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Supplementary Figure 1: Contours of the reweighted joint distribution of the pri-
mary black hole mass m; and the effective inspiral spin parameter y.g. For each
event, we compute a two-dimensional kernel density estimate over (mq, Xog) from the
reweighted posterior samples, and plot the 95% credible region. Different colors corre-
spond to different events. We fit the population to a model where the y.g distribution
is represented by a truncated Gaussian and a uniform distribution separated by mass.
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Supplementary Figure 2: Left: Histogram of the value of m; that maximizes x
under various cluster population assumptions. Right: Histogram of the value of my
that maximises k for the same set of models, restricted to an initial half-mass density
pro < 3 x10° M pc—3. Each point in the histogram corresponds to a realization of an
evolved cluster population for one of the 25 assumed initial half-mass densities. For
these models, the first-generation primary cutoff mass is fixed to m, = 50 Mg.

Parameter  Prior Defined in
ay HN(3) equation 4
In ¢, N(—0.5,1) equation 4
am HN(3) Mass model
Inl,, N(0,1) Mass model
m (20, 100) equations 5
I Uu(-1,1) equations 4 and 8
o LU(-1.5,0) equations 4 and 8
Int¢ N(—0.5,1) equation 6
ac HN(4) equation 6
Bq N(0, 3) equation 2
K N(0,6) equation 3
Xeff, max U(0.05,1) equation 8

Xeff, min  U(—1, Xerr, max) equation 8

Supplementary Table 1: Priors adopted for
the hyperparameters of the population models.



1 Uncertainties about the pair instability mass gap
and alternative explanations for the spin transition

We interpret the spin transition and the cliff as connected with the physics of pair-
instability supernovae (PISN). In this Section, we discuss how this interpretation might
be affected by current uncertainties about stellar evolution and star cluster dynamics.

The theoretical origin of the PISN is the rapid loss of radiation pressure that
occurs once the oxygen-rich core of a massive star becomes hot enough for thermal
photons to reach energies of order ~ 1 MeV; at these energies, collisions between ener-
getic photons and atomic nuclei can produce free electron—positron pairs, softening
the equation of state. This triggers a thermal runaway in which the core contracts,
heats further, and ignites oxygen explosively. Slightly less massive progenitors expe-
rience pulsational-PISN instead: repeated contractions and explosive oxygen-burning
episodes eject substantial mass but do not fully unbind the star. The cumulative mass
loss from these pulsations sets the lower edge of the PISN black-hole mass gap, as the
resulting black holes are significantly lighter than their progenitor helium cores.

The lower edge of the pair-instability mass gap is usually assumed to lie at 40—
50 Mg, based on calculations using pure-helium stellar models—i.e., stars that have
lost their hydrogen envelopes from the zero-age main sequence [1, 2]. Although some
early studies also examined pair-instability in pure-oxygen stellar models [3], contem-
porary work typically adopts pure—helium stellar models. The main motivation for
this assumption is that massive stars are expected to lose their hydrogen envelopes
either through binary interactions or, at sufficiently high metallicity, through strong
line-driven winds. Moreover, codes integrating stellar structure encounter less numer-
ical issues if the star does not develop a large hydrogen-rich envelope and/or a sharp
core-envelope boundary [2]. However, several authors demonstrated that —even for
the fiducial 12C(a, 7)*®O rate— the lower edge of the mass gap can be located at a
much higher value 70 — 90 My in the case of a metal—poor single star that retains
a large portion of its H-rich envelope until collapse [1, 2, 4, 5]. Here, low metallicity
(Z < 1073) and isolated evolution imply suppressed stellar winds and hence sur-
vival of the envelope [6]. Other uncertainties stem from assumptions for convection [7],
core overshooting and envelope undershooting that can lead to substantial dredge-up
episodes [8], stellar rotation [9], mass loss during pulsational pair instability [10], and
onset of shocks during failed supernovae [11].

Scenarios that place the lower edge of the gap significantly above ~ 60 M, typically
require the progenitor to retain at least part of its hydrogen envelope until collapse
(but see [12] for a counterexample). This outcome is unlikely in tight binary systems,
where envelope stripping during mass transfer naturally produces a sharp drop in
the primary-mass distribution above ~ 40 My, [e.g., Fig. 12 in 13]. Thus, we do not
expect isolated binary evolution to populate the region above the cliff. In contrast,
very massive metal-poor single stars or stellar-collision products [e.g., 14] can form
black holes with masses 2 50 Mg [e.g., 15], and these channels could also populate
the valley near ~ 14 M.

