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Supplementary Note 1:
Interpreting Homophily and Monophily as Model Parameters

1.1 Distribution of in-class Degrees

The notation is explained in the main paper, and we repeat it here for clarity. Note that we use the
terminology ‘“nodes” and “individuals” interchangeably. For notational simplicity, we will use i € r to
mean the set of all nodes ¢ with attribute class r, n, to be the number of nodes with attribute class r,
and (N —n,) = ns to be the number of nodes with attribute class s # r (where we focus primarily on
a k = 2 class set-up). The in-class degree d; i, denotes the observed number of friendships node ¢ has
with individuals that also have the same attribute class r, and the out-class degree d; oy denotes the
observed number of friendships node ¢ has with those that do not have attribute class r. We use capital
letters (D; in, Diout) When treating the in-/out-class degrees as random variables. Finally, we represent
the probability of an in-class link forming as pi, , for nodes in class r and represent the probability of
out-class forming as pous, where we are assuming k£ = 2 classes in which case po,t is necessarily equivalent
for both classes.

We analyze a 2-class set-up divided into attribute classes r and s, where we give derivations for
all nodes i € r and the set-up is similar for ¢ € s. For all nodes ¢ € r, node i’s total observed
degree d; is partitioned between in-class degrees d; i, and out-class degrees d; ou;. We observe first that
the conditional random variable (D, in|D; = d;) is approximately binomially distributed, for all 7 in a
particular class, according to the following argument: for large populations (where n,. and N —n,. = ng are
large with pi, ,n, and pousns constant), then D, 5, and D; ouy, which are binomial distributed, can be view
as approximately Poisson distributed. Under this Poisson approximation, the conditional distribution
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(Dyin = k|Diin + Dyn = d;) is distributed Bin (d- L) In full formality:

Pr(D;wm =k|D; =d;) = Pr(Diin=k|Diin+ Diou = di) (1)
PI‘( 3,in k Dzout—d _k)
Pr(Dz,m + Dz ,out — d )

d;—k
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where o(1) captures an error term that is asymptotically small when n,. and ns are both large. These steps

allow us to identify the conditional distribution (D; ;n|D; = d;) as approximately Bin (di, ﬁ).

When n, = ng, this distribution reduces to simply Bin (d- Pin.r

05 pm,r+;ﬂout)’ and when DPin,r = Pout, this

distribution reduces simply to Bin (di, ﬁ)

1.2 Homophily Index as Intercept Term

Here we show that the maximum likelihood estimate of the intercept term in the logistic regression model
applied to the in- and out- degree counts among nodes in a particular class r can be interpreted as the
conventional homophily index h,.. This result is derived specifically for a two-class setting.

Consider D; in|di, Pin r, Pout ~ Bin (d,-, M) for nodes i € r, as derived above with p;, , and

Pout €xplicitly shown as fixed for clarity and where we define the homophily parameter h,. = e Pin.r

Ny Pin,r+NsPout
Then since the binomial distribution is a member of the exponential dispersion family and can therefore
be modeled using a generalized linear model (GLM) with a logit link function, we have that

nrPin,r
: N Pin,r _ N Pin,r T sPout _ rPin,r |\ __ : Ny Pin,r _ c—1 _
10g1t<nrpin,r+nspout) log E—y 7T — log( ;po.,t) Bor or equivalently T Pin,r 15 Pout logit™" (bor)
NrPin,r+7sPout
ePor
1+-ePor
Given the observed degree counts for nodes with attribute class r represented as {(d; i, d:), € r},

which are approximately independent (but weakly dependent due to combinatorial constraints on the

joint distribution of degrees), we derive the maximum likelihood estimate BOT and show its connection
with the homophily index h, = .., diin/ > ;c, di- First consider the likelihood function:

L(/BOT’) = P(Dl,in = dl,in; D2,in = d2,in» '"aDnT,in = dnr,in) (5)
d' n . d'i,in . di,out
_ H ( 7 > . ( Tpm,r ) . (1 _ nrpm,r ) (6)
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We transform this likelihood function to a log-likelihood function:

eBor
l(ﬁOT‘) = Z0g<1+eﬁ0r> Zdz 1n+log( 1+€BOT> Zdzout (9)

Bor
= o X o (1 ) Y oy (1 ) D diow(10)
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and from here we set % — 0 and solve for BOT:
i dz in 3 ; dz ou A

0 = Z di,in — z:le# . 6’80““ — Derijt . eﬁm« (12)

Sty 1+ efor 1+ efor
; ; ofor ) ) 3
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Here BOT is the maximum likelihood estimator, and we use the superscript “MLE” to make this clear.
Thus when using binomial logistic regression applied to the in-degrees D; in|d;, Din,r, Pout, We obtain that

LE) _ eﬁo'“ . ZiET di,in
T T 1tefor | Diendi

logit— (53] = h,, the conventional homophily index.

1.3 Properties of Binomial Degree Data

For a realized expected degree sequence (d;) among nodes i in class r, the conditional distribution of

in-class degrees is (asymptotically, per Section 2): D; in|di, Din,rs Pout ~ Binom(d L) as

©) Ny Pin,r s Pout
previously derived. In this section, we assess the unconditional expectation and variance of the in-class

degree sequence in settings where % is assumed to be constant for all nodes (Model I below)
and when ———"PLnr_ jg agsumed to be random (Model I below). The derivations of Model I and

NrPi,in,r+MNsPi out

Model 1I follow those presented in Chapter 10 of [3] and are adapted to this context in terms of in- and
out- class degrees.

1.3.1 Without overdispersion (Model I)

The expectation of D, ;, when there is no overdispersion (when % is constant for all nodes)
is:
I TNy Pin,r
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The variance (again with —==f=r— known) is:
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Considering each of these two terms, we have:
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As a result, we obtain that Var [D; iy|d;] = d; o - (1 T )

If the expectation and variance are rewritten in terms of h,, then they are: E[D; iy|d;] = d; - h, and
Var [D; in|d;] = d; - hy - (1 — h,.), respectively.

1.3.2 With overdispersion (Model II)

NrPi,in,r

Following previous notational set-ups, we introduce overdispersion by allowing ————==%2—— to vary
Ny Pi,in,r+MNsPi out
across nodes such that E | ——Pune | = E[h,; ] = —Per = | and (for notational conve-
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nience as will be clearer later) that Var [n,"piyimﬁnspim] = Var [h; ,]=¢, P (1 n'rpin,7'+nspout)

&r - by - (1 — h,). Note that the only assumption we’re making is that ¢, is constant across nodes in a

given class but we are not making any distributional assumptions on ——=Piine___
NrDi in,r+NsPiout

Then, the unconditional expectation of D; j, (unconditional on ——2.nr ) when there is overdis-
’ NyPi,in,r+NsPi out
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is random across all nodes) is:
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And the unconditional variance (unconditional on ——PLinr ) jg:
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This derivation means that
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which simplifies to
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Therefore, when ¢, > 0 then the dispersion in D, i,|d; is greater than what would be expected in the

setting where ¢, = 0. If the expectation and variance are rewritten in terms of h,, then they are:
E[D; in|d;] = d; - hy and Var[D; in|di] = d; - hy - (1 — hy) - (14 (d; — 1) - ¢), respectively.



