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S1 Sample

The distributed Bragg reflectors (DBRs) were fabricated by
RF sputtering alternating layers of Ta;Os and SiO; to obtain
maximum reflectivity near 575 nm. The thicknesses of 100
nm Ta;Os and SiO, layers deposited on microscope slides
prior to DBR deposition were verified using ellipsometry and
a correction to the tooling factor of the sputterer was per-
formed to deposit layers of required thicknesses for the DBRs.
There can be up to 5% variation in thickness depending on
the position of the substrate in the chamber. The transmission
spectra on co-deposited CaF, substrates were measured using
an ellipsometer at normal incidence. There is good agreement
between designed and experimentally characterised transmis-
sion spectra through the DBRs (see Fig. S1a) with a bandgap
of 140 nm. The mismatch in the position of the bandgap is
assigned to a difference in the obtained and expected thick-
ness of layers deposited. The calculated transmittivity minima
are 0.25 (0.27)% and 0.08 (0.03)% for 10 and 13 pair DBR
respectively. This small mismatch is assigned to scattering
losses in the substrates (60/40 scratch/dig) and mirrors when
measured over a 2 mm spot diameter with an ellipsometer that
can lead to a drop in the measured DBR transmission mini-
mum and resultant quality factor by about 10%. The figure
also shows the calculated transmission spectrum through a
microcavity with a 32 um thick transparent layer of refractive
index 3, demonstrating the expected free spectral range and
cavity linewidth of such a microcavity. The absorption coef-
ficient of a 75 pum thick CuyO crystal measured with a large
bandwidth low resolution (150 I/mm) grating is overlaid on
the same figure to demonstrate the position of DBR bandgap
and absorption of the P excitons.

The Cu,O crystal was cut along the crystal planes of the
natural crystal and mounted on a DBR coated CaF, window.
After thinning and polishing the top surface, the top DBR
is deposited to form a cavity (see Fig. S1b for bright field
optical microscopy images of the front and back sides of
the cavity). The cavity sample was then mounted on the
sample stage in a Bruker D8 Discovery X-ray diffractometer.
A 0 — 20 scan was performed to extract the XRD spectrum
of the Cu,O crystal (Fig. S2). In the background, reference
calculated XRD intensity and peak positions from a cubic
Cu,0 crystal’? are shown. It is clear that the Cu,O crystal
was cut and polished along the [111] crystal axis.

S2 Setup

The experimental setup is summarised in Fig. S3. For mea-
suring the absorption spectrum of a bare Cu,O crystal, the
excitation source is a green-yellow light-emitting diode (LED)
with a centre wavelength of 554 nm (Thorlabs MINTF4). For
the real- and k-space spectroscopy of the microcavity, we use
a broadband femtosecond white laser (NKT Laser SuperK
EXTREME EXU-6) spectrally filtered by an acousto-optic
modulator run at 10% amplitude to cover from 568 to 582 nm
in wavelength (see Fig. S3b). The laser has a repetition rate

of 78.1 MHz and ~5 ps pulse duration.

For absorption and real-space measurements, a plano-
convex lens with f = 25 mm was used, creating an excitation
spot ~ 3 um. For the k-space measurements, an objective lens
(Nikon 20x, NA = 0.40) focuses the excitation light to a spot
~ 1.5 um. In all cases, an objective lens (Mitutoyo BD Plan
Apo 20x, NA = 0.42) collects and collimates the transmitted
light from our sample. The resulting signal is collected, dis-
persed and analysed in a spectrometer (Andor Shamrock 750)
coupled to a cooled (Andor Newton) CCD camera. Samples
are maintained at 4 K using a liquid-helium flow cryostat (Ox-
ford Instruments MicrostatHe). We use CaF, substrates due to
their excellent thermal conductivity at cryogenic temperatures
and transparency in the visible spectrum.

S3 Fitting

It is critical to accurately determine the cavity-exciton detun-
ing (Ecay — Eexc) for each n for our analysis. The first step
involves determining the cavity modes in the vicinity of the
exciton lines. Exciton absorption from multiple Rydberg exci-
ton channels distorts the cavity modes, thus making it difficult
to define them accurately. Therefore, we select the cavity
mode at the low-energy side of our spectrum as it is the fur-
thest away from the exciton lines. Owing to small thickness
variations in our sample, the cavity modes cannot be described
with straight lines. Consequently, the cavity mode is fitted
with a 8/ degree polynomial (yellow line in Fig. S4).

