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1 Orbital and planetary parameters

Since the discovery of Phobos and Deimos, their orbits and ephemerides have been measured by
several missions®. The values of orbital and planetary parameters of Mars, Phobos, and Deimos that

are used in this study are summarised in Supplementary Table 1.



Mars Phobos Deimos

ko 0.169 # 0.006 = 1073 — 1077 1073 — 1077
Q- 954 10" 1—200 1—200
Semi-major axis (km) — 93774 234634
Eccentricity — 0.0151% 0.00033 %
Dimensions (km)

Ellipsoid

axbxc - 13 x 11.4 x 9.14% 7.5 x 6.1 x 5.2
Spheroid
Mean radius (R)  3389.5° 11.3 6.3

Mass (x 10'%kg) 6.417 4 0.0003 x 10" 1.059 4 0.03"“ 0.148 4 0.003 %
Density (kg/m?®) 3935 4 1.2° 1862 420" 1480 £ 2201
Rotational period (h)  24.62 7.66 30.3
Principal Mol

A/MR? - 0.3615° 0.3384

B/MR? - 0.4265 © 0.461™1

C/MR? - 0.5024© 0.508

I/MR? (mean) 0.36379 £ 0.0001 2 -
Libration amplitude ~ — 1.2°£0.15°© 0.08° 12
Inclination - 1.093° 0.93°

Supplementary Table 1: Observed orbital characteristics and measured and modeled parameters of

Mars, Phobos, and Deimos. Unless noted, observed characteristics refer to the present-day values.



2 On the separation between Phobos and Deimos

The present-time inclinations of Phobos and Deimos on the Martian equator are miniscule; and, as
found in this study (cf. inset in Figure 1C in the main text), these inclinations have remained very
small for long. In the course of the equinoctial precession of Mars, these inclinations stay small while
oscillating about zero (i.e. about the Martian equator); so the two orbital planes get to coincide from
time to time.

A planetocentric distancel? is

a(l — e?
p = 1(—) ; (1)
+e cos f
f being the true anomaly. Consequently, r assumes the values within the following interval
a(l—e)<R,<a(l+e) , (2)

so a satellite always resides between the two circles.
Integrating back in time, we approach the instant when the outer limiting circle corresponding
to Phobos touches the inner limiting circle of Deimos, i.e. when the (growing, back in time) value of

Phobos’s distance, R} "%, catches up with that of Deimos, RP®"™%
Ph Dei
Rp obos _ Rp eimos — APhobos (1 + ePhobos) = (Deimos (1 - eDeimos) . (3)

The disruption of the common progenitor must have had happened earlier than that time (later, in

terms of the back-in-time integration).



3 Viscoelastic model

The tidal response of Mars is computed using a spectral element method for a set of different viscoelastic
dissipation models'*. The viscoelastic models (Andrade, extended Burgers, and Sundberg-Cooper'~)
are experimentally constrained and temperature-, frequency-, and grain size-dependent'® and are
experimentally tested.

In the calculations below, we rely on the Andrade model. For this model, real and imaginary

parts of the compliance are

aTr

R(J(w)) =Jy + (1 + a)w™ @ 008(7), 4)
S(J(w)) = AT(1 ~agin(2Ty 4 U 5
S(J(w)) =BT+ a)w Sm(T) + Ter (5)

where [ is a measure of the anelastic relaxation strength, « is the frequency exponent, I' is the
Gamma function, Jy; is the unrelaxed, i.e., infinite-frequency, compliance, 75, = 7n.Jyy is the Maxwell
relaxation time, and 7) is viscosity. The dependence of the shear modulus relaxation on temperature,

pressure and grain size is included by replacing the actual frequency with the pseudo-frequency master

o (d\™ [E{1 1 V(P P ;
CUB—wd—O GXPE?—TO expﬁ T—?O s ()

where d is grain size, 7' is temperature, P is pressure, V' and ' are activation volume and activation

variable wg!®

energy, respectively, R is the gas constant, m, is grain size exponent, and the subscript 0 refers to a

reference value. Parameters are those compiled in a previous study'*.



4 Models of Mars, Phobos, and Deimos

Models of Mars’s interior structure and attenuation properties are obtained from inversion of the
currently available geophysical data (tidal response and mean mass and moment of inertia, see Supplementary
Table [1)) as outlined in the previous studies®!®. The models are constructed using thermodynamic

phase equilibria 7"

that allow for self-consistent computation of mantle adiabats, elastic properties,
and the density of Mars’s interior for a given composition®’. We assume that it is well mixed and
convecting, and compute its depth-dependent thermoelastic properties using equations of state for
liquid iron and liquid iron-sulfur alloys?'.

For the purposes of the orbital evolution calculations, we chose the best-fitting among all
inverted models. Best-fitting radial profiles of seismic wave velocities (Vp, Vy), density (p), shear-
wave attenuation ((),,), and temperature that are needed for the computation of k; and (); are shown in
Supplementary Figure 1. The model contains a 57 km thick crust, a 340 km thick lithosphere, a mantle
adiabat with a potential temperature of 1500 K, and a liquid Fe-S core with a radius of ~1830 km and
a sulfur content of ~19 wt%. As the core is entirely fluid, dissipation in the core is zero (@), = 0).
For the Andrade viscoelastic model, we used the following (best-fitting) parameters: o = 0.27
(frequency-dependence), d = 0.01 m (grain size), and 3 = 1073 (anelastic relaxation strength).
In comparison, the interiors of Phobos and Deimos are less constrained. The Stickney crater, which
extends over almost one face of Phobos, further strengthens the probability of a highly porous interior
structure with a thin overlying regolith layer®”. An impact of this size would have been sufficient to
catastrophically disrupt Phobos if it were either a complete rubble-pile or an undamaged rigid object.
This observation favours a Phobos with modest fragmentation and some internal strength?*232/, In
addition, the ubiquitous grooves and fractures on the surfaces of the satellites are most likely to be
present on a tidally disrupted and loosely-connected body***". Tides on such bodies can reach several
meters®, with an associated tidal dissipation that contributes significantly to the orbital evolution of
the system. Accordingly, we consider a relatively broad range of parameters encompassing models
from consolidated to pure rubble-pile bodies, in addition to the intermediate cases of a granular outer

layer and a solid interior with both layers making up half of the radius of either satellite. Of the latter,

we consider two models with monolithic interior cores and granular outer layers (labelled “more



consolidated rubble aggregate” and “less consolidated rubble aggregate™), that differ in core and outer
layer shear moduli and viscosities®". The tidal Love number for these models is computed using the
effective shear modulus obtained by the approach of Goldreich and Sari*?. The quality factors for the
rubble pile and rubble aggregate cases can be scaled by Nimmo and Matsuyama®®. The values for
Deimos are scaled from Phobos based on the same approach. For Phobos and Deimos, We assumed
a frequency exponent, which describes how dissipation within the satellites scales with frequency,
similar to that obtained for Mars. ks and ) values are compiled in Supplementary Table[I} Exponent

a (cf. equations 4HS)) describes how dissipation within Mars scales with frequency.
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Supplementary Figure 1. Radial profiles of the Martian seismic P- and S-wave velocity (A, B), density (C),
shear attenuation (D), and temperature (E). The profiles have been obtained by inversion of the current set of

Martian geophysical data.
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5 Disruption process

As is known, a sub-catastrophic low-energy disruptive event can result in production of two fragments=*=°,

Such a low-energy event permits each fragment to retain some inner bonds, i.e., to stay slightly
stronger than complete rubble as argued previously. After such a low-energy event, each of the two
major fragments will retain the bonds and remain slightly stronger than complete rubble — which
agrees well with the properties of Phobos presumed from the observation of the Stickney crater, and
with the ability of Phobos and Deimos to sustain their irregular shapes. Aside from this likely option,
consistent with our scenario is the possibility that the disruptive event produced more fragments,
Phobos and Deimos being the only two to survive until now. The other fragments may already have

fallen onto Mars>/"3?

, producing part of what we observe today as the Martian cratering record or
have been deplete by solar radiations.

Being of different shapes, the post-disruptive orbits of Phobos and Deimos had different periods,
which greatly reduces the probability of a later encounter. Even if such a putative encounter happened,
it is more likely to have been grazing, owing to the accumulating divergence of orbits, and it also
would be at a very low relative speed, owing to the low-energy nature of the disruption. Such an
encounter, had it ever occurred, would have contributed to the irregularity of Phobos’s and Deimos’s

shapes. Modeling the details of the disruption process are beyond the scope of the present study and

will need to be considered in the future.



6 Tidal response

Several different modes are employed to describe the orbital evolution of the semi-major axis and
eccentricity. This necessitates computing the tidal response of Mars for each mode at each time step
of the orbital evolution calculation. The tidal response of the various contributing modes is shown
in Supplementary Figure 2 for both Phobos and Deimos. As shown in the figure, in the course of
the orbital evolution of each satellite several modes pass through the zero frequency. In the case
of Phobos, the zero-crossing of the main semidiurnal mode (thick dashed line) corresponds to the
satellite orbit passing through the synchronous radius, as tidal dissipation in both satellite and planet
drives it toward Mars. Above the synchronous radius, the satellite’s orbit lags behind the tidal bulge
on Mars, while below the synchronous radius the tidal bulge is lagging behind the satellite. This is
not the case for Deimos. Although a highly dissipative rubble-pile Deimos was initially descending
toward the synchronous radius (cf.Supplementary Figure 1 in the main manuscript), it never crossed
the synchronism because of the two circumstances mitigating the dissipation in Deimos: its smaller
size and lower eccentricity. Hence, the main semidiurnal tidal mode in Deimos never becomes zero,
and the curve for the most part stays flat.

In Supplementary Figure 3, we have plotted the frequency-dependent tidal response of Mars, for
the main (semidiurnal) tide (i.e. K5 = ks sine3). On the tidal response curve, we see a peak located
at long periods; so sine; vanishes in the zero-frequency limit. The latter point is understandable
on general physical grounds. Suppose the satellite is crossing an /mpq spin-orbit resonance, the one
where the tidal Fourier mode [,,pq0 = Wimpg crosses zero. Clearly, the quality function K (wip,) =
Ei(Wimpq) sin € (wimp,) must also pass continuously through zero, to ensure that the corresponding
Impq Fourier component of the tidal torque transcends zero continuously (Supplementary Figure 3A Y041
This fact stays valid also in the presence of longitudinal libration, though the spectrum of tidal modes
in that case is parameterised with five, not four integers (cf. Eq.[I7)). Of a special importance here, and
in planetary astronomy in general, is the process of crossing of the 2200 spin-orbit resonance, i.e. of
the synchronous orbit. This is a resonance wherein the principal (semidiurnal) tidal mode vanishes,
wageo = 2(n — 9) = 0; so the mean motion equals the primary’s spin rate. A common fallacy has

it that a satellite located above the synchronous radius always recedes from the planet. This belief is
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Supplementary Figure 2. Dissipation Q;/k; for [ = 2,3 for different contributing modes w for (A) Phobos
and (B) Deimos. n and § are mean motion and true anomaly, respectively. In each of the two panels, the thick
dashed line depicts the tidal response associated with the main semi-diurnal tide (w2200 = 2n — 29). Note
that the main tide for Phobos, unlike that for Deimos, crosses zero frequency as Phobos passes through the

synchronous radius. See text for further details.
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seemingly supported by equation that governs dissipation in the planet. There, the sign of the first
(leading) term depends on whether the mean motion 7 of the satellite is lower or higher than the spin
rate 6 of the planet or, equivalently, whether the satellite is residing above or below the synchronous
orbit. For a satellite higher than that altitude, wsspo = 2(n — 8) becomes negative and so does
the value of the quality function K5(wq009) that enters the leading (over the powers of €) term in the
expression for da/dt. That term contains a “minus” sign, wherefore the overall semidiurnal input
becomes positive and works to increase the value of da/dt, thus making the satellite recede from the
planet. The outcome, however, may change if we also take into consideration the tidal dissipation
in the satellite itself. Specifically, we shall be interested in synchronous case, where the spin rate is
equal to the mean motion, 0 = n.

In this situation, the semidiurnal (Impg = 2200) input into da/dt due to the tides in the
satellite becomes zero, while the next-order term due to the friction in the satellite turns out to be of
the order e* (see the second term in equation (33)). Setting aside all the other terms, we now single
out, for illustrative purposes, only the leading (semidiurnal) term due to the friction in the planet and
the leading term due to the friction in the synchronised satellite:

R’

5
da M' (R M i
a ~ —3na ﬁ (g) KQ(WQQOO) — 5771(1,62 M (7) KQ’(n)

5
MR RINS /02
= —3na 5va (5) Ky (wasoo) + 19¢€° <E) (M) Ké(”)] -

The two terms shown in equation (/) coincide with the first two terms in the comprehensive expression

(33). We see that the term with e? (related to tides in the satellite) always stays negative, regardless of
the distance between the two bodies, which implies that the dissipation in a synchronised satellite is
always working to decrease the semi-major axis, even if the satellite is above the synchronous radius.
This is different from the dissipation in the planet which tends to “push” the satellite away from the
synchronous orbit. Consequently, if the eccentricity of the orbit and the dissipation in the satellite
(represented by K (n)) are high enough, the e*-order term in the above expression may become
leading and define the overall sign of da/dt. In this case, the satellite will migrate inwards and may
even cross the synchronous orbit.

Consider the first term in equation (7). Its tidal-mode-dependence is defined by that of K3 (wa200) -

11



For any physically reasonable rheology, the interplay of the rheological response and self-gravitation
renders a kink-shaped quality function. It is symmetric, because k; is an even function of the
Fourier mode, while ¢, is odd (see, e.g** for details). Setting the sign aside for the time being,
and concentrating solely on the shape, it will be sufficient to study K as a function of the physical
frequency Yaso0 = |wazoo| = 2|n — 6], see Supplementary Figure 3B.

In Supplementary Figure 3B, the horizontal axis shows the values of Y2999 , While the peak value
of the tidal interaction is marked with a yellow dot. Now suppose that the satellite is orbiting above
the synchronous altitude and is descending. As we just saw from equation (7), this is possible when
the dissipation inside the satellite and the eccentricity are sufficiently high. With the planet’s § being
fixed, the mean motion n is growing and approaching 0 as the satellite descends. In this plot, this
process implies a gradual decrease in the frequency Y2900 . The initial value of y2999 1s represented in
Supplementary Figure 3B with a red dot, and as the satellite approaches the synchronous radius this
dot is moving to the left. As it does so, the value of K(a200) rapidly increases (i.e. the tidal push
from the planet increases), and it becomes more and more difficult for the second term in equation
to overpower the first term. If the dissipation in the satellite multiplied by the squared eccentricity
(the second term in equation (7)) is still high enough to overcome the pushing force from the planet,
the satellite continues migrating inwards and the pushing force from the planet decreases, see the
left-hand side of the curve (represented by the green dot)

Eventually, the satellite will cross the synchronous radius. After that, the dissipation in both the
planet and the satellite will be contributing to the increasing rate of descent and inwards migration.
(Recall that K is an odd function of the tidal mode.) If, however, the tidal dissipation in the satellite
and/or the eccentricity of the orbit is not strong enough to overcome the outward pushing force of the

planet, da/dt changes sign and the satellite starts to recede from the planet.

! Note that during this process the eccentricity of the orbit is decreasing, see equation (#I)). Hence the necessity for a
caveat that, after the peak gets transcended, the moon continues its migration towards the synchronous radius and reaches

it, provided the value of e has not decreased noticeably during this span of time.

