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I. ADDITIONAL INFORMATION ON THE
FORMALISM, RECONSTRUCTION METHOD

AND THE THEORY PRIOR

The starting point of our reconstruction is to parame-
terize ΩX , µ and Σ in terms of their values at 11 discrete
values (nodes) of a. From the 11 nodes, 10 values are
distributed uniformly in the interval a ∈ [1, 0.25] (cor-
responding to z ∈ [0, 3]) with another one at a = 0.2
(z = 4). We make the functions approach their ΛCDM
values at higher redshifts, because the theoretical prior is
obtained by looking at models that deviate from GR at
late times only, though studying earlier times deviations
from GR is generally possible within the same frame-
work [1]. To allow for a smooth transition between their
values at z = 4 and z = 1000, we add a set of 9 anchor
nodes arranged along a tanh pattern, and then use cu-
bic spline to interpolate between all the nodes to obtain
continuous functions ΩX(a), µ(a) and Σ(a). Our results
do not depend on how many nodes we use, since, with 10
nodes, we already include many nodes per prior correla-
tion length and additional nodes will be made redundant
by the correlation prior. In addition, the BAO, RSD,
DES and SN data probe z . 3, while CMB constrains
the integrated effect over z . 1000, with no data in the
3 < z < 1000 range.

The cubic spline introduces an implicit smoothness
prior into the reconstruction that suppresses sharp
changes of the functions between nodes. Panel (a) of
Fig. 1 shows the correlation between the nodes of ΩX , µ
and Σ imposed by the cubic spline. As one can see by
comparing to Panel (b), this prior is substantially weaker
than that derived from the Horndeski theories, as dis-
cussed below. Panels (c) and (d) show, respectively, the
correlation imposed by data only (which includes the im-
plicit prior), and by data in combination with the Horn-
deski prior.

We use an appropriately modified version of
MGCosmoMC1 [2–4], based on CosmoMC2 [5], to sample the
parameter space, which, in addition to the node parame-
ters ΩXi, µi, Σi introduced earlier, includes the usual
cosmological parameters: Ωbh

2, Ωch
2, θ?, τ , As, ns,

N , where Ωbh
2 and Ωch

2 are the physical densities of
baryons and CDM, θ? is the angular size of the sound
horizon at the decoupling epoch, τ is the reionization op-
tical depth, As and ns are the amplitude and the spec-
tral index of primordial fluctuations, and N collectively

1 https://github.com/sfu-cosmo/MGCosmoMC
2 http://cosmologist.info/cosmomc/

denotes the nuisance parameters that appear in various
data likelihoods. We note that the last node of ΩX , cor-
responding to a = 1, is not varied as it is the same as
the derived parameter ΩDE. We run 8 MCMC chains
and assess their convergence through the Gelman-Rubin
criterion, assuming the chains have reached convergence
when R− 1 . 0.1 for the least converged eigenvalue, en-
suring that all others have a higher degree of convergence
(R− 1 ∼ 0.01).

In addition to performing the reconstruction of ΩX(a),
µ(a) and Σ(a) by determining the best fit node pa-
rameters from data alone, we use the method of [6, 7]
to add the Horndeski prior that correlates the nodes
{ΩXi, µi,Σi} ≡ f . It is introduced as a Gaussian prior

Pprior ∝ exp[−(f − ffid)C−1(f − ffid)T ] , (1)

where C is the correlation matrix derived from the joint
covariance of the three functions obtained in [8]. While
we have the full covariance at our disposal, along with the
mean values, we opt not to use the latter as our fiducial
values ffid in order to avoid biasing the outcome of the
reconstruction, and also use the normalized correlation
matrix for C. In practice, the prior is implemented as
a new contribution to the total χ2, with ffid determined
during sampling using the so-called “running average”
method [6]. The theory prior acts much like a Wiener fil-
ter, discouraging (but not completely prohibiting) abrupt
variations of the functions.