1.4 Algorithm for Estimating Overdispersion Parameter ¢,

This section describes the iterative procedure for estimating the overdispersion (¢,) among nodes i in
class r by restating the procedure due to Williams [14] using our class-degree notation. The procedure
initially assumes the null model without overdispersion (Model I) is true and then iteratively assesses
the resulting residual variation via a goodness of fit statistic (X?2) based on the sum of squared residuals,
allowing ngST > 0 and then updating the estimates BOT and QAST until convergence. The final g{)r at the
end of this process is the estimated overdispersion. Note that testing the goodness of fit statistic (X?)
relies on a predetermined significance parameter («), which in the main paper we test the statistical
significance of overdispersion in the networks we study at the a = 0.001 significance level. For clarity on
the notational differences between our work and that of Williams, we provide the following table that’s
explained in more detail below:

Supplementary Table 1: Conversion between our notation and Williams’ notation [14].

Our notation Williams’ notation
dz' m;
d; in R;
507“ . >\1 .
hr = TepChm 0= Heorn
Var(hiyr) = gbr . hr . (1 - hr) Var(Pz) = qb . 01 . (]. - 01)
wil=1+¢(di-1) [ wil=1+¢ (mi—1)

Given the observed degree data {(d; in,d;),? € r} and assuming the underlying generative process is
ing feature between the initial Model I (no overdispersion) and the subsequent Model II (overdispersion)
is the variance: Var [D; in|d;] = di-hy-(1 — hy)-(1 4 (d; — 1) - ¢,). For notational convenience by allowing
v; =d; - hy - (1 —h,) and w[l =(1+(d; — 1) ¢,), then Var [D; i,|d;] = v; -w;l where Model I strictly
enforces ¢, = 0 or equivalently w; ' — w; = 1. Meanwhile for Model II we allow ¢, > 0 or equivalently
0 <w; ! < 1. We note that for Model I, an advantage of interpreting the homophily index within the
GLM framework is that it provides a clean approach to computing statistical significance [11] using the
p-value for the intercept term.

The steps of Williams’ iterative algorithm for jointly estimating BOT and ¢ET are then as follows.
Viewed as an iterated algorithm, the iteration is in earnest only over the variables BOT and (;BT given
the input data (d;) and (d;in), but a number of auxiliary variables (e.g. w;, v;, ¢) greatly simplify the
notation.

D; inldi, Pin,r» Pous ~ Binom (d ) where d; is assumed to vary across nodes, the distinguish-

1. First assume there’s no overdispersion (¢, = 0) and test for the significance of overdispersion being
present (¢, > 0) by fitting Model T assuming there are no additional explanatory variables. Then
OMEE = logit(3,c, disin/ > se, di). Evaluate the model fit by computing a goodness-of-fit statistic

(X?) or the sum of squared residuals as X2 =
Yier [(di’in —d; - h)2/(d; - hy - (1 — ﬁr))} , which under the null should be distributed x2 _,. Note

as is illustrated in the main paper, we use w; = 1 for this initial goodness-of-fit test, a direct
consequence of ¢, = 0 under the initial null model.

2. Compare X? with the X%,.q distribution which is valid under the null ¢, = 0 being true. Then
assuming the null model is true, we compute the statistical significance of X? by computing the
probability that X? would be as extreme if it’s assumed to be distributed x; _;. If X? is signifi-
cantly large as determined by the « significance level, then reject the null that ¢, = 0 and calculate



an initial estimate ¢? as:

~ 1
R = (45)
14+ exp( MLE)
of = di bl (1R (46)
1
0
_ 47
I ZiET U'? ( )
R X2 —(n,—1)
& = : (48)
Pierl(di = 1) - (1= v - ¢°)]
3. Update the weights !, re-estimate 3,., and update hf and o!:
1
wf“ = - (49)
1+t (d; —1)
At+1 — Z’LGT wt+1 [ f : BST + dl in ™ dl ' }AL;Z] (50)
o ZZGT’ wt+1vf
~ 1
ht = (51)
1+ exp( tH)
ittt = g hIPL (1 - REFY). (52)
4. Compute the new sum of squared residuals X?:
X2’(t+1) _ Z ’U}Zt-+1[di,in - dz : h$,+1]2 (53)

t+1
ier Y

sand if this updated value is close to the degrees of freedom n, — 1, then cZA)T = (/Abi is the dispersion
estimate and the procedure stops. Otherwise, update

1
t+1
R "
) X2(t4+1) _ witl . (1 — ttl . pttl . gt+l
¢$+1 _ Z ier Wi ( 4 4 q ) (55)

Dier wit o (dp — 1) - (1 —wit ol gt
and return to step 3 with ¢t < ¢+ 1.

We use the R package dispmod to compute gZ;r. The code snippet below assumes that the vectors
deg_same and deg_different contains the degrees d; i, and d; out, Tespectively:

compute_monophily_phi <- function(deg_same, deg_different){
mod <- glm(cbind(deg_same, deg_different) ~ 1, family=binomial(logit))
mod.disp <- glm.binomial.disp(mod, maxit = 50, verbose = F)
return(mod.disp$dispersion)

}

We note that this iterative procedure results in an estimate of homophily bias that we denote by

Aé\ﬁ? E, A%QE as distinct from the original homophily index obtained from the GLM model (5 M LE, (J)\}I;LE ).

The estimates are comparable. Supplementary Figure 1 compares the original BM LE 50 LE to the up-
dated ﬁMQE, %QE under the iterative Williams Method. We observe that the estimates strongly
correlate, which is not surprising given that the average degree between males and females is similar and
as noted in[14] that “...the difference between the maximum likelihood estimate of S under Model I and
the maximum quasi-likelihood estimate of 5 under Model II is expected to be small when the m; are of
a similar magnitude.”

One might also consider measuring homophily in terms of assortativity [7]. We observe that as-
sortativity and the homophily index are highly correlated as shown in Supplementary Figure 2, but a
major drawback of assortativity is that it does not give class-specific measures of homophily, unlike the
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Supplementary Figure 1: (Left) Confirmation that 3}/F and the homophily index h, are equivalent,

seen here for female (red) and male (black) classes across the 97 colleges from the FB100 networks.
(Right) Comparison of the maximum likelihood estimate S1EF versus the Williams estimate ﬁé‘/[ QB
obtained from maximizing the quasi-likelihood for the same data, confirming that the difference between

the estimates is small in practice, as noted by Williams [14].
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Supplementary Figure 2: Across the 97 Facebook schools we compare an averaged gender homophily
index and gender assortativity.

homophily index due to Coleman. This figure compares the (averaged) gender homophily index versus
assortativity across the FB100 schools.