12
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Supplementary Figure 3. Second-degree tidal response (ks sin e2) as a function of the forcing frequency of

a satellite in orbit about a primary. (B) shows a zoom-in around the peak in (A). Arrows and points indicate

directions relative to synchronous radius and are discussed in the text.
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7 Effect of libration in longitude on the orbital evolution

Both Martian moons are librating in longitude, in the 1:1 spin-orbit resonance. This affects the
tidal dissipation in the system and, therefore, the orbital evolution. For Phobos, measurements
indicate the present-day libration magnitude of 1.2°4-0.15°, while for Deimos it has been estimated
to be ~0.08°** which is in good agreement with the value obtained from equation (49). Note that
due to the past higher eccentricity of the orbits, the amplitudes of the libration of the moons were
considerably higher in the past (cf. equation 49). Based on the derivation in Section [I3] the orbital
evolution of a loosely-connected librating Phobos is compared to the evolution under no libration.
A similar comparison is carried out for a loosely-connected Deimos. The comparison is shown in
Supplementary Figure 4, and the results indicate that tidal dissipation is considerably enhanced by
libration, as was predicted in“*® (Table 2). The libration-caused additional dissipation in the satellites
contributed to efficient damping of the initial eccentricity and of the eccentricity jumps caused by the

resonances.
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Supplementary Figure 4. Effect of the libration of Phobos on the orbital evolution of (A) the planetocentric
distance, (B) eccentricity, and (C) the semi-major axis of rubble aggregate models of Phobos. Panels (A) and

(C) are normalised to the mean radius Ry of Mars.
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8 Effect of the initial eccentricity on orbital evolution

Since the results in the main text are based on backward integration of the orbits, we examined the
effect on the orbital evolution from using different initial eccentricities (eg) by forward integrating
the equations for three different k5 /@2 cases considered in the main text (representative ks /()2 values
for these cases are given in Supplementary Table 1). As initial eccentricities, we chose 0.015, 0.15,
and 0.3 as representative of small, medium, and large values, respectively, resulting in nine different
cases. The results are shown in Supplementary Figure 5 and indicate that the least dissipative Phobos
(k2/Qy = 3.3 x 1077, see section @) would have impacted Mars’s surface between 2 and 3.1 Gyr
of orbital evolution; between ~1.8 and 3.1 Gyr in the casse of ko /Qy = 107°; and between 1.6 and
3.1 Gyr in the representative case of highly dissipative satellite (ko/Q> = 107°). Hence, concomitant

formation of Phobos and Deimos with Mars seems less likely.
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Supplementary Figure 5. Effect of the initial eccentricity (ep) on the orbital evolution (forward integration)
of the planetocentric distance (A), eccentricity (B), and semi-major axis (C) for a range of Phobos models: less
consolidated rubble aggregate (k3 /Q2 = 1075), consolidated rubble aggregates (k2/Q2 = 1.0 x 107%), and

the least dissipative (k2 /Q2 = 3.3 X 10~7). Panels (A) and (C) are normalised to the mean radius Ry of Mars.
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9 Dissipation in the satellites

The results in the main text are based on Phobos and Deimos being loosely connected (though
not necessarily complete rubble). Here we investigate the orbital evolution in the case of these
moons being monoliths, i.e., entirely solid. Representative ks /()2 values for this particular case are
given in Supplementary Table 1. Shown in Supplementary Figure 6, the results of the backward
integrations of the orbits of solid Phobos and Deimos demonstrate that in order for them to damp the
eccentricity jumps associated with the resonances (described in the main text), a certain minimal level
of dissipation in the satellites is required. We find that the minimal values of ks /()5 for Phobos and
Deimos are approximately equal to 3.7 x 10~7 and 1.2 x 10~*, respectively. Less intensive dissipation
fails to render the present-day orbital configuration. The minimal acceptable value of k3 /@), indicates

that Phobos and Deimos cannot be monolithic and must be at least partially fractured.
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10 Effect of the frequency-dependence of tidal dissipation on orbital evolution

The results presented in the main text are based on a particular value of the Andrade exponential «
(cf. equations AH5) that describes how dissipation within Mars scales with frequency. Here, we wish
to consider the effect on the orbital evolution from using a different exponent. In our work, we set
(cf. Section[3), a = 0.27, based on the inversion of the current geophysical data available for Mars
(cf. Section ). To model orbital evolution using a different v, we chose among the stochastically
inverted models'¥, in order to ensure that a model fitting the current geophysical data is employed.
From the set of sampled models, models with & = 0.22 and o« = 0.36 were extracted. Note that
a “model” is not simply restricted to «, but involves, in addition to «, an ensemble of other model
parameters (see Section [3|for more details). Using this machinery, we backwards-integrate the orbital
evolution for the rubble aggregate cases of Phobos considered in the main text. The results are shown
in Supplementary Figure 7 and are compared to the case with o = 0.27. The main effect of a lower
« is to extend the lifetime of Phobos further back in time to ~2.8 Gyr (from 2.7 Gyr for =0.27) in
the case of a more consolidated rubble aggregate, whereas for a less consolidated rubble aggregate
the effect is negligible (<100 Myr). This suggests that even if dissipation scales less strongly with
frequency, Phobos is still unlikely to have formed in situ through co-accretion or re-accretion of debris
following a giant impact about 500 Myr after the formation of Mars as suggested in some models***/.
While changes in « generally result in relatively minor changes in the lifetime of a rubble aggregate
Phobos, there are arguments against too low values of «: first of all, independent inversions*!# of
the Martian geophysical data, but relying on different viscoelastic models, both find o > 0.3; and
secondly, low values of a (< 0.3) appear to be inconsistent with current InSight observations of a

048,49‘ In

seismic high-() environment that suggest upper mantle seismic () values around 20040
comparison, for @ = 0.22 the () estimates obtained from the Andrade rheological model are <1000,
whereas for o = 0.27, () >1000, both at seismic periods. The future seismic recordings from InSight
will improve estimates of crust and mantle () and therefore a better understanding of o/'* and through

that the orbital evolution of the Martian satellites.
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11 Effect of Mars’s temperature on the orbital evolution

The present-day thermal structure of Mars is the product of ~4.5 Gyr of dynamical evolution that
started with the formation of a global magma ocean, subsequent core formation, and ended with

20520 and here we

a differentiated planet. As a result, it is predicted to undergo secular cooling
consider the effect of a time-varying thermal structure on the orbital evolution of Phobos and Deimos.
The principal effect of an earlier hotter Mars, is to reduce the shear moduli thereby leading to a
“softening” (shear modulus reduction) with a resultant overall increase in dissipation®s. The thermal
history model’’, which is shown as insert in Supplementary Figure 8, and involves an increase in
mantle temperature of ~120 °C over the past 3 Gyr from the present (backwards in time). These
time-dependent temperature variations are divided into 30 time steps and employed as values for the
lithospheric temperature in our thermodynamic modeling scheme discussed in Section @] and detailed
in our previous studies*!¥. The resultant self-consistently computed adiabatic thermal profiles are
shown in Supplementary Figure 8 and represent the change in thermal state of Mars over the last
3 Gyr. Based on these, we recompute geophysical properties (e.g., P- and S-wave velocities, density,
shear attenuation) of Mars at each time step and employ these for determining the orbital evolution
backwards in time.

The changes in orbital evolution incurred by considering the “thermal history model” are shown
in Supplementary Figure 9 for Phobos. For comparison, the orbital evolution based on the constant
temperature model is also shown. The main effect of considering thermal variations is, as expected,
to increase the rate of tidal dissipation and therefore speed up the orbital evolution by ~0.1 Gyr for
a highly dissipative satellite and ~0.5 Gyr for the least dissipative case. We can therefore conclude
that the constant-temperature model underestimates tidal dissipation in the planet, wherefore it should
be considered a lower bound. Any additional contribution that acts to increase tidal dissipation, will
move the semi-major axis curve to the right, i.e., closer to the present, but not alter the shape of the

curve and therefore the main conclusion.
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Supplementary Figure 9. Effect of the thermal history on the evolution of (A) planetocentric distance,
(B) eccentricity, and (C) the semi-major axis for two rubble aggregate models of Phobos. Panels (A) and
(C) are normalised to the mean radius Ry; of Mars. “Varying temperature” refers to the use of the thermal
history model shown in Supplementary Figure 8, whereas “Fixed temperature” refers to the use of a constant
temperature model as a function of time. Relative to the cases considered in the main text, here we integrated

backwards until Phobos reached the synchronous limit, as a result of which the eccentricity (B) is capable of
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12 The future of Phobos and Deimos

The tidal interaction of Deimos with Mars is, at present, very weak because of the low eccentricity,
small size, and large distance from Mars (cf. Supplementary Figure 1 in the main manuscript).
Phobos, on the other hand, is migrating inwards and will impact on Mars in a not-so-distant future?’°535%,
To investigate this in more detail, we have also computed the future evolution of the orbits of Phobos
and Deimos, by starting with the current semi-major axis and eccentricity of Phobos. The results
shown in Supplementary Figure 10 indicate that in ~39 Myr, in agreement with the aforementioned
studies, Phobos will either crash onto Mars or, more likely, be torn apart by tidal stresses as it crosses
the Roche radius (in 38 Myrs), and will produce a cloud of particles, to be spread into a ring?’. These
computations have demonstrated that over this stage of Phobos’s history, the roles of dissipation
in and libration of the satellite are negligible, even for a rubble-pile. This happens because the
eccentricity rapidly approaches zero in the course of the final fall. Our results further show that
due to the proximity of Phobos to Mars (9375 km), the present contribution of the degree-3 tide is
approximately 10% of that of degree 2. The figure also shows that currently Phobos is in-between
the fluid and solid Roche limits. The same calculations have been performed using other rheological

models (extended Burgers and Sundberg-Cooper), but the difference between the results was found

to be negligible.
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13 Orbital evolution theory — general formulation

Here we present a detailed model of orbital evolution of two tidally interacting bodies. For this
purpose, we extend the theory of tides to the situation where the secondary (in our case, Phobos or
Deimos) follows a highly eccentric orbit and, simultaneously, performs libration in longitude. The
formulation builds upon the classical Darwin-Kaula theory extended to the case with libration®>. The
derivation consists of two main steps: 1) to write down the tidally-generated evolution rates of the
semi-major axis, eccentricity, and spin rate, with the effect of libration included and 2) to expand the
eccentricity functions Gy,,(€) to sufficiently high powers of e in order to stabilise the solution for
eccentric orbits. We would like to note that the developments in this section simply represent the full
derivation of what is given in the Methods section of the main text.

The time derivatives of the semi-major axis, a, and eccentricity, e can be written as>?

da 2 OR

at " na oM ©
de 1-¢0R (1-¢)'? IR  OR ©
dt  na2e OM na2e ow  Ow' )’

dé Y OR

@~ Con (19)

where M is the mean anomaly, w is the argument of the pericentre on the body’s equator, n is the
mean motion, € is longitude of the ascending node on the primary’s equator, C' is the moment of
inertia, and R is the disturbing function, and v = M M'/(M + M'"). Within the two-body problem
perturbed by tides in both partners, the disturbing function comprises two inputs. One is proportional
to the additional tidal potential U of the primary deformed by the pull from the secondary. Another

is proportional to the tidal potential U’ of the secondary deformed by the primary:

M+ M’

R=="3r

+ MU' (-1, —r%)

r*=r

[M'U(r, r’)

o] av

where M and M’ are the masses of the bodies, while the vectors are defined in the co-rotating
frames of the partners. The vector r is pointing from the centre of mass of the primary to that of the

secondary as seen in a frame co-rotating with the primary. Similarly, —r’ is pointing from the centre
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of mass of the secondary to that of the primary as seen in a frame co-rotating with the secondary.
These vectors are then linked by some rotation matrices to the inertial vector pointing from the centre
of mass of the primary to that of the secondary. It is implied in equation (TI) that in the orbital
equations the differentiation of R should be carried out before r* (respectively, r*) is set equal to
r (respectively, r’). The tidal potential of a near-spherical librating body, which is tidally deformed
by the pull from a point perturber, can be expressed through the orbital elements as>>

Ulr,r¥) = _Gi\f/ Z (g) (;) Z %(2 — Som) ZFlmh(z) Z Ginj(e) x

=2 j

ZFlmp(i*) Z Gipq(€”) Z Z Js (mA) Js(m A) x

q=—00 §1=—00 §=—00

Ky cos([ me* — sM] — [vimp; — mb — st M| —¢) , (12)

Ul*mpq a
where A is the perturbed body’s longitudinal libration magnitude, R is its mean radius, while k;
and ¢; are its dynamical Love numbers and phase lags, respectively. G denotes the gravitational

constant, while Flmp(i), Glpq(e), and J;(m.A) are the inclination, eccentricity, and Bessel functions,

respectively. The auxiliary quantities vy, and vy,,,,,, are defined as

Vimpg = (I = 2p)w + (I = 2p + @) M +mf2 | (13)

where w is the argument of the pericentre, €} is the longitude of the ascending node on the body’s

equator, while n is the anomalistic mean motion approximated with its Keplerian counterpart:

n =M=~ GM+M)d . (15)
The Love numbers and phase lags,
ki = ki(Bimpgs) » € = €(Bimpgs) - (16)
are functions of the tidal Fourier modes given by
Bimpgs = [ —2p)o + (1 —2p+q—si)n+mQ —mb ~ (I —2p+ q — 5)n —mb . (17)
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This expression differs from the standard expression for the tidal Fourier mode wj;,,;,q by the summand
— s1n emerging due to libration in longitude. However, in the limit of no libration (A = 0) the terms
with s; = 0 are the only to remain. So all j,,,s, With s; # 0 vanish, while the expression for

Bimpgo matches that for wy, :

Bimpgo = Wimpqg = ([ —2p)w + (I —2p+q)n + mQ — m ~ (l—=2p+q)n — mé . (18)

The physical forcing frequencies in a tidally perturbed body, in the absence of libration, are>’

Ximpg = |wlmpq| = |Blmpq0| ) (19)

while under libration the spectrum of frequencies comprises all | 5,45, | - In the orbital equations
(8) and (9), we need to differentiate the disturbing function over the mean anomaly. Equation (IT)

renders us:

OR M+M" 0 M+ M 00U M+ M 0U’
_ M+ (—M'U - MUYy = = 2F - M (20)

oM M M OM M oM M oM’
where the derivative of U is given by
U(r,r*)  GM' S /R\'"™/R\' < (1—m) : LS
o e 2\a) &) 2 a2 Cngle) >
=2 m= =0 j=—00

Zﬂmp(l*) Z Glpq(e*) Z Z Js1(m"4) Js(mA)(l_2p+q_S) X

q=—00 §1=—00 §=—00

Ky cos(| me* — sM] — [Vymp; — mb — st M| —¢€) , (21)

*
Ulmpq —

The derivative of U’ is similar to (21|, mutatis mutandis. The prime is used to mark quantities
pertaining to the satellite.

Both equations and provide the potential in an external point r under the assumption
that the perturber is residing at r*. We, however, are interested in a situation when the perturber
causes the tidal deformation of its partner and then “feels” the resulting tidal potential. To describe
this interaction, in these equations we should set r* equal to r and drop the superscript, which now

becomes redundant. On doing this, we notice that averaging over the apsidal precession leaves only
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the terms with A = p, while averaging over an orbital cycle leaves only the terms with g —s = j—s7 .

