pH-Model

I. 1 DERIVING THE PH OF WATER

We now consider the water autodissociation reaction written as

2H,0 = H;0% + OH~,

which describes the transfer of a proton from one water molecule to another, forming a hydronium ion.

We use the conservation of oxygen and hydrogen to obtain
CH,0 + cHy0 + con = W.
Charge neutrality enforces
CH;0 = COH = €
And combining the above two equations gives

cH,0 =W —2¢

Free Energy of Dissociation

The free energy change associated with the formation of the hydronium-hydroxide pair is

AG = Zz/jcjuj + cAqisG,

J

(4)

where AG ;s represents the energetic term of the dissociation reaction corresponding to bond breaking and forming.

AG = cpy o+ + cpon- — 2(W — 2¢)pufr, 0 + ¢ AaisG,

and ¢ denotes the concentration of both HsOt and OH™.

Chemical Potentials
Assuming ideal behavior, the chemical potential of species 7 is given by
o Ci
pi=p; + RTIn —,
with the standard concentration ¢® = 1 M. Hence,

p,0+ = p,o+ + RTIne,  pon- = pop- + R Ine.

Substituting these into the expression for AG yields
2
AG = ey, o+ + cpop- — 2(W = 20)pfr,0 + ¢AdisG + ¢ RT'In e
or

2
AG = AG® + cAuisG + ¢ RTIn —
CO

()



Equilibrium Condition

At equilibrium, AG is minimized with respect to c¢. Differentiating with respect to ¢ and setting the derivative to
Zero gives

dAG c
W _AdISG+2RT(1+1nCT) —0 (9)

Expressing the dissociation free energy in terms of the equilibrium constant K,, by
AgisG = —RTInK,,,.

gives:

c=c° exp[% (anw —2)}. (10)

Which gives roughly a pH of 7 when suitable equilibrium constants are chosen (though we note a discrepancy in
equilibrium constants may shift this slightly [1])

II. CONCISE DERIVATION

Now we continue with a concise derivation, dropping chemical potential conventions and standard concentrations
and work solely in concentrations. At the end, we review the relationship between the two scenarios before adding
extra components to our system

For pure water, the dissociation reaction conserves the difference between H and OH groups

CH30 = COH, (11)
and mass conservation of oxygen requires, for a constant W,
cH,0 + cHy0 + con = W. (12)
It is easy to check that
2cn,0 + 3cH,0 + con = 2W, (13)
as required by conservation of hydrogen. The free proton concentration cy,o is a non-conserved order parameter.

The dissociation introduces an energy change, and the total free energy of the system can be written as, when the
concentrations are measured in a reference concentration,

f= CH,0O In CH,0 +CH;0 In CH;0 +CoH Incon —AchQO = (W—QCHgo) ln(W — 20H30) +2cH,0 In CH50 A (W—QCHSO).
(14)
The free energy minimum can be calculated now

df

dCH3O

CH3O
W — QCH;;O

= (2Incm,o +2) — 2In(W — 2e11,0) + 2] + 24, = 2In +2A; ~ 2In CHWSO +2A;,  (15)

and setting it to 0 in principle gives pH of 7 when a realistic value of A; is used:
CH,0 = We™ 21, (16)

Comparing this to equation 10, we note that W is the standard concentration for our system, and A; is a function of
the dissociation equilibrium constant



III. HCL (BUFFER)

Assume we now add a certain amount B of HCI (or any salt buffer) to the solution. Since the solution is charge

neutral, we have

where the c¢c) was missing from before. This allows us to substitute cog with

Mass conservation of chloride gives

and for water (oxygen)

CH,0 + CH0 + COH = cH,0 + 2¢H,0 — ca1 = W.

cH,0 — con — cc1 = 0,

COH = CH30 — CCl-

cuci + cc1 = B,

The amount of dissociated HCI is ¢y, so the total free energy can be written as

f=cmolnecn,o + cu0lncu,o + conlncon
+ ccilnccr + cacrIncaa

— Aica,0 — Aacucl

= (W — QCH3O -+ CCI) III(W — 20H30 -+ 001) + cH,0 In CH;0 t+ (CH3O — CCI) IH(CHgo — CCI)

+ carlnceo + (B

— CCI) ln(B — CCI)

— Al(W — 26H3O + Cc1) — AQ(B — 601)7

(17)

(18)

(19)

(20)

which is a function of both c¢p,0 and cc1. Now f = f(cm,0, cc1) has to be minimised with respect to the amount of
HCI and water dissociated, meaning we need to solve the simultaneous equations

The first equation gives

which is effectively, assuming

and the second

which can be re-written as

of

8CH30 -
of B
Fees Y

crs0(cs0 — cal) = (W = 2cm,0 + car)’e

W —2cp,0 +ccr = W,

2 _—2A
CHgOCOH = W e 1,

cal _ 1 —Ax+Ay
= —€ ,

(cazo —ca))(B—ca) W

cal _ 1 e

(ems0 —ca)(B —ca) W
ccl _ ie—A2+A1

coucact W
CCICH;0 _ We—Bda—h1.

