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Abstract: In this Supplementary Information, we detail the experimental methods, theoretical
framework, and numerical approaches used to analyze backward-directed coherent Stokes Raman
scattering (CSRS) and quantify its expected photon budget. Beyond modeling the vectorial
focused excitation fields and the resulting third-order nonlinear polarization, we use a Green-
function formulation to obtain the emitted CSRS field and evaluate how illumination geometry,
polarization, and numerical aperture jointly determine backward-emission efficiency. Separately,
to connect the expected signal levels to detector performance, we compute the photon flux,
noise-equivalent photon flux, and resulting signal-to-noise ratio for representative detection
schemes. These analyses provide the foundation for interpreting the measurements in the main
text and guide the optimization of backward-CSRS microscopy for high-sensitivity imaging.

1. Methods
1.1.  Experimental setup

A custom-built laser scanning microscope was developed to enable epi-detection of Coherent
Stokes Raman Scattering (CSRS). The excitation source consisted of a Yb-based femtosecond
oscillator (FLINT, Light Conversion; 11.32 MHz) coupled to an optical parametric oscillator
(Alpha, Stuttgart Instruments). The fundamental output of the oscillator, after spectral cropping
and amplification, provided the Stokes beam centered at 1030 nm (1.5 ps), while the picosecond
OPO (1.5 ps) delivered a tunable visible output that served as the pump beam. For the present
experiments, the Stokes beam at 1030 nm and the pump between 786 and 800 nm were used to
resonantly excite the CH stretching vibrations around 2850-3000 cm~!. To enhance the CSRS
signal further, we employ acousto-optical modulators (AOM, AA, MT200-A0,5-800) in the pump
and Stokes beam path in combination with laser-synchronized arbitrary waveform generator
(Liquid instruments, Moku:Pro) as a pulse picker to artificially reduce effective laser repetition
rate by 16 to 0.707 MHz. As a result, the overall number of CARS and CSRS scattered photons
is increased by 256 for the same average power allowing for significantly faster imaging in a
constant noise regime [1].

Unlike conventional forward-detected coherent Raman modalities, CSRS in a backscattering
geometry requires extremely high-angle Stokes excitation. To achieve this, the Stokes beam
(1030 nm) was transformed into a thick ring (1/3 of the final ring radius is filled) using a pair of
identical axicons [2, 3] (Thorlabs, AX2520M-B). Please note that the Stokes ring would blur
and lose its intended diameter and ring-width ratio during free-space propagation toward the
galvo mirrors; therefore, it was relayed and demagnified by a 4f-imaging system (f1/f> = 3.3) to
match the backaperture size of the objective lens. The pump and Stokes beams are combined and
spatially overlapped before the microscope by a dichroic long-pass filter (Edmund Optics, 87-045).
The combined beams were subsequently directed onto a pair of galvanometric scanners via an
additional dichroic mirror (Thorlabs, DMLP1180R), which reflected the excitation beams while
transmitting the generated CSRS signal along the descanning path. The temporal synchronization
between pump and Stokes beams was achieved with a mechanical delay line.
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The scanning optics comprised galvo scanners (Edmund, 16-040), a scan lens (Thorlabs,
SL50-2P2), and a tube lens (Thorlabs, TL200-2P2), providing a fourfold beam expansion and
imaging the galvo plane onto the objective back pupil plane. This ensured that the outer annulus of
the high-NA objective (Nikon Apo TIRF 60x, NA = 1.49, oil immersion) was filled by the Stokes
beam, while the pump occupied the central aperture region. For optimum signal generation, we
shaped the initially linear polarization of the Stokes beam into azimuthal polarization by a vortex
retarder (Thorlabs, WPV 10L-980).

The backscattered CSRS signal was collected through the same objective in descanning mode.
Residual pump and Stokes beams were suppressed using a long-pass filter (Thorlabs FELH1400),
and the CSRS photons were detected with an InGaAs avalanche photodiode (Thorlabs APD410C).
The APD output was processed with a digital boxcar (time-gated) integrator implemented on a
Moku:Pro platform (Liquid Instruments). The detection was synchronized to the pulse-picked
repetition rate of 0.707 MHz and a 45 ns gate width was used, reducing the contribution of APD
dark noise by a factor of ~ 30 [4]. We measured the transmission of our 60x objective lens at
1500 nm to be approximately 45% with a theoretical total transmission from the sample to the
detector of 30% accounting for the known transmission coefficients of all intermediate lenses
and mirrors. CARS radiation was collected in backward direction at a non-descanned position
using a dichroic mirror (Semrock, FF705-Di01-25x36) and a photomultiplier tube (Thorlabs,
PMT1001). Forward CARS (and CSRS) signal was collected by placing a mirror just on top
of the sample. The image acquisition was performed using Scanlmage (Vidrio, free version),
controlled by two synchronized NI DAQ cards (PCle-6374 & PCle-6321).