Panel (b) of Fig. 1 shows the Horndeski correlation
prior used in our work. One can clearly see that the cor-
relation “length” is much longer than that of the implicit
prior due to the cubic spline shown in Panel (a). This
ensures that the prior aided reconstruction is indepen-
dent of the binning scheme. Also notable is the nearly
perfect correlation between µ and Σ, in line with the
(Σ − 1)(µ − 1) ≥ 0 conjecture made in [9]. The correla-
tion between ΩX and µ or Σ is nearly absent, although,
as mentioned above, it can be strong in certain subclasses
of Horndeski theories.

We do not consider the k-dependence of µ and Σ, fo-
cusing solely on their evolution with redshift. This helps
to reduce the computational costs and is largely justified
by the fact that, in practically all known MG theories,
the scale-dependence of these functions manifests itself
outside the range of linear scales probed by large scale
structure (LSS) surveys [10, 11]. Most of the previous
cosmological tests of GR have focused on separately test-
ing either the background expansion or modified growth
and/or employed simple ad hoc parameterizations of w,
µ and Σ, or their equivalents [12], which can bias the
results and prevent capturing important information in

https://github.com/sfu-cosmo/MGCosmoMC
http://cosmologist.info/cosmomc/
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FIG. 1. a) The implicit correlation prior, as a function of redshift, induced by using the cubic spline to connect the 11 redshift
nodes. All three functions, ΩX , µ and Σ, are subject to the same implicit prior, with no cross-correlation between different
functions. b) The Horndeski prior correlating the nodes of ΩX , µ and Σ. The correlation between the nodes of each function
is much stronger than that introduced by the cubic spline. The Horndeski prior also introduces a strong correlation between
µ and Σ. c) The correlation obtained from our “Baseline” data posterior covariance of the nodes, i.e. that determined by the
data and the implicit prior correlation in Panel (a). d) The correlation corresponding to the posterior covariance derived from
the Baseline data with the help of the Horndeski prior in Panel (b).

the data, as demonstrated in [13]. We note that three
functions equivalent to ΩX , µ and Σ were reconstructed
in [14] from the so-called “observables” [15], or model-
independent combinations of the data, with a particular
focus on constraining the gravitational slip γ. While very
interesting, the methods in that work did not allow de-
termination of the cosmological parameters and address-
ing the tensions, nor considered the effect of correlations
between the functions that could come from theory. A
reconstruction of the free functions in the effective the-
ory description of Horndeski [16, 17] was performed using
a similar method in [18, 19], showing interesting hints of
departures from GR, albeit at low statistical significance.
Our reconstruction has the benefit of not being restricted

to Horndeski theories, while still allowing us to check the
consistency of various subclasses of Horndeski theories
with the data.

We restricted our studies to late-time modifications of
ΛCDM because there one can make a clear connection to
the theoretical predictions in the quasi-static limit, and
also because extending our phenomenological approach
to earlier times would require making additional assump-
tions about the effect of modified gravity on radiation,
which makes the framework less generic. In [1], a similar
phenomenological parametrization was used to study ef-
fects of modified gravity at times around recombination,
finding that this could help to ease the H0 tensions. Also,
in [20], a reconstruction of the dark energy density was
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performed using methods similar to ours, finding that
this can resolve the Hubble tension, but not the S8 ten-
sion.

II. ADDITIONAL INFORMATION ON
DATASETS

We consider combinations of the following datasets:

• “Planck”: the 2018 release of the Planck CMB tem-
perature, polarization and the reconstructed CMB
weak lensing spectra [21];

• “BAO”: the eBOSS DR16 BAO compilation
from [22] that includes measurements at multi-
ple redshifts from the samples of Luminous Red
Galaxies (LRGs), Emission Line Galaxies (ELGs),
clustering quasars (QSOs), and the Lyman-α for-
est [23–26], along with the SDSS DR7 MGS [27]
data. We also add the BAO measurement from
6dF [28]. This compilation covers the BAO mea-
surements at 0.07 < z < 3.5. Note that the BAO
data considered here are the “tomographic” version
of the DR12 BOSS BAO at 0.20 < z < 0.75 [29]
(not the “consensus” version using effective red-
shifts presented in [22]).