Supplementary Note 2:
Attribute Inference Methods on Social Networks

2.1 Majority Vote Classification

The aim of the 1-hop (immediate friends) and 2-hop (friends-of-friends) Majority Vote classifiers is to
aggregate the known labels among an unknown node’s friendship network in order to assign classification
scores. Given the vector of training labels aq, ..., a,, where a; = +1 for female training label, a; = —1
for Male training label, and a; = N A is a testing label, we implement the following procedures:

e For the 1-hop Majority Vote, we use the portion of the adjacency matrix corresponding to the
unknown testing labels, which we’ll refer to as A¢cs: and for a specific unknown node v as Ay test =
Agest[u,:]. Then the classification score assigned to unknown node w is based on the relative
difference in the proportion of labeled male friends versus labeled female friends:

Au,test : ]I[
Au,test : H[

—1] — Au,test . ]I[CL = +1]
—1] —|— Au,test . ]I[a = +1] '

a =

56
o= (56)
If node u does not have any labeled neighbors meaning that A, test-Ila = —1]+ Ay tese-Ija = +1] = 0,
then we assign a score based on the relative proportions in the training sample:

Slfa= 1] = Y 1I[a = +1]
Slla= 1]+ Y I[a=+1]

e For the 2-hop Majority Vote, we implement a similar procedure as the 1-hop Majority Vote except

now weights are based on A% ,, weighted by the number of length-2 paths to labeled friends-of-

friends.

(57)

e Note that in the case of ties or when an individual has an equal number of female and male friends,
then we still assign this relative class proportion since we compare relational inference methods
based on their AUC.

2.2 Regularization for LINK

The LINK model introduced by Zheleva and Getoor [15] learns a binary logistic regression classifier
where the features are the entire row of the adjacency matrix among users who reveal their attribute
and the outcome variable is the user’s revealed attribute class. We examine these model fitting issues
in this section as they pertain to binary gender inference on the datasets we study, where regularization
should be given careful consideration given the large number of predictors and small number of training
observations (e.g. p >> Nyrqin) Where ny.qin denotes the size of the training sample. The method of
£y-regularized logistic regression minimizes the following cost function where 3 represents the parameter
vector corresponding to each of the N nodes in the graph with Sy intercept, observed gender values
y; € {—1,1}, gain parameter C, and X; corresponding to the ith row of the adjacency matrix for user i:

Iﬁr;ig %BTB +C- Z log(exp(—yi(XiTﬂ + o)) +1). (58)

1€train

Here C captures the inverse of the regularization strength, where for concreteness small (large) values of C
correspond with large (small) amounts of regularization. After exploring the sensitivity of the C' param-
eter on classification performance, we find minimal improvement from incorporating fs-regularization.
To minimize this cost function we use the implementation in Python’s scikit-learn library.

We evaluated several different optimization methods for minimizing the regularized loss across a
wide range of gains C'; in these evaluations we focus on the Amherst College network from the FB100
dataset, the same network featured in the individual network analyses in the main paper. We evaluate
scikit-learn’s (package version 0.18.1) 1bfgs, newton-cg, and liblinear solvers, all with their de-
fault parameter settings, as illustrated in Supplementary Figures 3 and 4 across varying regularization
gains. Note that only the liblinear solver is evaluated with />-regularization and ¢;-regularization in
Python, while 1bfgs and newton-cg are only evaluated with fs-regularization. These different solvers
sometimes choose rather different models, as seen in the sometimes large differences in AUC. But ulti-
mately across all three solvers we observe robust evidence that ¢>-regularization does not help the AUC,
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and therefore choose to learn the LINK models throughout this paper (outside this section) using a very
large regularization gain C' with the 1bfgs solver, effectively disabling regularization.

On the subject of ¢;-regularization within LINK, we briefly note that such a regularization would in
a sense be trying to find a small subset of individuals to use as features for the entire graph, an insight
motived by the “subset selection” interpretation of ¢;-regularization [13]. Since each of the n nodes is
only connected to a small fraction of the graph, there’s a formal sense to which we require some O(n)
fraction of the nodes to have non-zero weights, not o(n), contradicting the subset selection motivation.
As a result, the lack of improvement from ¢;-regularization is expected, and indeed this is what we see
in Supplementary Figure 4.

We observe, as has been previously noted [5], that this unregularized model with a very large number
parameters is still empirically good at distinguishing between classes. We also observe a tendency toward
separability in Amherst, as seen in Supplementary Figure 5. Then, as noted in [10], behavior with a large
gain C' is similar to choosing an ¢» max-margin classifier. For prediction on the political blog network
and the Noordin Top membership network we employ C=1.

10 10.0% initially labeled 10 50.0% initially labeled 10 90.0% initially labeled
0.9 liblinear 0.94 0.94 s
newt()nicg h L] s
0.8 Ibfgs 0.8 4 =...,............ 0.8 f
0.7 .....J 0.7 4 0.7 -
Q prsses
2 0.6 0.6 0.6
0.5 0.5 0.5
0.4 0.4 4 0.4 4
0.3 0.3 0.3

— T T T T T — T T T T T — T T T T T
-20-15-10-5 0 5 10 15 20 -20-15-10-5 0 5 10 15 20 -20-15-10-5 0 5 10 15 20
C, log_10 C, log_10 C, log_10

Supplementary Figure 3: Evaluate sensitivity to regularization parameter, C, on Amherst College, for 1
fold, for £5-regularization.

104 10.0% initially labeled 104 50.0% initially labeled 104 90.0% initially labeled
0.9 liblinear 0.9 0.9 ™ ot
0.8 0.8 M“' 0.8 {

o 971 l?"'*w 0.7 '7 0.7 !

2 0.6 h 0.6 1 0.6 1
0.5 [E— 0.5 PR 0.5 casessees
0.4 0.4 0.4
0.3 0.3 0.3

— T T T T — T 7T T — T T 7T T
-20-15-10-5 0 5 10 15 20 -20-15-10-5 0 5 10 15 20 -20-15-10 -5 0 5 10 15 20
C, log_10 C, log_10 C, log_10

Supplementary Figure 4: Evaluate sensitivity to regularization parameter, C, on Amherst College, for 1
fold, for £;-regularization.
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Amherst College: LINK evaluated on training versus testing data
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Supplementary Figure 5: Evaluating separability on Amherst College.

2.3 Interpretation of LINK as a 2-hop Method

We claim that the LINK family of linear classifiers (based on linear weights applied to the columns
of the adjacency matrix as feature vectors), which include LINK-Logistic Regression, LINK-SVM, and
LINK-Naive Bayes, obtain their predictive power from 2-hop paths to individuals friends-of-friends. This
section establishes this 2-hop connection explicitly by deriving the weights used by LINK in a Naive Bayes
classifier. We demonstrate the Naive Bayes classifier reduces to a linear aggregation over a nodes friends
of a nonlinear aggregation over those nodes’ friends (the friends of friends of the classification subject).
Note that we employ a Laplace smoothing factor (“+1”) to handle the case when a node does not have
any male or female friends in the training sample.

