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Supplementary Section S.I: Chained lattice Hamiltonian and 2 X 2 effective model for the Dirac cone

The unit cell of the honeycomb lattice comprises two principal elements (A and B) that form two independent
sublattices connected by 180° rotational symmetry (Fig. S1). To preserve this symmetry the auxiliary elements are
inserted symmetrically, at the center of each coupling path between elements A and B. The general form of the chained
lattice Hamiltonian, accounting for all 5 sites, can be written as

H =3 Bawh; Waij + BeWi; ey + Bl Waij + Bl oy + Bawd s (S1)

t t t t t t
+ Z(CAllpl,i,ij,i,j + CBﬂl’l,i_ij,i,j—l + CAzl/Jz,i,jl/JA,i,j + CB2¢2_i,j¢B,i,j + CA3¢3,i,j¢A,i,j + CB3¢3,i_j¢B,i—1,j)
iJ
+h.c

where wi’i, ; and 1y ; ; are the creation and annihilation operations at site x and unit cell (i, j).
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Figure S1: The chained lattice. Each unit cell of the extended lattice comprises 5 elements. The main elements A and B define
two independent sublattices (shaded circles) connected by 180° rotational symmetry.

In the Hamiltonian of equation (S1), the on-site potentials (£) and the coupling terms (c) are time dependent
variables. If the periodic variation involves a non-zero phase difference between the chains the unit cell becomes
anisotropic, allowing the properties of the Dirac cones to freely vary in k space (i.e. the location, velocity and
anisotropy of the cones are now independent variables). Meanwhile, it is not directly evident if the 5x5 system can
host Dirac cones that can maintain a vanishing gap for the unit cell of Fig. S1, with fully anisotropic couplings and
arbitrary on-site potentials on the chain elements.

The linear dispersion of a Dirac cone can be effectively captured by a 2 X 2 reduced Hamitonian, written in the
following from

HKk) = u" - (k—kp)I + [uP - (k—kp)lo +m'o, (S2)

where o are the Pauli matrices This equation involves the location (kp), dispersion velocity (u?) and anisotropy (u”)
of the cone and also indicates the presence of a gap (for m’ # 0). To extract a 2 X 2 effective representation of the
system, we examine the three coupling paths between the main sites of the extended lattice as independent chains of
three coupled elements. The set of equations describing this system is



Ba = caithi,
By = B + caipa + caiYB, (S3)
.BIIJB = CEilpi'

where 1); is the field intensity at the auxiliary element in chain i = 1,2,3, § is the propagation constant as the system’s
eigenvalue, f; a detuning constant of the middle element and ¢, p; = |CA_ Bi |eikrA-Bi. Here, cp;, ckp;, and §; are set as
free variables. In the following derivation, the coupling terms are static by dealing with the instantaneous picture of
the driven Hamitonian and the system is examined at arbitrary values for the three aforementioned variables. If a
degeneracy (a Dirac point) exists at an arbitrary Kk value between the pair of bands with eigenvalue B, (for the
Hamiltonian involving all 3 chains), we can normalize the field intensities at 8y, (1)’ = e?Fot) so that the eigenvalue
becomes zero at the degeneracy. This action leads to the following set of equations

B'Ya = Boa + caii,
B'Yi = Boi + Bii + cpPa + i, (S4)
B'Yg = Bos + cpii-

By substituting the second expression of equations (S4) to the first and third, eliminating the term ;, we reach a
pair of equations that directly couple elements A and B. In matrix form,

lPA] [Hn H12] [lPA]

- ) S5

|:lpbB HZl HZZ I:DB ( )
__ BoBi+Bé+lcail? __ BoBi+Bi+Icgil? _ CaiCBi _ CBiCai

H = Bi+2fo Haz = Bi+2By 12 7 gi+2By Ha1 = Bi+2Bo’ (S6)

To reach an ordinary form for the eigenproblem we omitted all second order terms of ', containing this derivation
exclusively to a neighborhood of 8, and therefore of k. Here, we may also set ¢; = c5; = cp;, considering that the
elements A and B are identical, rendering the diagonal elements equal, H;; = H,,. This suggest that the instantaneous
Hamiltonian will indeed maintain a gapless spectrum at the Dirac bands for arbitrary combinations of the couplings
¢; (i = 1,2,3). Toreach a form similar to equation (S2) we can analytically find the degeneracy point of the Dirac pair
and linearize the system accordingly. We must note that for the initial assumption to remain accurate (8’ = 0 at kp)
the diagonal terms must vanish, H;; = H,, = 0, after all three chain subsystems have been included into the 2 X 2
effective Hamiltonian, suggesting a close relation between S, ¢; and £;.