This observation enables us to write down the secular parts of both OU /OM and OU'/OM :

() -Z(0) G e ZFmo
f: i Gipg(€)Gipj(e)(l = 2p + @)y sine (22)

g=—00 j=—00

<<§/[\]4>> - i (%)MGZLW Zl: 8;2’;:(2 —5om)pzl;%p(z") i i Glipi (€)Glipg(€)

=2 q=—00 j=—00

> (1=2p+q— 8)Jj—gra(mA)J(mA)k]sin € .(23)

s=—00
Note that in expression (22) we dropped the libration-generated terms (and kept only the terms
with s; = s = 0), while in (23] we preserved such terms (to be precise, those of them which are
secular, i.e., satisfy ¢ — s = 7 — s1). We have done this, assuming that the primary has a relatively
small triaxiality and, therefore, a relatively small contribution from longitudinal libration into tidal
dynamics. For the secondary, this assumption is often inapplicable and the libration terms must be
kept*®. In equation (22), ¢ is the inclination of the secondary’s orbit on the primary’s equator, while
i’ in equation denotes the inclination of the primary’s apparent orbit on the secondary’s equator.
As was explained above, the quality functions of the primary, k; sin €;,,, , depend on the tidal modes
in the primary, equations (I6HI7). Similarly, the quality functions of the secondary, k; sinej,,,, .

depend on the tidal modes in the secondary:
k?z, = kl/(/Bl/mpqs) ) El, = El,(ﬁl,mpqs) ) (24)
where the Fourier modes excited in the secondary are
Bimpgs = (1 =2p)w’ + (I = 2p +q — sn+mQ —mb’ ' ~ (I —2p —m + q — s)n, (25

w’ being the argument of the pericentre (as seen from the secondary), €2’ being the longitude of the

ascending node on the secondary’s equator, and 0’ being the secondary’s spin rate.
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To make use of equation (9), we need to differentiate R with respect to the argument of the

pericentre w . From expression (I2), we obtain

OR IR M+M [ ) ,
myE (5 (-a'0) + o (- ar0") 20

0w T ow MM
In neglect of the libration of the primary, the derivative of the potential with respect to w is

<<%>> > (5) ! Z B ) (0 ) 37 B (00— 20) Ry sine

1=2 =0 p=0

i i Gipg(€)Gipjle), (27)

g=—00 j=—00

which agrees with the non-librating case®®. For the librating secondary, the result is:

(2 =5 (B) 7 CM S s ) 5 S Gt

=0

j=—00 g=—00

(28)
Z (I —2p) Jj—grs(mA) Js(m A) k/ sing

S§=—00

The insertion of equations (22), (23)), (27), and (28)) in formulae (8)) and (9) renders us the following
expressions for the secular parts of the rates:

(e} (e}

JI‘Z“”;;@T —m) 2 D 2 > G0Nt =2+ )

p=0 g=—00 s=—00 j=—00

(29)
(5) " ez )+ (B) M, st om0

and

de 1—e2

dt - e M?\J’ZZ Ei;:;i(2_5‘)m)z Z Z Z Gipg(e)Gipi(e)(l —2p+q—s)
[(5) Ajfflﬂmp@fﬁ(ﬁ) + —) Aﬂj Ti—grs(mA) J(mA)FL, (i )Kz’(ﬁ’)] +

> (1 —m)! l
a e MM’ZZEl+m)12_5OmZZ Z ZGlm e)Gj(e)(l — 2p)

=2 m=0 p=0 g=—00 s=—00 j=—00

Kg)m%’%@m(m i (—) g m AV L (m A 2 0 >K{<@'>},

(30)
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where K;(3) = k;sine and K[(f') = k; sine, are the tidal response functions of the primary and
the secondary, respectively. A similar expression for the inclination rate will be presented at the
end of this section. Given the above series’ slow convergence over the powers of e, we have to
include high-order terms, to ensure precision of our results and stability of integration for fairly high
eccentricities. The eccentricities we deal with in this study remain below 0.35 but the formulation
presented here is stable at least for e < 0.5. For this purpose, we have computed the terms to degree
18 in the eccentricity and the libration magnitude, assuming that the magnitude of libration is of the
same order as eccentricity, which is true for synchronised bodies®>. The terms in the expansion of the
eccentricity functions Gy, (e) to degree 18 are compiled in Table S2.

The expanded equations for da/dt and de/dt are presented below. Each rate comprises three
contributions: the main (unrelated to libration) contribution due to the tides in the planet, the main

contribution from the tides in the satellite, and the contribution due to the longitudinal libration of the
()= () () () o

() = () () () =
)-(6)...

Expanding equations and (30), as shown in Table 13| and employing the expressions for each of

da\ """ R\ (M .
aa _ (RN (M . 4
(dt)planet n(a4>(M) x F(Ki, 0, n,¢e) (34)

satellite:

the terms, we obtain

32



$19 gezronome T o1 Geeorer T vi? Mamioe. T i grare T o eome + P16 02 T 2T b= 0T
112 Tersoverioesooy T a0 Tovevgrescor T+ erP Tigeoeree: + vl temee T 62 menie — 12 To0%ey Llrje|L|n|e
s12 BeaLIeezoTeT T o1? TIETe000PLE T 11 LET600LT — o1 Geieosit T 012 1526006 — 8 TeRaLT | T|Cc|8|1T]|C
o1 govevor. + or? soms T 11 mmosr t er? Teove + or?me T 87 6er 8 10|¢
ST EIL0ITGETOE — 017 TheiaLao0e T 112 GaroRe0ssT — o1® rocooreet T 017 GLITONLE — 7 GH0TED 8 10|¢C
11 Crmseaiye. t ai? remioter T e17 coraeemy T 112 wostont + 62 et T 12 G0t L-10|¢
LT EIS0ES0T0R6084T — 17 TR0SeeTSELaIE T e12 GYODinsgeeT — 110 TOUGHAREET T 67 Gaotontar — L2 TIEmieT L|0]T
ST TIeberbraer - o1 ToRzeraster — 1P Tioeo0zess T 1P EoraLeeT — or?Treieer T wm NMWMM — 0 gocer 910|¢
o1 Igae0019. + or? sompiss T vi? mioe T el 6n T 0PI T 2% T 0T 910|¢
$12 T1E0708TE T or? 11010610z T 112 fesrzre + a1 Teser + o1 »o%w%amﬁ + P — 0 To1e O-1r|c|9|1|¢
s12 Graseononr + o1 1oteststss T viPgoeron + cr? Teorer + orP6izior + 82668 + P GT + 21 R AR R
LT Tro0c ovassetr T e1° Tasteaesoss T 17 Livecgeory T 1P Tizcose T o0 1eane Tt 22 geie + P T %ml elrjcleln|e
112  Tosoczoroness - + ar? Geeseraes. T 617 sessonrst. T 110 evesrt. T o2 cees. .2 e T @ TF T 2T €10|¢
w%omomo%wwoowmw - Emmoow@%om%w + Ewmmmmw% - ﬁm%%%%%m + Smmmmmﬁ 8 »mmwmﬁ + wwbmmwﬁ Ty % v 10]¢C
1P G TeEle — a1” Geoesretosr T e1PgTetouser — 117 hototeer T+ 67 Gieete — % mwm%m +¢? mmmwm — g €10]¢
1?60t T 012 Tero0t T 12 cers T arPEeoe T 01869 T s2are T oP%e T Per T o 0|T|¢
11 TP TeoTe00eer T, T o1 Sossoreststes T+ e1° Therzeotior T 112 gursres 62 Toeeer + 12 mﬂ%ﬂ + ¢ mwm + 27 T og Ljr|c|I-|I1|¢
c17 1680 05e0e6 T 017 Gdtceterre T 112 Tagotos T a1Pheer T 01” Tores + «216r + 0?Thr T 71 T e c|rjc|c ||t
§19 Trasgostr. — 1% Ihesseit — 110 Teorer — o meais — orgrosy + gt — 97100 T Per — 1r clzjt| ot
L1 GoTVECORTE. — o1P I9o09re — e1° gooosee. — 11 oogosT — 60 2zeer T 22800y — 2o T 2% — 23 I-lz|z|1]o|z
017 Gegrerer — o1? goveree. — V197 Gortor. — i e — 01?6 — 26 — oPe — 1281 T 26— ojzlz|o|o]|c
Smowm%wmww%om%%wm@wmH - Emow%wwwwmwwwwmw - mﬂwommwmw%%m Hﬁwoommwwwmmw ' 67 owm%%@E %% g % — T T mm +1 ] 1 |CT|C|1-]0|C
0 clc|clCc|0]|C
0 b|d|1|b|d|]

ion G

funct

1C1ty

ion of the eccentri

Expans

Supplementary Table 2

33



where F is a function of the eccentricity and mean motion of the orbit, as well as of the spin rate and

the tidal response K(/3) of the body:

. : K . 441 ,
F(K;,n,0,e) = —3K,(2n — 20) + €2 ( 29 i(n) - g Kj(n—20)+ 15 K;(2n — 26) — 5 K;(3n — 29)) +
81 Kj(n) 81 3 . 189 . TT49 . 867 :
4 l
-0 D Ki(2n) + — Ki(n — 20) — — K;(2n — 260) + —— K;(3n — 20) — — K;(4n — 2
e ( 16 3 1( n)+ 39 l(n 9) 3 l( n 9)—|— 39 1(3% 9) 5 l( n 9)>+
2295 K;(n) 63 8427 Ki(—n—20) 13 . 155 :
6 l !
- 2 K(2n) — —— K, — " " Ki(n—20)+ — K;(2n — 26)—
c ( 256 7 ) = 55 KaBn) + —555 512 (0 = 20) + 75 Ki(2n = 20)
197775 : . 3570125 K;(5n — 26)
Ki(3n — 20) 4 1955 K;(4n — 26) —
512 l(3n 9) + 1955 l( n 9) 1536
28403 K 1661 62487 K;(3 5929 11 Kj(—n —20) 113 Kj(n — 20
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2881 . 1193715 K;(3n — 20) 83551 . 137418125 K;(5n — 26)
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The “main” (i.e. unrelated to libration) contribution from the tides in the satellite reads as

da main R/S M Y
(a) ‘”()(ﬁ) SO o

satellite

The above equations are general, with neither of the bodies assumed synchronous. In the specific
situation of a synchronised moon, we have 0 = n , wherefore the semidiurnal term in equation 1b
vanishes: K;(2n— 26" ) = 0. In the contribution from the planet, the semidiurnal term vanishes when
the satellite is at the synchronous orbit, i.e. when n = 9. Longitudinal libration of a synchronised
satellite renders the following contribution:

d libration R/5 M
() () (24 gt ) o

satellite
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where the function G is given by
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AlO A12 13A14 A16 17A18
_ Ki(5
060 T 2880 241920 ' 193536 48771072) 1(5n)+
A12 14 A16 17A18
K;(6
58800 100800 752640+152409600) 1(6n)+
A14 A16 17.,418
K (7
1209600 * 1838400 696729600) ((7n)+
A8 (5n) AR, (9n)
n _  —_—
67737600 304819200 4877107200

AS A8 940 1142 1434 1346 221A18> (3n)
— = n

&Ii%o #I

S
(
S
S
S
S
(-
(o
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454> TTAT  91A4°  11AYM 243148 2717AY™  2431A4Y
30 — 4243 — — — K.
( A A"+ 2 12 80 80 201600 3386880 58060800) ()
TTAT  13A4°  11AY 243141 2717AY 221417
21A4°% — 18.4° — — — K;(2
< AT — 1847+ 12 10 64 151200 2419200 3628800) (2n)
N 9A5 11A7 117A4°  11AY 243148 247A% 22147 K(3n)
— — n
2 160 96 201600 268800 = 4147200 )
11A7 13A9 11AM 221418 247AY 174V
+ — - Ki(4n)
24 240 37800 = 483840 518400
13.A4° A” 221A13 19.A41° 17AY
480 120960 96768 = 1161216
Al 17A13 19.A4%° 17AY
960 50400 376320 3628800
17A3 19AY 17AY 1941 AT AT K (9n)
K,(7 — K;(8 - 2%
+<604800 2419200 16588800) i n)+(33868800 7257600> ( n)+116121600 te
825A2 2753A4+6313A6 _9303A8 20153.410 _68959A12 2192333.414 _9231079A16 K(n)
4 16 96 640 9600 322560 135475200 9754214400 )
N 249 e 305.4* 421A6 139.48 B 5207410  176803.4'2 B 559134 426439416 Ky(2n)
2 2 6 8 1920 604800 2419200 ' 304819200 )
N 709 A4 1063.4° 2685A8 21953410 _52613A12 14001A14_ 125099416 Ky(3n)
32 256 11520 230400 716800 99532800 :
301 5  817TA®  2041A" 101A™  54847A™  4987A'
+ __A — Kl(4n)
240 3600 864 4838400 = 6220800
N 1817A8 2323410 3775342  17803A4% 72977416 K\ (5m)
3840 11520 967680 3870720 195084288 )
637A10 313,412 7894 38419.A4'6
28800 40320 627200 304819200
3397A12 8114 81401.A4'
4838400 3870720 2786918400
1 1 14 2 4 16
091.4 5494 Ky(sn)
67737600 609638400
5449 A K;(9n) 5
— +e” X
19508428800
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16474 N 556143  38129.A4° N 1116547  40039.A4° N 20421614  4303871.4'3 N 6010433.41°
4 8 96 96 1920 806400 19353600 406425600

K(n) + (357 . 299343 N 23023A4°  36377TA7 N 110294 4400891.A" N 639353A4"° 655343A15)
4 48 240 384 1209600 1935360 29030400
K(2n) + (213%43 _ 8463A4° N 32879A7 509114 N 2464253 A" 1911013A4" N 11453A15> (3n)
8 32 320 2304 806400 6451200 537600
5551A5 3619A7 7553A°%  515197AM N 595907A 419393A15) Ko(4n)
96 720 302400 3225600 29030400 :

1881./47 6605A9 300767AM 10454943 2095A15>K(5n)

T 320 2304 i 483840 1290240 * 290304

1991.4° _ 54389.AM n 77323 A13 B 19639.A4%° Ki(6n)
5760 403200 3225600 7526400 :

31991.AM" 83323./413 75289 A% 6871.A" 4032141 13AYK;(9n) )>

i
K — K
N < 2419200 19353600 i 116121600> (7n) + (19353600 406425600) ((8n) + 1843200

— —A2

47555 190709.4* B 400233.A4° n 112103343 _ 234580734 n 35199901.4'2 _ 852863297.4 (n)
128 640 7680 1075200 15482880 4877107200 :

8687A2 34773A4 N 4644A°  425111A° N 151282941 1387199.A™ N 85408297A14) Ky(2n)
16 5 1920 44800 387072 304819200 :
32127 185441A4 | 934671A° | 8842181.4°%  100865411A™  9994067.A™  98657507A"
128 1280 | 46080 3225600 | 2867200 348364800 >

_|_

K(3n) + (_ 23833 o 12277A4° 1965914 N 19447694 9191771A" N 9035869.4

40 1920 100800 3870720 43545600

<_68941A6 N 31835A4%  998839A" N 1757568142 10930351A14) Ky (5n)
1280 1024 129024 15482880 97542144 :

( 23699.4% 73796940 521342  13298189.4"

) Ki(4n)

