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Supplementary Notes
Summary

This supplement describes technical details of the model introduced in the main text, which we term the
deterministic integral threshold model. We begin with a short review of cell cycle coordination based on
the SMK growth law and the Donachie relations (Sec. 1), which provides important background for
understanding the significance of our results. The downfall of these older relations suggests a search for
new conceptual foundations, constrained by the growth laws proposed here. We develop an accumulation-
type model to begin this exploration (Sec. 2). A stochastic extension is described in Sec. 3 and compared
briefly to experimental data. The deterministic model is then placed in the context of related models and
compared to a recently proposed model (Sec. 4). In the last section (Sec. 5), the stochastic model is applied
to cell division during growth transitions, and the behaviors obtained are compared to the well-known
‘rate maintenance’ phenomenon.

1. Classic understanding of coordination

Classic understanding of the coordination of cell mass growth, chromosome replication, and cell division
in bacterial is manifested by the empirical growth law of Schaechter-Maaloe-Kjeldgaard (SMK)' and the
constant initiation mass hypothesis by Donachie?. This framework states the followings for steady state
cells in the fast-growth regime, i.e. doubling time shorter than 1 hour:

1) average cell mass depends exponentially on growth rate';

2) the time interval C, from initiation to termination of one round of DNA replication, and D, from
replication termination to corresponding cell division, sum to a constant?;

3) the “initiation mass” (cellular mass per replication origin at the time of replication initiation) is
constant?.

Bremer et al?, among others, have noted that the average number of origins per cell is

C+D

0= 271 = etC+D) (S1)
A growth rate dependent C+D results in a growth rate-dependent average mass per origin (m, ) as my, =
m(A)/e*€+P) The SMK growth law as reformulated by Donachie specifies that m o« e?(¢*P) and the
growth rate dependence in m,,, cancels out. As the initiation mass m; is simply proportional to m,,,, i.¢.
m; = my,/In(2),” the SMK growth law implies constant initiation mass, independent of growth rate.

The above three statements form a self-consistent theoretical framework in the quantitative description of
cell division.



This classic framework provides the foundation for most recent theoretical work. For example, the models
proposed by Ho et al.®, and Micali et al.”® used the assumption of constant initiation mass. One can save
these models by applying the experimentally measured growth rate dependent initiation mass (given after
Eq. 2 in the main text), but its complex form complicates the biological interpretation. Instead, this opens
up the search for new conceptions that can replace those such as the constant initiation mass and help
illuminate how the cell manages the cell cycle.

2. The integral threshold model

Our model starts from the assumption that a cell accumulates a licensing product L(t) produced by certain
protein, with copy number z(t) per cell, at a specific production rate r per protein. The protein z(t) is
assumed to have a constant concentration over time so that its copy number is proportional to cell mass,
ie., z(t) =[z] -m(t) = [z] - m,e?t, where t is the time since the last division and [z] is the cellular
concentration of z. Like most proteins in balanced exponential growth, we assume [z] is time-independent.
We choose to use the protein abundance interpretation in this article as it is more biologically reasonable.
The bacterium divides when the licensing product accumulation L(t) passes a threshold L. Cell division
is presumed to reset L(t) to zero and distribute protein z equally into daughter cells. The licensing product
accumulation can hence be written as

L(t) = jtr - z(s)ds. (S2)
0

Integrating the equation we get

L(©) =2 [2] - (m() = my), (s3)

where my, is the birth mass. As cells divide when L(t) = L., we may calculate explicitly the division

mass my,
=1L A + (54)
myg = L, T[Z] my.
The added mass Am = m; —m;, = L, % is independent of the birth mass, so that the adder principle

is obvious.

In the steady state of a deterministic dynamical process with symmetric division, we expect constant
birth mass and division mass over all division cycles. So we have m; = 2m,,. It is known that the
population-averaged cellular mass m is proportional to population-averaged division mass m  (for this
deterministic process, M, = my) with a factor of In2 in a steady state batch culture m = In2 - m, °. We
then get for the average cell mass,

A
171=211’12LC';'[Z]. (S5)



Comparing to the relation between mass and growth rate (Eq. 2), we see that the growth-rate
dependence of m can be most parsimoniously obtained if L. is growth-rate independent, the production
rate r is proportional to 1/(C + D) and m, is proportional to 1/(L.[z]). The dynamics of the
accumulator thus takes the form

t m(s)

L= | —

ds. (S6)

We simulated the dynamics of the integral threshold model with a variety of initial cell masses. Cell
masses quickly converged to the same dynamics around the expected steady-state cell mass
(Supplementary Fig. 3), demonstrating the cell size control property of the model. We also confirmed
that the simulation reproduces the linear relation (Eq. 2) with the same constant L. for all growth rates
(Supplementary Fig. 4a), as expected.