Suppose that for our training data we observe labels y¢.qin, € {M, F'} with the corresponding observed
features z; € {0,1} and random variable X € {0,1}" where N is the total number of nodes in the
graph. This set-up represents the observed gender labels, ¥¢rqin, and the observed friendships that all
nodes in the network have with these training data. From this information, we construct the Naive
Bayes classification rule by making the standard conditional independence assumption and studying the
likelihood ratio:

P(Yirain = F) - P(X|Ytrain = I')
LRle) = P(Ytrain = M) - P(X|Ytrain = M) (59)
_ PWiram = F) - Tlicy P(Xi = Zlytrain = F) (60)
P(Ytrain = M) - Hizl P(X; = zilytrain = M)
P(Ytrain = F)
P(Ytrain = M)
) H P(X; = zi|Ytrain = I') . H P(X; = zi|Ytrain = I) (61)

P(Xz - xi|yt7uin - M)

i:x; =0 ;=1

P(Xz - xi|yt7'ain - M) .

Note that in this expression we’ve separated the non-neighbors and neighbors of a test node by the
restriction (¢ : 2; = 0 and 7 : 2; = 1), to be considered separately.

We now have the following empirical estimates, where ng ¢rain (Ma1,train) denotes the number of
females (males) in the training sample, d; 7 ¢rain (di M train) denotes node i’s degree with F' (M) nodes
in the training sample, and we finally assume d; g train + di, M train = i train- For simplicity in notation,
we’ll remove the train subscript for the rest of this section. Including +1 Laplace smoothing we have
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the following standard maximum likelihood estimates for the “parameters” of the Naive Bayes model:

~ nF

P(Ytrain = F) = py— (62)
P(ytrain = M) = % (63)
P(X; =y = F) = B2 (64)
POX; = Lyipain =) = (65)
P(X; = Olytrain = F) = % (66)
POX; = Olgupain = M) = DML (67)

Substituting these empirical estimates into the earlier likelihood ratio, we obtain the following likelihood
ratio for classifying a test node as belonging to class F":

(nF sz+1) (di,F+1)
- 7'LF ngp+2 ngp+2
LR(Z) o s ny—di m+1 H di v+1 (68)
1m1_0 nM+2 ;=1 na+2
. nr <np ZF+1)<nM+2> H <di,p+1)<nM+2) (69)
MM o \PM div +1 np+2) 22 \din+1 ng —+ 2
ng (ny + 2 np—d;p+1 dirp+1
_ e dip+1 dirptl 70
N (TLF—FZ) i::[l—zo(nM_di’M—i_l)i:x,lIl (di7M—|-l> (70)
_ nF(nmz)Nﬁ(di,ﬁly(nF—di,FH)l—“ )
ny \ngp+2 paie} di,M+]— TLMfdi,M+]. '

Then considering the log of the likelihood-ratio, where
C =log(np/nun) + Nlog((nar +2)/(np +2)) is a constant:

log(LR(z)) = C +log (f[l <m>z ' (m)1x> (72)
_ o+émi tog (4240 +é<1 —atog (PEZGEEL) (my
= C+ Zi_\;log (:]5 — Z:Ziﬁ)

—1—2\;:@ (log {m] — log {mb (74)
- C+Zl e
oS y) (emi)] ™
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If we assume that the network is sparse we have that ng,ny >> d; r,d; » and can therefore simplify:

log(LR(z)) =~ CJerog[ %Zzz 1og{<dzf4frll> (Zf;ﬂ (76)
~;

Thus, we see that LINK-Naive Bayes in particular (and the LINK method in general) is a 2-hop
method since the classification procedure relies on the degrees d; r and d; »s of an unlabeled test node’s
neighbor, effectively incorporating information about the labels of nodes two hops away. In the case when
ny = np, then we can directly observe this 2-hop relation as the log-likelihood ratio log(LR(x)) reduces

to C' + Z _, ;- log Ki;flﬂ Ignoring the +1 (which comes from the use of Laplacian smoothing),
the likelihood a test node is F' is scored based on the relative tendency of the test node’s neighbors to
form friendships with F' nodes relative to M nodes. Note that the scoring is not based on the neighbor’s
labels but rather on the neighbor-of-neighbor’s labels in the training data.

As a final comment, the use of the adjacency matrix to classify nodes pre-dates the LINK paper, to at
least McSherry [6], where the dominant eigenvector of the adjacency matrix was used as an unsupervised
method to classify nodes in a stochastic block model (SBM). One can think of the McSherry algorithm
as a dimensionality reduction step (to dimension 1) applied to LINK, with theoretical guarantees for
recovering the block structure of SBMs. The McSherry work further emphasizes the focus of adjacency-
matrix-based methods on homophily, given that the target problem there is related to stochastic block
models (SBMs), which model homophily and not monophily.

2.4 Evaluation Metrics for Assessing Predictive Performance

The aim of this section is to provide further details on how to measure classification performance, illus-
trate and interpret alternative metrics to assess classification performance, and to describe the inherent
trade-offs when selecting a performance metric and how the choice of performance metric is specific to
the prediction problem. For example, predicting gender versus predicting suspicious persons of interest
represent settings where there are likely different misclassification considerations and costs. We report
all classification performance results in the main paper using a weighted Area Under the Curve (AUC)
[1]. We first summarize typical metrics for evaluating classifier performance such as accuracy, AUC,
precision, and recall and then provide these alternative evaluations.

The output of a classifier is the likelihood an observation is predicted to be in a target class of interest.
Choosing an evaluation metric for a classifier then depends on whether one is interested in evaluating the
classification scores themselves or whether a cutoff threshold is already pre-selected for labeling based
on predicted scores. For any given threshold cutoff, a confusion matrix is a useful tool for understanding
the various ways classifier performance can be measured either for a fixed classifier threshold or across
various classifier thresholds. As shown in Supplementary Table 2.4, for binary classification there are two
ground-truth classes, r and s, and the output from a classifier at a given cutoff threshold is a prediction
that an observation is in one of the classes. A perfect classifier would mean all the actual classes are
correctly predicted, and that there are no False Negatives (FN) or False Positives (FP).

True Class r True Class s
Predicted Class r | True Positive (TP) | False Positive (FP)
Predicted Class s | False Negative (FN) | True Negative (TN)

Supplementary Table 2: Confusion matrix that illustrates the various ways to categorize predicted labels
from a binary classifier at one particular threshold cutoff for an observation to be predicted to be in a
specific class. Here, we're assuming the model is to predict an observation belonging to class 7.