• “SN”: the Pantheon SN sample at 0.01 < z <
2.3 [30];

• “RSD”: the eBOSS joint measurement of BAO and
RSD for LRGs, ELGs and QSOs [25, 31–33], using
it instead of the eBOSS BAO-only measurement.
For LRGs, it combines eBOSS LRGs and BOSS
CMASS galaxies spanning the redshift range 0.6 <
z < 1, at an effective redshift of zeff = 0.698. QSOs
cover 0.8 < z < 2.2 with an effective redshift of
zeff = 1.48, while ELGs cover 0.6 < z < 1.1 with
an effective redshift of zeff = 0.845. In addition, we
add BAO-only measurements from 6dF and MGS.

• “DES”: the Dark Energy Survey Year 1 measure-
ments of the angular two-point correlation func-
tions of galaxy clustering, cosmic shear and galaxy-
galaxy lensing with source galaxies at 0.2 < z <
1.3 [34]; since our formalism has no nonlinear pre-
scription for structure formation, the angular sep-
arations probing the nonlinear scales were removed
using the “aggressive” cut option of MGCAMB de-
scribed in [4], which uses the method introduced
in [12, 34].

• “’MSN”: the SH0ES determination of the intrin-
sic SN type Ia brightness magnitude as obtained
by [35], included in the Pantheon SN likelihood
as in [36]. This provides a measurement of H0 =
73.2± 1.3 km/s/Mpc in ΛCDM.

Our baseline dataset combination (labelled “Baseline”
from now on) includes Planck, BAO and SN. In addition,

we also consider the additional Baseline+RSD+DES and
Baseline+RSD+DES+MSN. Note that, when RSD is in-
cluded in the combination, the BAO data do not coincide
with the one used in Baseline for the eBOSS LRGs BAO
measurement, as we replace it with the joint RSD-BAO
measurement. We note that a non-linear modelling of
RSD is required to extract the linear growth rate fσ8,
which was done assuming ΛCDM . In principle, there
can be additional non-linear effects from modified grav-
ity that could bias the ΛCDM -based extraction of fσ8.
For specific modified gravity models with the scale in-
dependent growth, this bias was shown to be negligible
for current measurements [37]. However, this conclusion
depends on the theory of gravity as well as the accuracy
of the measurements [38].

For brevity, we refer to RSD+DES as simply “LSS”,
and to Baseline+RSD+DES+MSN as “All”.

III. EXTENDED ANALYSIS OF
COSMOLOGICAL TENSIONS

Including the lensing amplitude AL [39] as an extra
free parameter helps to assess if the high redshift depar-
ture of Σ(z) from the GR limit is indeed due to the CMB
lensing anomaly. This is a completely phenomenological
parameter that rescales the contribution of weak gravita-
tional lensing to the CMB temperature anisotropy spec-
trum (TT). In a self-consistent cosmological model one
should have AL = 1. Fig. 2 shows the reconstruction of
Σ(z) with and without the correlation prior, for both the
Baseline and Baseline+LSS data combinations, and with
the AL parameter both fixed to unity and free to vary.
Comparing the fixed and free AL reconstructions shows
how the inclusion of AL completely removes the high z
departure from GR, with Σ(z) now fully consistent with
one.