As noted in the main text, our empirical finding that C = b(C + D), with b = 0.625, allows Eq. 2 to be

replaced with m = mg - AC. Comparing this with Eq. S5, we can assign prefactor values r = % and my =
Mo
1-b
Simulation using either set of prefactors results in the corresponding linear relations of average cell mass
(see Supplementary Fig. 4bc), as expected. The pseudo code of the stochastic version provided in Sec.
3 below, minus the parts that refer to the stochastic process, can be referred to as a guide for the simulation
of this deterministic model.

mgy/b. Equivalently, using D = (1 — b)(C + D) we can assign prefactor values r = % and mg =

3. Integral threshold model with noise

As any biological process experiences noise, we now consider a stochastic extension of the deterministic
model described in Sec. 2. For simplicity, we model the noise as arising from fluctuations in the
accumulation rate of the licensing product. As in the deterministic model, we assume cell division
occurs when the licensing product L(t) reaches a threshold L.. After cell division, the licensing product
experiences a renew process(L(t) = 0). Within a cell division cycle, the cell mass and licensing product
follow the dynamics as:

1 1
ey O = e+ VZe - dA(E) (57)
mg

where A(t) is a Gaussian white noise, such that (A(t)) = 0,(A(t)A(t")) = §(t — t’). The parameter &
controls the noise levels of the stochastic process. We numerically simulated the dynamics of each
bacterium in a mother machine setup, where only one daughter cell after cell division is kept. The
pseudo code for the simulation is presented below.

Pseudo code :

Variables



N
m
L
A

Parameters
dt = 0.01

A
C+D

e =10.01

1
Le=—~0.72

While t < t,,,,, do

# cell mass growth

m=m+=+A-m-dt

: cell number, 105 cells simulated in the mother machine set up, in unit 1
: cellular mass, initial value = 1 if not defined, in unit ODgoo-m1/10° cells
: the accumulator, initial value = 0 if not defined, in a. u.

: Gaussian random variable, mean value =0, standard deviation=1, in a. u.

: simulation time step, in unit mins

: growth rate, in unit mins-!

: time from DNA replication initiation to division, from Eq. 1, in unit mins

: noise level, fitted value to distribution data.’’ ', in unit mins-*>

: threshold of L(t) , deduced in Sec. 2.

# increase of the accumulation

Draw a random unit Gaussian variable A

L=L+. 1 . at+

my C+D

. V2e - Vdt - A
mo

# cell divide if a threshold is passed

IfL>L,
N=N+1
m = m/2
L=20
end

end

: cell number increase
: reset cell mass

: reset the accumulator

The birth mass, division mass, and doubling time distributions obtained for different growth rates were
found to approximately overlap when rescaled by their respective averages, but they did not collapse to a
single curve. An empirical scaling property of cell division was claimed by Taheri-Araghi ef al.!' and
appears to also roughly hold for the data of Wallden et al.'° (although not reported by those authors).
Fitting the single parameter € to the value 0.01, the simulations obtained workable fits to all three



empirical distributions, i.e. rescaled birth mass, division mass, and inter-division time (Supplementary
Fig. 5).

The lack of correlation between birth mass and added mass, now called the adder phenomenon, is another
important feature observed in cell division control. The deterministic version of the model is an adder
model by construction (Sec. 2). We also confirmed numerically with the stochastic version that the added
mass 1s uncorrelated to birth mass, while the inter-divison time and division size are correlated to birth
mass (Supplementary Fig.6).

4. Comparison with previous models

Our integral threshold model belongs to a class of what can be termed “accumulator” models'?!', in which
some product or marker of cell cycle progression accumulates to a threshold value and then triggers or
licenses cell division. Among these models, Si et al.’’ recently proposed (as an example) the complete Z-
ring to be considered as the licensing product of cell division. This requires the number of FtsZ proteins
per cell to reach a threshold. In a sense, our model can be viewed as an extension of this model of Si et al,
but differs from theirs by emphasizing the growth-rate dependence (which they do not consider at all). We
denote what would be the number of FtsZ proteins per cell as X(t). In Si ef al’s model, this quantity
would increase with cell size m(t) as

X B dm

E_CXE’ (58)

where c is the concentration of FtsZ. This leads to X(t) = X(0) + ¢ - [m(t) — m(0)], and cell division
is licensed when X (t) reaches a threshold X,. To facilitate comparisons with our model, we rewrote Eq.
S8 as

t

X(t) = j ¢ X Am(s)ds + X(0), (S9)
0

with ‘Z—T = Am(t) for exponentially growing cells.