In this form, it is evident that the effective couplings between A and B are controlled by the inner hoping strength
¢; and the detuning f3;, without the need to modify the main elements of the lattice in any way. This observation
unlocks the possibility to change a number of fundamental properties of the Dirac cone, namely its location, anisotropy,
velocity etc. In our case, during the Floquet drive the Dirac cone location is varied clockwise or counterclockwise in
a small circle in k space infinitesimally close to kp.



Supplementary Section S.I1: Numerical solutions to the time-periodic Schrodinger equation
A solution to the time-dependent Schrédinger equation id, |y (7, t)) = H. |y (r, t)) with a spatially and temporally
periodic Hamiltonian H; can be written in the Floquet form

[p(r,0) = ePre™Tu(r, 1)), (87)

with |u(r, t)) being periodic in both space and time with the same period as H;. We seek solution to the following
eigenvalue problem

Blu(r,t)) = (He — idp)|u(r, t)). (S8)
To calculate the quasi-spectrum of (H; — id,) we expand |u(r, t)) into a Fourier time series,

[tn) = [t Uen] = |2 f cosmnt/T) lue)de, 2 [ sin(2mnt/T) u,)dt], (S9)

where the sine and cosine inner product integrals result into two independent series with generalized complex
coefficients ug,, U.y,. Next, we calculate the inner products of (H; — id;) with the harmonic functions cos(2mnt/T)
and sin(2mnt/T), in order to extract, in matrix form, the Hamiltonian that acts on the vector |u,) = (u,, Uy, Ueq - ),
labeled as Hg,

HO HOsl HOsl HOsN HOCN
Hle Hsl Hslcl + HAl HslsN HslcN
H,. = Hc:10 Hclsl _ HA1 H:cl chlsN HC?CN i (Sl())
Hsno Hinst Hsner Hgy Hsnen + Hpg
HCNO Hchl Hchl HchN - HA1 HCN

where N is the order up to which we truncate the matrix. The individual operators depend on H; which in our case has
the conventional form 92 /0x? + 9% /dy? + V(x,y, t). The diagonal operators (Hy, Hs,, Hz) are identical between
the driven and the static case. In the static case the off-diagonal operators will be 0 (Hg;; = 0 for i # j) and the element

of the |u,) vector will be decoupled. In the driven case, the different elements of |u,,) interact through the off-diagonal
operators, and the corresponding eigensolutions will dictate the modes of periodic evolution during the drive.

Here the problem is solved utilizing a finite difference method by direct discretization in the two spatial dimensions.
For tilted unit cells, as in the case of the honeycomb lattice we also apply the transformation (x' = x + y/tanf,y’ =
y) to properly impose the periodic conditions in the Ny, X N, discretized space. The diagonal operators are matrices

acting with non-zero elements according to the following equation

Aujj+ Fuyjoq +Guyjq + Bujyqj +Cuyqj 20U qjo1 + XUioq jr F YU joq + Wiy joq = Buyj
(S11)

where

A=Ven(i,j,t) — 2(1 + tan® 0) /Ax? — 2/Ay* — kZ(1 + tan® 0) — k3 + 2k, k) tan 6,
B = (1+tan?0)/Ax? + [ik,(1 + tan? 0) — ik, tan 6]/4x,
B = (1 + tan? 0)/Ax? — [ik,(1 + tan? ) — ik, tan 6] /Ax, (S12)
F =1/Ay? + (iky, — ik, tan 8)/4y, G = 1/Ay* — (ik, — ik, tan ) /4y,
X=Z=-W=-Y=2tan0 /[(4kek,) Vin(i,j,t) = 2?”(V(i,j, t) sin(2nnt/T) | sin(2rnt /T)),



Moreover, the off-diagonal operators in equation (S10) are given by diagonal matrices with elements

_ _i2mn
HAn - T !
Hepem = Z?n(V(i, j, t) sin(2rnt /T) | sin(2mmt/T)),
Hepem = 2?ﬂ(V(i,j, t) sin(2nnt/T) | cos(2Qmmt /T)), (S13)

aw

cnsm = 277T (V(i,j,t) cos(2nnt/T) | sin(2emt /T)),
cnem = =V (i, j, £) cos(2mnt/T) | cos(2mmt /T)),

aw

with T the period of the drive and i, j the spatial discrete indices.

This formulation should be well suited for sinusoidal driving in the potential V (t), providing a good threshold for
safely truncating Hp to N terms. The solution to Hp will always produce N copies of Floquet bands with the middle
group being the most numerically accurate. Through this technique, we calculate the band structure of the chained
lattice, terminated along the y dimension. Each site has a Gaussian potential profile of order four with radius and
magnitude set to match the experimental design.