Two cavity modes well away from the exciton transitions
are identified and from that the spacing between adjacent
modes is calculated. Since the cavity modes are equally
spaced in energy, we then translate the fitted cavity line to
find the modes in the vicinity of the first five exciton reso-
nances (blue lines in Fig. S4). Zero detuning for each n can
be accurately defined as the position where the exciton line
intersects the corresponding cavity mode (green dashed lines
in Fig. S4).

We fit the zero-detuning spectra to Eq. 9, which includes
multiple exciton transitions. Including adjacent transitions is
important for n = 4. ..6 transitions, where the exciton energy
spacing becomes comparable to the cavity linewidth. We fit
Eq. 9 by varying parameters G, and a normalising amplitude,
while fixing other independently measured parameters such
as K, 0y, and 7,.

The energy line profile of the resonance in a wedged pla-
nar Fabry-Perot cavity is asymmetric (see Ref.>?, Chapter 6).
For the wedge angles such as in our sample (0.6 degree) the
asymmetry is such that the high energy slope of the cavity is
steeper than the low energy side. Fig. S5 shows a typical real-
space spectrum near position zero of Fig. 3a. The off-resonant
cavity mode shows a slight asymmetry (Fig. S5b) as well as
broadening compared to the k-space line profile due to the
larger spot size of real-space measurements (nearly twice due
to the lower NA of the excitation lens).
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S4 Minimum G, for strong coupling

To determine the minimum value of G, required to observe
clearly separated polariton resonances, we start by using Eq.
1 to plot the theoretical transmission spectrum for a broad
range of G, values. For instance, for n = 3, we plot from
G, =0.1 to 0.4, as shown in Fig. Sé6a.

A clear dip between the two polariton modes starts forming
for a G, value between 0.2 and 0.3. To accurately determine
the exact value, we plot the derivative of the transmission
spectrum for this range of values (see Fig. S6b). The minimum
G, is calculated as the first value where the derivative near
resonance crosses zero (red dashed line in Fig. S6a). This
corresponds to the case where the transmission flattens near
the resonance. For n = 3, this is G,, = 0.25. For a greater G,,,
there is a local minimum in the transmission function with
two separate peaks on either side. We implement a similar
routine for the other exciton transitions.

We define the strong coupling factor as the Rabi splitting
divided by the polariton linewidth, and the system is in the
strong coupling regime when there is a clear Rabi splitting
present. Therefore, a nonzero strong coupling factor means
the system is strongly coupled.

S5 Transfer matrix simulations

A key challenge towards calculating the coupling strength of
Rydberg exciton transitions to the cavity mode was to obtain
the correct optical response of Cu;O. The clear presence of the
yellow nP transitions can be observed only at cryogenic tem-
peratures. Hence, the refractive index of CuyO (7 — ik) must
also be obtained at the same temperature, making it difficult
to use standard techniques such as ellipsometry. By carefully
recording the absorption coefficient of Cu;O at 4 K, the imag-
inary part of the refractive index is obtained. The complex
refractive index, following Kramers-Kronig relations, is then
obtained using a Hilbert transformation of the imaginary part
(see Fig. S7d). A constant real value of 3 was then added to
the refractive index of Cu;O in order to obtain a dispersion
similar to that of the crystal®*. The k values for Fig. S7b
were obtained by extracting values from the optical response
of CuyO in Ref. 32. This plot shows two broad absorption
bands corresponding to the phonon-assisted absorption of the
yellow 1S, excitons for wavelengths shorter than 606 nm, and
of the green 1S, excitons for wavelengths shorter than 572
nm, respectively. When the phonon-assisted 1S, component
is removed, the optical response of only yellow P and 1S, ex-
citons remain (see Fig. S7c). When both the phonon-assisted
absorption into 1S, and 1S, are removed, the optical response
of only nP excitons can be extracted (Fig. S7a). Here, while
k demonstrates the narrow nP resonances, there is a residual
background absorption near the band edge that is assigned to
the Urbach tail. The real parts of the corresponding refractive
indices (71) are also shown in the same figures. These refrac-
tive indices can then be used to calculate the effect of such
exciton transitions on the resultant polariton modes.

