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A. Enhanced Stability

For Majorana zero modes at the sweet spot of an N -site Kitaev chain (ti = ∆i, µi = 0),

the energy deviation due to onsite chemical potential fluctuations can be expressed as:

δEKN
≡ Eodd,gs − Eeven,gs = µN

N−1∏
i=1

µi

2ti
, (1)

where ti = ∆i are the strengths of the normal and superconducting couplings between

sites i and i+ 1.For a two-site Kitaev chain, this reduces to:

δEK2 =
µ1µ2

2t
= CK2 · µ̃2, (2)

where µi = µ and µ̃ = µ/(1µeV) is dimensionless. The quadratic dependence on µ

indicates quadratic protection against chemical potential fluctuations in a two-site chain.

Here, CK2 has units of µeV and represents the energy deviation when both dot orbitals

are detuned from the Fermi energy by 1 µeV. Using experimentally measured values of

t1 = 10µeV and t2 = 30µeV, we estimate C2 = 5 × 10−2 µeV and 1.66 × 10−2 µeV for the

left and right pairs of Poor Man’s Majorana modes, respectively. To further analyze the

energy spectrum, we consider the effective Hamiltonian of a 2-site Kitaev chain:

Heven =

 0 ∆

∆ εL + εR

 , Hodd =

εL t

t εR

 (3)

in the basis of |00⟩, |11⟩ and |10⟩, |01⟩ for even- and odd-parity subspaces, respectively.

The eigenenergies are:

Ee,± =
εL + εR

2
±

√
∆2 +

(
εL + εR

2

)2

, (4)

Eo,± =
εL + εR

2
±

√
t2 +

(
εL − εR

2

)2

. (5)

At the sweet spot where t = ∆ and εL = εR = δε, the excitation energies are:

E1,2 = Eo,± − Ee,− = ±t+
√
t2 + (δε)2 (6)

2



We can analyze this in different regimes:

1. For small detuning (δε≪ t), the first excited energy is approximately:

E1 ≈
(δε)2

2t
(7)

showing a quadratic dispersion as a function of δε.

2. For large detuning (δε≫ t), we have:

E1 ≈ δε− t (8)

which is a linear dispersion in δε.

3. For all values of δε, the energy gap between the first and second excited states remains

fixed at:

E2 − E1 = 2t. (9)

These results demonstrate how the energy spectrum of a 2-site Kitaev chain responds to

chemical potential fluctuations in different regimes, highlighting the quadratic protection

for small detunings and the transition to linear behavior for large detunings.

For an extended three-site Kitaev chain, the energy deviation becomes

δEK3 =
µ1µ2µ3

4t1t2
= CK3 · µ̃3, (10)

which is a cubic protection. Now CK3 = 8.33× 10−4 µeV , which is smaller than CK2 by two

orders of magnitudes, indicating a significantly enhanced degree of stability in the three-

site Kitaev chain than its two-site version. Moreover, we illustrate the physical meaning of

“exponential protection” in scaling up a Kitaev chain. Without loss of generality, assuming

homogeneity of the model parameters (ti = ∆i = t ≡ Eg/2 with Eg being the energy gap),

we have

δEKN
= µN

N−1∏
i=1

µi

2ti
=

µN

EN−1
g

= Eg

(
µ

Eg

)N

= Eg exp{−N log(Eg/µ)}. (11)

Physically, it means that when the onsite energies of all the N dots are detuned from zero

by the same amount µ≪ Eg, the energy splitting of the Majorana zero modes will decrease

exponentially fast with the increasing number of sites at a rate of log(Eg/µ).
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B. Derivation of the effective three-site Kitaev chain model

In this section, we derive the effective Hamiltonian of a three-site Kitaev chain from a

more microscopic level. For the three quantum dots, in the presence of large Zeeman spin

splitting and Coulomb interaction, we can approximate it to a single spin-polarized orbital

as below:

HDi = µi(ni↑ + ni↓) + 2EZni↑ + UDni↑ni↓ ≈ µini↓, (12)

for i = 1, 2, 3 and µi ≈ 0. Here in the derivation, we focus on the spin-down orbitals in all

dots, but the analysis holds for other spin polarizations as well. On the other hand, the

hybrid segment hosts subgap Andreev Bound States, of which the Hamiltonian is

HAj = µj(nj↑ + nj↓) + |∆ind
j |(eiϕjc†j↑c

†
j↓ + e−iϕjcj↓cj↑) (13)

where j = L,R, and |∆ind
j | is the magnitude of the induced gap, and ϕj is the supercon-

ducting phase. The coupling between the dot and the hybrid is described by the following

tunnel Hamiltonian

Htunn =
∑
i=1,2

∑
σ=↑,↓

(
wc†iσdiσ + σwsoc

†
iσdiσ + wd†i+1σciσ + σwsod

†
i+1σciσ

)
+ h.c., (14)

where w and wso are the tunneling amplitudes for spin-conserving and spin-flipping processes.

