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Positive frequency dependence in an equilibrium system

In Figure 1 in the main text we provided an example of PFD emerging from re-
source competition in an equilibrium system. To produce Figure 1 we used the
approach implemented in Letten et al. (2017) [1] to translate changes in the pa-
rameters of Tilman’s consumer-resource model [2] into changes to the stabilization
potential and fitness ratio of coexistence theory (but see [3] and [4] for an al-
ternative approach). In this part of the supplementary methods we explain the
underlying mathematical treatment.

The key to the approach in [1] is to solve the coexistence equilibrium of a consumer
resource model and rearrange it algebraically to a form that is comparable to
the equilibrium of a two species Lotka-Volterra competition model. To better
understand the procedure, consider a Lotka-Volterra competition model for two
consumer species (i.e. N1 and N2):

dN1

dt
= r1N1 (1 − a11N1 − a12N2) , (S1.1)

dN2

dt
= r2N2 (1 − a21N1 − a22N2) . (S1.2)

This simple model has two monoculture fixed point of either species, i.e., Ni = 1
αii

,

as well as a coexistence fixed point that simultaneously fulfills N∗
1 = 1

a11
− a12

a11
N∗

2

and N∗
2 = 1

a22
− a21

a22
N∗

1 . In panel c of the figure in Box 1, we demonstrate that the
coexistence fixed point is the only stable equilibrium with the following parame-
ters: r1 = r2 = 0.1, α12 = 0.96, α21 = 0.8, and α11 = α22 = 1.4. In panel a of
the figure in Box 1, alternative stable states, such that the competition outcome
is one of the two monoculture fixed point depending on species’ initial density,
can emerge when α11 = α22 = 0.64. To demonstrate alternative stable states,
we started trajectories from either higher density of N1 (upper panels: N1(0) = 1,
N2(0) = 0.2) or N2 (lower panels: N1(0) = 0.2, N2(0) = 1).

For Figure 1, we take Tilman’s model [2, p. 270] where two consumers (i.e. N1 and
N2) are competing for two perfectly substitutable resources, R1 and R2, and solve
for its coexistence equilibrium. The dynamics of this system can be described as
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follows:

dN1

dt
= r1N1

[
w11R1 + w12R2 − T1

k1 + w11R1 + w12R2 − T1

]
−DN1, (S2.1)

dN2

dt
= r2N2

[
w21R1 + w22R2 − T2

k2 + w21R1 + w22R2 − T2

]
−DN2, (S2.2)

dR1

dt
= D (S1 −R1) − c11N1 − c21N2, (S2.3)

dR2

dt
= D (S2 −R2) − c12N1 − c22N2. (S2.4)

Here, ri represents the maximum population growth rate for species i (i = 1 or
2) and D represents the constant mortality of the consumers and turnover rate
of resources. Per capita resource consumption rate of consumer Ni on resource
Rj (j = 1 or 2) is represented by cij, whereas wij represents a weighting factor
that converts availability of Rj into its value for consumer Ni. Following a Monod
growth model, ki is the half-saturation constant for Ni resource consumption, and
Ti is the minimum amount of total resource required for Ni to grow. Finally, S1

and S2 represent the resource supply concentrations for R1 and R2, respectively.
Certain assumptions of this Monod growth model, such as constant supply of re-
source and strong recipient control of consumption rate, may not be applicable to
many systems. However, this should not affect the results qualitatively [4].

The coexistence equilibrium of the model in Eqns. (S2.1) to (S2.4) was solved in
[2, p. 270]. In brief, we obtained the consumer’s zero net growth isolines (ZNGIs),
which represent resource combinations of R1 and R2 that cause each consumer’s
growth to equal its mortality, by setting consumer dynamics to zero:

R2 = −w11

w12

R1 +B1, (S3.1)
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R2 = −w21

w22

R1 +B2. (S3.2)

where B1 =
[
D(k1−T1)+r1T1
w12(r1−D)

]
, and B2 =

[
D(k2−T2)+r2T2
w21(r2−D)

] (
w21

w22

)
. The equilibrium re-

source densities, R∗
1 and R∗

2, were solved as the crossing point of the two ZNGIs. By
substituting the solution into Eqns. (S2.3) and (S2.4), we obtained the equilibrium
consumer densities, N∗

1 and N∗
2 . More importantly, we rearranged N∗

1 and N∗
2 in

a form comparable to that of the Lotka-Volterra model. For N1, the specific rela-
tionship of its equilibrium density can be derived by Eqn.(S2.3)×w11

w12
+Eqn.(S2.4),

whereas that for N2 can be derived by Eqn.(S2.3)×w21

w22
+Eqn.(S2.4):

N∗
1 =

D
(
S2 + w11

w12
S1 −B1

)
c12 + c11

w11

w12

−

[
c22 + c21

w11

w12

c12 + c11
w11

w12

]
N∗

2 , (S4.1)

N∗
2 =

D
(
S2 + w21

w22
S1 −B2

)
c22 + c21

w21

w22

−

[
c12 + c11

w21

w22

c22 + c21
w21

w22

]
N∗

1 . (S4.2)

We can see that Eqns. (S4.1) and (S4.2) consists of a first component only with
N1- and N2-related parameters, respectively, and a second heterospecific density-
dependent component which decreases with the density of its competitor. By
comparing Eqns. (S4.1) and (S4.2) to the expression for a two species Lotka-
Volterra competition model (i.e. N∗