Comparing Eq. S9 to Eq. S2 of our model, we see that the two models has the same mathematical for,
with the number abuandance z(s) given by c - m(s), or with c being [z]. There are two differences: 1)
the production rate of the licensing product is proportional to the cell mass growth rate A in Si et al’s
model, while it is 1/(C + D) in our model; 2) X(t) is reset to its birth value X (t = 0) instead of 0 in our
model. The first difference makes the two models biologically distinct: In the model of Si et al., FtsZ
protein and its product (the Z-ring) are interchangeable, whereas in our model the two are distinct.
Regarding the second difference, the definition of L can be easily modified to include a nonzero reset
value, while yielding the same division behavior.



In summary, both the model of Si e al. and ours consider cell division as a mass-dependent process instead
of being licensed directly by DNA replication events such as initiation. The main difference is that we
introduced a specially chosen growth-rate dependent synthesis (accumulation) rate, r = 1/(C + D) which
recovers the linear cell mass relation (Eq. 2 of the main text). Si et al.'® did not attempt to model the
growth rate-dependence of the average cell mass, and would need to invoke other growth-rate dependence
processes in order to do so.

As the synthesis rate r in our integral-threshold model explicitly connects DNA chromosome
replication/segregation with cell division, our model can also be discussed in the context of the “concurrent
model” proposed by Micali et al.®. The latter model assumes that the cell division control depends on both
DNA replication and mass accumulation. They explored an intriguing possibility that DNA replication-
segregation and construction of cell division machinery proceeded independently, with cell division
determined by the slowest process in a given cell. Our model suggests that these two processes are linked
via a licensing product accumulation process, of which the synthesis rate is proportional to 1/C, or 1/D,
or 1/(C+ D), ie., the rate of DNA elongation, or the rate of chromosome segregation, or their
combination. Our integral threshold model thus suggests a path of how potentially the ‘accumulator’ and
concurrent models may be unified.

5. Cell division during growth transition

As the integral threshold model captures the linear relation of average cellular mass in steady state, we
next extend this model to check how it behaves during growth transitions. ‘Rate maintenance’ is an
important phenomenon that occurs when bacteria are transferred from a slow-growth medium to a fast-
growth medium'®. It is observed that while the rate of cell mass growth changes rapidly to the rate of post-
shift growth, the rate of cell number growth is maintained at that of pre-shift growth for certain period.
This phenomenon is often considered as strongly supporting a link between chromosome replication and
cell division!”.

Here we apply the stochastic integral threshold model as defined in Sec. 3 to predict the transition
dyanmics between different growth rates. We take the mass growth rate 4,,(t) to be a linear fit of the
observed transition during nutrition shift-up from growth media M25 to M6 (Supplementary Fig. 7a).
The time-dependent C+D is then derivable from Eq. 2 (purple curve in Supplementary Fig. 7a). The
model is first simulated at the pre-shift growth condition until a quasi-steady state mass distribution was
achieved. Batch culture condition was applied where the both daughter cells were kept and cell number
increases accordingly. Then by random sampling 10* cells from this mass distribution as the initial
condition, we restart the simulation with pre-shift growth rate and perform growth rate transition as
described above.

The cell number growth curve exhibits a pronounced horizontal shift relative to the mass growth curve,
reminiscent of the rate-maintenance phenomenon (Supplementary Fig. 7b). However, it is difficult to
fully capture the instantaneous cell number growth rate (Supplementary Fig. 7¢) and the average cell
mass data (Supplementary Fig. 7d). Instead of a firm ‘maintenance’ of cell number growth rate, our



model predicts a smooth transition of cell number growth rate after medium shift. A more detailed model
may thus be necessary to recapture the classic rate-maintainance phenomenon. A potential solution would
be to incorporate chromosomal events in a more direct manner, as ‘rate maintenance’ strongly suggests a
causal link between chromosome replication and cell division. We leave this to future investigations.