5760 * 403200 14336 + 304819200

(208333A10 543413342  16170799.41

1075200 77414400 1393459200
23921 12 11 2 14

392134 52077 A Ki(8n)
38707200 609638400

1387327A14Kl(9n)> . (
- +e” X

- ) Ky (Tn)+

9754214400

39



<22769¢4 1296283A3_+ 4380193A4° 42520013A7_+ 113941067A% 463361041,411_+ 11355276794413>Bﬁ(n)+_
384 1920 57600 806400 25804800 696729600
<]%%A Mmmmﬂj%mmﬁ+%mmmﬂ_wwwmm%pw&mwm“_%%W&M?K@m
384 480 46080 1209600 77414400 19353600
N < 18254 697647A3+ 97798694 14726891.47 813614173A4° 850321511,411+ 854790599,4L3> (3n)
128 2560 11520 3225600 25804800 278691840
N <81433¢43 3590417¢45_+_89371417¢47__ 210499391,49_+ 958855703 A 854451569¢4L3> K (4n)
1920 115200 1209600 38707200 348364800
191637¢45 30373947 149339629¢49<_ 20065461741 400813631.4'3 i
+ < 1152 1935360 15482880 278691840 ) 1(5n)
N (8889011,47 8043643A4° | 116210893A1 105142393¢4K3> K (6n)
230400 403200 25804800 174182400 :
110838234  10353229A"'  159751717A"
+< + )mwm
4838400 11059200 928972800
(2277181,411 20783387,413> K (8n)
25804800 696729600 :
1327271 AB K (9n)
557383680

p 6360697A4% 83914747A4_+ 205972691A° 238333495¢48_+>34401989173¢4”)__ 67943553227.412 (n)
‘ 1536 15360 76800 344064 309657600 5573836800 :

N 4527427 11995117J44__ 85032277.A5 218343289¢48__ 1086174427A10  7897450723.412 (2n)
960 15360 161280 5160960 348364800 !
N 6894791,42 149105731¢44 67081587.4%  2785868387.483 2911274687,410__ 25580115979.412 K,(3n)
10240 10240 1720320 11468800 928972800 :
N 1024813 818159/?2_»22057967¢43%_1273775¢48__ 4112465311Alo+421956389A?12 K (4n)
192 96 4800 1008 19353600 17418240 !
N 20343329A4+ 5442485946 644732521,48+ 7580219749¢410<_ 8635714091.412 K (5n)
10240 30720 1032192 61931520 557383680 !
| TA214TIAT 191387547 133004803410 8169943614
+ — -+ Kl(ﬁn)
25600 10752 2867200 116121600
_ 115244509A4° | 10775242914"0  960692647.A"
+ + - K;(7n)
5160960 103219200 445906944
N 5122889¢410_+>1242901¢412 (8n) — 18025373 A" K;(9n) tel x
4838400 3110400 ! 530841600
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16635594 12170958143  312427823.4° 1967308939947 2914255489994  2867948486117.AM
<_ 768 15360 46080 | 7741440 541900800 | 39016857600 ) ()
N <4244105A ~ 195851269A° N 811588697A° 126361311674 N 140288848147 986035976887A11) K)@n)+
384 7680 46080 2150400 1209600 6502809600 :
< 9859807A 24914363A4%  4694903647.A° n 11825097051A7 235558952214 N 1149280143791A11> (3n)
640 184320 1433600 14745600 5573836300
N 053463A 340021343 N 1948423099.4° 31794346147 N 11099163623A4° 280439920391A11> K (4n)
< 120 92160 43008 7372800 1393459200 !
121754083A3 1736132939.4° 3193594879747  19885290673.4%  1102592661521.41! K (5
+ < 15360 184320 | 7741440 20643840 | 7803371520 > 1(5n)
N (8062469A5 1689833129.A7 N 4530651799.4° 1362209431217A11) K (6n)
4608 1290240 11289600 19508428800 !
7010016683A7  15241243613.4° = 14310329239A'!
+ < + ) Ky(7n)
38707200 154828800 619315200
234239821074 898220320014 2039795207411
* < 2167603200 19508428800 ) 1(8n) 4877107200 Kl(g”)>+

8 o0 36667771.42 n 137576377A* 582684120714 n 3483804392591.A4% _ 3962944769797.A10 (n)
¢ 6144 12288 8601600 1734082560 11147673600 :

N <7932001A2 3629434021.4* N 62558288021.4°  393958246799.A° N 1159836156341A10> Ki(2n)
92160 3225600 77414400 1393459200 !
N < 1378786789.42 N 5365102241A%  847780261361.4° N 3370548827407A% 5974574495A10> K(3n)
20480 73728 25804800 412876800 4644864 :
124022959.4%  425217367A% | 1392097265945  34003821749.4% 1225751843514 o4
* < 1920 5760 + 403200 T ss0t20 87091200 > (4n)
N < 139124137742 N 4788563821.A4"  114133290857.A° N 1565177035693A4° 609862623793A10> Ki(5n)
61440 122880 5160960 247726080 557383680 :
N < 15450970144 N 3653368319A4°  105576999331.4% N 275386936571A10) (6n)
18432 460800 36126720 464486400
N ( 31536438929.46 N 975977916433A4% 4758029916799A10) K)(n)
25804800 1238630400 22295347200 !
2554971894748  4573097093.41° K (8m) — 99964117517A°K;(9n)
+ < 270050400 | 99532800 ) /(8n) 22295347200
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72574433A 3325013343 n 321566834083.4°  48892934193757 A7 n 424304933869777.4° Ky(n)
40960 3072 25804800 8670412800 312134860800 :

< 1392383034 n 281207094543 B 1815292535809.4° n 21601089607747A7 B 144839901437071A9) Ki(2n)
7680 49152 38707200 1238630400 39016857600

<326578731A 331842981743 n 1712182537183.4° _ 13787028701293A" n 295876625683021./49) K(3n)
5120 23040 17203200 412876800 44590694400

< 45278785.A 8612926109.4%  4880466678209.4°  17258868186769.A" 22984018946099.49) (4n)

_|_

_|_

+

46080 B 38707200 + 412876800 © 2786918400
851962171A 4459389164343 N 293291537465.A°  8497199910629.47 N 89611617850873.A4°
20480 368640 3096576 247726080 12485394432
713014643A4° 4194496921147 N 51535195929577.A47  167924593843033.A°
23040 1075200 2890137600 39016857600
1052720951633A°  6613213406581.47 N 151464161578421A9) K)(7n)

154828800 1238630400 89181388800
76155429263 A7 31037807709701.4°
108380160 78033715200 ) Ki(8n)

26184666395077.A°K;(9n) )

_|_

) K, (5n)

+

> K;(6n)

_l’_

624269721600

10 4188185133.42 B 668034376553.4* n 298635437603.A4° _ 5008680379354717.48 (n)
819200 45875200 26214400 1248539443200 :

69622578569%12 n 288361412803.4* _ 3733878109439.45 n 14728473880769.4%
1474560 3686400 82575360 1114767360

N ) Ki(2n)

<1O5043267843.A2 90447675495017.4* 4 176246672641693.4° _ 2489696844203003A8> Ki(3n)
589824 412876800 1651507200 89181388800
( 72784945777.A% n 560166907039.4* B 49295772110719.45 n 13961643516553A8) Ki(4n)
230400 1612800 309657600 348364800
< 77633()530877.A2 1732963120055.4*  30099792470603.45  705923122737949.A4%

+

_l’_

+

2949120 5505024 198180864 17836277760 > Ka(5n)
~ 613186054801.4° N 4367489658094  37201323168383.A° N 1036259700960391A8> K (6n)
7372800 2867200 412876800 39016857600
~ 4206593801911.4* N 7158257783303A°  4137506209801739.A°
137625600 235929600 356725555200
~229049541811.4° N 58107407588357A8> Ky (8n) — 645135681793.4% K;(9n)
51609600 19508428800 1887436800

_l’_

+

> Ki(Tn)

_l’_
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43908618894 n 1961183621879.43 _ 38437694104309.4° n 5499256218016573.47 (n)
4915200 206438400 2477260800 624269721600 !

12960937279A 25335942630283.4%  1196416018969.4°  1266083597711297.47
737280 309657600 * 14155776 a 34681651200
20979287141A 22404670502027.4%  141336992746169.4°  38716231419983.A"
184320 * 68812800 B 550502400 * 412876800 ) K 3n)

+<
<561041955133A 6585350448109.4%  2333996611139251.4°  1416438955564847.A7

> Ki(2n)

+

_l’_

+ — ) Kl(4’)’L)
1843200 9676800 4954521600 8918138880
518643543809A 2994059366393.43  176847428665034°  3766355622175117.A7
1474560 * 3870720 B 33030144 + 20808990720
167535832674 1461464779987.43 n 76285236828841.4° B 2867374053933953./47) Ki(6n)
115200 3225600 206438400 20808990720 !
33195983160521.43 234766934917157A5 n 1501695875492263A7> Ky(7n)
309657600 1651507200 22295347200 :

966755431567.4° 249061450017451./47 (8n) 1505225192085113A7 K;(9n)
41287680 13005619200 :

+

> K (5n)

_l’_

_|_

+

624269721600

112405393703.42  256194365128103.4*  2434459781946581.45
( 30321600 | 10813086400 178362777600 ) (n)
N (14313033811823A2 12498570084137.44 N 1677509997505583A6> K)(2n)
309657600 117964800 22295347200 !
239571154081783.42  2904792531811861.4%  120767420385113.46 K03
+ ( 825753600 + 6606028800 B 495452160 > 1(3n)
N (16651792420267/12 3664938831889.4* N 3986190927755A6> K (4n)
19353600 3538944 7962624
91659779628347.42  1912786165948037.4*  5996938416572659.4° Ko (5
+ ( 70778880 + 1321205760 B 8918138880 > 1(5n)
N (32945086429187/12 28119643773793 A% N 1463376996779051A6> K, (6n)
34406400 23592960 2477260800 :
684201699957701.42  10590857503323379.4*  23381239709702027.46 (7
+ ( 2477260800 + 19818086400 B 71345111040 ) ((n)
62410695774613A4*  166206910739587.4° . 577143489956477 A5 K;(9n)
+< 619315200 + 1592524800 ) ((8n) = 39636172800
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4480458061f4 113509427927533.43  4932648254178133.45
14745600 19818086400 | 356725555200 ) ()
692621429069f4 15864901106238114° _ 811950375727963.4°\
* ( 61931520 | 10818086400 7431782400 ) (2n)
104673184486151.4  3256104685646191.4°  4461263791004999.4°
* ( 825753600 6606028800 | 9512681472 ) Ka(3n)
013401407872334  156402482258165A4° _ 143044264018019114°\
+’< 154828800 99090432 B 11890851840 > ((4n)
BL4TG6782631703.4 _ 2809659549121933.47  281042178651130801A47 - _
+ ( 247726080 990904320 T 142690222080 > 1(5m)
1359918787134 39617412502049A4°  3368757174159314°
* ( 1075200 ' 13762560 165150720 ) 1(6n)
T2172041424697A  15307727148091081.4%  2330060369443185314°
* ( 154828800 9909043200 8362777600 > (™)
105529641662017.4%  376559490960019.4° 26397815834028073.4° K;(9n)
* ( 309657600 796262400 ) 1(8n) 356725555200 >
206796563366483¢42 82215574092860581.4%
( 184968806400 9988315545600 ) i(n)+

18579830111987.,42 n 64337807855429791.4% Ky(2n)
19818086400 624269721600 :

8402777041707077A2  447073478617395173.A" K(3n)
26424115200 713451110400 !
| 7430296569379097.A2  17606260552429.4"
+ + Ki(4n)
4954521600 8257536
N 6461512425366487.A%  4349564850250920329.4% Ko(5m)
1761607680 998831554560 !
_ 222276140779005643.42 | 3412415816069604403.4%
+ + K; (Gn)
46242201600 624269721600
253818565838765371.4%  1685837673188956681.4" ()t
79272345600 407686348800 !

8670412800 + 312134860800

1232692494304457819 A K, (9n)
3995326218240

+
7380514090083647./42 540458699263271861.4*
K;(8n)

44



3469384763227A 1187663466854671.A3> Ky(n) <19888331524783A 127712690841809.43
1n

+ - Kl (2n)
46242201600 475634073600 3963617280 2264924160

2547496947290741A_+ 31541032831484593.43 Ki(3n)
26424115200 59454259200 !

4883476194008213./4 18839933887964653.43
K;(4n)

_l’_

_l’_

6606028800 7431782400
469284844441745A n 648190780936041043.43 Ky (5n)
176160768 95126814720 Hon
6936784270529417./4 79914423777412117.A3 Ky (6n)+
1445068800 7431782400 !
109591789469563.A4  783868077139349141.43
- + Ki(Tn)
26214400 79272345600

+

17967831915895.4  18230346413898349.43
( — )Kl(8n)+
12845056 3715891200
30182462841350683¢433}(9n)> __616(131482629287941,4233(77)_+ 7661258420564069.4% K;(2n)
29727129600 407686348800 499415777280
22226193309071407A%K;(3n) = 5778045333852317.A4%K;(4n)
a 89181388800 3185049600
_ 1363999477757941669.4* K, (5n) +_35510799156457152389,4233(Gn)
199766310912 2497078886400
94340848292247889769.A4% K;(Tn) +_12526197981986130907,4%:[(8n) 19789563585947876009¢42BQ(9n))
5707608883200 1248539443200 7990652436480
2182742993065681Ae' K (n)  398344686909419.4e'"K;(2n)  60814378842851154¢'7 K;(3n)
159813048729600 a 237817036800 114152177664
463925804816385011.4e'7 K;(4n)  4224989067263492609.4e' " K;(5n)  1691336870677414609.Ae'" K;(6n)
B 713451110400 1141521776640 B 156067430400
2394690952542562729.4¢'" K (Tn)  508396579603772017.Ae' " K (8n) +_2843691151639550671Ael7m(9n)
142690222080 39016857600 713451110400

(38)

To compute the eccentricity evolution, we have to write down all the terms entering equation (32)). The term

generated by the tides in the planet is:

d main M (R 5 )
(d:> = —nﬁ (CL> X »C(Kh n, 07 6) ’ (39)
planet
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where the function £ is calculated from equation and has the form of

L=¢(- gKé(") + %Kl(n —20) + ZKZ(QTL —20) — 47

Ki(3n —20))+

16
45K;(n) 81 3 . 63 . 3759 . 867 ,
3 l
_ — K (2n) — —Kj(n —20) — —K;(2n — 2 VK (3n — 20) — K (4n — 2
e ( 32 16 l( n) 64 l(n 9) 16 l( n (9)+ 6 l(3n 9) 3 l( n 9))+
999K;(n) 45 8427 Ki(—n—20) 35K;(n—20) 27 . 150933K;(3n — 20)
5 ! l l l
R K (2n) — SO K — LK (2n — 20) —
e( 512 16 51(2n) = Z5- Ka(Bn) + =07 w21 T g —20) 1024
10421 . T14025K;(5n — 26) .
+ 16 K;(4n — 20) — 1004 ))+e><
10043K;(n) 653 4929K;(3n) 5929 17K)(—n —20)  175K;(n—20) 3299 -
il AN " D) - K;(4 - - K;(2n — 2
( 1096 128 712 + 1006 1og Hldn) + —— =6 24576 768 (2 = 20)
1525953K;(3n — 20) 310463 . 105299675K;(5n — 20) 852267 . 1 .
- K;(4n — 20 - - — K(—
8192 Loy faldn —20) + 24576 256 K1(0n —20) + o Ki(=2(n +6)))
968501K;(n) 1861 8061723K,(3n) 154 15717645K;(5n)  19683K;(—3n — 20)
9 l l ! l
- - K;(2n) — 202000 P K (4n) —
e’ 327630 320 1 (21) 655360 5 M) 131072 1310720
5TTK (—n —20)  5201K;(n —20)  1289K;(2n —20)  85340127K;(3n — 20) 1395551 :
1310720 655360 + 1024 655360 640 Ki(dn = 20)—
2949543325 K;(5n — 20) N 109744167K,(6n — 26)  52142352409K,(7n — 20)  13K;(—2(n + 0)))
262144 5120 3932160 3840
e 22665719K,(n)  140657K;(2n)  24220341K;(3n)  510211K(4n)  77607165K,(5n)  30089667K;(6n)
6553600 20480 2621440 12800 524288 102400
177147 K;(—3n — 20) N 12769K,(—n — 20)  237091K;(n — 26)  25999K,(2n — 20) 725981637k, (3n — 26)
26214400 47185920 39321600 102400 13107200
_ 430553 (4 — 20 + 158224764775, (5n — 20)  6191465853K;(6n — 26)  21286018449073K,(7n — 26)
240 ! ‘ 9437184 102400 235929600
5383010161K;(8n — 20)  563K;(—2(n+0)) 8 -
—  Ki(—202n+6
115200 + 230400 * 995 ((=2(2n +6)))+
e 3488799931K;(n)  50772380K;(2n)  2503082007K;(3n)  112849K;(4n)  82475458145K,(5n)
880803840 6451200 209715200 23040 528482304
75371433K,(6n) 1306918425967k, (7n) | 244140625K(—5n —26)  17970579K;(—3n — 26)
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(40)

The contribution from the tides in the satellite to the evolution of the eccentricity is computed as

de main M R/ 5 , -
e — n (= . 41
(dt) nM’(a) x L(K],n, 0, e) (41)

satellite
Note that, similarly to da/dt, the expression is written down for the general case where neither of the bodies is
a priori assumed synchronous. In the case of the Martian moons, which are synchronised, the term associated

with the semidiurnal tide in equation (33) vanishes.
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The input generated by the satellite’s longitudinal libration about the 1:1 spin-orbit resonance is:

d libration M /R’ 5 .
(;) = n]\4’< ) x H(K/,n, 0 e) , (42)

satellite a

where the function H is given by
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+ (6A4° —64° + — — — — + —
3 2 160 21600 = 302400 8467200
942 1141 N 143413 1341 N 221.A17 VK (30)
— — n
32 240 28800 33600 ' 96768007

2
AT A 1AM 134 13AY 17ANT
6
A

1545 7AT  7A%  11AY 14341 143AY 2431A17> (n)
- - !

