the sign of s,:



Corollary 4. If s, has three roots, then
o so(H) > 0 within [0, Hieq o[,
o s,(H) <0 within |Hjeq.or Heeqol,
o so(H) > 0 within |Heqo, Hfeq o[, and
o s,(H) <0 within |Hfeq o, +00].

Proof. From Lemma 6, it is Hicq,o < Hemine < Heeqo < Himax,o < Hfeq,o- The corollary then
follows from the requirements for so(Hmin,s) < 0 and sy, (Hemax,s) > 0 from Lemma 6, and s, being

continuous for H in R,. O
The following lemma establishes how s, changes for an increasing parameter o.

Lemma 7. Fore € Ry, one has So,+c(H) > S5, (H) for all H € [0, P|.

Proof. Let 09 = 01 + €. For any H in [0, P[, let d(H) = $5,(H) — 85, (H). It is,

d(H) = sq,(H) = 55, (H)
:(0'2—0'1)(P—H) .
Since (P — H) > 0 for H € [0, P[, one has that d > 0 if o2 > o7 from which the lemma follows. O

The next corollary is a direct consequence of Corollary 3 and Lemma 7.

Corollary 5. Let H be any of Hieqo, Heeqor Hieqor Himim,or 07 Hpmaz,o. For € € Ryp, one has
Sote(H) > so(H).

In the next two lemmas, we study the impact of o on the roots.

Lemma 8. Let sy, be a function with three roots. Let ¢ € Rs¢ and oo = 01 + €, such that:

min s H)<O0
HG[O,H]’eq,al] a1+6( )

Then, sy, has three roots as well. Further, for the first two roots, |Hieqops Heeqos| C | Hieq oy s Heegonls

and for the third root, Heq o, < Hfeq,op-

Proof. From Lemma 6, as s,, has three roots, it is well-shaped. Thus, the roots Hicq,0,, Heeq,oq, and
Hieq,0, exist. As [0, Hieq,0,] is & compact set and s,, is continuous in this compact set, there exists a

value Hyam that minimizes s,, in the domain [0, Hfeq,r,]. Furthermore, one has that

min Son(H) <0
HE[0,Hreq,oy ) 2(H)



by assumption. Thus

Soy (Hdam) <0. (9)

From Corollary 5 and the fact that Hfeq s, iS & 100t S, , one has that sy, (Hieq,oy) > Soy (Heq,oq) =
0. From the definition of s, one has limg_, 4 So, = —00. It follows from s,, being continuous in Ry

and the intermediate value theorem, that
S5, has at least one root in |Hfeq q,, +00][ . (10)

Since $4,(0) = 02P > 0, Sg, (Hdam) < 0 from Equation (9), and sy, (Heq,0,) > 0, with 0 < Hgam <
Hteq,0, 5
S4, must have at least two roots in [0, Hreq,o,] - (11)
It follows that s,, has at least three roots. From Lemma 6, s, can have at most three roots. It follows
that s5, has three roots and s,, is also well-shaped, s0 Hicq,00, Heeq,005 Hieq,001 Hmin,oss a0d Hemax o,
exist.
Corollary 4 and Lemma 7 imply that for all H in [0, Hieq,0, | U [Heeq,01 s Hfeq,oq ], O1€ has s5, (H) > 0
as Sq, (H) > 0. From statements (11) and (10), the function s,, has two roots in [0, Hteq,r,] as well
as one root in |Hfeq,o,, +00[ (in this order). It follows that |Hieq,on, Heeq,on| C | Hieq,oq s Heeq,on | and

Hteq,00 < Hteq,o,- O

We continue with a definition for the parameters related to the necessary conditions for Theorem 1.