Supplementary Figures
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Supplementary Figure 1 | Gating strategy used in flow cytometry analysis. a-¢, Gating strategy used
in cell counting and FSC characterization experiments. Particles in P1 in panel a were regarded as the
bacterial cells. The FSC-A/SSC-A plots for P1 or outside P1 sub-populations are shown in panels b or ¢,
respectively. d-h, Gating strategy used in experiments for population-averaged cellular oriC
characterization. Particles in P1 in panel d were regarded as the bacterial cells. The FSC-A/SSC-A plots
for P1 or outside P1 sub-populations are shown in panels e or f, respectively. A further gate was set on P1
to eliminate non-single-cell particles (g). h, The DAPI-A histogram for particles in P2 was used for
calculating the population-averaged oriC number.
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Supplementary Figure 2 | Relationship between the sum of RNA and protein per cell and growth
rate. a, The combined mass of RNA and protein per cell is linearly correlated with the ODgoo-ml per cell.
b, When plotted against growth rate, the combined mass of RNA and protein per cell closely resemble the
trends exhibited by other measures in Fig. 1a-d. Symbols and error bars represent the mean+SDs of the
data. Sample size and mean value for each symbol are provided in Extended Data Fig. 8.
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Supplementary Figure 3 | Steady state dynamics implied by Eq. S6 are independent of initial
condition. Simulation of single cells having different initial cell masses (my,, = 1,2, 4) in the integral
threshold model. Doubling time is 24 min, and cell mass is in unit of ODeoo-ml per 10° cells. Similar

results were obtained for all growth rates tested (data not shown).
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Supplementary Figure 4 | Validation of the linear relation of the average cell mass described by the
simulations. The average cell mass (in unit of ODeoo-ml per 10° cells) calculated by m = In2 - my is
plotted with respect to A(C + D) (a), AC (b), and AD (c¢). my is the division mass of steady state single
cells in the simulations. The dashed line represents the linear relations Eq. 2 (a), m = mg - AC (b), and
m =my - AD (c).
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Supplementary Figure S | Simulations of cell size distributions. Normalized cell birth mass (a) division
mass (b) and inter-division time (c) distributions of simulations of different growth rates (lines of different

colors) were compared to the rescaled experimental data from Taheri-Araghi et al.!' and Wallden et al.’’
(data of cell volume is regarded as cell mass).
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Supplementary Figure 6 | Simulations captured the adder phenomenon. Rescaled bulk averaged
added mass (red), interdivision time (blue), and division mass (green) were plotted against rescaled birth
mass. Only the added mass was found independent to birth mass. The growth rate was set as 0.92 h'!.
Similar results were observed across entire spectrum of growth rates (data not shown).
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Supplementary Figure 7 | Simulations of the stochastic integral threshold model show delay in cell
number growth rate during nutrition shift-up experiment. a. Nutrition shift-up experiment was
performed with a shift in growth media from M25 to M6 at time 0 while following ODsoo (blue circles)
and cell number (red circles). In the simulation, the total cell mass growth rate dynamics was fitted
according to a “ramp” fit to the transition in empirical mass growth rates. The dynamics of the growth rate
during transition was fit by a simple linear function connecting the two time-invariant steady state growth
rates, using a least-squared fit of the time while the time-dependent value of C+D was calculated by Eq.
2 (purple line). b. The cell number growth curve exhibits a pronounced shift relative to the mass growth
curve, with a scale set by C+D, reminiscent of the rate-maintenance phenomenon. ¢. The stochastic
integral threshold model is insufficient to predict the dynamics of cell number growth rate as it predicts
smoothly increasing growth rate 1., while the experimental growth rate shifts during a short period from
one state to another. d. The experimental data shows that m reaches the new steady-state value faster than
predicted by the model.
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Supplementary Tables

