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Supplementary Note 1. SUPPORT VECTOR MACHINES AND KERNEL METHODS

For a dataset consisting of N data points with a ±1 label, D = { (xi, yi) }Ni=1, each data point is a d-length vector,
xi = (x1i , x

2
i ..., x

d
i )
T , where xi ∈ X ⊆ Rd and xji is the j-th feature of the input vector xi. yi ∈ Y = {+1,−1 } is the

binary label corresponding to the xi. The classification task is to find a hyperplane w ∈ Rd and a bias parameter
b ∈ R, thus a linear support vector machine (SVM) is defined to predict the label of unknown data points x.

f(x) = sign(w · x+ b) (S1)

This is an optimization problem,

min
1

2
||w||2 (S2)

s.t. yi(w · xi + b)− 1 ≥ 0, i = 1, 2, ..., N (S3)

and it equals to solve the dual problem,

min
α

1

2

N∑
i=1

N∑
i=1

αiαjyiyj(xi · xj)−
N∑
i=1

αi (S4)

s.t.

N∑
i=1

αiyi = 0 (S5)

αi ≥ 0, i = 1, 2, ..., N (S6)

The solution {αi} are obtained by solving a linear optimization problem, given by the inner products of all input
vectors xi · xj and the labels yi.

Instead, rather than the direct linear inner products, the kernel function is used to transform the input vector from
the original input space to another inner product feature space, Φ : X → H. The Gram matrix is a symmetric matrix
where each element represents the pair-wise of inner product in a feature space Kij = Φ(xi) · Φ(xj). The prediction
function based on a kernel K is given as

fK(x) =

N∑
i

αiK(x, xi) (S7)

For some implicit kernel functions, it is easier to calculate the Gram matrices than the kernel functions. For
example, if we define the feature space as Fock space F , each original data point is mapped to a quantum state
xi 7→ |Φ(xi)〉 = U(xi) |ψ〉 by a parameterized circuit U(xi) and Fock state |ψ〉.

Instead of performing quantum state tomography over every inner product, which is an expensive task considering
the size of feature spaces, [1], it is straightforward to measure the outcome probability Gram matrix K(xi, xj) =

|〈Φ(xi)|Φ(xj)〉|2 =
∣∣〈ψ|U(xi)

†U(xj)|ψ〉
∣∣2.

Thus, in our experiment, the task is to estimate each element of Gram matrices for each dataset which is equivalent
to estimate the outcome probability of In Fig. S7, we show an example of experimentally reconstructed Gram matrices,
as well as the ones calculated by the theory.

Supplementary Note 2. GEOMETRIC DIFFERENCE

For a given kernel method and a dataset D = { (xi, yi) }Ni=1, the model complexity of the triple (K,N, y) is given
by:

sK(y) =
∑
i

∑
j

(K−1)ijyiyj = yTK−1y (S8)
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Supplementary Figure S1. Correlation between geometric difference, classification accuracy, and model complex-
ity. By varying the number of data points, the width of the unitary ansatz, and the photon number, we explore the correlation
between the geometric difference and the classification accuracy and model complexity. a. The classification accuracy of the
quantum kernel and classical kernel are plotted against the geometric difference. Each pair of points (red and blue) correspond-
ing to a given geometric different refers to the same data set. The blue dots indicate the numerical accuracy achieved on test
datasets of several dimensions exploiting the quantum kernel, varying the unitary ansatz width, encoding state and dataset
sizes. The red ones, instead, refer to the classical kernel. The figure shows that, on average, the geometric difference is higher
than 1, which implies that the quantum kernel has higher model complexity than the classical one. b. We plot the histogram
of sC/sQ, which is related to the geometric difference as in Eq. (??). It can be seen that the majority of the tested datasets
display a higher model complexity for the classical kernel, with respect to the quantum one.

As shown in [2], this quantity can be used to bound the prediction error of a kernel method K on the dataset:

E|fK(x)− f(x)| ≤ c ·
√
sK(y)

N
(S9)

Here, x ∈ X , c is a constant and N is the number of data points.
The concept geometric difference is used to separate the complexity of two kernels. In this work, we target two

kernels KQ and KC , which are the transform from original space to the Hilbert space given by the evolution of
indistinguishable photons and the one given by distinguishable photons, respectively. Therefore, the optimal labelling
is attained by solving the optimization problem by minimizing the ratio of the model complexity sKQ

to sKC
:

y⋆ = arg min
y∈RN

sKQ
(y)

sKC
(y)

(S10)

The solution is y =
√
KQv, where v is the eigenvector of matrix

√
KQ(K

C)−1
√
KQ with the eigenvalue noted as

g2CQ [2]. This solution holds the inequality:

sKC
(y) ≤ g2CQ sKQ

(y) (S11)