Using this confusion matrix, we next define the following potential evaluation metrics that can be used
for assessing and comparing classifier performance and describe limitations of each. For concreteness,
we assume a binary classification setting where possible labels y; € s,r for individual ¢ and our classifier
predicts P(y; = 7).

13



e Accuracy: Accuracy is a commonly chosen metric if one is interested in evaluating a classifier
performance at a pre-determined threshold. At a classifier threshold C, the prediction classification
scores defined by P(y; = r) would be converted to labels as follows: P(y; = r) > C indicates
1y = r and otherwise § = s. Then, the accuracy metric assesses the overall proportion of correctly

TP+TN
TP+TN+FP+FN

using accuracy for our purposes. First, in settings with imbalanced classes, this metric can be
very misleading since a naive classifier that assigns all observations to the majority class can falsely
result in a classifier with high predictive accuracy [2]. Second, this metric relies on sufficient domain
knowledge of the prediction setting to make an informed choice of a decision threshold cutoff. Given
these limitations of interpreting accuracy when classes are imbalanced and differently balanced in
different datasets (i.e. in the datasets we explore) and of choosing an informed classifier threshold,
we instead primarily focus on AUC in the main text, which provides a more comprehensive overview
of classifier performance.

labeled observations computed by ( ) We comment on two main limitations of

In order to illustrate accuracy results on Amherst College and other networks, we use the relative
class proportion as the classifier cut-off and show accuracy performance in Supplementary Figure 6.
In the left panels we illustrate accuracy-based evaluations, where accuracy is equivalent to the
proportion of same-class neighbors. More concretely, we compute for each node the proportion of
nodes that are in the same-class, and then across all nodes in the network, count the proportion
of nodes where the majority of their neighbors are in the same class, using weights based on
the number of length-k paths to labeled k-hop friends. We define majority relative to the class
proportions in the whole network. We then highlight two schools, Amherst College and MIT, which
exhibit differing behavior in top top panel. Amherst College has a larger percentage of nodes with
same-class neighbors at 2-hop whereas MIT has a smaller percentage at 2-hop compared to 1-hop.
We emphasize that the analog set of figures for a percent same at k-hop figure is evaluating classifier
performance based on accuracy, shown in the middle-left and bottom-left of Supplementary Figure 6
where we confirm 2-hop MV is higher than 1-hop MV for Amherst, and the reverse for MIT.
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on FB100 schools, across varying decision thresholds.

15



e Area Under the Curve (AUC): AUC is a commonly chosen metric to evaluate overall classifier
performance across a range of classifier thresholds. It is based on the ROC curve which varies
classifier thresholds to obtain a global sense of classifier performance across a range of cutoffs[12]. In
the right panel of Supplementary Figure 6, we illustrate across the FB100 schools AUC performance
for k-hop majority vote classification (k=1,2,3,...). We consistently observe higher performance at
2-hop relative to 1-hop, which we further illustrate in the middle-right and bottom-right for Amherst
and MIT, respectively.

In Supplementary Figure 7 we provide a fuller characterization of the AUC for Amherst and MIT
from the FB100 dataset, evaluating 1-hop and 2-hop majority vote on these networks. The x-axis
represents the various threshold cutoffs while the y-axis plots the False-Positive Rate (FPR) and
the True-Positive Rate (TPR), which are what the area under the ROC curve concisely summarizes
into one statistic. We also illustrate how an accuracy metric provides a limited view of classifier
performance by using a simple decision threshold cutoff based on relative gender proportions in
the school population. We observe for MIT using 2-hop MV that this threshold is not optimal as
TPR and FPR are comparable and a slightly lower decision threshold would result in a relatively
unchanged TPR but a lower FPR.
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Supplementary Figure 7: Visualizations of what the AUC captures from the ROC curve and correspond-
ing accuracy threshold cutoff for Amherst College (left) and MIT (right) for 1-hop MV (top row) and
2-hop MV (bottom row). The gray vertical line reports the TPR and FPR values at the specific threshold
cut-off used if we reported accuracy based on relative class proportions.
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e Precision and Recall: These metrics are aimed at overcoming the limitations of accuracy by
providing an assessment of the proportion of predicted observations that are truly of the predicted
class (precision) and the proportion of the class of interest that are actually predicted as being

in the predicted class of interest (recall); the formulas for precision and recall are (%EFP) and

(% , respectively. A precision-recall curve generalizes these metrics by varying the classi-

fication thresholds and comparing precision vs. recall. We illustrate the precision-recall curves
for Amherst College and MIT in Supplementary Figure 8. Observe that the curves for the 2MV
methods almost completely dominate the curves for the 1MV methods on both schools.
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Supplementary Figure 8: Visualization of Precision-Recall Curves for Amherst College (left) and MIT
(right). The black point indicates where an accuracy metric would be if labels were assigned based on
relative class proportions.

2.5 Sensitivity of Predictive Performance to Overdispersion

As a way to examine how overdispersion is driving the improved predictive performance of 2-hop MV
relative to 1-hop MV in the non-homophilous network setting is to compare the relative performance of
these classifiers on the 0SBM as we increase the overdispersion. As is illustrated in Figure 3A in the
main text, we generate an 0SBM network (described in detail in Section 4) that for fixed % of nodes
initially labeled (1%, 10%, 50%, 90%), we create different instances of the 0SBM without homophily but
increasing the amount of monophily (overdispersion). The goal is then to compare the relative predictive
performance of 2-hop versus 1-hop MV. As overdispersion increases we see how 2-hop MV improves in
predictive performance relative to 1-hop MV, verifying that the increasing overdispersion in the 0SBM
can account for the improved 2-hop MV performance in the non-homophilous setting.
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Supplementary Figure 9: Sensitivity of 1-hop vs. 2-hop MV to increasing overdispersion, where the x-
axes denote ¢}, = ¢, in the oSBM. Different panels show different percentages of initially labeled nodes.
We observe that as the overdispersion increases (while all other parameter values remain unchanged) the
2-hop MV performance increases relative to 1-hop MV.

Moving to empirical networks, classification for 2-hop Majority Vote considerably outperforms clas-
sification based on 1-hop Majority Vote across the population of FB100 schools, as illustrated in Sup-
plementary Figure 10. We attribute this performance difference to the monophily in the network.

As a way to evaluate the predictive performance specifically of LINK in terms of homophily versus
monophily, we consider the Bj coefficients from the fitted LINK model. The idea is that the coefficients
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Supplementary Figure 10: Across FB100 networks we compare the correlation between 1-hop and 2-hop
Majority Vote (with 50% initially labeled nodes) versus gender homophily and gender monophily. We
observe that homophily has high explanatory power for the 1-hop Majority Vote AUC across schools while
monophily has very little. Meanwhile, homophily has weak explanatory power of the 2-hop Majority
Vote AUC across schools while monophily has strong explanatory power for that method.

can help inform us who is useful for prediction by comparing the sign of the estimated coefficient Bj (as
non-negative or negative) to that to that node’s own class label.