We say the parameters are well-adjusted, if

H’n.
———(P—-H)—-pH 0. 12
2 (" P = =0t > 02

Noting that sg is obtained by setting ¢ = 0 in s,, one then has
H’I’L

S0

We now prove a lemma which will be helpful to show that sy has three roots if the parameters are

well-adjusted:

Lemma 9. There exists a non-empty I =10, Hy;[, such that for every H € I, one has so(H) < 0.

n—1 np_ o gen gy en g gl
Proof. 1t is d%so(H) — AT (K P(;ﬁgﬂ,f; HY-H"") _ p. As n > 1, the polynomial II = H"!

has a non-empty interval Iy =]0, Hqnn[, such that if H in I4, one has II(H) < 5. One can then

P
rnK™

bound % so(H) for H in I4:

d — b (nK"P —nK"H — K"H" — H"1)
el H rnKn" P
o) <« (K" + H")2
—£__(nK"P)
knKn"P _
<K (Kn +Hn)2 p
Y (N —
(Kn+ a2 )P
<0



It follows that for H € 14, f4so(H) < 0. Since so(H) = 0, it is so(H) < 0 for H in I4; showing

the lemma with I = I4. O

We next prove that sg has three roots if the parameters are well-adjusted. This proof allows us to

extend the existence of three roots until a critical point using Lemma 8.

Lemma 10. If the parameters are well-adjusted, the function sq has three roots: The smallest one at
0, and two non-zero roots at ag; P and agpP, with 0 < ag; < agp < 1.
Proof. 1t is:

H’n.

=k—7(P—H)—pH 14
W (P ) = p (14)

S0

As 50(0) = 0, the function sg has a root at 0.
From Lemma 9, there is an interval I =]0, Hy;[, such that for H in I, one has so(H) < 0. Choosing
any Hg,; in I, one can conclude that
so(Hari) <0 . (15)

n

Let argmax (o, p) (K gag e (P — H) — pH) = Hamax- One has that Hamax is well-defined as [0, P is a
compact set and s is continuous in [0, P]. From Equation (12), since the parameters are well-adjusted,
one has

50(Hamax) > 0 . (16)
Finally, from Lemma 9, since for any H in I, one has so(H) < 0, one can conclude that
Hdmax > Hdri ) (17)

as $(Hamax) > 0 s0 Hamax must not be in I. From Equations (15), (16), (17), and the intermediate
value theorem, the function sy must have at least one root in |Hgyi, Hamax]|-

From the definition of sg, one has so(P) = —pP, thus
so(P) <0 . (18)
Thus Hymax # P and, together with the definition of Hqmax,
Himax < P . (19)

Thus, from Equations (16), (18), (19), and the intermediate value theorem, the function sy must have
at least one root in |Hamax, P|-

Since sg has at least three roots, Lemma 6 guarantees that there can only be three roots. It follows
that, for the roots, Hieq,0 = 0, Heeq,0 i |Hari, Hamax[, a1d Hieq,0 in |Hamax, P[. Setting aqi = Heeq,0/ P

and aqr = Hyeq,0/ P concludes the proof. O



We will now set a; = ag; and ay = aqr as defined in Lemma 10. If the parameters are well-adjusted,
for any s, one can determine a; and «af by finding the second and third roots of sy = s, —o - (P — H).

We now prove a lemma for the dependency of Hax,» 8s 0 increases:
Lemma 11. Let ¢ € Ryq. If 55, and ss, 4. are well-shaped, one has Hpmag,or+c < Himaz,o, -

Proof. Let 09 = 01 +¢. Let h = HW(P H). From Lemma 3 statement 2, for any H in

the set [07+OO[\]Hfmin,017Hfmax,al[» one has %Sgl (H) < 0. Thus since % = 01 + p + 601 (see

Equation (3)), for any Hi, in |Himin,oy s Himax,oq [, and for any Hoys in [0, Himin 01] U [Hemax,oq» 700,