S5.1 Onset of strong coupling
The transfer matrix method (TMM) allows investigation into
the strength of coupling between the yellow nP exciton tran-
sitions and the cavity mode. Using the estimated refractive
index of CuyO (7i — ik) the thickness of the crystal can be
varied to tune the cavity mode into resonance with each of
the exciton resonances, which takes place for thicknesses at
integer multiples of A /27i. The cavities in all TMM calcula-
tions consist of 13 and 10 pairs of alternating Ta;O5 and SiO;
layers for the top and bottom DBRs as in the experiment.
Fig. S8 shows the transmitted dispersion spectra in a mi-
crocavity with different Cu,O thicknesses. The energy of the
P exciton transitions are plotted as dashed lines. For a 4 /27
cavity (crystal thickness of around 96 nm), while a broaden-
ing of the normal modes are observed when the cavity mode
is in resonance with the exciton modes, no clear splitting is
obtained. However, for a 214 /2ii cavity, clear splitting at
n = 3...7 are visible, demonstrating strong coupling of the
modes. For n = 2 transition, the strength of coupling to the
cavity mode results in a broadening and splitting that are very
close but a splitting smaller than the onset of strong coupling.
When detuning the cavity, the minima in normal mode split-
ting energy takes place when the cavity mode is in resonance
with the exciton transition. The Rabi splitting energy is ex-
tracted and plotted in Fig. S9. The noise in the estimated Rabi
splitting energy trend arises from the spectral resolution of
0.03 nm used to experimentally measure the absorption spec-
trum of Cu, O crystal for TMM calculations. All P-exciton
transitions show an increase in Rabi splitting energies with
the increase in cavity thickness by integer multiples of A /2
due to the increase in absorption strength, and slowly saturate
to a constant value. The highest splitting is obtained for the
n = 3 transition, followed by the n =4, 5 and 6 transitions.
The increase in thickness of Cu,O crystal required to observe
the onset of strong coupling for increasing » is explained in
the next section below.

S$5.2 Phonon background on high » Rydberg strong
coupling
To exploit the giant nonlinearity of Rydberg excitons, it is
necessary to observe strong coupling in as high a principal
quantum number n as possible. The reduction of oscillator
strengths as well as spectral full widths at half maximum by
the same scaling factor of n~3 would imply that transitions
of all principal quantum numbers should be equally strongly
coupled. In order to understand the origin of strong coupling
in Cuy0, we obtain TMM calculated Rabi splitting for exciton
transitions when the Cu,O optical response consists of only P
excitons, as well as only when phonon-assisted 1S excitons
are calculated. We find that the phonon-assisted 1S yellow and
1S green series excitons do not affect the Rabi splitting energy
significantly but instead broaden the cavity mode. The Rabi
splitting arises from the sharp yellow P exciton transitions.
The polariton linewidth depends on the averaged exciton
and cavity linewidths weighted by their Hopfield coefficients.
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Taking the polariton mode at resonance between the cavity
mode with an exciton transition to consist of the superposition
of just these two modes, the exciton and photonic components
have equal magnitude and affect the polariton linewidth in
equal weights. The polariton linewidths determine the lifetime
of the polaritons, and the Rabi splitting energies determine
the time period of oscillation between the hybrid states within
those polariton lifetimes. The exciton linewidths fitted to the P
exciton absorption spectra are shown in Fig. S10b. We extract
the TMM calculated cavity linewidth by introducing two dif-
ferent optical responses. In a cavity with a transparent spacer,
given by a constant refractive index of 3, the cavity spectral
FWHM at wavelengths resonant with the nP exciton transi-
tions shows an expected 1/thickness reduction (Fig. S10b)
due to the increase of cavity round-trip time. In a cavity with
phonon-assisted 1S, and 1S, transitions, with increasing ac-
tive layer thickness, the cavity mode is broadened (Fig. S10a).
It can be seen that all cavity modes present an increase in
linewidth with an increase in crystal thickness as the resonant
1S, absorption allows an additional decay channel for the pho-
tons. For cavity modes resonant with transitions of n >=5,
the modes are relatively broader due to additional absorption
by the 1S, excitons apart from the 1S, excitons. A secondary
broadening is also caused by the background Urbach tail res-
onant with high n Rydberg states. The former effect can be
circumvented by two-photon absorption®*-4°, first to a low
lying S exciton followed by a transition to a higher P exciton.