We further explore the correlations between Σ(z) and
AL and its implication for the S8 parameter in Fig. 3.
As discussed in the main text, the reconstructed shapes
of ΩX and µ allow for slightly lower values of S8 than
ΛCDM. However, S8 is also related to the amplitude of
the lensing potential, which in our analysis is modulated
by Σ. The parameter that is constrained by DES is 〈Σ〉S8

where 〈Σ〉 is an average of Σ in the redshift range rele-
vant for DES, and it is equal to one in the ΛCDM limit.
Despite the lowering of S8, this parameter remains the
same as that in ΛCDM when AL = 1, as it can be seen
in the top panels of Tables I and II, where the results for
this case are shown. This is due to the enhancement of Σ
from the GR limit driven by the CMB lensing anomaly as
discussed above. As a consequence, if one keeps a fixed
AL = 1, the quality of the fit to DES data is not better
than ΛCDM even when ΩX , µ and Σ are free to vary
(see Table II). If one instead allows for AL to be free,
an anomalous value of this parameter “solves” the CMB
lensing anomaly, and Σ becomes consistent with the GR
limit. In this case, the lowering of S8 leads to lower values
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FIG. 2. Reconstruction of Σ(z) from the Baseline (top panels) and the Baseline+LSS (bottom panels) data combinations,
without (left panels) and with adding the Horndeski correlation prior (right panels). Solid lines show the reconstructed mean
values with the lensing amplitude parameter AL fixed to unity, while the dashed lines correspond to the case where AL was
free to vary. The shaded regions show the corresponding 68% confidence levels.

of 〈Σ〉S8 and the fit to the DES data is improved com-
pared with ΛCDM. Table II shows the values of the χ2

for the different data considered in the analysis. One can
see that, with respect to ΛCDM, the AL = 1 analysis
improves the DES χ2 by 0.4 (1.2 without the Horden-
ski prior), while this improvement increases to 2.8 (4.7
without the Hordenski prior) if AL is free. Overall, this
analysis reveals that the late time modifications alone
are not able to improve the fit to CMB and DES weak
lensing simultaneously.

We now turn our attention to the impact of including
the SH0ES prior on the SN magnitude in the data combi-
nation analyzed. As it can be seen in Table III, the main
impact of such an addition is an enlargement of the un-
certainties and an increase of the estimated mean value
of H0. We find H0 = 69.44 ± 1.30 km/s/Mpc, which is
consistent with the value obtained by SH0ES within 2σ.
Fig. 4 shows Ωm, H0 and the sound horizon at baryon
decoupling rdrag, with and without the SH0ES prior and
with and without the Horndeski prior. It is possible to
notice how, for the Baseline+LSS combination, the ad-
ditional freedom given by the ΩX , µ and Σ functions

only produces an enlargement of the error on H0, with
its mean value being the same as in ΛCDM. When the
SH0ES prior is included we obtain instead the increase
of the mean value of H0 as well as a slight shift of rdrag

with respect to ΛCDM.

Fig. 4 of the Article shows the difference of the lu-
minosity distance prediction with the SH0ES prior from
the prediction of the best-fit ΛCDM without the SH0ES
prior. The Pantheon SN data points are calibrated us-
ing the SH0ES measurement of MSN while the BAO data
points are converted to the luminosity distance from the
angular diameter distance using dL = (1 + z)2dA. There
are two main issues. The first problem is that the lu-
minosity distance calibrated from CMB in ΛCDM does
not agree with the SN data while it agrees with the BAO
data. The second problem is the discrepancy between
the BAO and SN data. The latter makes it hard for
late modifications to resolve this tension fully as it is
not possible to fit BAO and SN data simultaneously un-
less we change rdrag by an early time modification. This
is also the case in our reconstruction. Due to the free-
dom in ΩX(z), the luminosity distance at lower redshifts
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FIG. 3. The 68% and 95% confidence level contours for
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contours represent the case with AL being a free parameters.
The blue contours show the ΛCDM fit to Baseline+LSS. The
grey bands show the constraints on S8 and 〈Σ〉S8 obtained by
DES in the ΛCDM model, in which 〈Σ〉 = 1.

becomes closer to the SN data compared with ΛCDM,
which leads to a larger H0. However, it is still not pos-
sible to reproduce the luminosity distance calibrated by
the SH0ES measurement of MSN fully.