Dynamical processes (especially exchanges) in a dense stellar cluster are the most
effective mechanisms through which such over-sized single black holes might pair up



with other black holes and merge. This is also compatible with a cliff in the merger rate
density at 40 M, as dynamical exchanges involving over-sized black holes are orders
of magnitude less common than isolated binary mergers, even in optimistic cases [16].

The most controversial aspect is the black hole spin distribution of such oversized
black holes. While there are several reasons to suspect that high spins are possible in
this scenario (e.g., limited ejection of mass and angular momentum at low metallicity,
spin up of a stellar collision product), a study that investigates the spins of oversized
first generation black holes is missing. Considering such uncertainties, we will extend
our analysis to first-generation oversized black holes in future works.

Finally, we note that binary mass transfer can produce a cutoff in the secondary-
mass distribution at ~ 40 My, without PISN mass gap [e.g., 17]. Triple interactions
could also lead to misaligned systems [e.g., 18, 19], and high spins above the mass gap
through consecutive mergers [20], although these latter are thought to be extremely
rare. Finally, primordial black holes are another viable interpretation for the popu-
lation above the cliff. Although traditionally associated with low spins, recent models
show that primordial black holes might also achieve large spins [21].

2 xef distribution as a Gaussian process

Supplemetary Figure 3 shows the inferred distribution of x.g under equation 4 in the
Methods section where the y.g distribution of the high-mass population is treated
non-parametrically using a Gaussian Process prior. For m; < m, the distribution is

well described by a narrow Gaussian with mean y = 0.04f8:8§ and standard deviation

logigo = —1.1571% while for m; > s it broadens and becomes consistent with
being a uniform distribution that is symmetric around zero. We estimate the posterior
probability that the effective spin distribution extends to negative values by evaluating
CDF(xer = 0) for each posterior sample of the non-parametric model. Because the
model probability is non-zero across Yeg, we compute the fraction of samples with
CDF(xeg = 0) > 0.01. This provides a conservative proxy for testing whether the
minimum supported x.g value is negative. We find that more than 98% of posterior
samples satisfy this condition, indicating that the non-parametric inference strongly
favors a high-mass binary population that includes systems with negative effective
spin.

This is a consistent result recovered among the models presented in this work
and shows that a distribution which only contains binaries with aligned spins for the
high-mass population is disfavored by current data. We also obtain CDF(x.g = 0) =
0.29‘:8:32 (90% credibility), indicating that current observations do not place stringent
constraints on the symmetry of the y.g distribution based on this model.

Finally, we note that excluding the exceptionally massive event GW231123 [22]
from our sample, which may involve other channels other than hierarchical mergers
or which primary might lie above the PISN mass gap, leads to tighter constraints on
the presence of misaligned systems in the high-mass population. In this case, we find
that the population contains misaligned systems with negative yeg at 99% confidence
and that CDF (yes = 0) = 0.3170 3.
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Supplementary Figure 3: The distribution of g for the low and high mass pop-
ulations under equation 4 in the Methods section. Here the yeg distribution of the
high-mass population is modeled non-parametrically. Solid lines are median, while
dashed lines show 10% and 90% of the distributions. The population below m is rep-
resented by a narrow Gaussian inconsistent with hierarchical formation, while the
population above m is characterized by a broad yeg distribution that is consistent
with isotropy (i.e., symmetry around zero) as expected for hierarchical mergers in
dynamical environments [23].

3 Hierarchical inference

We carry out hierarchical inference on the binary black hole population using Hamil-
tonian Monte Carlo (HMC) in numpyro, a probabilistic programming framework built
on jax. Within the standard framework of hierarchical Bayesian inference, for each
event with posterior p(6;|d;), the hyperparameter posterior is [e.g., 24-26]

Nobs

— Nope P(9i|A)
P(A{d:}) o< p(A) € (4) ] 1<ppe(9i)>,

1=

where ppe(6;) is the prior used in parameter estimation and (-) denotes an expectation
over posterior samples.
The detection efficiency £(A) is computed using injection campaigns [26-29],

Ntoun.
1 * p(0;|A)

s = Ninj Pinj(05) 7

i=1

where injections are reweighted from the reference distribution pinj to the proposed
model p(f|A).



To mitigate sampling variance, we track the effective number of posterior samples
[30],

{Zj wi,j(A)} i
Zj w?] (A) ,

with w; ;(A) = p(0;,;]A)/Ppe(6:;), and the effective number of injections,

Neff,i(A) ==

- wi (A))?

g < S

Zj wj( )

Following [30], we require N;clfj > 4Nops. We safeguard the inference by penalizing
models with N g < 4N,ps or minlog Neg; < 0.6, adding

Nini
nS( ) +mS(25),  S) = k.

to the log-likelihood. This ensures that models with pathologically low effective sample
sizes are excluded.
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