This inequality saturates when g2 equals the spectral norm, as follows

gCQ =

√∥∥∥√KQ(KC)−1
√
KQ

∥∥∥
∞

(S12)

In practice, a regularization parameter λ is used in the model complexity sK , thus the geometric difference is
alternated as

gCQ =

√∥∥∥√KQ(KC + λI)−1
√
KQ

∥∥∥
∞

(S13)

In the following simulations, we use λ = 0.02 without loss of generality.
Based on this model, we performed several simulations of randomly generated datasets, varying the number of data

points, dimensions of unitaries, and photon numbers. To explore the correlation between geometric difference and
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the accuracy enhancement brought by quantum kernels, we plot test accuracies with respect to the the geometric
difference in Fig. S1a. In general, a higher geometrical difference implies a better performance of the quantum kernel,
with respect to the classical one. This is also reflected by Fig. S1b, where we show that, out of the sets we tested, the
majority display a high ratio between the model complexity of the classical kernel and quantum one.

width=4

width=5

width=6

width=7

Supplementary Figure S2. Classification accuracies under approximation using unbunching photons Simulation of
the classification accuracies using quantum kernels, both considering and not considering bunching events and classical kernels,
varying different circuit widths. The error bars show the standard deviation of the test accuracies, obtained over 5 repetitions
of the simulations with different random seeds.

Supplementary Note 3. APPROXIMATION OF BOSONIC KERNELS WITH POST SELECTION

The inner product in bosonic kernels KQ and KC can be measured experimentally by collecting the probability
over all output photon states {ϕm,n }, which corresponds to the normalization of coincidence counting for all possible
configuration. Here m is the mode number of the quantum circuit U(θ) with parameters θ and n is the photon
number. For example, for an input state s and a output state t,

Pθ(t|s) =
CC(t)∑

k∈{ϕm,n } CC(k)
(S14)

including both unbunching (collision-free) photon states U and bunching photon states B, {ϕm,n } = U ⊕ B, which
requires photon number resolving detectors for each output mode. Since we are unable to detect those bunching
events, a common solution to this issue is to only keep the statistics of unbunching events [3], when all photons output
from the circuits are detected in separate modes. We normalize the probabilities of unbunching states U ⊊ {ϕm,n }:

Pθ(t|s) ≈ PU
θ (t|s) =

CC(t)∑
k∈U CC(k)

(S15)

[4, Section 13] As shown in (7) the unbunching probabilities are a good estimate of the ideal bosonic statistics when
m >> n2. We can use the these statistics to define the unbunching kernel:

K(xi, xj) ≈ KU (xi, xj) = PU
θ (ψ|ψ) =

CCψ∑
1≤i<j≤6 CCij

(S16)

for some state ψ ∈ U.
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Under this approximation, the unbunching kernel is not a positive definite kernel since the estimated probability
is not real inner products in a Hilbert space. In practice however, the function can still be used in a support vector
machine and our simulations show that the resulting leaning algorithm performs similarly to the bosonic kernel, see
Fig S2.

In this case, the labeling is still optimized for the quantum kernel KQ with respect to the classical kernel KC .
We observe that the unbunching kernel performs similarly to the case where all of the output events are considered
and consistently better than classical particles. This indicates this approximation is good enough to reproduce the
quantum kernel by detecting only the collision-free photons.

Supplementary Note 4. INTERMEDIATE DEGREES OF PHOTON INDISTINGUISHABILITY

To test the role of photon indistinguishability, we change the relative temporal delay between the input photons,
making them distinguishable in their arrival times. This implies that, for delays that are lower than the coherence
time of photons, we are sending the following mixture in the chip: r |1, 1, 0, 0, 0, 0〉 + (1 − r) |1, 1′, 0, 0, 0, 0〉, with
0 < r < 1. Here, r is defined as the degree of indistinguishability [5]. We report this transition, with the corresponding
test accuracies for a data set of 40 elements in Fig. S3. These values are obtained for datasets of 40 elements, where
2/3 are used as training and 1/3 as test set, with input state |0, 0, 1, 1, 0, 0〉.

a b
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Supplementary Figure S3. Classification test accuracy with respect to degree of photon indistinguishability. a.
On-chip Hong-Ou-Mandel interference. The maximal visibility achieved amounts to 0.9720±0.0044. The noise in the plot comes
from the translation stage and photon number counting in a single experiment. The red line is the obtained fitting triangular
function. The measurements were taken with an integration time of 5 s, with a detection rate of 10 kHz. b. Transition from
fully distinguishable to fully indistinguishable photon inputs.