As shown in Ref. [1], in the tunneling regime, i.e., w,wso ≪ |∆ind|, the Andreev bound states

in the hybrid will mediate normal and superconducting couplings of quantum dots via elastic

cotunneling and crossed Andreev reflection processes, giving

t1 = (w2 − w2
so)
u2L − v2L
EAL

,

∆1 = wwso
2uLvL
EAL

eiϕL ,

t2 = (w2 − w2
so)
u2R − v2R
EAR

,

∆2 = wwso
2uRvR
EAR

eiϕR , (15)

where uj, vj are the BCS coherence factors of the ABS, and EAj =
√
µ2
j + (∆ind

j )2 is the

excitation energy. Thereby, by varying the chemical potential of the ABS, we can obtain the

sweet spot by balancing the normal and superconducting coupling strengths (|ti| = |∆i|).
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Furthermore, by performing a gauge transformation on the dot orbitals, we can remove the

possible phases in three couplings in Eq. (15), and obtain

t1 → |t1|, ∆1 → |∆1|,

t2 → |t2|, ∆2 → |∆2|eiϕ,

ϕ = ϕR − ϕL + arg(t1) + arg(t2). (16)

That is, the effect of the phase difference between the two superconducting leads is now

completely absorbed in a single parameter ϕ. We therefore justify the use of the effective

Hamiltonian in Eq. (17) as the low-energy description of the dot-hybrid array.

HK3 = µ1n1 + µ2n2 + µ3n3 + t1(c
†
2c1 + c†1c2) + t2(c

†
3c2 + c†2c3)

+ ∆1(c
†
2c

†
1 + c1c2) + ∆2(e

iϕc†3c
†
2 + e−iϕc2c3). (17)

We emphasize that in performing numerical simulations of dot energy detuning, as shown

in Figs. 3 and 4, the couplings between dots are just denoted by tj,∆j, while when con-

sidering the effect of voltage change in the hybrid segment for Fig. S4e-f, we reintroduce

the effect of ABS using Eq. (15) for the couplings in order to capture the µA dependence

features.
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C. Energies and wavefunctions of Majorana modes at phase ϕ

In this subsection, we calculate the wavefunctions of Majorana zero modes in a three-

site Kitaev chain with an arbitrary phase. The Bogoliubov-de-Gennes Hamiltonian is the

following:

H =
1

2
Ψ† · hBdG ·Ψ,

Ψ = (c1, c2, c3, c
†
1, c

†
2, c

†
3)

T ,

hBdG =



µ1 t1 0 0 −∆1 0

t1 µ2 t2 ∆1 0 −∆2e
iϕ

0 t2 µ3 0 ∆2e
iϕ 0

0 ∆1 0 −µ1 −t1 0

−∆1 0 ∆2e
−iϕ −t1 −µ2 −t2

0 −∆2e
−iϕ 0 0 −t2 −µ3


. (18)

The goal is to find the Majorana wavefunctions at the sweet spot µn = 0, tn = ∆n,

but with an arbitrary value of ϕ. Since Majoranas are defined as self-adjoint zero-energy

quasiparticles, they obey

γ =
3∑

n=1

(ξncn + ξ∗nc
†
n), (19)

where ξn is the Majorana wavefunction on site-n and correspondingly, ρn = |ξn|2 is the

wavefunction density. By solving

HBdGψ = 0, (20)

where ψ = (ξ1, ξ2, ξ3, ξ
∗
1 , ξ

∗
2 , ξ

∗
3)

T , it is straightforward to show that the wavefunctions of two

Majorana zero modes are:

ψ1 = (i, 0, 0,−i, 0, 0)T/
√
2,

ψ2 = (0, 0, eiϕ/2, 0, 0, e−iϕ/2)T/
√
2, (21)

for an arbitrary phase ϕ. Here a different value of ϕ only changes ψ2 via a gauge-dependent

phase. By contrast, the wavefunction densities of both Majorana modes are phase inde-

pendent. For example, the density distribution of ψ1 is ρ1 = 1
2
, ρ2 = 0, ρ3 = 0, i.e., the
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Majorana is completely localized at QD1. For ψ2 it is ρ1 = 0, ρ2 = 0, ρ3 =
1
2
, which is com-

pletely localized in QD3. Therefore the density distributions of the two Majorana zero modes

are phase-independent. However, at a special phase of ϕ = π, there exist two additional

zero-energy solutions as below

ψ3 = (0, 1, 0, 0, 1, 0)T/
√
2,

ψ4 = (t2, 0,−t1, t2, 0,−t1)T/
√

2(t21 + t22). (22)

Here the density distribution of ψ3 is ρ1 = 0, ρ2 = 1
2
, ρ3 = 0, which is completely localized

in QD2. By contrast ψ4 is a delocalized zero-energy state which has wavefunction densities

on both QD1 and QD3, i.e., ρ1 =
t22

2(t21+t22)
, ρ2 = 0, ρ3 =

t21
2(t21+t22)

. We thus conclude that the

zero-bias conductance peak at the sweet spot (µn = 0, tn = ∆n) is induced by an isolated

Majorana zero modes regardless of the uncertainty in phase ϕ. The only exception is ϕ = π,

where an additional pair of zero modes appear, making the three-site chain gapless.