CHCI

—2A,

b

(22a)

(22Db)
(22¢)

(27)



as we would expect. In principle, we can now solve for the free energy minimiser concentrations, denoted by cfy, o
and c&,. Once the minimisation is done, we obtain the free energy of the solution at equilibrium f* as

f* = fleaz0(B), cai(B)], (28)
where the dependence of B is written out explicitly. Conversely, we can view the three variables cf o, c¢y, and B

as a set of unknowns constrained by the two equations from free energy minimisation, leaving exactly one degree of
freedom. This means we are effectively free to specify one of {cjy,q, c¢, B}, and the whole state is set.

IV. POLYMER WITH PI

Suppose the neutral polymer species is PH, with two different pKa values for a cationic protonated state HPH and
an anionic de-protonated state P. The total polymer amount is C'. Then

¢H;0 + cupH — con — ¢p =0, (29a)
cupH + cpu + cp = C, (29b)
cH,0 + cHz0 + com = W. (29¢)

These correspond to charge neutrality, polymer mass conservation, and oxygen mass conservation. Make the substi-
tutions

COH = CH30 + CHPH — Cp, (30a)
CHPH — C — CpPH — Cp, (30b)
CH,0 = W — CH;O — COH = W — 26H30 — CHPH + Cp. (30(3)

The overall system free energy is

f=cm,olncn,0 + cuzoIncn,o + conlncon
+cplnep + cpg Incpy + cupu In cupy

31
— Arcny0 — Azenpn — Agep (B
+ Xq(cupn — cp)? + x5 C>.
The equilibration equations now involve more species, and collectively they give

CH30COH = W2e=281 (32a)
PO _ ppe—(D1—Aa)=2(cp—cnpm)Xq (32b)

CPH
EPHCHS0 _ pyy o= (A1+83)=2(ep —cupn)Xa (32¢)

CHPH

(A1 — Ay) plays the role of the pKa value for the acidic group, and (A; + As) corresponds to the pKa of the basic
group.

V. BUFFERED POLYMER SOLUTION

Now consider a solution with both salt and polymer present. The conservation equations are

¢H;0 + cupH — con — ¢p — cc1 = 0, (33a)
cuct + cc1 = B, (33b)

cupH + cpH + cp = C, (33¢)

cH,0 + cH,0 + con = W. (33d)



The free energy is now

J = cn,0ncen,o + cuzo Incn,o + con Incon
+ccrlncer + cucrIncaar
+cpIncp + cpu lncpy + cupu In cupn (34)
— Aica,0 — Agcnct — Ascapu — Agcp

+ Xq(CHpH — CP)2 + Xf02~

Minimising with respect to the various species gives

CH;OCOH = W2€72A1, (35a)
CPCHs0 _ We—(A1=A0)=2(cp—cupn)xa (35h)
CPH
CPHCH30 — W/'e—(A1+A3)—2(CP—CHPH)Xq7 (350)
CHPH
OO _ 7 ~(area0) (354)
CHCI

These relations can be written down directly from high school chemistry, but the point is that we need to calculate
f and deduce the stability of the solution from there.
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FIG. 1. For a pure buffer solution, the total system free energy (grey) is increasingly convex at high or low total pH, with the
total pH set via addition of acids or bases. At high polymer concentration (orange), the convexity comes from electrostatic
repulsion, and the free energy attains a minimum near the polymer iso-electric point. The full free energy bridges these two
limits, and phase separation may or may not occur depending on the convexity of this surface. The polymer self-attraction
X introduces a concave term of the form —xC? with C' the total polymer concentration. When x is weak (left), the full free
energy is convex and no phase separation happens. At intermediate x (middle) the free energy becomes concave at pH values
close to the polymer’s pl. At large x (right) more parts of the free energy surface becomes concave.
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