To review, the interpretation of a 3; coeflicient from a LINK-Logistic regression model that for
example predicts the likelihood of being male (y; = 1) versus female (y; = 0) is that the coefficient f;
indicates being friends with individual j, keeping everything else fixed, impacts one’s own log-odds of
being Male by 3;. If 3; > 0, then this means that one has an increased chance of being male while the
reverse is true if 3; < 0. Therefore, if 3 > 0 among nodes that are primarily male, then this means
that males are revealing male gender of their friends or homophily is driving the predictions. In a non-
homophilous but monophilous setting, we’d expect a mixture of female and male nodes to be predictive
of being male.

We illustrate the learned coefficients across 4 networks (three 0SBM networks and Ambherst College)
in Supplementary Figure 11. We note that in the homophily-only setting (yesB-noO), we observe a
clear separation that Class 2 (Class 1) nodes on average are predictive of Class 2 (Class 1). In the
monophily-only setting (noB-yesO), we observe a mixture of Class 1 and Class 2 nodes both being
predictive indicated by complete overlap in the distributions. For the homophily and monophily setting,
we observe some overlap in the distributions but with some Class 2 nodes being indicative of Class 2.
Finally, another way to observe that overdispersion is resulting in high predictive performance is that
there’s almost complete overlap in the coefficient distribution for Amherst College.
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Supplementary Figure 11: An analysis of which nodes are useful for prediction based on the LINK model,
comparing the coefficient value for nodes within each class label. (yesB-noO) On an oSBM with only
block structure and no overdispersion, we’d expect nodes of a specific class to be predictive of their own
similar to their neighbors in a homophilous network, the useful nodes
for prediction should reveal their own class, which is illustrated in the two set of figures that males tend
to reveal males and females tend to reveal females. (noB-yesO) Next, we compare an oSBM without
block structure but with overdispersion where we see complete overlap in terms of which nodes are
predictive of class membership. (yesB-yesO) We observe both some separation in the histograms along
with significant overlap in which classes are predictive. (Amherst College) We observe that this network
is monophily-driven for gender prediction as both male and female nodes are predictive of gender.

class. That is, given that a node is
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Supplementary Note 3:
Analysis of Homophily and Monophily on Social Networks

3.1 Facebook Data Pre-processing

Supplementary Figure 12 shows that across the Facebook schools there’s a very small percentage of
individuals with truly unknown gender labels, always less than 16% with an average of 8.3%. We
acknowledge that these unknown individuals can be useful for revealing the gender of others using e.g.
LINK or 2-hop Majority Vote, but given that we are not able to include them in a training/testing
cross-validation set-up, we completely remove them in this work since our goal is to compare the relative
performance of inference methods. Supplementary Figure 13 illustrates the relative proportion of nodes
in the largest connected component, and shows that these nodes comprise the majority of individuals in
each graph, so subsetting is a minimal change compared to the original dataset. Supplementary Figure
14 illustrates that across the population of schools, males and females have comparable average degrees.
The mean average degree is 71.35 for males and 79.22 for females.
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Supplementary Figure 12: The proportion of nodes with missing gender labels in the original network
dataset across the 97 schools from the FB100 schools.

70 4 70 4
60 60
50 50
)
c 40 4 40 4
[}
3
3 30 30
L
20 20
10 10
0 T T T T 0 T T T T
0.95 0.96 0.97 0.98 0.99 1.00 0.95 0.96 0.97 0.98 0.99 1.00

Relative Class Proportion in Connected Component
Supplementary Figure 13: The relative proportion of the original nodes preserved after subsetting to the

largest connected component across the 97 schools from the FB100 schools.
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Supplementary Figure 14: The average node degree among nodes in the largest connected component
across the 97 schools from the FB100 schools.
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3.2 Additional FB100 Figures (gender)
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Supplementary Figure 15: (A) American University, (B) Boston College, (C) Indiana University, and

(D) University of Michigan.
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3.3 Add Health Analysis (gender)

This section provides an analysis of gender inference on the Add Health dataset [9].
mophily and monophily on the undirected and directed degree sequences, where the measures generalize
cleanly to the directed setting. We follow the same data pre-processing steps as we did for the FB100,
restricting the analysis to only nodes that disclose their gender and restricting to nodes in the largest

(weakly) connected component.

A particularly remarkable property of the Add Health networks is that they result from a directed
friendship nomination survey that limited the number of male and female friends that each person could
nominate, up to five of each. While a survey under such constraints strongly limits the presence of
homophily, it does not limit monophily in the in-directed network. For instance, if all females nominate
person u, then “having u as a friend” would be a key feature for inferring the gender of individuals
who have kept that information private. We observe that it is therefore still possible to achieve high
classification accuracy in the directed Add Health networks collected with constrained surveys using
methods that can harness monophily, a clear demonstration that constrained surveys cannot guarantee
privacy. We leave as an open question how to limit the predictive performance of directed network

surveys for inferring private attributes.

The out-directed graph is described by an adjacency matrix A;; = 1 if student ¢ nominated student j.
The data collection was restricted such that >, A;; <10, >,cpr Aij <5, and Y

22

1.04 LINK

2-hop MV
T-hop MV
0.9
Baseline
-——.“h-'".".“‘j
a-- -
08 - B
) x .-
207 25
'
064/ i1
a--w--o - -a--8--¢%
g d- -
05Feo--0--0--0-o-o--0--0--cod
0.4+
0 25 50 75 100
Percent of Nodes Initially Labeled
1.04 LINK
2-hop MV
1-hop MV

RN ER SR E T EELAE S £

,.,7.7+71~0{{

-
.-
.
05 ee--0--0--06-6-0--0--0--0048
0.4
25 50 75 100
Percent of Nodes Initially Labeled
1.04 unk
Zhop v
Thop M
09
Saseln ;]
- e R L L o £
08 ’.'.,4—
ol
2074
[
06 {
‘.‘>_»,_,_.,»o—v-q—--o--»r-——i---I—!
05/ @-0---0--e--o--o---0--a--e---0-0e
04
50 100
Percent of odes iallyLabeled
1.04 LINK
2-hop MV
Thop MV
09 Baseline
0.8 1’4,&"‘“*”
oo
Sor{ b —
i ‘_,a»fo—""""{"’ 1t
06§ ¥
/! -
0580 e -0--0-6-o-s--e--s--soes
0.4

25 50 75 100
Percent of Nodes Initially Labeled

jEF

We evaluate ho-

Aij S 5. The in-



directed graph is defined by an adjacency matrix A;; = 1 if student ¢ was nominated by student j and
is not restricted as 0 < > y A;j < N. Due to the restriction on the out-directed degree sequences, we
expect the gender preferences to be underdispersed, which is evident in Supplementary Figure 17. Lastly,
we drop one school (School #27) due to the high proportion of male students (99.8%) at that school.

