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Supplementary Note 1. Calculations of electronic states

We utilized quantum-mechanical effective-mass calculations performed with custom Python code
to obtain the transition energies and wavefunctions of single excitons and biexcitons in type-(I+1I)
quantum dots (QDs). These calculations employed a finite-difference mesh approach implemented
using cylindrical coordinates. At each discretized mesh point, the Schrédinger and Poisson
equations were solved within the self-consistent field and effective mass approximation'. The
calculations were performed for type-(I+1I) QDs with the following structure: CdSe (» = 2.6 nm)/
ZnSe (/ = 1.7 nm)/ CdS (h = 2.2 nm)/ ZnS (d = 0.3 nm) QDs. These dimensions correspond to the

QDs used in most of the experiments described in the main article.
A. Single excitons

The single-exciton wavefunction (W (1, 1,)) was obtained from:

le(re: rh) = Yo (1) Yr(1h) (S1)
[~ 5 7+ Ven )] e () = Eetpe () (52)
|~ 5 V2 + Von )| 900 = Bt (83)

In the above equations, Y, () and Y, (1) are the electron and hole wavefunctions, respectively,
Ves(r) and Vyg(r) are the conduction- and valence-band confinement potentials, respectively, m,
and my, are the electron and hole effective masses, respectively, and E. and Ey, are the electron and
hole energy eigenvalues, respectively. We allowed the 1, to adapt in response to the Coulomb
attraction exerted by the hole, and vice versa. We employed the calculated electron and hole

wavefunctions to obtain the Coulomb potentials (¢, ;) using the Poisson equation:

V- (e€gVpen(r)) = —q|l/)e,h(7‘)|2 (54)



where € represents the permittivity of the material, € is the vacuum permittivity, and ¢ is the
elementary charge. Having obtained these potentials, we use them in the Schrodinger-Poisson

equations for both the electron and the hole:

[_ Zr:;z(r) V24 Vep(r) + qdn (7’)] Ye (1) = Ectp (1) (S5)
[_ Zr:;;zcr'> Vi 4+ Vyp(r) - q¢>e(r)] Yr(r) = Eppp(r) (S6)

The solutions of eqs S5 and S6 were used in eq S4 to compute the ‘corrected’ Coulomb potentials,
which then were again utilized in eqs S5 and S6 to obtain the next iteration for the wavefunctions.
This iterative process continued until the energies of the electron and hole states converged.
Typically, about four iterations were required to achieve a convergence error of AEei/Een < 0.1%.

The exciton energy (Ex) was computed from:
Exy =E, + E, (S7)

The calculations performed led to the identification of two different exciton states near the band
edge, classified as direct (Xq) and indirect (Xj) excitons. Their energies are E4 = 2.037 eV and E;

= 1.988 eV. The corresponding wavefunctions are displayed in Supplementary Fig. 2.
B. Biexcitons

The energies of the three biexciton states (XiXq, XiXi, XdaXq) were obtained using the results of
calculations for single excitons. To account for the multi-carrier Coulomb interactions in a
particular XX, biexciton state (m, n =1 or d, for indirect and direct exciton, respectively), we

included an additional interaction term expressed as

Ee or hm—eor hn — f l/)e or hm (r)qd)e or hn (r)l/)e or hm (T‘) dv. (Sg)

The biexciton energies were calculated using the following expressions:



Eiq= Ei+Eq+ Ecg-ni+ Ecd—ei + End-ni + End-e,i (S9)

or
Eig= Ei+ Eq+Eci-na + Eeji—ed + Eni-hd + Enji-ed (510)
Eij = 2Ei + Eej-ni+ Eejiei t Enji-ni + Enji-ei (S11)
Eqqa = 2Eq + Eeq-nd + Ecd-ed + End-na + End-ed (S12)

Calculations yield Eiq = 4.024 eV, Eii=4.020 eV, and Eqq= 4.074 eV. Based on this, the X;X; and
XiX4 biexcitons are energetically more favorable than the XaXgq biexciton. Therefore, when
analyzing the experimental data, we take into account only the X;X; and X;Xg states. The emission

energies of these states can be found from:
hvig = Eijq — E; (S13)
hvii = Eii - Ei (814)

These expressions yield hvyq = 2.036 eV and hv;;= 2.032 eV. Both of these spectral energies lie

near the energy of the Xy state (2.037 eV).