)Kl(Qn)

A - - K (4
12+ 600 ~ 5400 T 60430 _ 1209600 14"

9 B All N 13A13 B A15 N 17A17
6 240 17280 12096 2709504
All AIS .A15 17A17

- + - )KI(GTL)
2400 7200 47040 8467200

./413 .A15 17./417
— K (7
86400 302400 + 38707200) () + (

)Kl(fm)

+

.A15 Al? A17Kl (9n)
— K;(8 = Y
4233600 16934400) 1(8n) + 270950400

48



(345A2 1401.4% N 366145 1771748 N 91141 49159412 N 60203.44 B 784927 A6 ) Ki(n)
8 32 192 3840 1280 645120 10035200 21676032007

1015,46 169.4% 149410 397142 83369414 13416

+ 4241 — — K (2
+ (- A'e s 30 160 37800 9676800 24192) 1(2n)
L (- 429A4 675.48 8977A8 N 5123.A410 B 89353.412 N 94757 A14 B 15041A16) K1(3n)
64 2560 7680 1075200 ' 12902400 309657607
f(- 101,46 283A8 281A10 . 1307412 5213414 N 1511A16) (4n)
240 960 30240 1209600 ' 48384007
87A8 L BB9AT | 2BAITAT 13TILAM 91140
+ ( - + — )Kl(Em)
512 7680 1935360 7741440 6193152
A A12 110894 =~ 53A!°
+ (- + ) K (6n)
120 7336 22579200 1058400
12 211 14 14 16
F(- 3794 3 A 14534 VK (7n)
1382400 38707200 123863040
73AM 23A16 T1AM K (9
(= A A ) iy (gn) — LA _FilOn)
11289600 = 13547520 619315200
327A 123343 B 9565.45 N 5159.A47 B 12007.4° N 651761411 B 68783.413 N 1261403A15) (n)
8 96 160 1920 806400 921600 243855360 /!
N (357A 78943 N 40145 B 3587 A7  34483.A4° B 1444399 A" 2431413 B 99619A15) K(2n)
4 4 3 80 3840 1209600 21504 124416007 "
N (641A3 261145 1046747 83851.4° N 839597411 B 224003413 11191741 ) Ki(3n)
8 32 320 11520 806400 2150400 14515200 /¢
925A5 6143A7 10469.4° 182537411 53989413 1864341
+ ( + - + - ) K (4n)
480 2880 302400 806400 3483648
4O3A7 1195347 1104794 39017413 149415
+ ( - + - + )Ki(5n)
192 11520 483840 1290240 54432
1493.49 20609A11 4939A% 41137415
+ ( + — ) K (6n)
11520 403200 537600 40642560
1777A1 3631413 89399415
+ ( + )Ki(7n)
345600 2150400 = 348364800

229413 48731AY 67AY K;(9n)
( - JE1(8n) + — oo
1612800 1219276800 23224320

49



21255 +271475A4 123499.4%  621161.4% 5939929410  21960257.412  6879301.414

- - K.
( 768 768 15360 021600 30965760 120422400 ) EKi(n)
N (4719A2 116567.44 N 128911.46 _ 255827483 N 25593509.410 B 45154813.412 N 38392679A14) K(2n)
192 480 3840 2419200 38707200 406425600 /!
F(- 19275 115821A4 B 59722346 . 64169348 B 67444943410 N 61623623.412 B 7693621A14) K)(3n)
256 2560 10240 6451200 51609600 77414400 /!
23833 o 20147A%  136771A% 4123699410  275077A'% 439830141
+ (- — + - + ) K (4n)
192 192 3840 604800 322560 58060800
9849 115783A8 11048333410 485967412  13765531.414
+ ( - + — )KZ(E)N)
512 10240 3870720 1146880 325140480
P (- 395 80189A10 B 360887.412 N 459229A14) K,(6n)
256 115200 2580480 27095040 /"
F(- 208343.410 N 4275161412 B 4280917A14) K)(7n)
2764800 154828800 928972800 /
(- 136742 206791A14) Ky(8n) — 126127 A K;(9n)
552960 | 2709504007 2167603200
24193A 20095.43 N 223247345 B 5702117.A7 N 258053953.4° B 14783483 A N 707721157A13) (n)
24 3840 28800 6451200 2764800 1393459200 /
i (- 15681A 364907.43 B 290039.4°  8927209.47 B 364144573.4° 401973 A1 B 53307059A13) K)(2n)
192 240 23040 4838400 40960 58060800 !
N (43095A 5574343  400743.A° B 545157A7  61156327.4° B 36538619411 498263623A13) K(3n)
32 320 1280 716800 3225600 464486400 !
27145A3 414357A5 395058747 1888654749 871186814  314307277.A!3
+ ( + - + - ) K (4n)
640 14400 302400 9676800 348364800
N (513319A5 111380347 N 2228694149 B 677069.411 N 30624113A13) K (5n)
3840 11520 774144 138240 55738368 !
555563A7 1367699.4° 2255178741  13756051.413
+ ( + — ) K (6n)
38400 179200 12902400 58060800
N (2463053A9 B 2386541411 N 10650713A13) K\ (7n)
2764800 6451200 154828800
341573 A 8424559413 18853 A8 K;(9n)
( — )Kl(8n) +
9676800 696729600 19353600

50



370495?»42 15221377A4% 11261329946 111882791748 2012197531740  13766831089.412

_ - K
3072 10240 153600 5734400 619315200 3715891200 ) Ei(n)
N 2892187 1263513A4%  53719409.4%  695722717.4%  10541705029.410 868015153A12) Ki(2n)
!

N 4548103A2 101354707A4 N 138786857.46 B 29109939893.48% N 18430053463.410 B 18186003391A12) K)(3n)
1024 20480 61440 51609600 206438400 1857945600 !
683209 11504597.4% 1062285745  20787503.4% 3055769779410  2110699721.412

+ >+ - + - + ) K (4n)

384 3840 6400 44800 38707200 232243200

8718503.4*  8058607.4% 81341107948 5826124357410  2237882701.4'2

12288 + 12288 3440640 + 123863040 371589120
1669821745  110558537.4%8 939128363410  324869249.412

153600 1612800 51609600 116121600
64024591.4% 2567559977410  6458660261.412

7372800 | 619315200 7431782400
1170947A0  15106919.412

2764300 | 92807280
14748077 A2 K;(9n) N
1061683200

_l’_

)Kl(5n)

+

)Kl(ﬁn)

_l’_

(
(- tTSm T a0 T lomzs0 | Isdsssson ' 116121600
(
(-
(-
(-
(-
+ (=

) Ei(8n)

8729434 | 4813543A°%  921770971.4° | 7178895463A7 2301307952894 1087997515334 K
1024 1920 460800 | 9676800 1445068300 ' 4877107200 ) Ki(n)
62108574  13555561.4% 109703673145 36256126747  40085609077.4°  997573407349.411 (o
+ 1536 1536 184320 184320 103200200 19508428300 ) Ki(2n)
(- 6835241.4 N 141981907.4°  23491027A° N 771402715A7  17153333687.4° N 46732982197/1”) K)(3n)
1024 10240 2560 258048 29491200 619315200 :
13511534  9745837TA%  225435367.4°  8993789107.A7  6354465407A7 119963607914 o4
+ 384 960 | 28800 3225600 | 11059200 154828800 ) Ki(4n)
N (17393429A3 32480723345 N 175446745A7 467138354714 N 145741780141A11) K)(5n)
6144 92160 110592 123863040 2601123840 :
67187379.4° 327732948147  115045714631.4° _ 2441359969A"! K (6
+ 102400 6451200 | 722534400 86704128 ) Ki(6n)
68153083.A7 270435049347 14973217337 A
+( - + )Kl(7n)
967680 68812800 1592524800
260266787.4%  7340699509.41 (8 1483487713 AM K;(9n)
( 60211200 3901685760 ) Ki(8n) + 8670412800

51



_ 149727647A% | 155864751A%  4426663009.4°  10797972126287.A%  17243822330131.4"° X
61440 40960 2064384 | 17340825600 156067430400 ) Ki(n)
N (93952097A2 896925851.4% N 44924873743 A% 39763735267.A°% N 5700875160973A10) Ky(2n)
7680 61440 6451200 22118400 19508428800 !
104893360147 | 2268428349.4%  214946221871.A°  5123671883594°%  129742491151.4'° k(3
+ (- 40960 + 81920 17203200 | 165150720 265420800 ) Ki(3n)
608147547 4326342794 = 2165962973A°  167260542914°% = 55551320611.4'°
+( + - + ) K1 (4n)
256 15360 161280 4838400 99532800
L (- 66249643.42 N 36296501894  17874184561.A° N 178698259919.4% 432464713873A10) K)(5)
8192 245760 2064384 70778880 975421440 :
193137247.A4*  1333226933.46 _ 424071056197.4%  63117639931.4™ (6
+ (- 61440 | 430080 361267200 | 260112384 ) Ki(6n)
F(- 350404765146 N 783679385501.4% 558242239781A10) K\ (7n)
7372800 2477260800 6370099200 :
127748519348 919564435410 (8 63613501087.40 K (9n)
(- 33863800 | 48771072 ) Ki(8n) - 34681651200
( 65652473A 56358287943 N 92955405499.A4°  5483932464937.A7 N 1285208299777A9) K)(n)
61440 122880 20643840 2890137600 2890137600 :
2696394534 73902448343  204074346391.4°  273003532891.47  2389160130767.4° (2
+ (- 30720 30720 11050200 | 41287680 1734082560 ) Ki(2n)
275400323 A  43435464343A°%  460345468843.4°  5511201000007A7  58779091690057.A4° 5.(3
+ 10240 737280 11468800 112876800 | 22205347200 ) Ki(3n)
433621214  3416637469A4°  78771223009.4°  5273431096139A7  52329578737.A° (4
+ (- 1280 46080 1548283 309657600 15482880 ) Ki(4n)
121708789A  34357420961.4°  2345355924239A4° 3473845411853 A7 2581617644773 A° K (5
+ 8192 737280 + 61931520 247726080 | 867041230 ) Ki(5n)
N (4278085159A3 26483840827.4° N 10491735514513A7 139668210217891A9) K (6n)
368640 1720320 1445068800 78033715200 :
116968933337.4°  890500845139.47  6978589997179.4°
+ 14236800 412876800 | 9909043200 ) Ki(Tn)
2538513880347  52652632731.4° 10711909210169.4° K (9n)
( 90316800 321126400 ENCORS 624269721600

52



44039579957A2 15824165056211.4% N 14328069012029.4° 26332156657147A8) (n)
14745600 2477260800 3303014400 18496880640 wn

7006760256142  5369825407643.4%  5158776395993A4%  6514444951201.4%

+(= 2040120 | 154828800 275251200 | 1233630400 ) Ki(2n)
N (158625899173A2 11227169865391.4% N 29933237272409.4° 77153221103897A8) K)(3n)
1966080 117964800 660602880 6606028800
12195367247T9A% 3549166655534  5975801542697.A°  15834223266853.4° o4
(- 921600 + 2419200 88473600 * 928972800 ) Ki4n)
N (611761614557A2 338595836519.44 N 126344102042327A% 200404252881719A8) K (5n)
5898240 2621440 1981808640 11890851840
153296598947.4%  3137330952221.A*  30768980959823A°  97464415569691.A4° (6
+ (- 4915200 + 51609600 825753600 8670412800 ) Ki(6n)
f(- 1402198607219.44 N 407668229717294° 1156044273778537A8) K (7n)
117964800 3303014400 237817036800
2035996773945  2005898347471.48

)Ki(8n) —

( B 11468800 * 1625702400

11084606975429.4% K;(9n)
79272345600

10 ( (- 5936440751.A N 281978655779.4%  23197484399917.A° N 2190705315745913A7) ()
7372800 51609600 3303014400 624269721600
N (33884150431A 13195184307097.43 N 3083498074211.4° 329558861040259A7) (2n)
2949120 309657600 78643200 20808990720 !
3693362114  10748243908261.4°  55407789534559.4°  1239018762271579.A4 K03
+ (- 6144 | 68812800 471859200 * 29727129600 JKi(3n)
N (255337520419A 5908578342719.4° N 520188991137763.4° 3143898589948211A7) K (4n)
1843200 19353600 2477260800 44590694400
423037867387A | 5082108800729A4%  153243709285603.4°  3305021363349331.A" (5
+ (- 2049120 15482880 660602880 * 41617981440 ) Ki(5n)
N (16753575491A 3155846928817.43 N 36726833683589.4° 6190102661048177A7) K (6n)
307200 17203200 235929600 104044953600
3688441064953.4°%  577733424743393A°  1019127205812299.A7 Ko7
+ 88473600 9909043200 - 35672555520 ) Ki(Tn)
2900265243481.4°  6483559163023A7 (8
+ 309657600 812851200 JKi(8n)
27367721939759.A7 K;(9n)
27745320960