Supplementary Note 5. NUMERICAL EXPERIMENTS

A. Dataset generation algorithm

In the Algorithm 1, we report the algorithm used for all simulation mentioned in this work.
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Supplementary Figure S4. Accuracy of the quantum kernel KQ against the number of data points for several
widths of the integrated circuit. The two plots refer to two different input states, i.e. on the left, we consider the state
|1, 1, 0, 0, 0, 0⟩ and, on the right, we consider |0, 0, 1, 1, 0, 0⟩. Each point is the mean accuracy on 5 iterations, each starting
with randomly generated data. The standard error on the mean is shown by error bars. For each width, we observe a gradual
increase in classification accuracy with number of data points. Typically, lower widths perform better for the same number of
data points. We hypothesise that this is because the number of parameters available to the system increases with width, and
so too many parameters on too little data leads to data being sparse in the space (i.e. all data points being approximately
linearly independent so difficult to classify).

classical

Supplementary Figure S5. Classification accuracies of photonic and Gaussian kernels. We show the numerically
estimated average test accuracies over 5 iterations for quantum kernel, classical kernel and Gaussian kernels as the number of
data points grow. The black dash lines indicate the random guessing accuracy of 50%. The data for the quantum kernel comes
directly from Figure S4 – the width that produced the highest accuracy is shown. The standard error on the mean is shown by
error bars by five random dataset generation. We observe separation between the classification accuracy of the quantum and
classical kernels. This is more prominent for the center initial state (right-hand figure). Both perform considerably better than
the Gaussian kernel on the same data, which has an average accuracy of less than 60%.
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Algorithm 1 Dataset Generation
input circuit width m, depth k of the chip, number of input photons n, initial state s ∈ Φm,n, number of data points N
generate N random data points {xi}Ni=1, xi ∈ Rd ▷ Note d is proportional to mk

U(xi)←
∏

j,k∈C SUMZI(x
(j)
i , x

(k)
i ) ▷ C is the index in Clements coding

▷ SUMZI is the matrix of Mach-Zehnder interferometer.
while 0 < i ≤ N do ▷ calculate the Gram matrix

while 0 < j ≤ i do
KQ(xi, xj)← |per(U(xi, xj))|2
KC(xi, xj)← per(|U(xi, xj)|2)
j ← j + 1

end while
i← i+ 1

end while
S ←

√
KQ(KC + λI)−1

√
KQ

λ← max eigenvalue of S,v← max eigenvector of S
gCQ ←

√
λ

y ← sign(v) ▷ apply sign function to get binary labels
output D = {(xi, yi)}Ni=1.

B. Benchmark algorithm

To benchmark the photonic kernels, we choose the following four kernels to compare the classification accuracies,
gaussian kernel, polynomial kernel, liner kernel and neural tangent kernel. First, for the gaussian kernel, the Gram
matrices are calculated as

KG(xi, xj) = exp
(
γ|xj − xi |2

)
(S17)

Here γ is a hyper parameter and xi, xj are two different data points. Second, the polynomial kernel is defined as

KP (xi, xj) = (γxi · xj + r)d (S18)
where there three hyper-parameters γr, d. In both gaussian kernel and polynomial kernel, we run the grid search to
find the optimal hyper-parameters. Next, for the linear kernel, we take the simple linear inner product as

KL = xi · xj (S19)
For the above three kernels, the Gram matrices are processed by a classical support vector machine to predict the
data points in the test datasets.

Last but not least, to implement the neural tangent kernel, we adopt the open source proGram [6] which trains
an ensemble of infinite width neural networks using gradient descent. The network consists two one input layer, two
hidden layers and one output layer. Without loss of generality, the two hidden layers both include 30 neurons, as
the input data points are 30 dimensional. The sign function is applied on the output to identify the class. In fact,
the hyper parameters in this infinite work does not affect the accuracy as the labeling is very specific to separate the
photonic kernels.

C. Simulations

We conduct the following numerical simulations to substantiate the feasibility of our method. The classifi-
cation accuracy by quantum, classical, gaussian, neural tangent, polynomial and linear kernels are labeled as
aQ, aC , aG, aN , aP , aL below.

a. Task1 As a first simulation, we fix photon number n, input state s and dataset size N , and get 3D plots of
width m, depth k and accuracy { aQ, aC , aG }. Results indicate that width and depth should be linearly related to
maximise separation. In subsequent experiments we used m = k. We used two types of initial states, Left state
|ψL〉 = |1, 1, 0, 0, 0, 0〉 where photons are input of one side of the chip and Cent state |ψC〉 = |0, 0, 1, 1, 0, 0〉 where they
are input in the middle.