Ul

is continuous

one has diHh(Hm) > T 4 h(Heoy). Because Hipax oy 18 a local optimum of s,, and 2

for H in Ry, one has ﬁh(Hfmax o) = 01+ p. As 09 > 01, one has o9 + p > o1 + p. Since s, is

well shaped, Hemax, o, exists. Because Hemax,o, is @ local optimum of s, and “2 is continuous for H
in R, one has ﬁh(Hfmaxm) =09+ p> ﬁh(Hfmaxm). Thus, the only possible value for Hemax o,

such that 7 dh 7 (Himax,0,) = 02 + p must be in | Hynin,o, s Himax,o, |- O

Now, we prove that if the parameters are well-adjusted, there exists a critical rate o, such that s,,
has two roots, for any o < o, the function s, has one root, and for any o > o, the function s, has

three roots. Thus, allowing us to prove the ¢ interval described in Theorem 1.

Lemma 12. If the parameters are well-adjusted, there exists a o, such that s,, only has two roots,
and one of those roots is Hppmin,o,. Furthermore, if 0 < 0 < 0., 5o has three roots. And, if 0 > o, So

has one root.

Proof. For all ¢ in R4, s, is continuous for H in R,..

As the parameters are well-adjusted, Lemma 10 implies that the function s, —o - (P — H) = s¢ has
three roots. Thus, Lemma 6 implies that s is well-shaped and both Hipyin,o and Hpmax,o0 exist. From
Lemma 3, so(H) is decreasing for H within [0, Hgpin,0] and increasing for H within [Hemin,0, Himax,0)-
Thus, one has arg minHe[o,Hfmax,o] So(H) = Himin,o and, since so has three roots, Lemma 6 implies
50(Hfmin,0) < 0. Since s, (H) is continuous for o in R4, there exists an interval Q = [0, 04ci[, for which,
for o in 2, one has ming¢o a,,,.. o] So(H) < 0. Let g4c be the smallest oq.; such that

i o (H)=0 . 20
HE[Olg;iax,o]sdc( ) (20)

One has that o4 is well-defined because: For any compact set interval I C [0, P[, let Hqmi =
argmingcy S, One has that Hgmi is well-defined as I is a compact set and s, is continuous for
H in I. One can verify that there exists oqp such that for all H in I, one has s,,, (H) > 0, through

the following inequality:

A (P Hdml) pHdmi

dm 21
7dn > (P - Hdml) ( )

Thus, the intermediate value theorem assures that og. is finite and well-defined.



Let Hyse = arg MINF [0, Hpna.o] STac (H). One has that Hy,. is well-defined as s, is continuous for
H in [07Hfmax,0}-

As 04, > 0 and Lemma 6 implies that so(Himax,0) > 0, Corollary 5 assures that:

SodC(Hfmax,O) > SO(Hfmax,O) >0 (22)
From the definition of s,,, one has
lim sy, (H)=—00 . (23)
H—o0

From Equations (22) and (23) and the intermediate value theorem,
there is at least one root for s, in |Hemax,0, +00[ - (24)

It follows from (20) and (24) that s,, has at least two roots, so Lemma 6 implies that s, is well-
shaped.

If s,,. is well-shaped, Lemma 3 statement 2 implies that s, is decreasing within [0, Himin,oy. )
and increasing within the interval [Hfmin’o-c, Hfmax’o-dc]. Thus, s, has a unique minimum Hyim, e, in
[0, Himax,04,)- One can then use equation (20) to deduce that s, has only one root in [0, Himax,o4, )
and it must be Hmin, o, -

From Lemma 3, one has that s, is strictly decreasing within [Hemax,e,., +00[. Therefore, for any
H; and Hy, with H; < Hs in [Himax,oq,, +00[, if S, (H1) > 0 and s, (H2) > 0, s5,, has no roots in
[H1, Hy]. Lemma 11 implies that

-I:Ifrnaux,trdC < Hfma:v,O . (25)

From Equation (22), one has Sy, (Hfmax,0) > 0. Thus, s, has no roots in [Himax,og,, Himax,0]- 1t
follows that Himim o, is the only root s,,, has in [0, Hxnax,o0]-

From Equation (25) and Lemma 3 implication that s,,, is strictly decreasing in [Hgmax, oy, +00[, One
has that s, is strictly decreasing in [Hemax,oq, 700 C [H fmaz,oq,, +00[. Therefore, using Equation
(24), one can conclude that s,,, has only one root in [Hemax,0, +00[.