When the Rabi splitting energy (Fig. S9) is divided by the
corresponding polariton linewidth, we can define a strong
coupling factor 1Q./¥,,1. We are in the strong coupling regime
when this factor is greater than zero. When the polariton
linewidth obtained from a cavity mode broadened by the
phonon-assisted transitions shown in Fig. S10a is used to
calculate the coupling factor (i.e. when the phonon back-
ground is included in the absorption), the strong coupling
factor 71€2/ %01 plateaus quickly as the cavity thickness in-
creases. (see Fig. S11a). This shows that the additional decay
channel into the phonon-assisted 1S, hinders the observa-
tion of strong coupling for high-n. However, if the polari-
ton linewidth is calculated using values shown in Fig. S10b,
where the P excitons can emit light only into the the cavity
mode (i.e. when the phonon background is removed), the
coupling factor increases as cavity thickness increases (see
Fig. S11b). Hence it is clear that additional phonon-assisted
absorption of the 1S excitons resonant with the P excitons
is the main reason for the saturation of Rabi splitting with
thickness, which poses a challenge towards the observation
of strong coupling in high n giant Rydberg excitons. In our
TMM simulations, we are also limited by estimation of Rabi
splitting up to n = 7 due to the same limit on nP transitions
observed in the absorption spectrum of our Cu;O crystal sam-
ple. We note that this crystal sample was taken from the same
batch of Cu,O natural stone as that used in the cavity and
hence a better comparison with our experimental spectra. On

using the experimental absorption spectrum obtained from a
different Cu,O crystal as shown in Fig. 1a that shows clear res-

onance up to n = 11, TMM calculations were able to exhibit
Rabi splitting up to n = 11. Hence Cu,O presents potential
for observation of high # strong coupling of ground state tran-
sitions. An alternative route to enhanced strong coupling and
enhanced single-particle non-linearity may be achieved using
EIT schemes?®4?. However, the interaction strength of the
n =13,...,6 p-exciton ground state transitions are sufficiently
large to present an interesting opportunity to explore addi-
tional non-linearity induced when these polaritons interact
with each other through cavity-mediated Rydberg blockade.

S6 Photon number and in-cavity intensity

The in-cavity photon number per cavity mode n.,, can be
estimated from the spatially and wavelength-integrated CCD
count rate (Ryp) of the transmission spectrum within a cavity
mode energy range (e.g. see Fig. S5b). Rop is related to ngay
by:

ﬁOncav QE
RT

Rop = T, X PRF x — S1
2D o 1% ot (SD

where By = 3 x 10™* is the measured transmission of the out-
coupling DBR, gt >~ 0.6 ps is the cavity round-trip time,
N = 0.042 is the total optical collection efficiency, 7, = 5
ps is the laser pulse duration, PRF = 78 MHz is the pulsed
laser repetition frequency, QE = 0.97 is the CCD’s quantum
efficiency and o = 1.5 ¢~ /count is the CCD’s sensitivity.
Substituting Ryp = 4.2 X 10 counts/s gives ngay = 160 £ 100.
We can estimate the peak in-cavity intensity fin—cavity—peak =
2ncavhv/(TRTA) ~ 26 uW/um?. Comparing this with the
peak laser intensity incident on the sample (jaser—peak == 15
mW/um) gives a cavity throughput of ~ 0.2%.

The blockade effect can result in non-classical light. The
blockade effect arises from the competition of the interaction
induced level shift and the width of the exciton line at a given
principal quantum number n. For excitonic p-states, there
are several potential curves with degenerate asymptotes that
contribute to the nonlinearity. However, one can use the range
of the resulting non-local nonlinear response (see, e.g. Ref.
35) to estimate the blockade radius. This yields a blockade
radius of 1 um at n = 15, as obtained from the measured
nonlinear absorption without a cavity. This length scale is
known to scale as n’/3 with the principal quantum number
n, such that one expects a blockade radius above 100 nm for
n=>0.

The threshold particle number for non-linearity ny, is sim-
ply the mode volume of the cavity V.,, divided by the Rydberg
volume (4/ 37rr§y). Given the excitation spot diameter of 3
um, cavity length L = 31 pum, the particle density for non-
linearity in our cavity ng ~ 5 x 10%, which is two orders of
magnitude larger than our cavity photon number r,y. This,
however, could be improved by reducing the thickness of the
crystal and the spot size. For an experimentally achievable
mode volume of 1 um?, the cavity would saturate already at
a level of ~200 photons and generate non-classical light at
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such low photon numbers for n = 6. It is therefore possible to
reach the regime of a few strongly interacting polaritons for
cavity-mode volumes achievable in our experiments.

