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S1. Brightness of laser beams 

The brightness B of a semiconductor laser is given by 

 
×
PB

S
=

Ω
, (S1) 

where P, S, and Ω are the output power, emission area, and solid angle of the emitted 

beam, respectivelyS1,S2. According to Eq.(S1), higher brightness can be achieved by 

increasing the output power P while keeping the product of the emission area S and the 

beam divergence Ω as small as possible. 

Generally, for a semiconductor laser with a single (lateral) mode, the output 

power P is proportional to the emission area S; namely, P is limited by the onset of 

catastrophic optical damage (COD), and increasing S raises the threshold for COD, and 

thus the limit on P, by reducing the optical power density. In addition, increasing S 

narrows the solid angle Ω of the emitted beam. Altogether, P ∝ S and Ω ∝ 1 / S, so B in 

Eq.(S1) can be rewritten as follows. 

 
×1/S
SB S

S
∝ ∝ . (S2) 

This expression shows that the brightness of the laser can be increased by widening the 

emission area, provided that the laser continues to operate in a single lateral mode. 

However, widening the emission area usually entails the formation of additional, 

high-order lateral modes which widen the divergence angleS3-S8. For a laser with a 
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rectangular emission area, when the laser operates in a high-order mode of order m in the 

x direction and order n in the y direction, the laser effectively operates as a combination 

of smaller emitters, each with an emission area 1 / (m + 1)(n + 1) times smaller, and hence 

a divergence angle (m + 1)(n + 1) times wider, than that of a single-mode laser. This 

widening of the divergence angle negatively impacts the brightness, as expressed by the 

following relation. 

 

( 1)( 1)
SB

m n
∝

+ +
. (S3) 

Incidentally, the denominator of Eq.(S1) can be rewritten as S × Ω = π2BPP2 by 

using beam quality (beam parameter product, BPP), and thus brightness B = P / π2BPP2, 

where BPP is the product of the near-field width and the beam divergence angle. In the 

main text, B is calculated using the measured near-field width and beam divergence angle 

(inferred from the far-field width) estimated from the individual 1/e2 width, based on this 

relationship. 
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S2. 2D photonic band structure and optical coupling to form 2D broad-

area resonance, and coupled-wave theory 

Let us consider a single lattice shown in Fig.1b of the main text, where a single 

elliptical hole with a low dielectric constant inside a high-dielectric semiconductor is 

periodically arranged with a periodicity of a in the x and y directions. We define here the 

change of dielectric constant relative to the high-dielectric background as ε(x, y). Owing 

to its periodicity, ε(x, y) can be expressed as a Fourier expansion using reciprocal lattice 

vector ,
2 2,m n

m n
a a
π π =  

 
G  with integers m and n:  

 

,,
2 2ε( , ) exp jm nm n

m nx y F x y
a a

 π π  = +  
  

∑ . (S4) 

Here, Fm,n are Fourier coefficients, which can be derived from the original dielectric 

distribution ε(x, y) as: 

 
/2

, 2 /2

1 2 2ε( , ) exp j
a

m n
a

m nF x y x y dxdy
a a a−

 π π  = − +  
  

∫ ∫ . (S5) 

The above dielectric distribution has a photonic band structure as shown in Fig.S1a, where 

the dispersion relationship for the transverse-electric (TE) modes are shown. We focus on 

the band edges of the Γ2 point in this band structure, where four fundamental Bloch waves 

Sx, Rx, Sy and Ry (green arrows in Fig.S1b), with wave vectors (kx, ky) of (-2π/a, 0), (2π/a, 0), 

(0, -2π/a), and (0, 2π/a) propagating in the ± x and ± y directions, are coupled with each 
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other to form 2D broad area resonance.  

The optical coupling among four fundamental Bloch waves are induced by 

reciprocal lattice vectors ,
2 2,m n

m n
a a
π π =  

 
G  at strengths proportional to Fm,n. The 

direct 180° couplings from Sx to Rx and from Rx to Sx in the x direction are induced by 

G2,0 and G-2,0, respectively, and direct 180° couplings from Sy and Ry and from Ry and Sy 

in the y direction are induced by G0,2 and G0,-2, respectively. We note that 180° couplings 

can be also induced indirectly by a set of reciprocal lattice vectors via a higher-order 

Bloch wave, although their contribution is much smaller than those of direct couplings 

described above. For a photonic crystal with inversion symmetry along the y = - x axis, the 

total strength of 180° coupling from Sx to Rx and from Ry to Sy (from Rx to Sx and from Sy 

to Ry) is given by coefficients κ1D+ (κ1D-) (see Fig.S1c). 