One can conclude that s,,, has only two roots. The root Hfmin,oq. i [0, Hfmaz,0] and the root
Hieq,o40 10 [H fmaz,0, +00[-

From the definition of o4, for any o < g4., one has mingeo, m,.. o) So(H) < 0. Therefore, as sg
has three roots, Lemma 8 implies that for any o < o4c, the function s, has three roots.

Choose any o > o4.. We distinguish between s, being well-shaped or not:

o If 5, is well-shaped for o, Lemma 11 implies that Hfper,o < Hfmaz,0q.- Lemma 7 implies that

for any H in [0, Hfeq,0,, ), One has

So(H) > $,.(H) >0 . (26)

10



Lemma 6 implies Hteq 0y, > Hmax,0q. > Hpmax,o- Since Lemma 3 implies that s, is strictly

decreasing for values larger than Hemax, o, the function s, can have at most one root greater than
Hfmax,o’ < Hfmax,O . (27)

From Lemma 6, stating that s, has between one and three roots, and Equations (26) and (27),

the function s, must have exactly one root in |Hieq, oy, , +00[-
e If s, is not well-shaped for o, then Lemma 6 guarantees it will only have one root.
The lemma’s statement follows from setting o. = oqc. O

We will use the notation of o, as defined in Lemma 12 in the following lemmas. We now use the

Lyapunov stability theorem to prove convergence of H(t) to a root as t approaches +oo.
Lemma 13. If the parameters are well-adjusted and o in [0, 0[:

o If H(0) is in [0, Heeqo, then H(t) converges to Hicq o

o If H(0) is in |Heeqo, +00[, then H(t) converges to Hyeqo.

Proof. Let H(0) in [0, Heeq,o |- If the parameters are well adjusted and o in [0, o[, Lemma 12 assures
that s, has three roots. Thus, one has that the three roots Hicq,o < Heeq,o < Hieq,o €xist. We choose

the Lyapunov function V; from R to R as:

Vl(H) = (Hiqu - H)Q

7V1(H) = _2(Hieq,0 - H)

Let Q = [0, Heeq,o[. If both statements hold: (1) so(H);4Vi(H) < 0 for all H in Q except for
a root of s, denoted by H, that is in Q and (2) H(0) is in Q. The Lyapunov stability condition
guarantees H(t) will converge to the root H, inside .

From Corollary 4, one has that s, is positive within [0, Hieq»[. From the definition of Vi, it
is YL(H) < 0 for H in [0, Hieqo[. Thus, one has s,(H);&Vi(H) < 0 for H in [0, Hieqo[. From
Corollary 4, one has that s, is negative within |Hieq o, Heeq,o[- From the definition of V/, %Vl (H)>0
for H in |Hieq,o, Heeq,o [ Thus, one has s,(H) 54 Vi(H) < 0 for H in |Hieq,s, Heeq,o[- 1t follows that
So (H)%‘/}(H) < 0 for H in [0, Heeq,o [ excluding Hieq,», so the Lyapunov stability condition assures
H(t) converges to Hieq,o-

One can repeat the same argument for the root Hpeq, using the Lyapunov function Vi(H) =

(Hfeq,o — H)2, to conclude H (t) converges to Hieq,o if H(0) in |Heeq,o, +00[. O

Lemma 14. If the parameters are well-adjusted and o in |o.,+oo[: If H(0) in [0,+oo], then H(t)

converges 10 Hyeq o

11



Proof. From Lemma 12, the only root of s, is Hfeq,». The function s, is continuous for H in R;. One
has that s,(0) > 0, and also that limpg_, 4o 8o = —00. From the previous statements, it follows that
se(H) >0 for H in [0, Heq,o| and s, (H) < 0 for H in |Hfeq,o, +00].