S7 Strain effect in the sample

We record the photoluminescence (PL) spectrum at different
cavity locations (see Fig. S12). The spectrum labelled ‘Centre’
(blue line in Fig. S12) corresponds to a location in the middle
of the cavity sample and coincides with the area where Figs.
2-3 of the main text were recorded. The spectrum consists
of the 1S ortho-exciton peak circa 609.6 nm and two broad
features at ~612.6 nm and ~613.5 nm, corresponding to the
ortho I'y and I';” excitons, respectively>.

The 18 state is split by ~67 pm. Applying strain along the
[100] can cause the triply-degenerate 1S state to split into a
singlet and a doublet with the singlet energy increasing and
the doublet energy decreasing with strain®’3%, The second
spectrum, labelled ‘Edge’, corresponds to the spectrum with
the highest observed splitting and was recorded at a location
close to the edge of the cavity sample. In this case, the splitting
is approximately double (~135 pm) to that observed at the
centre of the sample. In both cases, the observed splitting can
be explained by a small amount of strain (< 0.5 kbar)>’-38,

The strain present in our cavity can be attributed to the
fabrication process, namely glueing the Cu;O sample to the
substrate and depositing a DBR on top of it. To investigate
the validity of this claim, we prepared a new CuyO sample
and repeated the two fabrication steps mentioned above while
optically characterising it before and after each step.

Following the procedure outlined in the Methods section,
we thinned a new bulk Cu,O crystal down to ~ 30 um. We
then placed the new sample between two CaF, substrates
and measured its absorption and PL spectra at 4 K (see blue
lines in Fig. S13). We can reliably observe exciton peaks
up to n =9 in the absorption spectrum. The PL spectrum
is dominated by the narrow (FWHM ~ 0.04 nm) 1S ortho-
exciton peak at ~609.7 nm, accompanied by the I'y and I'5’
phonon-assisted peaks.

Subsequently, a thin layer of epoxy, similar to the one
used for fabricating the cavity sample, was spin coated onto
a new CaF; substrate, and the Cu,O crystal was transferred
onto the substrate and cured with UV light. The epoxy layer,
after UV curing, has a thickness of ~ 4 um. We performed
absorption and PL measurements on the same region of the
crystal as before (orange lines in Fig. S13). The absorption
spectrum reveals the same number of exciton resonances (up
ton =9), but there is a consistent blue shift of ~0.2 nm for all
peaks, compared to the sample sandwiched between the CaF;
substrates. This shift could be due to better thermal contact
between the crystal and the substrate in the presence of the
optical glue. In the PL spectrum (orange line in Fig. S13b),
the 1S ortho-exciton degeneracy is totally lifted, and the peak
splits into three energy levels. This is consistent with strain
applied across the [110] direction®®. The splitting between
the two extreme peaks is ~1 nm (~3 meV), which amounts

to an applied strain of 1-1.5 kbar, i.e. significantly larger than
the strain on our cavity.

The final step includes depositing a DBR on top of the bulk
crystal mounted on the epoxy (black lines in Fig. S13). Here,
we deposited a pair of SiO, and Ta;Os layers, which is suffi-
cient to reproduce any possible strain but is still transparent
enough for transmission measurements. The absorption spec-
trum exhibits the same number of exciton transitions as the
bare crystal before but is slightly blue shifted by only ~0.01
nm compared to the glued sample, or equivalently, by ~0.21
nm from the sample sandwiched between the CaF; substrates.
A blue shift and triple splitting are present in the PL spectrum,
similar to the glued sample.

Therefore, strain originating from the fabrication process is
present, but it does not affect the number of exciton transitions
present in the absorption spectrum. The question remains
as to what the reason is for the reduced number of exciton
transitions observed in the microcavity compared to that of
the bulk. Given that our fabrication process is not causing
the reduction of n, we believe that the number of exciton
transitions in our cavity must be limited by the quality of our
natural crystal sample. Even though all our samples originate
from the same mother mineral stone, different parts can yield
a slightly different number of exciton transitions due to the
varying defect composition and internal stress from location
to location.