Now we consider parameter regions away from the sweet spot, i.e., one of the three

quantum dot is detuned, in order to understand the conductance spectroscopies shown in

Fig. 3. We first consider detuning QD1. In the vicinity of 0-phase, i.e., ϕ ∼ 0, the MZM on

QD3 γ2 is unaffected, while the wavefunction of γ1 becomes

ψ1 =

(
i√

1 + v2
,

−vi√
1 + v2

, 0,
−i√
1 + v2

,
vi√
1 + v2

, 0

)T

/
√
2, (23)

where v = µ1/(2t1 cos(ϕ/2)) for ϕ ∼ 0. Thus the Majorana wavefunction densities of ψ1 are

ρ1 = 1
2(1+v2)

, ρ2 = v2

2(1+v2)
, ρ3 = 0, i.e., part of the wavefunction of ψ now leaks into QD2.

On the other hand, in the vicinity of π-phase, i.e., ϕ ∼ π, detuning µ1 would gap out ψ1

and ψ3 because both zero modes have a finite wavefunction on QD1. The energy splitting

is E = t2√
t21+t22

× µ1, as shown in Ref. [2]. The wavefunction calculations thus provides an

intuitive understanding of the measured conductance spectroscopy shown in Fig. 3. We find:

1. Since detuning QD1 does not affect the wavefunction of ψ2 which is completely localized

at QD3, the ZBCP measured from the right lead therefore remains stable as a function of

VQD1, as shown in Fig. 3d.

2. In the vicinity of 0-phase, detuning QD1 decreases the wavefunction density of ψ1 on

QD1. Therefore the ZBCP measured from the left lead, although remain at zero bias, is

suppressed as a function of VQD1, as shown in Fig. 3a.
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3. In the vicinity of π-phase, detuning QD1 gaps out ψ1 and ψ4 on QD1. Therefore the

ZBCP measured from the left lead splits as a function of VQD1, as shown in Fig. 3a.

We emphasize that here we simultaneously observed features 2 and 3 in Fig. 3a because

the measured conductance is averaged over all phase differences. In addition, the underlying

physics of detuning QD3 is identical to that of detuning QD1, except that now the roles of

(GL, GR), (µ1, µ2), and (t1, t2) in the analysis should be interchanged.

Next, we consider detuning of QD2. In the vicinity of ϕ ∼ 0, the wavefunctions of ψ1

and ψ2 both remain unaffected by such a detuning, because they are completely localized on

outer dots. Around ϕ ∼ π, ZBCP also remain the same, because no energy splitting happens

as for µ1 detuning, since all the four zero modes ψ1,2,3,4 have no wavefunction overlap on

QD2. We thus see a robust ZBCP for small detuning of QD2 from both left and right

conductance. However, when the middle dot is detuned faraway (for whatever value of ϕ),

the middle dot becomes a vacuum, and the three-site chain asymptotically behaves like two

disconnected normal dots on outer sites. This explains why a conductance peak from the

excited states goes down to zero bias as VQD2 becomes large, merging with the MZM-induced

zero-bias peak. Thus the observed ZBCP is simply a conductance for a normal dot orbital

on resonance.
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D. Comparison with recent theoretical findings

Recent theoretical works noticed that scaling up to longer chains may not always lead to

increased Majorana protection in certain ranges of parameters [3–5]. In our work, we always

observe increased zero-bias peak stability in three-site chain configuration. We attribute

this to the large InSb g-factor, which ensures the chain is close to the Kitaev limit: Ez ≫

kBT, tn,∆n. Future works may investigate a lower Ez regime and assess whether this ideal

behavior breaks down.

For instance, in ref. [4] as well as in ref. [6], it is found that next-nearest-neighbor tun-

nelings (tnn) can emerge in a three-site Kitaev chain due to higher-order electron tunneling,

which is detrimental to the Majorana protection at the finely tuned sweet spot. The ratio of

the next-nearest-neighbor tunnelings to the nearest-neighbor ones (ti = ∆i) is mainly deter-

mined by tnn/ti ∼ O(ti/EZ), where EZ is the Zeeman spin splitting in normal quantum dots.