Supplementary Note 2. Modeling of photoluminescence dynamics

Using the three-level scheme shown in the inset of Fig. 2d (main article), we formulated the
following rate equations governing the temporal evolution of the populations of direct (nq4) and

indirect (n;) exciton states (nq + ni = 1):

dnd _ ng ni

dt ‘L’S Ti—d (Sls)
ani _ M, Md
P (S16)

where



1_1, (817)

—=—t+— (S18)

- —
Ti T Ti—-d

The solutions of these coupled differential equations can be presented as follows:

_t _t
ng = (e "X+ Cze X (S19)
_t _t
n = Cze "X + (e ToX (S20)
1 _11 —
Tshx | 274 [(1 +p)+ \/(1 +B) 46(1 alaz)] (S21)
where
p=3 (822)
a = (S23)
Td-i
az =5 (S24)
Ti-d

The dynamics of the total photoluminescence (PL) intensity (/) emitted by the X; and Xq states was

obtained from:

t t
My M (G G S Trx g C2 g Gy T Tex
=242 (Td + Ti) e X 4 (24 e X (S25)
Based on eqs S19 and S20
G AL
2= tia(E D) (526)
C 1 1
C—z = Ti—d(a—a) (527)



Next, we expressed the ratio of the amplitudes of the fast (ar) and slow (as) PL components as

1,6
2o a1 S28
as C_2 + & > ( )
74 Ti

and the ratio of the time-integrated PL intensities originating from the X4 (44) and X (4;) states as

Citex CaTsx

e (S29)

A CZTf,X+C4Ts,X

T T

1 1

We then used eqs S21 and S25-S29 to simulate the measured PL dynamics. In our simulations, we
used the experimentally determined time constants of the fast (zrx = 29 ns) and slow (zsx = 697
ns) PL components, the measured ratio of their amplitudes (af/as = 1.25), and the ratio of 44 and
Ai (= 0.114) determined from the deconvolution of the experimental PL spectra (Supplementary
Fig. 1). Based on the best agreement between the measured and calculated dynamics, we obtained
the following set of relaxation parameters of the excitonic system described by the scheme in the

inset of Fig. 2d (main article): ¢ =44 ns, 1= 735 ns, 74-i= 85 ns, and 7.4 = 8800 ns.

Supplementary Note 3. Evaluation of biexciton emission quantum vields

Long biexciton lifetimes in type-(I+11) QDs are expected to result in high biexciton emission
efficiencies. The PL quantum yield of the X;Xg-state can be estimated from gia = 7r,xx/%d,rad, Where
Tid,rad 1S 1ts radiative time constant. Neglecting the weak contribution of the indirect transition, the
number of radiative pathways for the X;Xgq state is twice as large as that for the Xg state?, that is,
Tidrad = 7a/2. This yields 7iqrad = 22 ns and gia = 61%. The latter is 1.6 larger than that of the
continuously graded cg-QDs (Supplementary Table 1), confirming the strong suppression of Auger

recombination in type-(I+1I) QDs. This is further supported by observations of high biexciton PL



efficiencies obtained using single-dot two-photon correlation studies (Methods) according to

which giq is ~76% (average over 26 QDs; see Fig. 3¢ and Supplementary Fig. 5).

Supplementary Note 4. Evaluation of critical QD concentrations

The critical QD concentration needed for lasing (ngp,cr) Was calculated from nop.cr = (y75) 1, where
y = cagl(fnr), 74 is the optical gain lifetime, oq is the optical gain cross-section, c is the speed of
light, nr is the refractive index of the active medium, and £ is a dimensionless constant which
depends on the specifics of the QD-optical cavity system®>. The parameter £ is a multiplier that
determines the relationship between the nominal rise time of stimulated emission (zse = ni/(cGo);
here Go is the saturated gain coefficient) and the actual rise time of the cavity mode for a given
laser configuration (w): = = frse. Previous microcavity simulations in ref. 4 used g = 20. For the
fairly long cavity (several centimeters) used in the present study, we expect a slower lasing mode
rise time, which should result in a larger g value. In our estimations, we assume that g is 10 times
larger than in ref. 4, that is, # = 200. Using this value together with n, = 1.496 (for toluene), and o
=5.2x10% cm? and ry = 3 ns (obtained from the performed TA measurements), we obtain nopcr
of ~6x10% cm™ or ~11 umol L. This is comparable with the lowest QD concentration used in