To show the extent to which the well known H0 and S8

tensions can be resolved by allowing for time-dependent
ΩX , µ and Σ, we show in Fig. 5 the constraints on Ωm,
H0 and 〈Σ〉S8 and compare the results obtained with
and without the SH0ES prior. The results shown in this
figure refer to the case where AL is considered as a free
parameter. As discussed before, without this parameter,
the CMB lensing would prevents us from addressing the
S8 tension, thus achieving a better fit to DES. On the
other hand, allowing for a varying AL removes the CMB
anomaly, making it possible to fit simultaneously to the
SH0ES and DES data better than ΛCDM. As shown in
Table III, the total improvement of χ2 is ∆χ2 = −25.8
without the Horndeski prior and ∆χ2 = −14.1 with the
prior.

IV. EXTENDED DISCUSSION OF
IMPLICATIONS FOR HORNDESKI

Any statistically significant departure of X(z), µ(z)
or Σ(z) from unity would imply either a break down of
the ΛCDM model or a problem, e.g. a systematic ef-

fect, with some of the datasets. The deviations from the
ΛCDM prediction seen in our reconstructions are at a
level of ∼2σ, comparable to the significance of the S8 and
AL tensions. While this hardly prompts an urgent revi-
sion of ΛCDM, it is nevertheless interesting to ask what
implications the trends exhibited by the reconstructions
would have for alternative models. In what follows, we
first interpret the reconstruction results in the context of
Horndeski theories, showing that the reconstructed evo-
lution of the three functions, had it been detected at a
higher confidence level, would rule out broad classes of
scalar-tensor theories.

As shown in [40], under the QSA, the expressions for µ
and Σ in local theories of gravity take the form of ratios
of polynomials in k. In Horndeski theories, with second
order equations of motion, the polynomials are quadratic
in k. The scale dependence of µ and Σ, however, is un-
likely to manifest itself in the range of k probed by large
scale structure surveys for which linear perturbation the-
ory is valid. The k-dependence marks the transition from
the k � λ−1

f limit, where perturbations of the scalar

field can be neglected, to the k � λ−1
f regime in which

the scalar field perturbations mediate a fifth force. The
known screening mechanisms in Horndeski theories place
the range of k probed by our reconstruction in one of
these two limits [10, 11].

While the QSA is not guaranteed to be accurate
in all circumstances, especially on near-horizon scales,
it has been found to work quite well for identifying
the key phenomenological signatures of Horndeski theo-
ries [41]. Even though we cannot be certain which regime,
k � λ−1

f or k � λ−1
f , is being probed by our scale-

independent parametrization, we can still make several
useful deduction by comparing our reconstructions to the
QSA expressions for µ and Σ in the two limits.

In the k � λ−1
f limit, the QSA expressions for our

functions are [9]

µ→ µ0 =
m2

0

M2
?

c2T (2)

Σ→ Σ0 =
m2

0

M2
?

1 + c2T
2

(3)

γ → γ0 = c−2
T , (4)

while, for k � λ−1
f , one has [9, 42]

µ→ µ∞ =
m2

0

M2
?

(c2T + β2
ξ ) (5)

Σ→ Σ∞ =
m2

0

M2
?

(
1 + c2T

2
+
β2
ξ + βBβξ

2

)
(6)

γ → γ∞ =
1 + βBβξ
c2T + β2

ξ

, (7)

where m0 is the Planck mass, M? is the modified Planck
mass, cT is the propagation speed of tensor metric modes,
i.e. the speed of gravitational waves, while βB and βξ are
two functions, originating from different ways of coupling
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respectively). The blue contours show the ΛCDM fit to Baseline+LSS, while the grey band shows the constrain on H0 obtained
by the SH0ES collaboration.

