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Supporting Information:

I) Phase Diagram

To understand the influence of the geometry on the formation of the different remanent states — the
locked, unlocked domain walls, and the antiparallel state (Supplementary Figure 1a) — we map the
phase diagram of the relaxed magnetic configurations for a variety of geometries, by varying the pitch
and radius of the double helix geometry (Supplementary Figure 1b). The locked domain wall pairs
occur in a red “pocket” corresponding to higher helix pitch and lower helix radius — or, equivalently,
higher torsion and lower curvature. We can understand this phase diagram by considering the influence
of the geometry on the competing magnetic interactions. As the radius and the curvature of the helix
increases, the curvature-induced anisotropy increases, while the inter-wire distance also increases,
lowering the magnetostatic coupling of a domain wall pair. In regions of lower curvature and lower
helix radius, the domain walls therefore reorient after transverse saturation. This is due to the
magnetostatic interaction overcoming the curvature-induced magnetic anisotropy of the domain wall,
to close the magnetic flux and reduce the magnetostatic energy, as shown schematically in Figure 2b.
This contrasts with helices with a lower pitch, where the inter-domain wall distance within a single
helix is reduced, favouring the annihilation of the domain wall pairs and the formation of the antiparallel
state. We reproduce this phase diagram with a simple analytical model (see next section of Methods),
confirming that the locked domain wall state forms as a direct result of the fine balance of these
competing effects.
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Supplementary Figure 1. Finite element micromagnetic simulations of double helices with varying pitch and radii, revealing
three stable configurations after the presence of a transverse saturating magnetic field: a) the antiparallel state, as well as
regularly spaced c) locked and b) unlocked domain wall pairs. d) A phase diagram of the states following saturation reveals
that the locked domain wall state occurs in an isolated pocket (pink) corresponding to high helix pitch and small helix radius.
e) The locked domain wall state is stable for pitch/radius ratios above a threshold value, which corresponds to a high torsion:
curvature ratio. The ratios of the experimentally investigated helices are plotted as a reference.

We gain further insight into the stability of the locked domain wall state by replotting the diagram as a
function of the helix torsion:curvature ratio (1/«) in Supplementary Figure 1c, which reveals that the
locked state is stable for 1/« ratios above 1.9 for this material parameters. This transition in the 1/« ratio
demonstrates that higher t and lower k promote the increase of the inter-domain wall coupling,
overcoming the curvature-induced anisotropy to form tightly bound domain wall pairs. Indeed, the 1/«
ratio of the cobalt double helices (Supplementary Figure 1c¢) mirrors this trend, with Double Helix B,
which exhibits a stable domain wall state, having an increased t/k ratio. We note that both experimental
states of Double Helices A and B are located in the “locked” region computed in the simulations, with
Double Helix A closer to the regime where the locked state becomes unstable. We associate this
guantitative discrepancy for Double Helix A, where an antiparallel state is always observed in
experiments and thus the locked state is not experimentally stable, to the slightly larger nanowire
diameters of the experimental Double Helices A and B compared to the simulations, which results in a
shift of the threshold to higher 1/k. Indeed, our analytical model confirms this (see next section of
Methods).

I1) Analytical model reproducing the phase diagram:

With micromagnetic simulations, we determined that the stability of the locked domain wall state is
highly influenced by the geometry of the double helix system — and the relative curvature and torsion,
as shown in Supplementary Figure 2. In order to elucidate the physics behind this influence, we
developed a simple quasi-1D analytical model of the double helix structure.
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Supplementary Figure 2. Schematic of analytical model of the unlocked (a) and locked (b) domain wall configurations which
are show a positive and negative rotation of the moment across the domain wall width, respectively. c) The different



distribution of magnetic charges on the surface of the nanowire for the two states leads to a different angle spanned by the
domain wall ¢.

Specifically, we model each nanowire in the double helix nanostructure as a helix of exchange coupled
magnetic moments and determined the influence of the helix parameters on the exchange energy and
magnetostatic energy of the domain walls in the system.

We first define the “locked” and “unlocked” domain wall states mathematically by assuming a
continuous rotation of the magnetisation from the direction tangential to the nanowire via a positive or
negative direction across the width of the domain wall, as shown schematically in Supplementary
Figure 2.

We determine the domain wall width by conserving the flux of the magnetisation, assuming that the net
charge of the domain wall is distributed over an azimuthal angle of % and that this is opposite and equal

in magnitude to the charge distributed over the cross section of the domains in the nanowire:
27‘[TNW2 = WDWGTNW

Where 1y is the radius of the nanowire, 6 is the azimuthal angle over which the charges are distributed
(in this case assumed to be g) and wpy is the width of the domain wall (on the surface of the nanowire).