In Fig. S3, we plot the eigenspectrum and select eigenmode solutions for both the static and driven case. In the
driven case, only the first 3 elements of the ug, vector are indicatively shown. Minor deviation can be observed for
the flat-band states in the middle of the driven spectrum. These are attributed to the next-nearest neighbor coupling
between adjacent chains which can been verified by including the corresponding terms in the tight-binding
representation. However, the fundamental topological properties remain unaffected.



Supplementary Section S.I11: Berry phase calculation in the driven picture
The Berry curvature is calculated numerically in the k space for each band n, according to the following definition

(d’n|aHeff/akx|¢m)<¢m|Heff/akx|¢n)_<¢n|Heff/aky |1l)m)(1l)m|Heff/aky|¢n)
(ﬁn_ﬁm)z ’

where Hegr is the effective Hamiltonian in the tight-binding representation. The Chern number is then expressed as the
total integral of (1, in the first Brillouin zone. In this context, Fig. S2 illustrates the Berry curvature for the first two
bands and three different topological phases. Note that in the trivial topological phase with no drive the two cones
cancel their contributions to C and the total invariant is zero, for both bands. When a small drive is applied, the
topological charge of one of the two cones swaps sign. For the top band, each cone contributes 1/2 to the invariant
resulting in total C = 1. For the second band the two cones contribute —1/2 and the Chern number is expected to
acquire the value C = —1, similarly to a diatomic honeycomb lattice. However, due to the interaction between the
second band and the flat-band, during the period of the drive, a second gap opens and an opposite topological charge
is generated at the middle of k space. This topological charge takes the value +1 which cancels the contribution of
both cones combined for a new total C = 0.

Q= i Xoe1 (men) (S14)
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Figure S2: Bulk band structures and Berry curvature for various topological phases. (a) In the trivial topological phase
(absence of periodic drive) the Berry curvature is antisymmetric and its integral yields a net zero Chern number. (b) When a non-
trivial topological phase is induced (27t/T = 6) the Berry curvature yields a +1 Chern number for the blue shaded bands. (c) The
overdriven lattice (2m/T = 2) manifests a highly complex Berry curvature in k space that yields Chern numbers with higher



integer values (+2) for the white shaded bands. (d). Phase diagram near the transition point of the higher Chern phase. The Chern
number is depicted only for the second band over different periods of the drive and phase difference A between two chains. The
band structures of (b) and (c) correspond to ¢ = 21/3 at locations marked with stars.

In the third case, the Berry curvature is calculated for the second topological phase of the chained lattice shown in
Extended Data Fig.3. Here, the picture is far more complex as multiple copies of the phase spectrum coalesce into the
first Floquet zone and interact with each other. However, the integral of the topological invariant remains highly robust
resulting in the integer values reported in Extended Data Fig.3.

In general, the complex topological structure observed for higher periods of the Floquet drive is a result of the
intricate interactions between bands of different quasi-energy windows. In the simple case shown in Extended Data
Figure XD2, where only two bands coexist in each window, a non-trivial interaction can occur only between the top
band of quasi-energy window [—m /T, w/T] and the bottom band of quasienergy window [r/T, 21t /T], when the period
T is high enough. This results in the emergence of edge states at the Floquet gap, near e = —/T and ¢ = /T, as
shown in the third panel. The chained lattice of Extended Data Figure XD3 is much more complex as it involves a
total of 5 bands. Now, the top (1st) band of quasi-energy window [—m/T,m/T] and the bottom (5th) band of
quasienergy window [rr/T, 2m/T] cannot interact. Instead, we need to increase the period T even more to allow an
interaction between the 2st and the 4th bands. In this case, we can see from the 3rd panel of Extended Data Figure
XD3 that the edge states must cut through the bulk bands in order to cross the Floquet gap at 7/T and connect
interacting bands between different Floquet quasi-energy windows. This justifies the presence of multiple edge states
in each gap and the emergence of higher Chern numbers.
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Figure S3: Band structures and Floquet eigenmodes for the time-periodic Schrodinger equation. (a) The ribbon unit cell.
(b) The static system band structure with two eigenmode depicting a stationary edge state and a flat-band mode for a unit cell
length in natural units L = 26um. (c¢) Floquet band structure and two eigenmodes with normalized amplitude for the Chern edge
state (left) and a flat-band edge state (right) for 3 terms of equation (S8).