1. Chemical composition of the buffer and supplements for growth media

Chemical compound Final conc. Notes
MOPS 40 mM Adjust to PH=7.4
Tricine 4 mM
FeSO4 10 uM
NH4Cl 9.5 mM
K2SO4 0.276 mM
CaCl, 0.5 uM
MOPS Buffer MgCl, 0.525 mM
(PH 7.4) NaCl 50 mM . .
(NH4)sM07024 3nM Micronutrient
H3;BOs3 0.4 uM Micronutrient
CoCl, 30 nM Micronutrient
CuSOq4 10 nM Micronutrient
MnCl, 80 nM Micronutrient
ZnSOy4 10 nM Micronutrient
KzHPO4 1.32 mM
NazHPO4 47 mM
KH2PO4 22 mM
NaCl 8.5 mM
M9 Buffer NH.4C1 18.7 mM
Thiamine HCI 1 mM
MgSO4 2 mM
CaClz 0.1 mM
Alanine 0.8 mM
Arginine 5.2 mM
Asparagine 0.4 mM
Aspartic acid 0.4 mM
Cysteine 0.1 mM
Glutamic acid 0.6 mM
Glutamine 0.6 mM
EZ Glycine 0.8 mM
Histidine 0.2 mM
Isoleucine 0.4 mM
Leucine 0.8 mM
Lysine 0.4 mM
Methionine 0.2 mM
Phenylalanine 0.4 mM
Proline 0.4 mM
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Serine 10 mM
Threonine 0.4 mM
Tryptophan 0.1 mM
Tyrosine 0.2 mM
Valine 0.6 mM
Thiamine HCI 10 uM Vitamin
Calcium pantothenate 10 uM Vitamin
p-aminobenzoic acid 10 uM Vitamin
p-hydroxybenzoic acid 10 uM Vitamin
2,3-dihydroxybenzoic acid 10 uM Vitamin
Alanine 0.8 mM
Arginine 5.2 mM
Asparagine 0.4 mM
Aspartic acid 0.4 mM
Cysteine 0.1 mM
Glutamic acid 0.6 mM
Glutamine 0.6 mM
Glycine 0.8 mM
Histidine 0.2 mM
20 AA Isolel'lcine 0.4 mM
Leucine 0.8 mM
Lysine 0.4 mM
Methionine 0.2 mM
Phenylalanine 0.4 mM
Proline 0.4 mM
Serine 10 mM
Threonine 0.4 mM
Tryptophan 0.1 mM
Tyrosine 0.2 mM
Valine 0.6 mM
Alanine 0.8 mM
Arginine 5.2 mM
Asparagine 0.4 mM
Aspartic acid 0.4 mM
Glutamic acid 0.6 mM
11 AA Glutamine 0.6 mM
Glycine 0.8 mM
Proline 0.4 mM
Serine 10 mM
Threonine 0.4 mM
Cysteine 0.1 mM
Histidine 0.2 mM
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Isoleucine 0.4 mM
Leucine 0.8 mM
Tryptophan 0.1 mM
9AA Valine 0.6 mM
Lysine 0.4 mM
Methionine 0.2 mM
Phenylalanine 0.4 mM
Tyrosine 0.2 mM
CAA Casamino acids 0.2% (w/v)
Adenine 0.2 mM
Cytosine 0.2 mM
AUCG Uracil 0.2 mM
Guanine 0.2 mM
Remarks:

The composition of the MOPS buffer, EZ, and AUCG are based on Neidhardt Supplemented MOPS
Defined Medium, prepared as described on the University of Wisconsin-Madison E.coli Genome Project
website. The concentration for each amino acid used in 20 AA, 11 AA, 9 AA is identical to that used in
EZ. The composition of M9 buffer and CAA are kept in accordance with the protocol presented on the
OpenWetWare website.
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2. Summary of quantities

Measured quantities Definitions Methods
m Average cellular mass See Methods
0 Average OriC number per cell See Methods
C Time to replicate one chromosome See Methods

Fitting parameters

Exponential fitting of the cell mass

Am Cell mass growth rate in batch culture (0Dgyy) growth curve
. E tial fitting of the cell
Ac Cell number growth rate in batch culture xponential HIS oL He @
number growth curve
Best fit with least square method
Fitti t fEq. 1, Fig. 2
a,f itting parameters of Eq. 1, Fig. 2a RZ > 0.97
Best fit with least square method
itting sl f Eq. 2, Fig. 4
my Fitting slope of Eq. 2, Fig. 4a RZ> 0.97
, Fittine slope in Extended Data Fie. Th Best fit with least square method
xten ig.
m itting slope in Extended Data Fig RZ > 0.94
. . Best fit with least square method
b Fitting slope of Extended Data Fig. 7a

R? > 0.94

Deduced quantities

Time required from DNA replication

Deduced from C + D = In(0)/2

T=C+D initiation to the first cell division after its
.. see Methods
termination
m; Initiation mass Deduced from m; = m/(6 - In2)’
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