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SUPPLEMENTARY NOTES
Supplementary Note 1: Minimisation of the free energy functional and derivation of the Euler-Lagrange
equations
In order to find the value of the vector field p(r) that minimises the free energy functional
Flpl = [ avsae.Ve)+ [ dsse(e). 1)
Q a0
in a volume €2, we write the variation
0 fB ofs 8f S
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where Einstein summation convention over repeated indexes is used. The second term of the volume integral can be
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integrated by parts to yield
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with 1 the outward normal. Thus, equation (2) becomes
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If the minimising field p were to have a fixed value on the boundary (essential boundary conditions), 5pi‘ aq = 0 and
the surface integral would vanish directly. In our case, however, we take boundary conditions on p to be natural,
meaning that they are not imposed externally, but are naturally derived form the problem and satisfied after a solution

has been found. Hence, for arbitrary variations dp;, we enforce

Ofs . . Ofs
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These equations ensure continuity of p on the surface and leave us only with the volume integral. Finally, asking that

=0 indQ. (5)

0F = 0 gives rise to the set of coupled partial differential equations

Ofs v. Jfs
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which are the Euler-Lagrange equations of the problem.
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Supplementary Note 2: Relation between the elastic contribution fr and the Frank free energy density

The expression used in this work for the elastic energy density is

fio ="V p)* 4 Lo (Vx )+ 20 x (V x p)). @

In this section we discuss its relation to the more standard Frank free energy density.

In the one-constant approxrimation

Typically [1-4], the elastic energy density of a vector field p is taken to be

f Frank —
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with 0; = 0/0x; and k > 0 the Frank constant. Using explicitly that p = |p|p and p;0;p; o 0;(p;p;) = 0;(1) =0, it

can be rewritten as

Jrvanic = 5 | (VIPI)? + IPI2(935;)(D1y)] - (9)
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The last term can be decomposed into four terms corresponding to the splay, twist, bend and saddle-splay modes [5],

thus giving rise to
Frvanc = 5 {(T1pD)? +1pI? [(V5)° + B (V% B + [ x (V% B)] } + faispi (10)

with fsaddlc—splay = 7k|p|2v : [IA)(V ! p) + 13 X (v X f’)} /2
Let us now consider the elastic energy density (7) with kg = k1 = ko = k, that is,

k
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Notice that the prime is used throughout this section to emphasise the one-constant approximation. We can expand

each term as

(V-p)> = [p>(V-D)* + (VIp|-D)> +2[p|(VIp| - D)(V - ) (12)
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The first terms of each identity are equal to the the terms in square brackets in equation (10), and the sum of the
second terms of identities (12) and (14) is equal to (V|p|)®. The sum of their third terms, however, is not present in

equation (10); we use it to write the cross-term energy density
fcross’ =k {(p . lel)(v . IA)) + [p X <V|p| X f’)] : [IA) X (v X f))]} . (15)

With this, we have that fE’ = fFrank - fsaddle—splay + fcross/-
We now evaluate numerically the difference between the standard Frank free energy density (8) and the approxi-

mated expression (11). We consider the free energy functional given by equation (1), and use fg = fa + f, with fa



as defined in the main text and f, a placeholder for fr.ank or fr/. The surface energy density fs is also taken to be
the same as in the main text, with a mixed preferred orientation in the boundary. We minimise equation (1) in a
sphere without assuming any symmetry to find the corresponding OP fields p,, (Supplementary Fig. 1a). In order to
evaluate discrepancies in the results quantitatively, we define the relative energy difference

Hpvank — Hey

by
HF‘rank
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where H,, is the total energy of the system with OP p, and elastic energy density f,, and the average difference

between the OP fields
1 &
II= K Zl |pFrank(ri) — PE/ (rl)‘ ) (17)

where Ny is the number of nodes in the mesh. Both ¥ and II show that prrank and pgs present excellent agreement
in the low ¢ = £2/)\ regime (Supplementary Figs. 1b-c). Note that both fields present a radial boojum on the top cap
like that of Fig. 1c (bottom line, second leftmost panel) in the main text. Conversely, differences between pgrank and
pr’ are most significant in the high ¢ regime. Nonetheless, both OP fields are topologically equivalent to each other

and to the uniform field.

Leaving the one-constant approximation

We now focus on the elastic energy density of equation (7) in the splay-dominated regime (kg > ko). Minimisation
of equation (1) in the full 3D, symmetry-agnostic case leads to an OP field consisting on a positive hyperbolic hedgehog
on the z axis and a radial disclination ring around it (Supplementary Fig. 2a). This supports the assumption of axial
symmetry made in the main text (Supplementary Fig. 2b), and rules out the possibility of spontaneous selection of a
given value of the azimuth angle ¢ for an off-axis point defect instead of the ring.

In this more general case, the cross-term energy density is given by

fcross = kO(p . v|p|)(V : f)) + kQ [p X (V|p| X IA))] ' [f) X (V X IA))] . (18)

We use this expression to define the error score

HCTOSS
Hg

(19)
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where Hoposs = fQ dV feross- This value is a proxy for the previous relative energy difference and average OP difference,
which allows us to approximately evaluate the discrepancy between the numerical results using equation (7) and the
corresponding Frank free energy density, without having to compute the latter. Supplementary Fig. 3 present the

error score of the results depicted in the main text.
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Supplementary Figure 1. Numerical evaluation of the difference between the standard Frank free energy density

and the elastic energy terms in the one-constant approximation. a, Central slices of the 3D OP-field configurations

obtained using frrank and frs in a sphere for £/Ro = 1 and different values of A\/Ry = 10. Colour map and arrow size encode

the magnitude of the OP. b-c, Relative energy difference [b, equation (16)] and average OP difference [c, equation (17)] vs.

A/Ro and &/Ry in spherical confinement. Both quantities indicate an excellent agreement of the results for small values of (.

As a reference, the dashed line shows the value (* =~ 0.3Ro of the main text. Stars highlight the sets of parameters where the

configurations of panel a were obtained.



Supplementary Figure 2. 3D solution consists of a positive hyperbolic hedgehog and a radial disclination ring.
a, Central slice of the 3D OP field obtained with fg in the splay-dominated regime and spherical confinement (A\/Ro = 10°,
&/Ro =1, ko/k2 = 10). Colour map and arrow size encode the magnitude of the OP (left). For clarity, a normalised, rescaled
version of the OP is also shown (right). b, The same configuration is obtained in the main work when the assumption of axial

symmetry is made. Streamlines and colour map depict the field direction and magnitude, respectively.
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Supplementary Figure 3. Error score [equation (19)] for the results in the main text. a, Error score as a function of
ko/ks for longitudinal parallel (upper panel) and mixed (lower panel) preferred orientations in spherical confinement (A/Ro =
100, £/Ro = 1). b, Error score vs. A/Ry and &/Ro in spherical confinement with mixed po in the splay-dominated regime
(ko/k2 = 10). ¢, Error score as a function of the acorn parameter v for different values of £/Ro (\/Ro = 10°, ko/k2 = 10).
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