Focusing on a single representative school, School #23 (for additional schools see Supplementary
Figure 19), we evaluate the variance of the empirical distributions for individuals to nominate same-
gender friends relative to a null model as shown in Supplementary Figure 16, which compares to Figure 1A
(for the Amherst College Facebook network) in the main paper. Then evaluating the relative performance
of LINK-logistic regression [15] on the undirected versus directed degree sequences, we observe that
overdispersion again drives the improved performance of LINK in the directed setting. Applying a
majority vote classifier in the directed setting is less clear for k-hop at k > 1 as its not clear how to
propagate labels forward are backward. We leave directed majority vote classifiers as beyond the scope of
the present paper. Note, we are able to rely on LINK to compare the relative predictability of attributes
along with obtaining a sense of which nodes are predictive of gender based on the 8; LINK coefficients.

We observe the classification performance of LINK as being driven by in-nominations. That is, a
machine learning model based on the feature that user ¢ is nominated by all females will be more useful
than a model based on the feature on who user i nominates. Therefore, in Supplementary Figure 18 we
observe that the “in features” created based on a model fit on the out-directed adjacency matrix is the
most useful in learning the relationship of correlating received nominations from particular genders. We
attribute LINK’s limited performance on the undirected graph as shown in Supplementary Figure 18 to
the underdispersion inherent in the Add Health data collection process.
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Supplementary Figure 16: For Add Health School #23, we compare the variance of the empirical in-
class preference distribution (filled bars) relative to the simulated null distribution (solid lines) for the
undirected network, out-link network, and in-link network. We observe that the out-link network is
underdispersed, which is in part due to the restriction on nominating male and female friends. Meanwhile,
we observe the in-link network to be overdispersed which seems to be due to a larger than expected
number of individuals nominating all male or all female friends.
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Supplementary Figure 18: Gender classification on school #23 in Add Health with np = 309, 302,
291 and njp; = 369, 337, 324 for the different undirected, in-directed, and out-directed graph versions,
respectively.

Gender Inference on Add Health #15 - LINK Gender Inference on Add Health #16 - LINK
10] LINK: in feature 10] LINK: n features

Gender Inference on Add Health #17 - LINK Gender Inference on Add Health #18 - LINK
LINK: undirected features LINK

10] UNK:in fea 10] LINK:infea

directed features LINK: undirected features. LINK: undirected features.

00| LINK: ot eatires 00| LINK: o eatires 00| LINK. o eatures 09] LINK: out Teatres
o o o os
o §--8--+-4 o t-4 o i-4-4-4 o 7 -ttt
S o S S SR S e g3 -1t S e R S e p-1
2 e 2 _3-- 2 M - 2 }
DI 1 I of prroaeaoraedd ol $-4 -4
N b o SR | - e t -4-f--4-f- _
0 o o 04 ‘f—{n{,‘{”}”}r{”
os s o o
3 o 3 £ o 3 ) 3 % = ) = o
% of Nodes Initially Labeled % of Nodes Initially Labeled % of Nodes Initially Labeled % of Nodes Initially Labeled

Gender Inference on Add Health #19 - LINK Gender Inference on Add Health #20 - LINK Gender Inference on Add Health #21 - LINK Gender Inference on Add Health #23 - LINK
INK: in features INK: in features INK: in features INK: i feature:

0] L u 0] L
LINK: undirected features LINK: undirected features

UK tndrodid foatures LK tndrocid foaures
oo ] LK ot fesires oo | NG et oo | NG Siomes oo LN et
3 | 3 FEIPIPRSE S B | T S5 SR IS TR & 3 gt ;
2 Foditb-4-4- @ bt ol t}?l : ; +-+-1- i T SR
o §r+,4»,,,,§,,§,+, - o beaog-egodod-4-] o] $-4- FUIE S SR o
% of Nodes Initially Labeled % of Nodes Initially Labeled % of Nodes Initially Labeled % of Nodes Initially Labeled

Supplementary Figure 19: Gender classification on a sample of other Add Health schools, illustrating
the relative performance of (undirected, in-directed, and out-directed) LINK where we use a stratified
random sampling set-up for train/test splits.

We compare a majority vote classifier across the Add Health schools by first converting the directed
networks to undirected networks. We then compare AUC performance on the fully labeled network at
k-hops, shown in Supplementary Figure 20. Here AUC performance is greater at 1-hop than it is 2-hop.
Given the constraints in the out-link nominations, the performance at 2-hop is likely limited on the
undirected network which combines both the in- and out-link signals. We compare the 3; coefficients
from LINK for the Add Health School #23 as we previously evaluated on the 0SBM in Supplementary
Figure 11. Here we note that the predictive performance of LINK appears to be driven by both homophily
due the slight separation in the histograms and monophily due to the overlap as shown in Supplementary
Figure 20.
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Supplementary Figure 20: Interpretation of gender classification for Add Health School. For Add Health
School #23, we compare the majority vote classifier performance at k-hop neighborhood distance (left)
on the undirected graph. As already noted, the out-degree constraints likely limits the performance of
a 2-hop based classifier on the undirected version of this graph. Based on evaluating the coefficients
from a learned LINK logistic regression model (right) we observe that predictions are both homophily
and monophily driven as can be seen by this figure’s similarity to the yesB-noO graph in Supplementary
Figure 11.
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3.4 Overdispersion among Political Blogs (political affiliation)
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Supplementary Figure 21: (Top) Illustration in political affiliation preferences between Liberal and
Conservative classes. We compute the empirical distribution for each class (filled bars) and compare to
a null distribution (solid lines). (Bottom) Varying the number of k at which k-hop MV is performed the
AUC for k-hop MV on fully labelled network when predicting political affiliation.

3.5 Overdispersion among Persons of Interest (Noordin Top)
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Supplementary Figure 22: (Top) Illustration in Noordin Top group membership between non-member
and member classes. We compute the empirical distribution for each class (filled bars) and compare to
a null distribution (solid lines). (Bottom) Varying the number of k at which k-hop MV is performed the
AUC for k-hop MV on fully labelled network when predicting membership.
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3.6 Homophily and Monophily Summary Statistics and Visualization

This section provides a table summarizing the networks considered in the main paper (Amherst College,
Political Blogs, and Noording Top). In Supplemenatry Table 3, we report the number of nodes in each
attribute class along with the homophily and monophily indices.