0.26 0.30
Ωm

0.7

0.8

0.9

〈 Σ
〉S

8

66

70

74

H
0

a) no theory prior

65 70 75
H0

0.7 0.8 0.9
〈Σ〉S8

Baseline+LSS+AL

Baseline+LSS+MSN+AL

ΛCDM Baseline+LSS

0.26 0.30
Ωm

0.7

0.8

0.9

〈 Σ
〉S

8

66

70

74

H
0

b) with Horndeski prior

65 70 75
H0

0.7 0.8 0.9
〈Σ〉S8

Baseline+LSS+AL

Baseline+LSS+MSN+AL

ΛCDM Baseline+LSS

FIG. 5. The 68% and 95% confidence level contours for the tension parameters, S8, H0 and ΩM , from the Baseline+LSS data
with and without the SH0ES prior on the SN magnitude MSN (yellow and red contours, respectively), and with and without
the Horndeski prior (left and right panels, respectively). The blue contours show the results obtained in the ΛCDM limit, while
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the metric and the scalar field, that represent the fifth
force contribution.

The limiting expressions above highlight the close re-
lationship between the gravitational slip and the tensor
speed cT [43]. In particular, γ must approach 1 in the

large scale limit if cT = 1 [9]. In the small scale limit,
on the other hand, γ 6= 1 could be either due to a fifth
force or cT 6= 1, or both. Since cT 6= 1 is disfavoured by
the multi-messenger observations of gravitational waves
from binary neutron stars at z ∼ 0 [44, 45], one would
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the Baseline data combination, with the red region showing the 68% confidence level, while blue lines and regions refer to the
case where RSD and DES are added to the baseline.

conclude that there is evidence for a fifth force at low
redshifts.

The subclass of the Horndeski theories with γ = 1,
other than ΛCDM, include the Cubic Galileon [46] and
KGB [47] models, along with the so-called “no-slip grav-
ity” [48], for which cT = 1, βξ = 0 so that

µ0 = Σ0 = µ∞ = Σ∞ =
m2

0

M2
∗
. (8)

Fig. 6 shows the gravitational slip γ(z) derived from
the reconstructions of µ(z) and Σ(z). It is important to
note that the Baseline dataset is not capable of break-
ing the degeneracy between µ and Σ. Correspondingly,
γ(z) reconstructed from the Baseline data has a large un-
certainty and is strongly prior dependent. Using Base-
line+RSD+DES, on the other hand, allows for the de-
generacy between µ(z) and Σ(z) to be partially broken.
As a result, γ(z) is better constrained and the trends in
its time-evolution are essentially the same with and with-
out the Horndeski prior. In both cases, one finds γ > 1
at higher z and γ < 1 at lower z, with the transition
between these two limits happening around the redshift
at which cosmic acceleration sets in. In the case with the
Horndeski prior, the uncertainties are reduced, making
the trend significant at more than 2σ.

Keeping in mind that the significance of the γ 6= 1 de-
tection is relatively low, one could ask what such a time-
dependence would imply for Horndeski theories. Aside
from ruling out models with γ = 1, like the no-slip grav-
ity, Cubic Galileons and KGB, the fact that we observe
γ > 1 would rule out the generalized Brans-Dicke models
(GBD), which predicts cT = 1 and βB = −βξ, i.e. all
models with a canonical form of the scalar field kinetic
energy term. The latter conclusion follows from the fact
that one should have γ ≤ 1 in GBD on all scales.

Finally, as pointed out in [9] based on analytical con-
siderations in the QSA limit, and later confirmed by a
numerical sampling of Horndeski solutions [8, 41], one
expects a strong correlation between µ and Σ, with
(Σ − 1)(µ − 1) ≥ 0. To violate the latter condition, in-
dependent sectors/terms of the Horndeski theory would
need to conspire to evolve in just the right way for no
apparent reason. Thus, looking for signs of violation of
the (Σ− 1)(µ− 1) ≥ 0 conjecture is an important test of
Horndeski. Fig. 7 shows the evolution of (Σ − 1)(µ − 1)
derived from our reconstructions. With or without the
Horndeski prior, the reconstructions show a good consis-
tency with (Σ− 1)(µ− 1) ≥ 0.
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