By contrast, such a correction term does not exist in a minimal two-site version. Therefore,

when tnn/ti becomes evident, the three-site chain may behave worse than a two-site system,

as claimed in ref. [4].

In the device studied in the current work, since the effective couplings t ≈ (t1 + t2)/2 ≈

20µeV are much weaker than the Zeeman energy EZ ≈ 500µeV, next-nearest neighbor

tunnelings would be as small as ∼ 0.8 µeV, which is much smaller than the excitation gap

as well as the conductance peak broadening. We thus conclude that our dot-hybrid chain

device is in the strong Zeeman spin splitting regime and a spinless Kitaev chain is a good

description of the low-energy physics.
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SUPPLEMENTARY FIGURES
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Fig. S1. Impact of QD2 on the coupling between the outer dots. a-b. QD1–QD3 charge

stability diagrams measured from the left probe (panel a) and the right one (panel b). At the

center of the avoided crossing, all QDs are on resonance. c-d. Same measurements of panels a and

b, but with QD2 2mV off-resonance. e-f. Here QD2 is 5.3mV off-resonance. The more QD2 is

detuned, the smaller the QD1–QD3 avoided crossings are. In panels e and f, the avoided crossings

are barely noticeable, indicating suppression of the coupling between the outer dots. Finally, we

note that not only the size of the avoided crossings but also the amount of conductance indicates

suppression of the QD1–QD3 coupling: in panel e, the vertical conductance line representing the

QD3 charge transition is barely visible; while in panel f it is the horizontal line corresponding to

the QD1 transition to be suppressed.

10



250 0 250
Ibias (pA)

2

0

2

V 1
2 (

µV
)

No supercurrent

250 0 250
Ibias (pA)

With supercurrent

250 0 250
Ibias (pA)

60

40

20

0

20

40

60

V L
 (µ

V)

250 0 250
Ibias (pA)

0 0.1
gL

(
2e2

h

) 0 0.1
gL

(
2e2

h

) 0 0.05
gL

(
2e2

h

) 0 0.05
gL

(
2e2

h

)

Fig. S2. Impact of a finite supercurrent between the two superconducting leads. a,

b. I-V curves without and with a measurable supercurrent. The voltage V12 between the two

superconductors is measured as a function of the current bias Ibias between them. See the code

in the shared repository for measurement details. c, d. Left spectroscopy of a three-site chain

as a function of Ibias, without and with a measurable supercurrent. To avoid complications due

to supercurrent, in all the measurements reported in this manuscript (apart from Fig. S2b,d) the

tunneling barriers forming QD2 are kept high enough to suppress the supercurrent. In the left

column of this figure, we check that such settings show a linear I-V curve and that the Ibias doesn’t

affect the three-site chain spectrum. To prove that our device can carry supercurrent and this

might affect the spectrum of a three-site chain, we lower the QD2 tunneling barriers and measure

what is presented in panels b and d. A detailed investigation of the effects of supercurrent is

beyond the scope of this manuscript and is left for follow-up works.
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µ3 0≠{ t2 ∆2=
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Fig. S3. Stability against t1 and ∆1 variations in a large range. a, b. Left tunneling

spectroscopy of a 2-site chain (panel a) and 3-site chain (panel b) as in Fig. 5 and ED9 but for a

different VH1 range. Here we can appreciate that even two-site chains can have improved the zero-

bias conductance peak stability: the pink arrows highlight three sweet-spot regions, two of which

have a more stable zero-bias peak. This can be due for instance to accidentally similar dispersion of

t1 and ∆1 as a function of VH1, which can in principle be optimized using the external magnetic field

direction [7]. However, this requires careful tuning or searching to avoid non-sweet-spot regions,

highlighted here with blue arrows. The 3-site chain has instead a stable zero-bias peak over the

full range (panel b). We also note, for both panels, the presence of a spurious resonance (green

arrows) likely due to an accidental dot near the left probe.
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Fig. S4. Simulation of the stability against t1 and ∆1 variations. a, b.. Conductance

simulation with t1 varied from 0 to 20 µeV for a 2-site chain (panel a) and a 3-site chain (panel

b) exactly as Fig. 5c,d. ∆1 = 10 µeV. c, d.. Conductance simulations as a function of ∆1.

t1 = 10 µeV. The result is identical to the panels above where t1 was varied instead. e, f..

Conductance simulations in a more realistic scenario, where t1 and ∆1 are varied simultaneously as

if there were a single ABS mediating them [1, 7]. In all scenarios, the left column – corresponding

to 2-site chains – exhibits zero energy crossings, while the right column – corresponding to 3-site

chains – shows persistent zero-bias peaks over the full range. For 3-site chain simulations, the

conductance is averaged over 50 phase values of ∆2, uniformly distributed from 0 to 2π.
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