As the net surface charges are distributed on the inner and outer surfaces of the curved helix for the
locked and unlocked domain wall, respectively, this translates to a difference in the angle spanned by
the domain wall for the two different states as shown in Supplementary Figure 2c and giving:

_ Wpw oL = Wpw
S ) A L =—2
(¢ +1vw)’ (r¢ —vw)

Where r¢ is the radius of curvature of the helices. Based on this model, we find that the domain wall in
the locked domain wall state thus spans a larger angle than that of the unlocked state. By calculating
the differences in the exchange energy, the “self” magnetostatic energy, and the ‘“interaction”
magnetostatic energy for the locked and unlocked domain wall state, we can identify a region of the
phase diagram for which the locked domain wall state is stable, as seen in Supplementary Figure 3a.
In this phase diagram, we see that the locked domain wall state is stable for regions of lower helix
radius, mainly due to the magnetostatic interaction of the domain walls, as described previously.
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Supplementary Figure 3. Outcome of analytical model determining the stability of the locked domain wall state. a) the
combination of exchange and magnetostatic energy leads to the locked domain wall state being more stable for helices with
lower pitch. b) By considering the distance between domain wall pairs that form in the double helix structure, the likelihood
of the domain walls to annihilate is estimated c) revealing that the locked domain wall state is stable for higher helix pitches.
d) Combining the two, the pocket corresponding to the stable locked domain wall state seen with micromagnetic simulations
is recovered.

We next consider a second effect, which is the stability of the locked domain wall state not with respect
to the unlocked domain wall state, but with respect to the likelihood of domain wall annihilation. Indeed,
it is through the annihilation of neighbouring domain wall pairs that leads to the antiparallel state, as



observed with micromagnetic simulations for double helices with lower pitch. We model the likelihood
of the domain walls annihilating by calculating the distance between neighbouring domain wall pairs
in the helix (shown in Supplementary Figure 3b) and comparing this to the width of the domain wall.
By defining a threshold distance below which the domain walls are likely to annihilate, we find that the
locked domain wall state is stable in the upper half of the phase diagram, corresponding to double
helices with higher pitch. Combining the two effects: the total energy of the system, and the domain
wall separation, we are able to reproduce the “pocket” in the phase diagram corresponding to high helix
pitch and low helix radius, as seen with the micromagnetic simulations (Supplementary Figure 1b).

When comparing the micromagnetic simulations with the experimental data, and specifically the stable
state as a function of the torsion/ curvature ratio in Supplementary Figure 1c, it was observed that
both Double Helix A and Double Helix B lie within the region corresponding to a stable locked domain
wall state. This discrepancy can be understood when we take into consideration that the radius of the
nanowire in the experiments is on the order of 40 nm, while the radius of the nanowire in the
micromagnetic simulations is lower at 25 nm. Indeed, when we model the phase diagram analytically
for the two nanowire radii, we observe a shift in both the pocket corresponding to the stable locked
domain wall state (Supplementary Figure 4b) as well as a shift in the torsion:curvature threshold to
higher values (Supplementary Figure 4c), accounting for the experimental results.
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Supplementary Figure 4. The effect of the nanowire diameter on the phase diagram of the stability of the locked domain wall
state to explain the discrepancy between the experimental data and micromagnetic simulations in a). Specifically, an increase
of the nanowire radius from 25 nm to 40 nm leads to the pocket of locked domain wall stability moving to higher helix pitch
(b) and a shift of the threshold in the torsion:curvature ratio to higher values, accounting for the locked domain wall state
not being stable in Double Helix A.

I11) Discussion of curvature-induced effects

Curvature and torsion result in two main effects: the curvature-induced anisotropy, and the
curvature-induced DMI [1], which occur due to a combination of magnetostatic and exchange
interactions. The curvature-induced anisotropy can be defined as:

K1=1+0-2_X2 and K2=X2

where K, and K, are the anisotropy constants parallel and perpendicular to the tangent of the
helix, respectively, defined in terms of the reduced torsion ¢ = tl, the reduced curvature y =

kl, where 1 = /A/Keff is the characteristic magnetic length (exchange length).

The equivalent expressions for the curvature-induced DMI terms are as follows:



For our double helices, we can calculate both the effective anisotropy and DMI terms, based
on the quantitative values of the curvature and torsion:

l=5¢-9 | ,(mm?) |t(m?) | y=kl | o=1l K, K, D4 D,
Helix A | 1.91e-3 4.76e-3 | 9.55e-3 | 0.0238 1.00048 | 9.1e-5 0.0474 1.91e-2
Helix B | 1.31e-3 4.26e-3 | 6.55e-3 | 0.0213 1.00041 | 4.3e-5 0.0426 1.31e-2

In a single domain helix, the curvature and torsion result in a tilting of the magnetisation
away from the tangent to the helix by an angle:

¢=0ox

For Helix A and B, the curvature and torsion result in a tilt of the equilibrium magnetisation
from the tangential direction by an angle of 0.01° and 0.008°, respectively, in agreement with
the quasi-tangential state observed in the XMCD projections.

We next consider the domain wall states where the curvature leads to an effective DMI,
promoting the unlocked domain wall state over the locked domain wall state, that is
overcome by the inter-helix interaction. We note that due to the small magnitude of the
curvature in our experimental systems, the curvature-induced effects on the domain walls are
dominated by the magnetostatic interaction [2]. Indeed, in the micromagnetic simulations we
observe that the relaxation of the magnetisation from the unlocked (curvature preferred) into
the locked (curvature unpreferred) state is associated with a significant increase in the
internal magnetostatic energy of the helices, and a small decrease in the exchange energy due
to a change in the domain wall width. This indicates that in three-dimensional systems, with a
nanowire diameter of 70-80 nm, the behaviour is not dominated by exchange but rather
magnetostatics, resulting in the exchange-driven curvature effects described in the literature
not being observed.
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