By using the following Lyapunov function V for the interval [0, +o0[

V(H) = (Hyeq.o — H)?

; (28)
T=V(H) = =2(Hieq.o — H)

one has s,(H)-%V(H) < 0 for H in [0,4o00[ except for H = Hyeq,. Thus, H(t) converges to

_d_
dH
Hieq,o- O

The following lemma is similar to Lemma 8, but it removes the constraint requiring s, to have

three roots and it applies only to Hyeq,o-
Lemma 15. Let € > Ry. One has Hfeqore > Hfeqo-

Proof. As sy is continuous for H in R, the intermediate value theorem applies. From Corollary 5,
one has that se1c(Heq,0) > So(Hieq,o) = 0 (29). From the definition of s,1., one has the following:
limpy 4o Sote = —00 (30). From Equations (29) and (30), and the intermediary value theorem there

must be at least one root in |Hfeq o, +00[. Thus, Hreq o+e > Hieq,o- O

Towards the goal of proving the converge to the set [a P, P[ in Theorem 1, we establish a result

on the position of Hieq o

Lemma 16. Let the parameters be well-adjusted. Let o; and af be as defined in Lemma 10. Then
Hieyo € [ayP,Pl. If 0 € [0,0.[, Hieqo € [0,0;P[. Thus, the distance between Hieqr and Hpeq o 15 at

least (af — ;) P.

Proof. As the parameters are well-adjusted Lemma 10 implies that s, —o (P — H) = sg has three roots,

and ay = @ are well-defined. From Lemma 15, one has Hieq,o > Hfeq0. Thus,

Heeq,0
P

S0 a; =
Lemma 4 implies Hyeq,» € [P, P|.

If o € [0,0¢], from Lemma 8 and Lemma 6, Hieq,o < Heeq,o < Heeq,0- Thus, Hieq,o € [0, i P[.

It follows that Hieq,o — Hieq,o > Hieq,0 — Heeq,0 > (a2 — a1)P; from which the lemma’s statement

follows. O

Combining Lemmas 13, 14, 15, 16, as well as setting H¢ y = Heeq,o, the statement of Theorem 1

follows.

Proof of Theorem 2

We start by defining a lower bound function b, for s,. We use the index o to emphasize that

the lower bound function b, depends on o. If the parameters are well-adjusted, we define M, =

12



MiNgr (o, H,. o] S0 (H). We further define the function b, from R, to R as:

M,

feq,o

bo(H) = My — H (31)

As s, is continuous, the set [0, Heeq, 0] is a compact set, and Lemma 6 guarantees that Heeq > 0
exists, one has that M, and b, are well-defined.

We now prove that b, (H) is indeed a lower bound for s,(H) for H in [0, Heeq,0]-

Lemma 17. Let the parameters be well-adjusted. If o in o, +oo|, for any Hi and Ha in [0, Heeqo),
one has sy (Hy) > by (Hz) > 0.

Proof. As the parameters are well-adjusted, Lemma 10 implies that so = s, — o - (P — H) has three
roots. Thus, one has that Hieq0, Heeq,0, and Hyeq o exist, as well as [0, Heeq,0] C [0, Heq,0]. From

Lemma 15, one has that [0, Hteq,0] C [0, Hieq,o[. SO,
Hccq,O < chq,a (32)

and

[Ocheq,O] - [07erq,o'[ . (33)

Further, s, is continuous for H in R,. Since o in Jo., co[, Lemma 12 guarantees that s, has only one
root. From the definition of s,, it is s,(0) = P > 0, and limpy_, 4 o S, = —oco. From the three latter
statements, one has

$o(H) > 0 for H in [0, Heq o] - (34)

From statements (33) and (34), it follows that s,(H) > 0 for H in [0, Heeq,0]-

One has that b,(0) = M, = mingeo,g..,0] So(H) < so(H) for all H in [0, Heeqo]- From the
definition of b, this function is strictly decreasing for H in R. It follows that the inequality s,(H;) >
by (Ha) holds for all Hy and Hs in [0, Heeq,0)-

From Equation (32), Heeq0 < Hieq,o- From Equation (34), one has the following inequality:
bs(0) = M, = minge(o,f,., o) So(H) < 0. By definition, b, is an affine function positive for any

H < Hfoq,o and negative for H > Hjeq,o. It follows that b, (H) is positive for H in [0, Heeq,0)- O

The next result is folklore for ODEs. We provide a proof for the sake of completeness.