b. Task 2 In our second simulation, we fix photon number n and the encoding state s, set m = k and plot the
quantum accuracy aQ and classical accuracy against the number of data points N . The results are given in Fig. S4.
We can observe this point experimentally by checking that sQ = g2CQsC . When this is violated the Gram matrix KQ

is not invertible, there are too many linear dependencies between the columns, i.e. too many data points in a space
of dimension

(
n+m−1

n

)
.
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c. Task 3 Now we have a way of scaling width m, depth k and number of data points N together, by taking the
best chip size m = k for a given number of data points. We plot the accuracies for quantum, classical and gaussian
kernels as the system size grows. The results are given in Figure S5.

d. Task 4 We also performed simulations to test unbunching kernels on the datasets resulting from separation
between quantum and classical Gram matrices, see Figure S2. Separating directly between unbunching and distin-
guishable kernels is often not possible. This is because the separation method requires to compute the square root of
the Gram matrix, but the one obtained from unbunching statistics is often not completely positive.
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fidelity fidelity

Supplementary Figure S6. Experimental probability fidelity of the unitaries. The experimental fidelity for all data
points performed by the quantum kernel (blue, left) and the classical kernel (orange, right). .

Supplementary Figure S7. Experimentally estimated Gram matrices We show the Gram matrices corresponding to the
quantum kernel (left) and the ones referring to the classical kernel (right), compared to the theoretical predictions. The number
of data points is 40, and the encoding state is |0, 0, 1, 1, 0, 0⟩. The top row shows the inner products of training Gram matrices
and the bottom row shows the train-test Gram matrices.

Supplementary Note 6. EXPERIMENT METHODS

As described in the main text, the experimental statistics of was post processed to calculate each element of the
Gram matrices. Since the Gram matrices are symmetric, Kij = Kji, thus for N data points, we run N(N − 1)/2
times to get the Gram matrices. In Figure 3c, for each dataset size varying from 40 to 100, we have 5 independent
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iterations, this indicates 53,300 running of unitary for both quantum and classical kernels. The total experiments
lasted hundreds of hours.

The fidelities obtained from the implementation of unitaries are reported in Figure S6. The mean fidelity is
0.9816±0.0148 and 0.9934±0.0048, for the quantum kernel and classical kernel respectively. To illustrate the difference
between two kernels, an example of estimated Gram matrices is shown in Figure S7.

To understand the impact of phase noise and imperfections in our experiments, we also performed the following
simulations to verify the robustness of fidelity estimated used in the experiment. For all the simulations we run 500
random unitaries to estimate the fidelity, between the original unitary and the one perturbed by the noise, including
the phase noise, bias of beam splitter and photon statistics respectively.

1. Phase noise in the MZI. In our setup, we use a 16 bit current output to drive every thermal phase shifter. The
current output range is 24 mA and the corresponding current resolution is 0.003 mA. Considering that the
average current to drive a 2π phase is around 12 mA, the phase resolution is 0.0015 rad. Moreover, let us note
that, in our experiment, we do not use active temperature control and the temperature fluctuation is around
0.1 degree. To account for this kind of noise, we sample random phases from a normal distribution, around the
correct value, with a standard deviation of 0.01 0.005 0.001 0.0005 and 0.0001 rad, respectively. The results are
shown in Fig. S8a.

2. Bias of beam splitter. The ideal beam splitter, making up each MZI, should be 50:50, but the real devices used
in our chip are directional couplers with large curvature. To account for such imperfection, we consider our
directional couplers as tunable Mach-Zehnders whose internal phase has an offset and amounts to π/4 + θbias,
rather than π/4.

UBS with bias =

(
cos(π/4 + θbias) − sin(π/4 + θbias)
sin(π/4 + θbias) cos(π/4 + θbias)

)
(S20)

Similarly to before, we select the bias, drawing them from a Gaussian distribution, centered at θ = 0 and with
a standard deviation of 0.05, 0.03, 0.02, 0.01, 0.005 rad. The results are shown in Fig. S8b.

3. Finite photon statistics. Considering that the underlying distribution for photon counting is Poissonian, every
term in Eq. S14 has standard deviation ∆NCC =

√
NCC. To estimate the impact of such noise, we performed a

Monte Carlo simulation, considering different total coincidence countings, i.e. 100, 500, 1000, 5000, 10000, and
created random matrices to sample the coincidence counting per channel. The obtained fidelity estimations are
shown in Fig. S8c.
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Supplementary Figure S8. Robustness of fidelity estimation. The fidelity estimation of the implemented unitaries under
three different noise types: phase noise in the MZI shown in a, beam splitter bias shown in b, and photon statistics shown in
c. Each graph plots the histogram of fidelity between containing 500 random unitaries with noise (obtained sampling from a
Gaussian distribution centered at the ideal value and with the standard deviation written in the plots) and without noise.
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