The orthogonal (or 90°) optical couplings among the fundamental waves, i.e., Sx 

and Sy, Sx and Ry, Rx and Sy, and Rx and Ry are also important to realize 2D resonance. 

Although these couplings seem to be achieved directly by the reciprocal vectors G±1,∓1, 

G±1,±1, G∓1,∓1, and G∓1,±1, respectively, they are in reality forbidden, as the inner product 

of the electromagnetic fields of two orthogonal Bloch waves is zero for TE-polarized light. 

However, indirect coupling by a set of reciprocal lattice vectors through a higher-order 

Bloch wave is possible (see Fig.S1b). For example, 90° coupling from Sx to Sy is induced 
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by a set of reciprocal lattice vectors Gm,n and G-m+1,-n-1 through a higher-order Bloch wave 

with a wave vector of [(-2π/a, 0) + Gm,n], where m and n are arbitrary integers. Similarly, 

coupling from Sx to Ry is induced by Gm,n and G-m+1,-n+1, coupling from Rx to Sy is induced 

by Gm,n and G-m-1,-n-1, and coupling from Rx to Ry is induced by Gm,n and G-m-1,-n+1 through 

their respective higher-order Bloch waves. Couplings from Sy to Sx, from Ry to Sx, from 

Sy to Rx, and from Ry to Rx are also possible in similar fashion. The total indirect strength 

of 90° coupling from Sx to Sy and from Ry to Rx (from Sx to Ry and from Sy to Rx) is given 

by the coefficient κ2D+ (κ2D-). Meanwhile, the strength of coupling in the reverse order 

(e.g., from Sy to Sx) is given by the complex conjugate of the corresponding coefficient. 

These couplings are summarized in Fig.S1d. 

Comprehensive expressions for κ1D+, κ1D-, κ2D+, and κ2D- are given by Eq.(A15) 

in Ref.[S9]. Specifically, expressions for κ1D+ are given by row 1 column 2 and row 4 

column 3 of Eq.(A15); expressions for κ1D- are given by row 2 column 1 and row 3 

column 4; expressions for κ2D+ are given by row 1 column 3 and row 4 column 2; and 

expressions for κ2D- are given by row 1 column 4 and row 3 column 2. The calculated 

magnitudes of these coupling coefficients for a single-lattice photonic crystal and the 

double-lattice photonic crystals (structures I-III) in the main text are summarized in 

Fig.S2. Clearly, the 180° coupling strengths |κ1D+| and |κ1D-| are drastically reduced in 
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structures I-III, because the mutual interaction between the two lattices weakens the direct 

couplings by G±2,0 and G0,±2. On the other hand, the 90° coupling strengths

2D+ 2D+ |∗| κ |=| κ and 2D- 2D- |∗| κ |=| κ are preserved across all photonic crystals. 

Using the above coupling coefficients, we can calculate the lasing characteristics 

of the resonant band-edge modes. The following equations are derived using three-

dimensional coupled-wave theoryS9-S11. 

 
/

/
( )

/2
/

x x x

x x x

y y y

y y y

R R R x
S S S x

i i
R R R y
S S S y

∂ ∂     
     −∂ ∂α      δ + = ⋅ +
     ∂ ∂
     

−∂ ∂     

C , (S6) 

 0 1D+ 2D+ 2D-

1D- 0 2D- 2D+

2D+ 2D- 0 1D-

2D- 2D+ 1D+ 0

∗ ∗

∗

∗

κ κ κ κ 
 κ κ κ κ =
 κ κ κ κ
 

κ κ κ κ 

C . (S7) 

Here, C is a 4×4 matrix whose individual elements are the 180°-, 90°-, and self-coupling 

(κ0) coefficients, δ is the frequency deviation from the Bragg condition, and α is the 

threshold gain. We note that α accounts for the total optical loss of the resonator. 