Lemma 18. Let ‘fi—f = f(x), where f is a function from R to R. A solution x(t) of this ODE is

monotonic.

Proof. Let us assume by contradiction that z(¢) is non-monotonic. This implies that there exist times
t; in R, ¢ in RY, and ¢, in RT with ¢; < t,, < t2 such that z(t;) = x(t2) and z(ty) # z(t2).

Consider the integral from time ¢; to ts:

| G (3)
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By integrating through substitution, one has:

x(t2)
/ F(2)dz = 0 (36)

(t1)
dz

Which is equal to zero as x(t2) = x(t1). However, since §7 = f(z), the first integral also yields:

/ ()2t =0 (37)

to

Since (f(x))? > 0 and f(z) has only asymptotic discontinuities if it is not continuous, the value of
the integral is only zero if f(z) is zero almost everywhere. This implies that z(t) is constant for ¢ in
[t1,t2]. Tt follows that x(tm) = x(t1) = x(t2), which is a contradiction to the assumption that z(t) is

non-monotonic. ]

Lemma 19. Let the parameters be well adjusted. Let Heq0 be the second largest root of sg. Let o be
in ]oe, +oo| and assume that for the initial density H(0) = 0.
Then, there exists a time tp, such that for any t > t,, one has H(t) €|Hceqo,+00[. Further,

Heq0 Hyey o
< — . Z-ceq,0 . 7‘1’_
th < ln (1 Hfgq,g> M,

Proof. Consider the two ODEs dﬁ* =b,(H*) = M, — H]fvf:(, H* with H*(0) = 0 and 4 = s,(H)
with H(0) = 0.

From Lemma 17, one has that s, = dd—f > 0 for H in [0, Heeq0]. Thus, Lemma 18 implies the
function H(¢) is strictly increasing while H(¢) is in [0, Heeq,0]- It follows that there exists a finite time
interval Iy = [0, tqn] such that for any ¢ in I, one has H(t) € [0, Heeq,0] and for any ¢ not in I, one has
H(t) € |Heeq,0, +00[. We will later show that we may set tn, = tgn.

From Lemma 17, one has that b, (H*) = dd—h;* > 0 for H* in [0, Heeq,0]- Thus, Lemma 18 implies the
function H*(t) is strictly monotonic increasing while H*(t) is in [0, Heeq,0]. It follows that there exists
a there must exist a finite time interval Is = [0, t4p] for which for any ¢ in I, one has H*(t) € [0, Heeq,0]
and for any ¢ not in I, one has H*(t) € |Hceq,0, +00][.

Lemma 17 guarantees that for any H and H* in [0, Heeq,0], one has s,(H) > by (H*). Thus, for
any ¢ in the intersection Ijny = [0, tqn] N [0, ¢4b], one has that H(t) and H*(t) are both in [0, Heeq,0)-

As H(0) = H*(0) = 0, it is for any ¢ in [jy:

/ so(H(r))dr > / by (H* (7)) dr (38)
0 0

As b, and s, are continuous for H and H* in R, they are integrable in any compact set, thus

both integrals are well-defined. From the definition of tg, and tqp, it is:

tdan
Hceq,o’ = / SO’(H(T))dT
0

tan
Hceq,a = / bU(H*(T))dT
0
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Therefore:

tdn tap

[ sottiar = [ b mar (39)