53



ol ( _ 433172126543.A° N 202869682869259.4" 755533686525503A6) ()
183500800 39636172800 118908518400
(2660036179859A2 ~40257079179961.A* N 539499339154079A6) Ky (2n)
88473600 707788800 14863564800 :
| 263905748342627A%  974127678603403A4"  3464935877861461.A° (3
+ 1651507200 * 4404019200 29727129600 ) Ki3n)
(2030759822381/12 _ 608627628721811.A" N 17381105877315%46) K (4n)
4838400 1238630400 743178240 :
~ 570491186057201.4%  1034737867040471.A*  454273880894017.4° Ko (5
( 990904320 + 1585446912 1486356480 ) Ki5m)
(81637985496899A2 | 848417792268337A" N 554332437901141A6) K (6n)
206438400 1651507200 2123366400 :
| 76022436811607A% | 1755155869080827.4*  33519955430307049.4° (7
( 707788800 + 7927234560 237817036800 JKi(Tn)
24964285882541.4*  81273844410421.A45 202375045386037.4 K;(9n)
(- 619315200 T 1R57945600 JKi(8n) - 33973862400 )
12 ( (388547729327A ~ 12586819797803A° N 225374398759721A5) (n)
990904320 2831155200 28538044416 :
2430854986367.4  258343452813277A4%  10743635536519061.4° 50(2
(- 247726080 4954521600 B 178362777600 ) Ki2n)
20036945966999.4  232251792132631.4°  58405280353216723A° (3
+ 235929600 825753600 * 237817036800 ) Ki3n)
~ 25175706455981.A4  2015484051149861.4°  107413449480948707.4° (4
+ 77414400 * 2477260800 178362777600 ) Ki(4n)
299886137513597.4  2668022569167251.4° = 133343876882760763.A4° K (5
+ 495452160 1981808640 * 142690222080 ) Ki5m)
(- 13845777226823.A N 1407300088225909.4° 680562796851687/15) K (6n)
25804800 1101004800 734003200 :
N (8019113491633A ~ 12850249538216431.4° N 67956070081136099A5) K, (7n)
44236800 19818086400 118908518400 !
4221184611389.4%  164903228272031.45 (8 2399800894049011.4° K;(9n)
( 30965760 B 825753600 JKi(8n) + 79272345600

54



13 (((140912200667704947  24433255037099561 4",
(" Toosizsseao0 3003326218240 (™)
38504062021513.42  84194246367743411.A"
(— + )Kz(2n)
1463006400 1248539443200
11370780177215621.42  175295396102510419.4% 8564805643401541.42
(" sossszsom0  ~  amsesaorzeon 2+ (- —gg000a3200
51222063017142551A% 59279616563426639.4 _ 4356874183498006357 A" .
50060020014 + (531708038040 1907663100120 ) 1)
| 68523571004642713.4% | 1071080624306333780.4% 216876196102131707.A4%
( 30828134400 ai6t7osiado0 O™ + (siieeta00
2107300595320261267A" | _ _ 1180882496878570947  14396140786203431A% )
aisoiTreedo ) F(Tm 31681651200 T 1ososdzsson )T
560314875104889503. A4 K, (9n)
B 4439251353600

1109812838400 * 9988315545600 ) l(n>+( 15854469120

229671327225984871.43  4323676913942387A 345241012673170697.A43

2
4994157772800 ) Ei(2n) + ( 52848230400 + 051268147200
657581961441479.4  27030185835638917.43

— ) K (4n)

( 1321205760 17836277760
2645716616611591.4  2925800269902574361.43 604782405112007.A B

( 1761607680 + 799065243648 ) K (5n) + ( 256901120
882074774612809879.43
A ) K (6n)

166471925760
6054295311544603A4  6468895390788443227.43

( 3303014400 * 1426902220800
3593565775679A4 165 101957434340557.43 34572633913775987.43 K;(9n) )

Q14 <(  146462446424423 A 25697310483841771.43 91971870042607A

)Ki(7n)

( 6422528 78033715200 JKi(8n) + 83235962880

eﬂ3<__ 259980449939039.42 K (n) +_914444876983992%4%1(2n)__ 14095713084776741.A2K;(3n)
532710162432 554906419200 67947724800
221992170898005827.A%2K;(4n)  287624123641309919.42 K;(5n) +_275608308121757381A2K,(Gn)
178362777600 71345111040 36993761280
12809199119827883699.A%K;(7n) = 274436840334357187.A%K;(8n)  1285036760811529423 A2 K;(9n)
1630745395200 62426972160 a 1268357529600
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16 [ 1033059867325999.AK;(n) _ 2371151354170769.AK;(2n) 4 11984741009891131.4K;(3n)
31962609745920 951268147200 211392921600
B 190640670438324823 A K (4n) n 5669553338007335851.AK;(5n) _ 285899985423950791.AK;(6n)
356725555200 2283043553280 46242201600
11973169590973537147AK;(Tn) _ 1823347244087926049.AK;(8n)  258517349914243253 AK;(9n)
1426902220800 312134860800 158544691200
(43)

The effect of libration in longitude on the orbital evolution of Phobos and Deimos will be discussed
further in Section [/} The variations of inclinations have been found to be small, so the equations presented
here are valid (cf. Figure 1 in the main text). The smallness of the inclinations is justified, because in the
course of uniform equinoctial precession of an oblate host planet the inclination of a near-equatorial satellite
follows the evolving equator, up to slight oscillations about it2®*2°, This behaviour stays also under nonuniform
precession®” and under the pull of the Sun®. For this reason, here and hereafter the terms of order O(i?) are
dropped. Hence, among the degree-2 terms, only those with imp = 201 and Imp = 220 are important, the

corresponding inclination functions being
1 , ,
P = =5+ O(i?) ,  Fap = 3+ O(i?) . (44)

Owing to the proximity of the satellites to Mars, the degree-3 effects have also been taken into account in
addition to the degree-2 tides. Of the degree-3 terms, the leading ones are those with {Impq} = {3300} and

{3110} :

da = 5 R 7M/ 2 ) 2 .
(dt>l_3—4an <a> W [5(1 — 12¢€*) K3(3n—30) + (1 + 4e )Kg(n—e)] + (45)

O(e?) + 0(#?) .
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To derive formula {6)), we employed the expressions
Ggoo(e) =1-—6¢€ + 0(64) ,

Fggo(i) =15 + O(’LZ) ,

(46)
Gglo(e) =1 + 262 + 0(64) s
3
an(i) = — 5 + 0(12) .

Similarly to the principal term with K5(2n — 26) in equations (27) and , the degree-3 contribution
(equation [46)) vanishes when the satellite is on the synchronous orbit. Also, similarly to the principal term
of sum (33)), contribution {#6) works to drive the moon away from the synchronous orbit.

To include the degree-3 tides in the expression for the eccentricity rate, we take into account the groups
of terms with Impg = 330q¢ and Impg = 311q. A direct calculation demonstrates that in both these groups

the important terms are those with ¢ = —1, 0, 1:

(%) =2 (Z) o]

. 1 4 . 12 11 .
> e (1 -2 62>K3(2n —30) + 5e<1 - 9€2> K3(3n —30) — —56 <1 - 362>K3(4n —30)

3 16 4 8 10
1612 - 1 : ! j) — 2 ! )
_ 256963[(3(5” —30) + 26<1 - 262>K3(—9) + ze<1 + 1262> Ks(n—0)— ge (1 + 362> K3(2n — 0)
8427 :
~ e neKs(3n — 9)} + 0(e®) + 0(i?)

(47)
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To derive this equation, the following expressions were used:

Fy30(i) = 15 4+ 0(i%) ,

(48)

In summary, a system of coupled differential equations is obtained for a and e from equations and
(32), and a second-order Runge-Kutta method is employed to integrate that system. An adaptive time-stepping
scheme is applied to deal with the sharp variations of K; = k; sine¢;, which happen when the semi-major
axis of a moon approaches a value at which the argument of the K function goes through zero (further details
are discussed in Section S [6). The libration magnitude is defined by the triaxiality (assumed constant) and by
the semi-major axis and eccentricity whose evolution makes the libration magnitude change with time due to

variations in a, e, and n. The magnitude can be calculated as*h

2 G20(j+2:-2) (e) — Gao(—j+2:-2) (e)
0

Aj = W, X2 — n2 ) (49)
where
3B—A GM*
2 e
“o = 2 C ad ’ (50
and

X = woy/2Gao(2:—2)(€), (51)
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while A, B, and C are the moments of inertia along the principal axes of the body. Based on the formulation
derived here, the solutions are robust for eccentricities as high as ~ 0.5.

Finally, to compute the inclination evolution, we proceed as in our derivation of da/dt and de/dt. For
this purpose, we consider the quadrupole expression of Boué and Efroimsky (2019)°° (their equation 164). The

main inclination term is of the following form and only relevant to the planet:

. e 5 .
% :nsiniﬁ (f) X T(K;,0,n,1,¢€), (52)

where 7 is given by

243 ) o7, 119\, .
1 . 1 z —n—
I= [64( + p)e* Ko(—2n 9)+16 { +p+<4+4p>e}K2( n—0)

3 7 63 . 3 1 .
+4[1+p+ <+3p)€2+ <8+6p>e4]K2(—9)+ 6° [1—p+4(1+p)eQ]K2(n—29)
3, 49 41\ , 3 9 , (23 63\, :
+2 [1+ +(16+16p>e}K2(n 0)+4[1 p < 5p>e +<4 8p>e}K2(2n 20)
3 9 , (11 45\ , 147 109 123 \ , :
4[1—}—/} <2+5p>e +(16+16p>e}K2(2n 0) + 16 € [1 p (28 53 > }Kg(?m 20)

a7, 109 138 N T BT e o ST e
—e [14—p <i28 = > }B&(Sn ) + T (1 = p)e' Koldn — 20) = Z-(1+ p)e’ Ko (4n eﬂ

+ 0(i3) 4+ O(eY),

(53)

with

M M'na?
(M + M"CO

where C'is the polar moment of inertia of the planet. Note that this equation does not depend on the dissipative
properties of the satellite but only on those of the planet. Meanwhile, the rate of change of the inclination
strongly depends on the semi-major axis of the satellite orbit. It is therefore expected that, as the satellite
recedes from the planet (as we integrate backwards in time), di/dt decreases considerably. Note that since the
inclinations remain small throughout the entire orbital history of the moons, the validity of the equations for

de/dt and da/dt in Section [13]is guaranteed in spite of the truncation in (33).

59



14 Orbital evolution theory — tidal coefficients

This section summarises all the tidal coefficients that are required in the development of the orbital theory as

formulated in the Methods section of the main text (cf. Egs. 9, 11, 14, and 16).

Supplementary Table 3: %

o
A0 2 4 6
1
—110 0 0 o
3 3 13
L 10 -5 5 —3iz
189 155
2 |-3 15 -1 L
441 7749 197775
3 0 8 320 T TR12
410 0 % 1955
3570125
5 10 0 0 7L
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21
¥
\2i 8 10 12 14 16 18
232630513987207
_7 O O 0 0 0 469654673817600
4782969 1594323
o 6 O O 0 0 20070400 20070400
o 5 O O 0 1220703125 13427734375 1619873046875
11098128384 177570054144 14611478740992
_ 32 32 92 7808
4 O O 675 675 1575 127575
_ 3 O 59049 59049 38558997 18482337 72655602021
3276800 2621440 1468006400 671088640 2630667468800
9 1 7 949 10193 127453 781813
192 960 115200 1209600 15482880 99532800
o 1 11 619 64537 33683687 165074183 195618433037
12288 655360 70778880 39636172800 211392921600 273965226393600
1 _ 113 _ 2639 129709 73185503 _ 21004537637 5242619992367
12288 327680 19660800 13212057600 4439251353600 1278504389836800
9 2881 3481 12791 288163 1190849 535500317
768 6400 92160 5644800 24084480 12541132800
3 1193715 _ 41889501 237091671 1586248587 863843049 220413818169
4096 327680 6553600 209715200 939524096 751619276800
4 _ 83551 131319 2459537 232033433 __ 77502109 1505096129
24 40 1280 302400 345600 30481920
5 137418125 _ 2936126875 356500341875 _29029068521875 79231092391625 _5599532275549375
12288 131072 14155776 1585446912 8455716864 1565515579392
6 _ 2556801 66328119 _ 5938832817 13527027819 1497798429597 931614290433
256 1280 51200 89600 11468800 11468800
7 O _ 364996466863 981779068235 _2921128205246293 2760195487312025 _9940709866552998323
9830400 4718592 5662310400 3623878656 13045963161600
8 O O _ 5383010161 56914314263 _ 578658802849 77318558814617
43200 75600 282240 22861440
9 O O 0 _3982050900860283 82748209967119359 _11230592195266666389
10276044800 32883343360 1503238553600
_ 2010318936125 880939918004375
10 O O 0 0 1769472 111476736
_73137037043155488990059
1 1 O O 0 0 0 23013079017062400
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Supplementary Table 4: ¢

~2%
¥
21
AZ0 2 4 6
9 81 2295
1 0 - 4 16 256
81 63
2 10 0 . .
_ 8427
3 10 0 0 556
~27
¥
A\ 2% 8 10 12 14 16 18
i\
1 28403 _ 3240741 _ 87480539 76230921863 143189681823 _3798168072196597
2048 163840 3276800 2202009600 3288334336 71028021657600
92 1661 12027 525521 13519469 729537581 56670971611
64 320 10240 201600 8601600 541900800
3 _ 62487 _ 18059643 _ 96458913 _ 10219795947 _ 1455222699297 _28832512267869
2048 327680 1310720 104857600 11744051200 187904819200
4 5929 9933 708871 1736021 27865091 _ 2578148063
64 320 6400 14400 172032 12902400
5 O _ 15717645 14736585 _ 67620980465 212874343975 _13593131130225
65536 262144 264241152 1409286144 52613349376
6 0 O _ 30089667 20778687 592612065 _ 124700799
51200 44800 802816 20070400
7 O 0 O _ 1306918425967 9297259269991 _6999935835286093
943718400 5033164800 2899102924800
_ 31801945561 1606626956771
8 O O O 0 10035200 270950400
_37292291277118641
9 0 O O 0 0 5261334937600
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Supplementary Table 5: v)°

j78
Yo
j\s 2 4 6 8 10 12 14 16 18
1 -3 3 5 7 T 11 143 143 2431
4 24 160 2400 403200 6773760 2438553600
2 0 3 1 e 1 11 143 143 221
2 24 20 1920 302400 4838400 152409600
3 0 0 1 1 9 11 143 13 221
4 8 320 2880 403200 537600 174182400
1 1 11 13 13 17
4 0 0 0 48 120 7200 75600 967680 21772800
1 1 13 1 17
5 0 0 0 0 960 2880 241920 193536 48771072
1 1 1 17
6 0 0 0 0 0 28800 100800 752640 152409600
1 1 17
7 0 0 0 0 0 0 1209600 4838400 696729600
1 1
8 0 0 0 0 0 0 0 67737600 304819200
1
9 0 0 0 0 0 0 0 0 4877107200
j78
T
j\s 1 3 5 7 9 11 13 15 17
1 30 —42 45 17 91 1 2431 2717 2431
2 12 80 80 201600 3386880 58060800
77 13 11 2431 2717 221
2 0 21 —18 12 10 64 " 151200 2419200 " 3628800
9 11 117 11 2431 247 221
3 0 0 SR aeS
2 4 160 96 201600 268800 4147200
11 13 11 221 247 17
4 0 0 0 24 T 60 240 " 37800 483840 "~ 518400
13 1 221 19 17
5 0 0 0 0 480 T 96 120960 T 96768 1161216
1 . 19 T
6 0 0 0 0 0 960 50400 376320 3628800
17 19 17
7 0 0 0 0 0 0 604800 "~ 2419200 16588800
19 1
8 0 0 0 0 0 0 0 33868800 7257600
1
9 0 0 0 0 0 0 0 0 116121600
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J»$
35