(α = αrad + αedge, where αrad is the vertical radiation and αedge is the in-plane loss from the 

edges.) The equation is solved over a finite area using the staggered-grid finite-difference 

methodS11,S12. Solutions of Eq.(S6) provide the lasing characteristics (e.g., frequency, 

threshold gain, and electric field distribution) of the resonant modes. 
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Supplementary Figure S1 | Photonic band structure and coupling diagram of a 
typical single-lattice photonic crystal. a, (Left) Band structure of a single-lattice 
photonic crystal. (Right) An enlarged image of this band structure around the Γ2-point 
band edges, whose edges of bands A-D are circled in red. b, In-plane coupling diagram. 
The four basic waves are shown as green arrows. Higher-order waves are shown as arrows 
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of progressively darker shades of blue color. The dashed yellow and purple arrows 
illustrate examples of 180° and 90° couplings, respectively. c, Schematic of 180° optical 
coupling. The red arrows indicate 180° coupling κ1D+ from basic wave Sx to Rx (Ry to Sy), 
and the blue arrows indicate 180° coupling κ1D- from basic wave Rx to Sx (Sy to Ry). d, 
Schematic of 90° optical coupling. The solid red arrows indicate 90° coupling κ2D+ from 
Sx to Sy (Ry to Rx), and the solid blue arrows represent 90° coupling κ2D- from Sx to Ry (Sy 
to Rx). The dashed red and blue arrows indicate 90° coupling in the reverse order, and are 
given by the complex conjugate of κ2D+ and κ2D-. 
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Supplementary Figure S2 | 180° and 90° coupling strengths of single-lattice and 
double-lattice photonic crystals. Shown are the magnitudes of 180° and 90° coupling 
strengths of double-lattice photonic crystal with structures I-III presented in Fig.2a in 
the main text. Those of a single-lattice photonic crystal of circular air holes with a 
similar air-hole size are also shown for comparison. 
 

|κ2D+|=|κ2D+|

|κ2D-|=|κ2D-|

Single lattice Structure I Structure II Structure III

2000

1500

1000

500

0M
ag

ni
tu

de
 o

f c
ou

pl
in

g 
st

re
ng

th
 (c

m
-1

) 

|κ1D+|

|κ1D-|

Double lattice

*

*



11 
 

S3. Out-of-plane diffraction of double-lattice photonic-crystal resonators 

We explain the effect of in-plane symmetry of the photonic-crystal air hole shape 

on out-of-plane diffraction which constitutes the surface emission, and then show how 

the shape can be tailored to enhance surface emission. Previous work has demonstrated 

that hole shapes with vertical and in-plane asymmetries are advantageous for enhancing 

the out-of-plane diffraction of a single-lattice photonic crystal resonatorS10,S13. (It is worth 

noting that without such asymmetries the two lowest-threshold modes are in fact bound 

states in the continuumS14 whose surface emission is forbidden.) The strength of surface 

emission depends on the degree of asymmetry. For example, for a double-lattice photonic 

crystal of circular air holes of identical size and depth, surface emission is zero. Figure 

S3a illustrates that this is a consequence of symmetry; namely, the electric field vectors 

of the light diffracted from the adjacent holes are equal in magnitude and opposite in 

phase, so they cancel out. This cancellation is abated with vertical and/or in-plane 

asymmetry. For example, if these two holes were to have different heights (i.e., vertical 

asymmetry), then the electric field distribution would be slightly shifted toward the taller 

hole, resulting in a difference in the electric field strength at each hole (see structure I and 

II in Fig.S3b). Alternatively, if the two holes were to have different shapes (i.e., in-plane 

asymmetry), then the degree of electric-field overlap at each hole would differ (see 
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structure III in Fig.S3b). In either case, the electric field vectors of light diffracted from 

each hole no longer cancel, and surface emission is strengthened. The radiation constant 

of each structure in Fig.S3b is as follows: I: 30.1 cm-1, II: 25.2 cm-1, III: 22.6 cm-1.  
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Supplementary Figure S3 | Out-of-plane diffraction in double-lattice photonic 
crystals. a, The electric field distribution within the unit cell of a double-lattice 
photonic crystal of circular air holes of identical size and depth. The electric field 
vectors (yellow arrows) of the light diffracted from the adjacent holes are equal in 
magnitude and opposite in phase, so they cancel out. As a result, surface emission is 
zero. b, The electric field distribution of structures I-III, which have vertical and/or in-
plane asymmetry. In structures I-II, the electric field distribution is slightly shifted 
toward the taller hole. In structure III, the degree of electric-field overlap at each hole 
differs. In either case, the electric field vectors of light diffracted from each hole do 
not cancel out, and thus surface emission is strengthened. 
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S4. Surface morphology after MOVPE regrowth on the photonic crystal 