Network dataset Attribute Vi _ h, _ br

Ambherst College Fl\;[e;rll:l(eh([f) }gj/[llzll’?olli Z%:iggi g%:zggj
Political Blogs | G (0 (0) | V636 | oo | ok —ote
NoordinTop | N TN v | o | B e | S one

Supplementary Table 3: We report summary statistics for network size, homophily indices h,, and
monophily indices qgr evaluated for three demonstration networks: gender on a FB100 network (Amherst
College), political affiliation of political blogs, and terrorist group affiliation in a communication network.
For the homophily and monophily indices, we indicate statistical significance (*p < 0.1, **p < 0.05,
***p < 0.01).
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Supplementary Note 4:
Sampling graphs from the Overdispersed Stochastic Block Model
(oSBM)

This section introduces an algorithm for sampling graphs from an overdispersed stochastic block model
on k blocks assuming a latent Beta distribution on friendship preferences and adopting the Beta param-
eterization in [8]. The algorithm takes as input parameters to control the block structure, py, and pout,
as well as parameters to control the dispersion, ¢ and ¢} . Note we assume the same parameter value
for p;p» across all attribute classes r, so denote this by p;,, instead of p;, , for a given class r. In settings
where one wants to preserve a given overall average node degree d = % . Zf\il d;, we give the following
parameterization for p;, and poyt that relies on a block structure parameter A > 1 and assumes k£ > 1
blocks:

A - d
2 —p./d = A —
N = bw/d = p N (78)
k k 7 k 2
7 1 d'N_pin'Z‘f n;
d=—=< Y ni (Pn-ni+pouw- Y, 1)) = Pow = —f ==l = (79)
N i=1 j=1,j#i Dic1 i (Zj:l,j;éi n;)

Algorithm 1 Sample from Overdispersed Block Model
1: procedure SAMPLE FROM OVERDISPERSED BLOCK MODEL
2: Input: Given k > 2 mutually exclusive attribute class labels {a1,...,ar} for unique class blocks of
size ni,...,n; nodes, respectively, let N:Z§:1 n;. Also given: block structure pin,pout, dispersion
parameters ¢}, @5

3: Model affinity probabilities for in- and out-class degree distributions using latent Beta distribution
[8] with parameters 0 < pi, < 1 and 0 < poy < 1:

4: Create in-class parameters:
5: set aip = Pin - (%) (1—¢%)
6: set B = (1= pu) - () - (1= 67,)
T: Create out-class parameters:
3: set Qout = Pout * (ﬁ) : (]- - ;ut)
9: set ﬁout = (]- _pout) : (ﬁ) . (]- - zut)
10: for each attribute class {1,...,k} do
11: for each node 7 in specific class r do
12: Di.in ~ Beta(cin, Sin)
13: diin = Dijin - N
14: Diout ™~ Beta(aoutv ﬂout)

k
15: di,out = Pi,out * Zj:l,j?ér Nj = Piout * (N - nr)
16: for each affiliation pair a;,a; s.t. a; < a; do
17: if a; = a; = r then
18: Create Chung-Lu graph with expected degree sequence (d; i) ¥V ¢ € 7
19: for each node pair i,j € r, i < j: do

di,indj,in
20: Aij|pijin; pjin ~ Bern (ﬁ)
21: Set Aji = Aij
22: if a; =7 # a; = s then
23: Create bipartite Chung-Lu graph (adopting [4]) with expected degree sequence (d; out) and
(djout) Vi€ T, Vj € st
24: for each node pair ¢z € r, j € s: do
di,outdj,ou

25: Aij |pi,outapj,0ut ~ Bern ((N—nr,)(lt\fin,:)mout > )
26: Set Aﬂ = AU
27: Output: Symmetric adjacency matrix A.
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4.1 Properties based on o0SBM parameterization.

We assume an underlying model where nodes have an individual affinity for in- and out-class friends
where the mean in-class affinity is p;, and the mean out-class affinity is pous. For all nodes i in class r, we
draw in- and out-class affinity probabilities from a Beta distribution with the following parameterization
to preserve the mean in- and out- affinities and the given dispersion parameters ¢, and @out:

Pi,in ~ Beta(cin, Bin)

where o5, = pin - ((;) (1 = ¢in) (80)
1 1
Bin = (1—pi)- <¢>in> (1= ¢in) = <¢in) (1= ¢in) — in, (81)
Diout ™~ Beta(aout> Bout)
where Qout =  Pout * (1) : (1 - ¢out) (82)
(bout
Bout - (1 *pout) . <¢jut> . (1 - ¢out) = ((b;lut) . (1 - ¢0ut) — oyt - (83)

4.2 Confirm mean attribute affinity is preserved.

For in-class attribute affinity probabilities, we confirm that the above parameterization of the latent
Beta distribution is such that E[p; in] = pin:

Qg P (4;1) (1= i)
Cin + Bin (din) (1= éin)

ELpi,in] = = Pin- (84)

A similar check shows that the out-class affinity probability is such that E[p; out] = Pout-

4.3 Confirm variance of attribute affinity is preserved.

For in-class affinity probabilities, we confirm that the above parameterization is such that ¢;, introduces
extra binomial variation such that Var[p; in] = @in * Pin - (1 — Pin):

ainﬁin
V i,in] = 85
ar[p ' ] (ain + ﬁin)Q(ain + ﬁin + 1) ( )
Qlin ﬂin 1
B 86
Qin + Bin Qin + Bin Qip + /Bin +1 ( )
1

= Pin * (1 _pin) : (87)

L (1—gwm) +1

1
= () (59
@in

= Din - (1 - pin) - Gin. (89)

A similar check for the out-community affinity probability shows that Var[p; out] = @out - Pout - (1 — Pout)-
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4.4 Confirm that expected degrees are approximately preserved.

We confirm the oSBM parameterization for edge probabilities, outlined in Algorithm 1 such that P(A;; =
1|d; in,djin) for in-class edges or P(A;; = 1|d; out,djout) for out-class edges, approximately preserves
(diin) and (d;out) as the class-specific expected degrees, and will therefore also approximately preserve
(d;) as the overall expected degrees.

Let node ¢ be in class r, and we want to show that [E [Zj@ Ajj |pi,in,pj,in:| =d;in. We have:

E ZAijlpi,impj,in = ZE[Aij|pi,in7pj,in] (90)
Jer jET
di in'd'in
- Z "2 . N (91)
jG’r’ T pm
diin j,in * Tlr
— 5 p]v n (92)
Ny Pin jer Uz
di in
= mz”j‘“ (93)
JET
di in
~ ———(n, P 94
i, ) (94)
= d;n. (95)

Let node ¢ be in class r and E [Zje#r Az‘j|pi,out7pj,out] = d;,out, then we have the following:

E Z Aij|pi,out7pj,out = Z ]E[Aij|pi,outapj,out] (96)
jEs#T jEs#T

di out * dj out
_ : : 97
Z (N - nr) : (N - ns) * Pout ( )

jEs#r
7,out N — r) " Pjout * N — s
— Z p7 tN( n )ijx t ( n ) (98)
jEstr ( - nr) ‘ ( - ns) * Pout

_ Diout Z Djout (99)

Pout

JEsF#r
~ Pi,out . (N o nr) - Pout (100)
Pout
= Diout * (N - nr) (101)
= diout- (102)
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