Supplementary Section S.IV: Excitation specifics and robustness against defects

The symmetric Floquet spectrum of the bimorphic TI necessitates the existence of two Dirac bands. As illustrated in
Fig. S4, the field amplitude of the upper-gap state is primarily localized on the central site of the unit cell, but features
significant contributions with the same sign of the field on the adjacent chain sites as well. In contrast, chain-site
amplitudes of the lower-gap state exhibit the opposite sign. The excitation employed in our experiments and
simulations, being focused on the primary sites, therefore inevitably populates a superposition of these two states.
Note that however, as the slopes of the Chern branches in the upper and lower gap are equal, the injected wave packet
is not subject to dispersive broadening between its two components when it propagates along the edge. Selectivity
between the Chern states of the upper and lower gap could in principle be achieved by directly synthesizing the internal
field distributions of the desired mode. Similarly, widening the individual excitation beams to partially encompass the
adjacent chain sites would likewise allow one to tilt the balance towards the upper-gap state. However, doing so would
actually be detrimental to the confinement of the Chern wave packet, as the chain-site contributions only cancel
perfectly for a 50:50 superposition of the two modes.
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Figure S4: Comparison of the field distributions of the topological modes in the upper and lower Chern gaps. Whereas all
waveguides of a unit cell are in phase for the state in the upper gap, its lower-gap counterpart is characterized by opposite signs
of the field in the central cite compared to the auxiliary chain sites. The absolute value of the individual field distributions is
identical in both cases, and the superposition of both modes effectively cancels the chain-site contributions of the Chern edge
channel, effectively separating it from the anomalous channel.

The amplitude distributions of the different Chern modes in the C = 2 phase are shown in Fig. S5. In this
super-critically driven regime, the edge modes of the C = 1 regime persist as inner states and carry over a
similarity of the absolute values of their field amplitude distributions between the upper and lower gaps. The
outer state (red line) features a more involved field distribution with substantial population on the chain sites,
nevertheless preserving the symmetry of the intensity patterns between upper and lower gap. Long-range
BPM simulations show that, due to the different slopes of the inner and outer states, a wave packet injected
into the Chern edge channel as superposition of the two is subject to substantial dispersive broadening over
longer propagation distances in the C = 2 phase, and eventually breaks into separate wave packets that

correspond to the individual excited states. However, the confinement to the edge of the system remains
intact.
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Figure S5: Mode amplitudes and propagation simulations in in the € = 2 phase. Top: The inner state (yellow line) in this
regime emerges from the Chern mode of the C = 1 phase and inherits its localization on the primary sites as well as the symmetry
of its intensity distributions between the upper and lower gaps. Whereas all waveguides of a unit cell are in phase for the state in
the upper gap, its lower-gap counterpart is characterized by opposite signs of the field in the central cite compared to the auxiliary
chain sites. The absolute value of the individual field distributions is similar in both cases, and the superposition of both modes
effectively reduces the chain-site contributions of the Chern edge channel, although not as fully as in the € = 1 phase (c.f. Fig.
S4 above). The outer state (red line) features a more involved field distribution with substantial population on the chain sites,
nevertheless preserving the symmetry of the intensity patterns between upper and lower gap. Bottom: As a result, a wave packet
injected into the Chern edge channel is subject to substantial dispersive broadening over longer propagation distances. However,
the confinement to the edge of the system remains intact.

The chained honeycomb lattice exhibits a similar level of robustness to other types of topological lattices.
In the context of photonic waveguide arrays, it is comparable in this respect to a helical waveguide array
which is commonly employed for topological experiments. Meanwhile, it offers further advantages
considering that the inevitable radiation losses of the conventional driving schemes are entirely avoided. To
showcase this robustness, we conducted BPM simulations of the anomalous edge mode in the presence of
for three common defect types with different shapes that demonstrate the level of topological protection in
the lattice (Fig. S6). The three panels of each subfigure correspond to three propagation lengths; at the
beginning of the simulation, before the defect and after passing the defect. In all cases the edge excitation
finds an alternative path around the defect with negligible bulk scattering.
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Figure S6: Robustness against defects. Three common defect cases that demonstrate the level of topological protection in the
lattice. Regardless of whether (a) the periodic modulation is locally disabled (static region marked in black), (b) a number of
waveguides is missing along the edge, or (¢) a random static on-site potential is added to the waveguides (marked in gray, up to
20% An), the chiral edge state is able to circumnavigate the defect region without backscattering.

In the Supplementary video, we numerically demonstrate how two anomalous wave packets propagating
along the edge channel can be efficiently reshuffled by suspending the Floquet drive in a single unit cell. In
this vein, the topological edge wave packet therein is temporarily converted into a compact localized flat-
band state and held in place until the modulation is resumed. Given proper timing, this process can be
executed virtually without scattering losses, and furthermore demonstrates the robustness to modulation
defects for the wave packet that is allowed to overtake the stationary one.