Here, we evaluate the surface morphology after MOVPE regrowth on the 

photonic crystal structure. Fig.S4a shows an image of the surface after regrowth observed 

using a differential interference contrast microscope. The region surrounded by a black 

dashed line is the region where the regrowth occurred a top the photonic crystal structure 

fabricated by electron beam lithography and a dry etching process. Outside this region, 

regrowth occurred atop a flat surface. It can be seen that the regrown surface both within 

and outside of the photonic crystal region is flat, and its surface morphology 

homogeneous. In addition, we evaluated the surface roughness within the photonic crystal 

region following regrowth using an atomic force microscope (AFM). Fig.S4b shows a 

measured AFM image. A smooth surface with a root-mean-square (RMS) roughness of 

0.31 nm was observed. This result revealed that the surface roughness was on the order 

of a monolayer (which is ~0.28 nm thick for GaAs). 
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Supplementary Figure S4 | Surface morphology after the MOVPE regrowth on 
the photonic crystal. a, An image of the surface after regrowth observed using a 
differential interference contrast microscope. Regrowth in the region enclosed by the 
black dashed line occurred atop the photonic crystal structure. Regrowth outside of 
this region occurred atop a flat surface. b, An atomic force microscope (AFM) image 
within the photonic crystal region. A smooth surface with a root-mean-square (RMS) 
roughness of 0.31 nm was observed. 
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S5. Tuning the lattice separation of double-lattice photonic-crystal 

resonators 

This section describes how we can tune the lattice separation of the photonic 

crystal resonator to achieve a balance of the coupling coefficients κ1D and κ2D, upon which 

the threshold gain difference ∆α diverges as shown in Fig.5a of the main text. By 

adjusting the lattice separation d such that d = 0.25a + ∆d, the contribution of direct 180° 

coupling, and thus the total magnitude and phase of κ1D, can be controlled. On the other 

hand, κ2D, which is determined not by direct coupling but by the sum of indirect couplings 

via higher-order waves, is relatively unaffected. Thus, for a realistic double-lattice 

photonic crystal structure, κ1D can be balanced with κ2D by introducing an adjustment of 

∆d from the nominal quarter-wavelength lattice separation. 

We must note that, due to the asymmetry of the double-lattice photonic crystal, 

κ1D and κ2D are anisotropic (i.e., κ1D+ ≠ κ1D-, κ2D+ ≠ κ2D-), and thus the simultaneous 

cancellation of every 180° and 90° coupled wave at a single ∆d is not guaranteed. 

Nevertheless, it is generally possible to obtain the cancellation of at least one pair of 180° 

and 90° coupled waves. As an example, we show in Figs.S5a and S5b the magnitudes and 

phases, respectively, of κ1D± and κ2D± as functions of ∆d for structure IV in the main text. 

From ∆d ~0.010a to ∆d ~0.016a, κ1D+ and κ2D+ are similar in magnitude and differ by 
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around π in phase. Figure S5c shows ∆α as a function of ∆d for structure IV whose 

L = 1000 µm. At around ∆d = 0.012a, κ1D+ and κ2D+ are balanced such that a wide ∆α of 

over 15 cm-1 is obtained. If we can design some double-lattice resonator that balances not 

only κ1D+ and κ2D+, but all combinations of κ1D± and κ2D±, then ∆α would diverge as in 

Fig.5a of the main text, and single-mode lasing with no limitation on resonator size would 

be realized. 
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Supplementary Figure S5 | Effect of tuning the lattice separation of the double-
lattice photonic crystals. The a magnitude and b phase of coupling coefficients κ1D+, 
κ1D-, κ2D+, and κ2D- as functions of the lattice separation adjustment ∆d (where the total 
lattice separation d = 0.25a + ∆d). A double-lattice photonic crystal defined as structure IV 
in the main text is considered. By tuning the lattice separation (i.e., when d = 0.25a + ∆d), 
the strength of direct 180° coupling, and thus the total magnitude and phase of κ1D±, can 
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be controlled. On the other hand, κ2D±, which are determined by the sum of coupling via 
many higher-order waves, are relatively unaffected. From ∆d ~0.010a to ∆d ~0.016a, κ1D+ 
and κ2D+ are similar in magnitude and differ by around π in phase. c, The threshold gain 
difference ∆α as a function of the lattice separation adjustment ∆d when the resonator 
diameter L is 1000 µm. A large ∆α is obtained at around ∆d = 0.012a as a result of the 
balancing of κ1D+ and κ2D+. 
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