1 = 1
a11

− a12
a11
N∗

2 and N∗
2 = 1

a22
− a21

a22
N∗

1 ), one
can find the algebraic equivalents for aij as follows:

a11 =
c12 + c11

w11

w12

D
(
S2 + w11

w12
S1 −B1

) , (S5.1)

a12 =
c22 + c21

w11

w12

D
(
S2 + w11

w12
S1 −B1

) , (S5.2)
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a22 =
c22 + c21

w21

w22

D
(
S2 + w21

w22
S1 −B2

) , (S5.3)

a21 =
c12 + c11

w21

w22

D
(
S2 + w21

w22
S1 −B2

) . (S5.4)

To this point, we have successfully expressed the phenomenological competition
coefficients in terms of mechanistic consumer resource parameters. More impor-
tantly, the specific algebraic treatment applied to obtain Eqn. (S4) resulted in
biologically meaningful expressions of the competition coefficients. In particu-
lar, the intra-specific competition coefficients (i.e. Eqns. (S5.1) and (S5.3)) only
consist of mechanistic parameters of the focal species whereas the inter-specific
competition coefficients (i.e. Eqns. (S5.2) and (S5.4)) includes parameters of the
competitor.

Once the consumer resource model was translated to a Lotka-Volterra form, we
can proceed to our second step: quantify niche overlap and fitness ratio based on
specific formulas [5, 6]. In particular, for the two species Lotka-Volterra competi-

tion model, Peter Chesson defines niche overlap as ρ =
√

a12a21
a11a22

and fitness ratio

as f2
f1

=
√

a11a12
a22a21

[7]. For our specific consumer resource model, we can express

these two components of coexistence theory with mechanistic consumer resource
parameters as follows:

ρ =

√
a12a21
a11a22

=

√√√√√
(
c22 + c21

w11

w12

)(
c12 + c11

w21

w22

)
(
c12 + c11

w11

w12

)(
c22 + c21

w21

w22

) , (S6.1)

f2
f1

=

√
a11a12
a22a21

=

(
S2 + w21

w22
S1 −B2

)
(
S2 + w11

w12
S1 −B1

)
√√√√√
(
c12 + c11

w11

w12

)(
c22 + c21

w11

w12

)
(
c22 + c21

w21

w22

)(
c12 + c11

w21

w22

) . (S6.2)
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In Figure 1 in the main text we plotted the ZNGI (i.e. eqns. (S3.1) and (S3.2)),
the consumption vectors (species 1 in red and species 2 in blue), and the supply
point. The consumption vectors for consumer i on the two substitutable resources
is a vector with elements (ci1, ci2), and the supply point can be expressed as a point
with coordinates (S1, S2). To study the effects of changing consumer resource pa-
rameters on stabilization potential (defined as 1 - ρ in the main text) and fitness
ratio, we varied species’ per capita consumption rates, cij, and the supply point. To
keep the position of the ZNGIs fixed, we set the following parameters as: D = 0.7,
k1 = k2 = 0.4, r1 = r2 = 1, T1 = T2 = 0.1, w11 = w22 = 2, and w12 = w21 = 4.

In panel (a) and (b), each species consumes more of its favored resource but with
different degree of resource partitioning. The per capita consumption rates in
panel (a) are c11 = c22 = 2 and c21 = c12 = 4, whereas that in panel (b) are
c11 = c22 = 2.843 and c21 = c12 = 3.452. In panel (c) and (d), each species now
consumes more of the resource favored by its competitor with c11 = c22 = 3.552
and c21 = c12 = 2.718. This potentially leads to priority effects depending on
the fitness ratio between the two species, which can be altered by modifying the
supply point from the black circle (0.3, 0.38) to the black square (0.248, 0.245).

Positive frequency dependence in an non-equilibrium sys-
tem

In Figure 2 in the main text we provide an example of PFD emerging through
the coexistence-affecting mechanism relative non-linearity. In this example two
consumers compete for a single logistically-growing resource. One species has a
type 3 functional response (blue in Fig. 2), given by:

dN1

dt
= N1(µmax1

R2

Ks1 +R2
− d). (S7.1)

The other species (red in Fig. 2) has a modified Monod (type 2) functional response
with inhibition at high resource levels:

dN2

dt
= N2(µmax2

R

Ks2 +R + R2

Ki

− d). (S7.2)
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Here, Ni is the population density of consumer i (i = 1 or 2), µmaxi is the maximum
growth rate, Ksi is the half saturation constant, R is the density/concentration
of resource, d is the density independent mortality rate, and Ki is the inhibition
term unique to the second species.

Resource dynamics are given by:

dR

dt
= rR(1 − R

K
) −

n∑
i=1

Qi
dNi

dt
, i = 1, 2, (S7.3)

where r is the resource intrinsic rate of increase, K is the resource carrying capac-
ity and Qi is the resource quota of consumer i.

We used the following values for the parameters in Figure 2: µmax1 = 0.029,
µmax2 = 0.2, Ks1 = 0.02, Ks2 = 3, d = 0.01, Ki = 1, r = 0.5, K = 3, Q1 = 0.01
and Q2 = 0.01. Simulations were run with the LSODA solver using the deSolve
package v1.20 [8] in R v3.4.2. In Fig. 2b, the simulation was started with starting
population sizes of 500 and 1 for blue and red respectively. In Fig 2c, the sim-
ulation was started with starting population sizes of 1 and 500 for blue and red
respectively.
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