0 0
By means of contradiction, let us assume that tqn > tqp. Thus, [0, tqn] C [0,tan] and I = [0, tan].
Lemma 17 implies s,(H) > 0 for H in [0, Hoeq,0]. Thus, for ¢ in [0,¢4n], one has H(t) in [0, Heeq,o0]
with s,(H(t)) > 0 and s,(H(t)) is strictly positive in the interval Ii, from (39). It follows from the
assumption tqp < tqn:

/db se(H(1))dr < / " b (H*(T))dr (40)
0 0

Equation (40) contradicts Equation (38). Thus one can conclude that tqn < tqp; showing that the

lemma’s first statement holds for ¢, = tqp-

Finally, the ODE dﬁ* =M, — H]f\iid H* = b,(H*) with H*(0) = 0 has as unique solution:

Mgt
H(0) = i, (1- ¢ 0 )

Hceq,O

Solving for tqy yields tgp, = —% -In (1 - ); from which the lemma’s second statement follows.

eq,o

O

With Lemma 19, we provide a minimum time necessary for H(t) to leave the interval [0, Heeq o).

We now prove that if H(t) has left this interval, it will converge to [aP, P|.

Lemma 20. Let the parameters be well-adjusted. If there exists a time t;, such that H(t;,) is in

[H ceq,0, +00[, then H(t) converges to Hpeq o in [ogP, PJ.

Proof. Recall that % = S,. Since s, does not depend on time ¢, we may apply a time shift and solve
the ODE % = s, where tg =t — ti, with t5 > ¢, and H*(0) = H (tin). Further, for all ¢ in [ti,, +00],
one has H*(t—ti,) = H(t). Thus, H*(t—t;,) and H(t) converge to the same value as t goes to infinity.
One can now apply Theorem 1 using H (t;,) as the initial value H*(0) = H(ti,) to obtain convergence.

We next distinguish between different cases for o:

Case o in [0, 0.[: Lemma 12 implies that s, has three roots. Lemma 8 implies that Heeq,o < Heeq,0 <

H?*(0) = H(tin), thus Theorem 1 implies that H*(t) converges to H, , in oy P, P[.

Case o in |o., +00[: As [Heeq,0, +00[C [0, +00[, Theorem 1 implies that H*(t) converges to Hfeq o in
[O(fp, P[.

Case 0 = 0.: Lemma 10 implies that s,, has two roots, so Lemma 6 implies that s,, is well-shaped.
Thus, one can apply Lemma 11 to conclude Himax,o, < Himax,0. Corollaries 4 and 5 imply
that sy, (H) > so(H) > 0 for any H in [Hceq,0, Himax,0]- Since Lemma 3 implies that s, is

strictly decreasing for H® > Hpmax,o, and Iimpy_ 4o S5, (H) = —o00, the function s,, has only
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one root in [Himax,0, +00[ C [Himax,e., +00[, which must be Hfeq 5. Since Hyeq o, is contained in

[Hemax,0, +00[ and Heeq,0 < Himax,0, it is
Hceq,(] < Ijl-feq,(rc (41)

It follows that s, (H) > 0 for H in [Heeq,0, Hieq,0.[ a01d Sq,(H) < 0 for H in [Hfeq,o, , +00[.

From Equation (41), the Lyapunov function V(H) = (Hfeq,0, — H)? for H in [Heeq,0, +0o] fulfills
LV (H) <0 for H in [Heeq,0, Heq,o. [ and 5V (H) > 0 for H in [Hieq,o,, +00].

It follows from the product s, - 75V (H) that H*(t) converges to Heeqo, -
Finally, Lemma 16 guarantees that Hfeq o, is in [a¢P, P[; which concludes the proof. O

With Lemma 20, one observes that the Allee-based algorithm needs to be exposed to a rare event

rate for a time at least % -In (1 — %) to guarantee that the hold functionality triggers. Once
o eq,o
H(t) > Hceq,0, the H cell density H(t) will converge to [agP, P[, no matter the value of ¢ after this

time.
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