our lasing experiments (7.9 umol L),
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Supplementary Fig. 1 | Double-band deconvolution of the PL spectrum of type-(I+II) QDs.
The PL spectrum of type-(I+11) CdSe (» = 2.6 nm)/ZnSe (/ = 1.7 nm)/CdS (A = 2.2 nm)/ZnS (d =
0.3 nm) QDs recorded using low-intensity (sub-single exciton) excitation (open grey circles) and
a fit (black line) obtained by summing two Gaussian bands (gold and blue lines), whose peak
positions and full width at half-maximum are indicated in the figure. The PL spectrum was

recorded using continuous wave (cw) 2.76 eV excitation.
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Supplementary Fig. 2 | Radial distributions of the electron and hole probabilities for the
band-edge and the first excited quantized states. a,b, Calculated electron (blue lines) and hole
(red lines) radial probabilities for the lowest energy (a) and the first excited (b) states of the type-
(I+IT) CdSe (r = 2.6 nm)/ZnSe (I = 1.7 nm)/CdS (h = 2.2 nm)/ZnS (d = 0.3 nm) QD. These two

states correspond to indirect (X;) and direct (Xq4) excitons, respectively.
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Supplementary Fig. 3 | Photoluminescence excitation (PLE) spectra of type-(I+II) QDs. PLE
spectra of type-(I+1I) QDs with »=2.6 nm, /= 1.7 nm, 2 =2.2 nm, and d = 0.3 nm measured using
detection at 1.88 eV (yellow) and 2.03 eV (blue). These two energies correspond to indirect and
direct excitons, respectively. The optical absorption and PL spectra of the same sample are shown
as dotted and solid black lines, respectively. The shapes of both PLE spectra generally reproduce
the shape of the absorption spectrum. This indicates a highly efficient formation of direct and

indirect excitons, independent of the energy of the initially excited electronic states.
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Supplementary Fig. 4 | PL measurements of an individual type-(I+II) QD. a, Measured PL
spectrum (open grey circles) of a single type-(I+1I) CdSe (» = 2.6 nm)/ZnSe (/= 1.7 nm)/CdS (h =
2.2 nm)/ZnS (d = 0.3 nm) QD fitted to the sum (black line) of two Gaussian bands (cyan and
orange lines). b, Corresponding PL dynamics recorded without spectral filtering. All data were

collected using low-intensity sub-single-exciton excitation with a pump photon energy of 2.54 eV.
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Supplementary Fig. 5 | Second-order intensity correlation (g) measurements of individual
type-(I+II) QDs. a, g¥ measurements conducted for 5 individual type-(I+II) QDs without photon
discrimination using pulsed 2.54 eV excitation. (b) Gated g measurements performed for the
same QDs but selecting photons arriving with a time delay of 200 ns or more relative to the
excitation pulse. Based on the ungated g® measurements, the average biexciton PL quantum yield
(gxx) is 77% (averaged over 5 QDs). In total, g studies were performed for 26 QDs. The

corresponding average gxx is 76%.
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Supplementary Table 1 | Comparison of gain-relevant characteristics of type-(I+11) QDs and

continuously graded QDs (cg-QDs).

cg-QDs%’ Type-(I+11) QDs
Optical gain lifetime (7g) 0.72 ns for (N) =32 3.0 ns for (N) =34
Biexciton PL quantum yield
0.38 0.76
(9xx)
Material gain (G) 780 cm™! 1,110 cm'

Supplementary Table 2 | Comparison of lasing characteristics of type-(I+1I) QDs and the
laser dye rhodamine 6G.

Type-(I+11) QDs Rhodamine 6G
Concentration
14 ~1,600
(umol L)
Lasing threshold” 44 mJ cm? (hvis = 1.988 eV) | 12 mJ cm™ (hvias = 2.12 eV)
. 1.96 eV —-2.10 eV 2.06eV—-2.14 eV
Lasing range

(140 meV) (80 meV)
o 260 meV 190 meV

Gain bandwidth

(1.99 eV —-2.25¢V) (2.06 eV —-2.25¢V)
Characteristic decay time of the ] )
No noticeable degradation for
output intensity ~30 min
5 hours
(stability assessment)

hvias 1s the spectral energy of lasing.

“When measuring the lasing threshold and lasing range, the QD and dye concentrations were
adjusted such that to match their optical gain coefficients.

“*The gain bandwidth of the QD and dye samples was measured using 190 fs, 2.4 eV pump
pulses with a per-pulse fluence of 7 mJ cm™.
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