]-\S 2 4 6 8 10 12 14 16
1 825 2753 6313 _ 9303 20153 68959 2192333 9231079
4 16 96 640 9600 322560 135475200 0754214400
9 249 305 421 139 5207 176803 55913 426439
2 2 6 [ 1920 604800 2419200 304819200
3 0 709 1063 2685 21953 52613 14001 125099
16 32 256 11520 230400 716800 99532800
4 0 0 _ 301 817 2941 101 54847 4987
43 240 3600 364 4838400 6220800
5 0 0 0 1817 2323 37753 17803 72977
3840 11520 967680 3870720 195084288
637 313 789 38419
6 0 0 0 0 " 28800 40320 "~ 627200 304819200
3397 811 81401
7 0 0 0 0 0 "~ 4838400 3870720 "~ 2786918400
1091 2549
8 0 0 0 0 0 0 67737600 609638400
5449
9 0 0 0 0 0 0 0 "~ 19508428800
j?s
73
j \S 1 3 5 7 9 11 13 15
1 1647 5561 38129 11165 40039 2042161 4303871 6010433
4 8 96 96 1920 806400 19353600 406425600
9 357 2993 23023 36377 11029 4400891 639353 655343
4 48 240 384 1209600 1935360 29030400
3 0 2137 8463 32879 50911 2464253 1911013 11453
] 32 320 2304 806400 6451200 537600
4 0 0 5551 3619 7553 515197 595907 419393
96 96 720 302400 3225600 29030400
5 0 0 0 1881 6605 300767 104549 2095
320 2304 483840 1290240 290304
1991 54389 77323 19639
6 0 0 0 0 5760 403200 3225600 " 7526400
31991 83323 75289
7 0 0 0 0 0 2419200 19353600 116121600
6871 40321
8 0 0 0 0 0 0 19353600 T 406425600
9 0 0 0 0 0 0 0 oS
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J»$
Y4

j\s 2 4 6 8 10 12 14
1 47555 190709 400233 1121033 23458073 35199901 852863297
32 128 640 7680 1075200 15482880 4877107200
2 8687 34773 4644 425111 1512829 1387199 85408297
4 16 5 1920 44800 387072 304819200
3 32127 185441 934671 8842181 100865411 9994067 98657507
32 128 1280 46080 3225600 2867200 348364800
4 0 23833 12277 196591 1944769 9191771 9035869
64 40 1920 100800 3870720 43545600
5 0 0 68941 31835 998839 17575681 10930351
1280 1024 129024 15482880 97542144
6 0 0 0 23699 737969 5213 13298189
5760 403200 14336 304819200
208333 5434133 16170799
7 0 0 0 0 ~ 1075200 77414400 ~ 1393459200
239213 1152077
8 0 0 0 0 0 38707200 609638400
1387327
9 0 0 0 0 0 0 "~ 9754214400
j7s
75
j \s 1 3 5 7 9 11 13
1 22769 1296283 4380193 42520013 113941067 463361041 1135527679
16 384 1920 57600 806400 25804800 696729600
9 13539 2484625 1952053 58912711 292763719 2374678163 53957761
4 384 430 46080 1209600 77414400 19353600
3 71825 697647 9779869 14726891 813614173 850321511 854790599
32 128 2560 11520 3225600 25804800 278691840
4 0 81433 3590417 89371417 210499391 958855703 854451569
43 1920 115200 1209600 38707200 348364800
5 0 0 191637 303739 149339629 200654617 400813631
512 1152 1935360 15482880 278691840
6 0 0 0 8889011 8043643 116210893 105142393
230400 403200 25804800 174182400
7 0 0 0 0 11083823 10353229 159751717
4838400 11059200 928972800
2277181 20783387
8 0 0 0 0 0 25804800 696729600
1327271
9 0 0 0 0 0 0 557383680
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J»8

V6
j\s 2 4 6 8 10 12
1 6360697 83914747 205972691 238333495 34401989173 67943553227
1536 15360 76800 344064 309657600 5573836800
9 4527427 11995117 85032277 218343289 1086174427 7897450723
384 960 15360 161280 5160960 348364800
3 6894791 149105731 67081587 2785868387 2911274687 25580115979
512 10240 10240 1720320 11468800 928972800
4 1024813 818159 22057967 1273775 4112465311 421956389
192 96 4300 1008 19353600 17418240
5 0 20343329 54424859 644732521 7580219749 8635714091
10240 30720 1032192 61931520 557383680
6 0 0 7421471 1913875 133004803 816994861
25600 10752 2867200 116121600
7 0 0 0 115244509 1077524291 960692647
5160960 103219200 445906944
5122889 1242901
8 0 0 0 0 T 4838400 3110400
18025373
9 0 0 0 0 0 " 530841600
j?s
7
j \* 1 3 5 7 9 11
1 1663559 121709581 312427823 19673089399 291425548999 2867948486117
768 15360 46080 7741440 541900800 39016857600
9 4244105 195851269 811588697 12636131167 1402888481 986035976887
384 7680 46080 2150400 1209600 6502809600
3 9859807 24914363 4694903647 11825097051 23555895221 1149280143791
512 640 184320 1433600 14745600 5573836800
4 4053463 3400213 1948423099 317943461 11099163623 280439920391
384 120 92160 43008 7372800 1393459200
5 0 121754083 1736132939 31935948797 19885290673 1102592661521
15360 184320 7741440 20643840 7803371520
6 0 0 8062469 1689833129 4530651799 1362209431217
4608 1290240 11289600 19508428800
7 0 0 0 7010016683 15241243613 14310329239
38707200 154828800 619315200
23423982107 89822032001
8 0 0 0 0 2167603200 19508428800
2039795207
9 0 0 0 0 0 1877107200
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J»$
78

i\* 2 4 6 8 10
1 _ 36667771 137576377 _ 58268412071 3483804392591 _ 3962944769797
6144 12288 8601600 1734082560 11147673600
2 7932001 _ 3629434021 62558288021 ~ 393958246799 1159836156341
256 92160 3225600 77414400 1393459200
3 _ 1378786789 5365102241 _ 847780261361 3370548827407 _ 5974574495
20480 73728 25804800 412876800 4644864
4 124022959 _ 425217367 13920972659 _ 34003821749 122575184351
1920 5760 403200 3870720 87091200
5 ~ 1391241377 4788563821 _ 114133290857 1565177035693 _ 609862623793
61440 122880 5160960 247726080 557383680
6 0 _ 154509701 3653368319 _ 105576999331 275386936571
18432 460800 36126720 464486400
7 0 0 _ 31536438929 975977916433 _ 4758029916799
25804800 1238630400 22295347200
8 0 0 0 25549718947 4573097093
270950400 99532800
99964117517
9 0 0 0 0 — 29295347200
j?s
Y9
A\ 8 1 3 5 7 9
i\
1 72574433 _ 33250133 321566834083 _48892934193757 424304933869777
40960 3072 25804800 8670412800 312134860800
2 _ 139238303 2812070945 _ 1815292535809 21601089607747 _144839901437071
7680 49152 38707200 1238630400 39016857600
3 326578731 _ 3318429817 1712182537183 _13787028701293 295876625683021
5120 23040 17203200 412876800 44590694400
4 45278785 8612926109 _ 4880466678209 17258868186769 _22984018946099
512 46080 38707200 412876800 2786918400
5 851962171 _ 44593891643 293291537465 _ 8497199910629 89611617850873
20480 368640 3096576 247726080 12485394432
6 0 713014643 ~ 41944969211 51535195929577 ~167924593843033
23040 1075200 2890137600 39016857600
7 O 0 1052720951633 _ 6613213406581 151464161578421
154828800 1238630400 89181388800
8 0 0 0 76155429263 _31037807709701
108380160 78033715200
26184666395077
9 0 0 0 0 624269721600
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J»$
Y10

j\s 2 4 6 8
1 4188185133 668034376553 298635437603 _5008680379354717
819200 45875200 26214400 1248539443200
2 69622578569 288361412803 3733878109439 14728473880769
1474560 3686400 82575360 1114767360
3 105043267843 _90447675495017 176246672641693  _ 2489696844203003
589824 412876300 1651507200 89181388800
4 72784945777 560166907039 _49295772110719 13961643516553
230400 1612800 309657600 348364800
5 776330530877 1732963120055 30099792470603 _705923122737949
2049120 5505024 108180864 17836277760
6 613186054801 436748965809 _37201323168383 1036259700960391
7372800 2867200 412876800 39016857600
7 0 4206593801911 7158257783303 _4137506209801739
137625600 235929600 356725555200
8 0 0 229049541811 58107407588357
51609600 10508428800
645135681793
9 0 0 0 "~ 1887436800
j?s
711
j\s 1 3 5 7
1 4390861889 1961183621879 _38437694104309 5499256218016573
4915200 206438400 2477260800 624269721600
9 12960937279 _25335942630283 1196416018969 _ 1266083597711297
737280 309657600 14155776 34681651200
3 20979287141 22404670502027 _141336992746169 38716231419983
184320 63812800 550502400 412876300
4 561041955133 6585350448109 2333996611139251  _ 1416438955564847
1843200 9676800 4954521600 89181388830
5 _ 518643543809 2994059366393 _ 17684742866503 3766355622175117
1474560 3870720 33030144 20808990720
6 16753583267 1461464779987 76285236828841 _ 2867374053933953
115200 3225600 206438400 20808990720
7 0 33195983160521 _234766934917157 1501695875492263
309657600 1651507200 22295347200
] 0 0 966755431567 _249061450017451
41287680 13005619200
1505225192085113
9 0 0 0 624269721600
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J»$
Y12

j\s 2 4 6
1 112405393703 256194365128103 _2434459781946581
39321600 19818086400 178362777600
2 14313033811823 _12498570084137 1677509997505583
309657600 117964800 22295347200
3 _239571154081783 2904792531811861 _120767420385113
825753600 6606028800 495452160
4 16651792420267 3664938831889 3986190927755
19353600 3538944 7962624
5 _91659779628347 1912786165948037 _5996938416572659
70778880 1321205760 8918138880
6 32945086429187 _28119643773793 1463376996779051
34406400 23592960 2477260800
7 _ 684201699957701 10590857503323379 _23381239709702027
2477260800 19818086400 71345111040
8 0 _62410695774613 166206910739587
619315200 1592524800
577143489956477
9 0 0 ~ 39636172800
j?s
713
j\s 1 3 5
1 4480458061 _113509427927533 4932648254178133
14745600 19818086400 356725555200
2 692621429069 1586490110623811 _ 811950375727963
61931520 19818086400 7431782400
3 104673184486151 _3256104685646191 4461263791004999
825753600 6606028800 0512681472
4 _91340140787233 156492482258165 _14394426401891911
154828800 99090432 11890851840
5 314766782631703 _2809659549121933 281042178651130801
247726080 990904320 142690222080
6 1355991878713 39617412502949 _336875717415931
1075200 13762560 165150720
7 72172041424697 _15307727148091081 233096036944318531
154828800 9909043200 178362777600
8 0 105529641662017 _ 376559490960019
309657600 796262400
9 0 0 26397815834028073
356725555200
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Js8
Y5

j?s
V14
i\’ 2 4
1 206796563366483 _82215574092860581
T 184968306400 9988315545600
9 _ 618579830111987 64337807855429791
19818086400 624269721600
3 8402777041707077 _ 447073478617395173
26424115200 713451110400
4 | _7430296569379097 17606260552429
4954521600 8257536
5 6461512425366487  _ 4349564850250920329
1761607630 998831554560
6 | _222276140779005643  3412415816069604403
46242201600 624269721600
7 | 253818565838765371  _ 1685837673188956681
79272345600 407686348800
8 | _ 7380514090083647 540458699263271861
8670412800 312134860800
9 0 _ 1232692494304457819
3995326218240

A\ 1 3
1 3469384763227 1187663466854671
16242201600 475634073600
9 19888331524783  127712690841809
3963617280 2264924160
3  2547496947290741 31541032831484593
26424115200 59454259200
4 4883476194008213 _ 18839933887964653
6606028800 7431782400
5 | 469284844441745 648190780936041043
176160768 95126814720
6 6936784270529417 _ 79914423777412117
1445068800 7431782400
7 109591789469563 783868077139349141
26214400 79272345600
) 17967831915895 _18230346413898349
12845056 3715891200
9 0 30182462841350683
29727129600
j,S
Tie
S
i\ 2
1 131482620287941
407686348800
9 7661258420564069
499415777280
3 _22926193309071407
89181388800
4 5778045333852317
3185049600
5 1363999477757941669
199766310912
6 35510799156457152389
2497078886400
7 | _94340848202247889769
5707608883200
8 12526197981986130907
1248539443200
0 | _ 19789563585047876009
7090652436480
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Supplementary Table 6: X'~

2i—1
)‘j
AU 3 5 7
1
2 | 0 0 0 o
_ _1 _17
1 0 0 1024 24576
1 3 3 35 175
16 64 1024 24576
9 3 63 27 3299
4 16 4 768
3 147 3759 150933 1525953
16 64 1024 8192
867 10421 310463
4 0 8 16 192
714025 105299675
o 0 0 T 1024 24576
852267
6 0 0 0 =
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2i—1
)‘j

Atas 9 11 13 15 17
33232930569601
—7 0 0 0 0 104367705292800
_ 1594323 _ 6908733
6 0 0 0 10035200 80281600
_5 0 0 244140625 _ 4638671875 861572265625
3170893824 355140108288 29222057481984
8 4 4 61
4 0 225 675 315 8505
_3 19683 177147 17970579 193818501 15029958483
1310720 26214400 2936012800 46976204300 5261334937600
_9 13 563 3943 2951 1904023
3840 230400 2419200 2764800 2786918400
1 577 12769 12959141 40473781 9536091053
1310720 47185920 79272345600 422785843200 182643484262400
1 _ 5201 _ 237091 _ 130286017 7343600351 9052063323217
655360 39321600 26424115200 1775700541440 2557008779673600
9 1289 _ 25999 9569 _ 250247 _ 818693
1024 102400 921600 15052800 68812800
3 _ 85340127 725981637 _ 6616127097 148062766923 _ 151996417911
655360 13107200 419430400 46976204300 300647710720
4 1395551 _ 430553 4725763337 _ 7265523173 10430507833
640 240 4838400 19353600 97542144
5 _ 2949543325 158224764775 _50749964351125 25510094869225 _ 37167304047148325
262144 9437184 3170893824 2415919104 7305739370496
6 109744167 _ 6191465853 71414520309 _ 124297728921 3840730800633
5120 102400 716800 1146880 45875200
7 _ 52142352409  21286018449073  _ 3103858544107391  89963543887907011  __ 15814983098946990889
3932160 235929600 11324620800 181193932800 26091926323200
8 0 _ 5383010161 1629711040201 __ 49681058130967 5306383534261451
115200 4838400 45158400 2438553600
9 0 0 _ 442450100095587  378432207128810421  _ 12113553017690673723
2936012800 328833433600 3006477107200
_ 402063787225 1637474036163575
10 0 0 0 884736 445906944
11 0 0 0 0 _ 6648821549377771726369

5114017559347200
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Supplementary Table 7: A%~