S8 Comparison with other strongly cou-
pled materials

Across different material systems for strong exciton-photon
coupling, few works mention all four parameters: exciton
linewidth, cavity linewidth, polariton linewidth and the Rabi
splitting energy. A non-exhaustive list of strongly coupled
materials and their parameters is presented in Table 2. Some
of these parameters were extracted from other works in similar
systems or estimated from other parameters such as Q factor
or lifetime measurements as mentioned in the table caption.
Materials can be classified according to their range of ex-
citon binding energies. Excitons of small binding energy are
found in GaAs and CdTe. GaAs has a small exciton linewidth
with a lifetime of 18 ps (see Fig. S14 for a comparison to
Cuj0). In early GaAs studies until the mid-2000s, the Q fac-
tors of GaAs cavities were only a few thousand. Around 2010,
the number of pairs of layers in the DBRs was increased to
report improved quality factors of values greater than 10,000,
and in 2013 to 10° and 10°. While such an improvement in
cavity lifetimes did not increase the Rabi splitting energies, it
allowed for better studies on polariton phenomena that took
place within their transient lifetime. GaN and ZnO are large
binding energy exciton systems and present a larger Rabi split-
ting energy as well as room temperature operation. For such
materials, it is not essential to fabricate extremely high Q-
factor cavities as the exciton linewidth is of the order of ~100
meV. Organic semiconductors also possess strong exciton
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binding energy enabling strong coupling at room tempera-
tures. Their exciton linewidths range from 10s of meV to ~1
eV. While low Q factor metallic cavities or metal-DBR cavi-
ties are sufficient to observe strong coupling in such systems,
DBR-DBR cavities are required for observation of polariton
lasing or condensation. Two-dimensional van der Waals and
perovskite materials also possess high exciton binding ener-
gies of a few 100 meV compared to their bulk counterparts.
Both these materials are not suitable for top DBR fabrica-
tion and use bottom DBR-top metal cavity geometry, or a
DBR-DBR open cavity system. The Rabi splitting energies
obtained are in the same order of magnitude as their exciton
linewidths. Strong coupling has also been demonstrated in
a single molecule-plasmonic low Q cavity. In summary, the
limiting factor for the observation of strong exciton photon
coupling seems to arise not from the cavity Q factor but the
linewidths of the exciton transitions.

Comparing our system’s parameters to the table below
shows that the Cu, O polariton system does not fully resemble
any of the current materials. In terms of exciton linewidth,
it is similar to high-quality GaAs quantum wells, the cav-
ity linewidth is more like GaN microcavities, and the Rabi
splitting resembles InGaAs systems. Comparing individual
parameters, however, can be misleading as one should com-
pare the ratios of the parameters or effectively the polariton
spectra. If we compare the polariton spectra, our polariton
spectra resemble those in the organics (porphyrin), the single-
molecule plasmonic cavities, and the 2D materials.
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the front (top panel) and back (bottom panel) sides of the cavity.
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Figure S2. Experimental X-ray diffraction spectra of the Cu,O crystal in the microcavity (green) overlaid on a calculated

spectrum from cubic Cu;O (grey).
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Figure S3. a, Schematic representation of our setup. b, Average power of our laser in yW/nm.
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Figure S4. Experimental real-space spectrum at 4 K. Solid lines represent the exciton resonances (white) and cavity modes
(blue and yellow). The point where each exciton line intersects with the corresponding cavity mode is denoted by a green
dashed line.
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Figure S5. a, Energy line profile in Fig. S4 near zero detuning showing the off-resonant cavity line profile (highlighted in
orange). b, Zoomed in cavity line profile in a showing the asymmetric lineshape broadening (FWHM ~ 1.74 meV) due to the
wedged structure of the cavity (orange circles). The line profile of the cavity from k-space measurement in Fig. 2 (black circles)
and the Lorentzian fit (FWHM ~ 1.26 meV).
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using Eq. 1. b, Derivative of the transmission spectra (dE /dT) with respect to energy for n = 3 for different values of G,,.
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Figure S7. The complex refractive index of cuprous oxide at 4 K estimated when the absorption spectrum arises from a,
P-excitons, b, only phonon-assisted 1S transitions, ¢, only yellow series excitons and d, all exciton transitions.
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Figure S10. The extracted linewidths of the calculated cavity modes in the presence a, and absence b, of phonon-assisted
transitions from TMM simulations. The P exciton linewidths are also shown as scatter plots (b).