1

$2i—1
>‘j
2i—1
i\ 1 3 5 7
1 9 45 999 10043
3 32 512 4096
_ 8 _45 __ 653
2 0 16 16 128
8427 4929
3 0 0 T 512 4096
5929
4 0 0 0 95
32i—1
)‘j
j\%*l 9 11 13 15 17
1 968501 22665719 3488799931 2201362888069 _705270944819797
327680 6553600 880803840 493250150400 142056043315200
9 _ 1861 140657 50772389 458120711 1338763001
320 20480 6451200 51609600 135475200
3 8061723 24220341 2503082907 310605553233 5548949079117
655360 2621440 209715200 23488102400 375809638400
4 154 510211 112849 534407009 244133119
5 12800 23040 25804800 12902400
5 15717645 77607165 82475458145 443312655515 _ 16937466865475
131072 524288 528482304 8455716864 315680096256
6 0 30089667 75371433 24124153401 7345300413
102400 143360 40140800 20070400
7 0 0 1306918425967 9760494525089 _12355157174800909
1887436800 6039797760 5798205849600
] 0 0 0 31801945561 1232639743459
20070400 270950400
37292291277118641
9 0 0 0 0 "~ 10522669875200
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. ]78
Supplementary Table 8: 7;
j?s
n-1
j\s 2 4 6 8 10 12 14 16 18
1 3 3 5 7 7 11 143 143 o431
2 2 3 48 320 4800 806400 13547520 4877107200
9 0 3 1 7 1 11 143 143 221
1 2 48 40 3840 604300 9676800 304819200
3 0 0 1 1 9 11 143 13 221
3 16 640 5760 806400 1075200 348364800
1 1 11 13 13 17
4 0 0 0 96 240 14400 151200 1935360 43545600
1 1 13 1 17
5 0 0 0 0 T 1920 5760 7483840 387072 T 97542144
1 1 1 17
6 0 0 0 0 0 57600 201600 1505280 304819200
1 1 . 17
7 0 0 0 0 0 0 2419200 9676800 1393459200
1 1
8 0 0 0 0 0 0 0 T 135475200 609638400
1
9 0 0 0 0 0 0 0 0 "~ 9754214400
j7s
o
j\s 1 3 5 7 9 11 13 15 17
1 6 _19 15 7 7 11 143 143 2431
2 3 16 200 28300 423360 135475200
7 1 11 143 143 221
2 0 6 6 3 2 160 21600 302400 8467200
3 . 9 11 143 13 221
3 0 0 2 1 32 240 28800 33600 9676800
1 1 11 13 13 v
4 0 0 0 6 12 600 5400 60480 1209600
1 1 13 1 17
5 0 0 0 0 96 T 240 17280 ~ 12096 2709504
1 1 1 17
6 0 0 0 0 0 2400 ~ 7200 47040 T 8467200
1 1 17
7 0 0 0 0 0 0 86400 302400 38707200
1 1
8 0 0 0 0 0 0 0 4233600 16934400
1
9 0 0 0 0 0 0 0 0 570950400
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J»S

m
j\s 2 4 6 8 10 12 14 16
1 345 1401 3661 _1rnir 911 49159 60203 784927
3 32 192 3840 1280 645120 10035200 2167603200
2 63 49 1015 169 149 3971 83369 13
2 43 30 160 37800 9676800 24192
3 0 429 675 8977 5123 89353 94757 15041
32 64 2560 7680 1075200 12902400 30965760
4 0 0 _ 101 283 _ 281 1307 5213 1511
43 240 960 30240 1209600 4838400
5 0 0 0 87 569 28417 13711 911
512 7680 1935360 7741440 6193152
1 1 11089 53
6 0 0 0 0 120 336 ~ 22579200 1058400
379 3211 1453
7 0 0 0 0 0 " 1382400 38707200 ~ 123863040
13 23
8 0 0 0 0 0 0 11289600 13547520
71
9 0 0 0 0 0 0 0 "~ 619315200
j?s
Up)
j \5 1 3 5 7 9 11 13 15
1 327 1233 9565 5159 12007 651761 68783 1261403
4 8 96 160 1920 806400 921600 243855360
9 357 789 401 _ 3587 34483 1444399 2431 99619
4 4 3 30 3840 1209600 21504 12441600
3 0 641 2611 10467 83851 839597 224003 111917
[ 32 320 11520 806400 2150400 14515200
4 0 0 925 6143 10469 _ 182537 53989 18643
48 480 2880 302400 806400 3483648
5 0 0 0 403 11953 110479 39017 149
192 11520 483840 1290240 54432
1493 20609 4939 41137
6 0 0 0 0 11520 403200 537600 40642560
1777 3631 89399
7 0 0 0 0 0 345600 2150400 348364800
229 48731
8 0 0 0 0 0 0 1612800 1219276800
67
9 0 0 0 0 0 0 0 F50A550
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J»S
UE]

j\s 2 4 6 8 10 12 14
1 21255 271475 123499 621161 5939929 21960257 6879301
64 768 768 15360 921600 30965760 120422400
2 4719 116567 128911 255827 25593509 45154813 38392679
8 192 430 3840 2419200 38707200 406425600
3 19275 115821 597223 641693 67444943 61623623 7693621
64 256 2560 10240 6451200 51609600 77414400
4 0 23833 20147 _ 136771 4123699 275077 4398301
192 192 3840 604300 322560 58060800
5 0 0 9849 115783 11048333 485967 13765531
512 10240 3870720 1146880 325140480
6 0 0 0 _ 395 80189 360887 459229
256 115200 2580480 27095040
208343 4275161 4280917
7 0 0 0 0 "~ 2764800 154828800 "~ 928972800
1367 206791
8 0 0 0 0 0 552960 270950400
126127
9 0 0 0 0 0 0 " 2167603200
j?s
14
j \S 1 3 5 7 9 11 13
1 24193 20095 2232473 5702117 258053953 14783483 707721157
64 24 3840 28800 6451200 2764800 1393459200
9 _ 15681 364907 290039 8927209 364144573 401973 53307059
16 192 240 23040 4838400 40960 58060800
3 43095 55743 400743 545157 61156327 36538619 498263623
64 32 320 1280 716800 3225600 464486400
4 0 27145 414357 3950587 18886547 87118681 314307277
48 640 14400 302400 9676800 348364800
5 0 0 513319 1113803 22286941 677069 30624113
3840 11520 774144 138240 55738368
6 0 0 0 555563 1367699 22551787 13756051
38400 179200 12902400 58060800
2463053 2386541 10650713
7 0 0 0 0 2764800 ~ 6451200 154828800
341573 8424559
8 0 0 0 0 0 9676800 696729600
18853
9 0 0 0 0 0 0 19353600
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J»S

U5
i\* 2 4 6 8 10 12
1 3704953 _ 15221377 112613299 _ 1118827917 20121975317 _ 13766831089
3072 10240 153600 5734400 619315200 3715891200
2 2892187 1263513 _ 53719409 695722717 _ 10541705029 868015153
768 320 30720 1612800 154828800 116121600
3 4548103 _ 101354707 138786857 _ 29109939893 18430053463 _ 18186003391
1024 20480 61440 51609600 206438400 1857945600
4 _ 683209 11504597 _ 10622857 20787503 _ 3055769779 2110699721
384 3840 6400 44800 38707200 232243200
5 0 _ 8718503 8058607 _ 813411079 5826124357 2237882701
12288 12288 3440640 123863040 371589120
6 0 0 _ 16698217 110558537 _ 939128363 324869249
153600 1612800 51609600 116121600
7 0 0 0 _ 64024591 2567559977 _ 6458660261
7372800 619315200 7431782400
_ 1170947 15106919
8 0 0 0 0 2764800 92897280
14748077
9 0 0 0 0 0 ~ 7061683200
j78
UL
i\* 1 3 5 7 9 11
1 _ 872943 4813543 _ 921770971 7178895463 _ 230130795289 108799751533
1024 1920 460800 9676800 1445068800 4877107200
2 6210857 _ 13555561 1097036731 _ 362561267 40085609077 _ 997573407349
1536 1536 184320 184320 103219200 19508428800
3 _ 6835241 141981907 _ 23491027 771402715 _ 17153333687 46732982197
1024 10240 2560 258048 29491200 619315200
4 1351153 9745837 225435367 _ 8993789107 6354465407 _ 11996360791
384 960 28800 3225600 11059200 154828800
5 0 17393429 _ 324807233 175446745 _ 46713835471 145741780141
6144 92160 110592 123863040 2601123840
6 0 O 67187379 3277329481 115045714631 2441359969
102400 6451200 722534400 86704128
7 0 0 0 68153083 _ 2704350493 14973217337
967680 68812800 1592524800
260266787 7340699509
8 0 O 0 0 60211200 T 3901685760
1483487713
9 0 0 0 0 0 8670412800

7



J»S
7

j\s 2 4 6 8 10
1 149727647 155864751 4426663009 10797972126287 _17243822330131
61440 40960 2064384 17340825600 156067430400
2 93952097 896925851 44924873743 39763735267 5700875160973
7680 61440 6451200 22118400 19508428800
3 1048933601 2268428349 214946221871 512367188359 129742491151
40960 81920 17203200 165150720 265420800
4 6081475 432634279 2165962973 16726054291 55551320611
256 15360 161280 4838400 09532800
5 66249643 3629650189 17874184561 178698259919 432464713873
8192 245760 2064384 70778880 075421440
6 0 193137247 1333226933 424071056197 63117639931
61440 430080 361267200 260112384
7 0 0 3504047651 783679385501 558242239781
7372800 2477260800 6370099200
1277485193 919564435
8 0 0 0 T 733868800 48771072
63613501087
9 0 0 0 0 T 34681651200
j?s
UE!
A\ § 1 3 5 7 9
i\
1 65652473 563582879 92955405499 5483932464937 1285208299777
61440 122880 20643840 2890137600 2890137600
92 269639453 739024483 204074346391 273003532891 2389160130767
30720 30720 11059200 41287680 1734082560
3 275400323 43435464343 460345468843 5511201000007 58779091690057
10240 737280 11468800 412876800 22295347200
4 43362121 3416637469 78771223009 5273431096139 52329578737
1280 46080 1548288 309657600 15482880
5 121708789 34357420961 2345355924239 3473845411853 2581617644773
8192 737280 61931520 247726080 867041280
6 0 4278085159 26483840827 10491735514513  _ 139668210217891
368640 1720320 1445068800 78033715200
7 0 0 116968933337 890500845139 6978589997179
44236800 412876800 9909043200
8 0 0 0 25385138803 _ 52652632731
00316300 321126400
10711909210169
9 0 0 0 0 “624269721600
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J»S
My

5\ 2 4 6 8
1 44039579957 _15824165056211 14328069012029 _26332156657147
14745600 2477260800 3303014400 18496880640
9 _ 70067602561 5369825407643 5158776395993 6514444951201
2949120 154828800 275251200 1238630400
3 158625899173 _11227169865391 29933237272409 _77153221103897
1966080 117964800 660602880 6606028800
4 _ 121953672479 354916665553 _ 5975801542697 15834223266853
921600 2419200 88473600 928972800
5 611761614557 _ 338595836519 126344102042327 ~200404252881719
5898240 2621440 1981808640 11890851840
6 _ 153296598947 3137330952221 _30768980959823 97464415569691
4915200 51609600 825753600 8670412800
7 0 _ 1402198607219 40766822971729 _1156044273778537
117964800 3303014400 237817036800
8 0 0 _ 20359967739 2005898347471
11468800 1625702400
11084606975429
9 0 0 0 ~ 79272345600
j78
Mo
A\* 1 3 5 7
1 _ 5936440751 281978655779 _23197484399917 2190705315745913
7372800 51609600 3303014400 624269721600
9 33884150431 _13195184307097 3083498074211 _329558861040259
2949120 309657600 78643200 20808990720
3 _ 369336211 10748243908261 _55407789534559 1239018762271579
6144 68812800 471859200 29727129600
4 255337520419 _ 5908578342719 520188991137763 _3143898589948211
1843200 19353600 2477260800 44590694400
5 _ 423037867387 5082108800729 153243709285603 3305021363349331
2949120 15482880 660602880 41617981440
6 16753575491 _ 3155846928817 36726833683589 _6190102661048177
307200 17203200 235929600 104044953600
7 0 3688441064953 577733424743393 1019127205812299
88473600 9909043200 35672555520
8 0 0 2900265243481 _ 6483559163023
309657600 812851200
27367721939759
9 0 0 0 57745320060
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J»S
M1

j\s 2 4 6
1 433172126543 292869682869259 _ 755533686525503
183500800 39636172800 118908518400
9 2660036179859 _40257079179961 539499339154079
88473600 707788800 14863564800
3 _263905748342627 974127678603403 _3464935877861461
1651507200 4404019200 29727129600
4 2030759822381 _ 608627628721811 173811058773157
4838400 1238630400 743178240
5 _ 570491186057201 1034737867040471 _ 454273880894017
990904320 1585446912 1486356480
6 81637985496899 _ 848417792268337 554332437901141
206438400 1651507200 2123366400
7 _ 76022436811607 1755155869080827 _33519955430307049
707788800 7927234560 237817036800
] 0 _24964285882541 81273844410421
619315200 1857945600
202375045386037
9 0 0 ~ 33973862400
j?s
M2
j\s 1 3 5
1 388547729327 _12586819797803 225374398759721
990904320 2831155200 28538044416
9 2430854986367 258343452813277 _10743635536519061
247726080 4954521600 178362777600
3 20036945966999 _232251792132631 58405280353216723
235929600 825753600 237817036800
4 _25175706455981 2015484051149861 _107413449480948707
77414400 2477260800 178362777600
5 299886137513597 _2668022569167251 133343876882760763
495452160 1981808640 142690222080
6 _ 13845777226823 1407300088225909 _ 680562796851687
25804800 1101004800 734003200
7 8019113491633 _12850249538216431 67956070081136099
44236300 19818086400 118908518400
8 0 4221184611389 _164903228272031
30965760 825753600
2399800894049011
9 0 0 79272345600
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j’s .]"s
UK Ms
i\° 2 4 i\° 2
1 1409122906677049 _24433255937099561 1 _259980449939039
1109812838400 3995326218240 532710162432
9 _38504062021513 84194246367743411 9 9144448769839927
1468006400 1248539443200 554906419200
3 11370780177215621 _175295396102510419 3 _14095713084776741
52848230400 475634073600 67947724800
4 _ 8564805643401541 51222963017142551 4 221992170898005827
9909043200 44590694400 178362777600
5 59279616563426639 _ 4356874183498906357 5 _ 287624123641309919
31708938240 1997663109120 71345111040
6 _68523571904642713 1071080624306333789 6 275608308121757381
30828134400 416179814400 36993761280
7 216876196102131707 _2107300595320261267 7 _12809199119827883699
158544691200 1141521776640 1630745395200
8 _11808824968785709 14396140786293431 8 274436840334357187
34681651200 19508428800 62426972160
9 0 _560314875104889503 9 _1285036760811529423
4439251353600 1268357529600
JsS 7,8
Uint Me
S S
j\ 1 3 j\ 1
1 _146462446424423 25697310483841771 1 1033059867325999
1109812838400 9988315545600 31962609745920
9 91971870042607 _229671327225984871 9 _2371151354170769
15854469120 4994157772800 951268147200
3 _4323676913942387 345241012673170697 3 11984741009891131
52848230400 951268147200 211392921600
4 657581961441479 _27030185835638917 4 _190640670438324823
1321205760 17836277760 356725555200
5 _2645716616611591 2925800269902574361 5 5669553338007335851
1761607680 799065243648 2283043553280
6 604782405112007 _882074774612809879 6 _ 285899985423950791
256901120 166471925760 46242201600
7 _6054295311544603 6468895390788443227 7 11973169590973537147
3303014400 1426902220800 1426902220800
8 3593565775679 _165101957434340557 8 _1823347244087926049
6422528 78033715200 312134860800
9 0 34572633913775987 9 258517349914243253
83235962880 158544691200
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