a b
® n=3 ® n=3
| o n=4 | e n=4
1.5 o ne5 o s . : :
* n=6 25f o n=6
® n=7 ® n=7
2 L
—_ T No phonon o
o 2,
?Q: background 15+
< ./‘/’/././.,._l—.~‘u0-.’.«. ES?
= 2
i 1+
057 W
0.57
0 ' ' ' ' 0 ' ' ' '
5 10 15 20 5 10 15 20
Cavity thickness (\/21) Cavity thickness (\/21)

Figure S11. Transfer matrix calculations of the strong coupling factor (%€2/¥po1) for the yellow P excitons a, in the presence
and b, absence of phonon-assisted 1S transitions. The solid lines are a guide to the eye.
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Figure S12. Photoluminescence spectra recorded from the centre (blue line) and from an edge of the cavity (orange line).
Inset displays the spectral region around the 1S ortho-exciton.
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Figure S13. a, Absorption and b, PL spectra from a thin Cu,O crystal between two transparent substrates (blue line), the
same crystal mounted on a UV cured epoxy (orange line) and when a DBR is deposited on top of the crystal (black line).
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n K (meV) ¥ (meV) Yool (mMeV) O, hQg (meV) | Qg /Yol min(G,) for G, (meV)
SC (meV)

2| 144 £0.03 2.75 £0.02 2.09 £0.02 | -0.251 4+ 0.005 - - 1.11 £0.01 1.01 £0.01

3| 1.90+£0.03 | 0.789 +0.007 | 1.34 =0.02 | -0.241 =0.005 | 1.50 £0.03 | 1.124+0.03 | 0.254+0.01 | 0.60 4 0.01

4 | 2.374+0.06 | 0.363 +0.005 | 1.36 +0.03 | -0.212 +£0.007 | 1.134+0.03 | 0.83 £0.03 | 0.09 +£0.01 | 0.41 +£0.01

51 266+0.05| 0.211+£0.005 | 1.434+0.03 | -0.204+:0.01 | 0.89£0.04 | 0.624-0.03 | 0.05+£0.01 | 0.25+0.01

6 | 2.64+£0.04 | 0.142 £0.005 | 1.39 £ 0.02 -0.17 £ 0.01 0.67 +=0.04 | 0.48 +0.03 0.04 + 0.01 0.13 +0.01

Table 1. Coupling parameters. Cavity linewidth k, exciton linewidth ¥, asymmetry parameter Q,, vacuum Rabi splitting
7nQg, minimum effective exciton-photon coupling G, for strong coupling, and the fitted G, at zero detuning for each Rydberg
exciton transition n. Y, is the average exciton (y) and cavity linewidth (k). min(G,) for strong coupling is theoretically
calculated when two clear peaks in spectra are observed (that is when two local maxima are observed).

Material Exciton linewidth | Cavity linewidth | Polariton linewidth | Rabi splitting
K (meV) Y (meV) Ypol (MeV) hQg (meV)
GaAs® 0.036@ 0.0016®) 0.1 13
GaAs®! 4(d) 0.044() 0.15) 15
InGaAs'® 0.066() 0.05™ 0.0440) 3
GaN©2-64 130%) 120 100) 31
6k
Organics - Porphyrin? 90 250m) 20 110
Organics - Pentafluorene® 517 10() 120 500
2D MoSe,3%° 1.6(7) 48-85 20
13(@ 17(@
Single molecule - plasmonic cavity®’ 85 1200) N.A. 380
Perovskite CH3;NH3PbBr3;° 90(s) 250) N.A. 70
Perovskite Rydberg n = 2 25 3 37.40
CsPbBr338 29.6)

Table 2. Strong coupling in other systems. Experimental parameters for different materials in strongly coupled
microcavities. Notes: (a) from exciton lifetime of 18 ps. (b) from photon lifetime of 400 ps, or designed Q factor of 10°. (c)
from instrumental spectral resolution of 7 ps, expected to be 100 ps lifetime. (d) from exciton photoluminescence spectra. (e)
from 15 ps lifetime. (f) from polariton linewidth. (g) from exciton linewidth of 10 ps. (h) from Q factor of 30000. (i) from
lower polariton lifetime of 15 ps, trions can have an additional effect. (k) at room temperature, Q factor of 800. (1) from Q
factor of 2800. (m) from Q factors of 125. (o) linewidth at large negative detuning. (p) extracted from coupling strength, an
exciton lifetime of 0.4 ps. (q) from®®. (r) from Q factor 16. (s) from fitted parameters. (t) lower to middle polariton. (u) middle

to upper polariton.
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