1.2. Sample preparation

PMMA bead model sample: As a reference specimen, poly(methyl methacrylate) (PMMA)
microspheres with a nominal diameter of 20 pm (Sigma-Aldrich, analytical standard, product
no. 90549-5ML-F) were dispersed in sunflower oil, providing a homogeneous, lipid-rich matrix
with approximate refractive-index matching suitable for backscattering CSRS. The suspension
was loaded into a circular silicone spacer with adhesive backing (Thermo Fisher Scientific /
Invitrogen, Press-to-Seal silicone spacer; 20 mm diameter, 0.5 mm depth), and sealed between
two borosilicate glass coverslips (VWR, No. 1 thickness, 25 mm diameter, 130 pm nominal
thickness). This bead-in-oil preparation was used for CSRS imaging of the beads (Fig. 4a) and
also to generate the lateral transition profile across a PMMA—oil interface (Fig. 3d), whereas
homogeneous sunflower oil regions were used as the “bulk” reference for the CSRS curves shown
in Fig. 3b—c.

Axial calibration with two-photon fluorescence: To experimentally assess axial (z-axis) probing
performance, we performed two-photon fluorescence (2PF) calibration measurements using a
fluorescent yellow marker dye. A dilute dye suspension was prepared in sunflower oil such that
isolated fluorescent droplets were distributed throughout the 0.5 mm-thick spacer volume. In
addition, dye was deposited onto the inner surface of the top coverslip to define a sharp axial
reference plane. The resulting 2PF depth response was compared to the CSRS depth dependence
measured in sunflower oil (Fig. 3c).

Avocado tissue, human fatty liver, and sheep brain tissue: Fresh avocado tissue served as
a lipid-rich bio-reference sample in the CH-stretch region: a few-millimeter-thick slice from
the inner avocado flesh was placed directly on a glass coverslip and measured without further
processing (Fig. 4b). To preserve native biochemical composition, all biological specimens
were analyzed without chemical fixation or staining. Human fatty liver tissue sections (10 pm
thickness) were provided by clinical partners and measured in their untreated state (Fig. 4c).
Fresh sheep brain tissue was obtained from a local butcher, cut into slices of a few millimeters
thickness, and measured immediately after preparation (Fig. 4d).

13



2850cm™ 2940cm’™

2850cm™

background

backward detected CSRS

2850cm’

CSRS (At>>1ps)

no background

Fig. S1. Raw data from figure 4 and fluorescence contribution within the CARS channel
when the temporal pulse overlap (At»1ps) is removed. (a) 20 pm PMMA beads dispersed in
sunflower oil. (b—d) Avocado flesh, human fatty liver tissue, and myelin sheaths in sheep
brain tissue, all imaged at 2850 cm™~!. All scale bars represent 10 pm. Effective pixel dwell
time: 20 ps. Image acquisition time: 21 s for a 1024 x 1024-pixel image.
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1.3. Image acquisition and data analysis

All imaging experiments were performed using ScanImage® (free version) [5] operated within
the MATLAB environment and integrated with custom-developed, home-built control and
acquisition scripts written in MATLAB. This configuration enabled flexible synchronization of
laser modulation, signal detection, and data acquisition tailored to the coherent Raman imaging
modalities employed in this work.

Both biological samples and PMMA bead samples were imaged using identical acquisition
parameters to ensure consistency across measurements. Images were acquired with a pixel dwell
time of 1 us, a frame size of 1024 x 1024 pixels, and a field of view of ~ 72 um. The images
shown in Fig. 4a—d are averages of 20 frames, corresponding to a cumulative integration time of
20 us per pixel. The laser repetition rate was 0.7 MHz (~ 1.43 us between pulses), i.e. ~ 0.7
pulses per pixel per frame (~ 14 pulses per pixel in the 20-frame average). Boxcar integration
was performed over a single pulse (no additional pulse averaging). Adjacent pixels are therefore
not fully independent along the fast-scan direction, which slightly reduces the effective spatial
resolution.

1.4. Raw data and fluorescence contribution

Within Fig. S1, we present the auto-contrasted raw images corresponding to the processed data
shown in Fig. 4. The images in Fig. 4 were flat-field corrected and Fourier-filtered, with up to
two-thirds of the Fourier support removed. In contrast, Fig. S1 displays the unprocessed data
and therefore serves as a reference to assess fluorescence contributions in the CARS and CSRS
detection channels. Notably, while a fluorescence background is evident in the CARS channel
when the temporal pulse overlap is removed, no detectable fluorescence contribution is observed
in the CSRS channel at 1470 nm.

2. CSRSinsilico
2.1.  Numerical implementation theory

The theoretical framework used in our numerical implementation is well established and has been
presented in detail in the literature, including standard formulations of high-NA focusing (Debye—
Wolf theory) and Green-function-based descriptions of coherent nonlinear signal generation [6-8].
For completeness and to keep this manuscript self-contained, we summarize the key equations
and conventions here, so that the reader does not need to reconstruct the full formalism from
multiple sources.

Coordinate system and variables. We place the origin at the nominal focus of the objective
and use Cartesian coordinates r = (x, y, z) with optical axis +z. Angles on the reference sphere
of the objective are denoted by (6, ¢): 8 € [0, Omax] is the polar angle from +z and ¢ € [0, 27)
the azimuth. The maximum polar angle is set by the numerical aperture in the sample medium of
refractive index n,,
. [NA
Omax = arcsm(—) . (D)
ns
We write f for the objective focal length and k = 27rn, /A for the wavenumber in the sample (1
is the vacuum wavelength). The immersion/entrance medium has refractive index n;.
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Focused field via the angular spectrum (Debye-Wolf). The vectorial focal field is computed
from the angular spectrum representation
: ik 2n Omax
Ef(X y Z)= lkfel f/ / Efar(g ¢) eik[xsinecos¢+ysin63in¢>+zcos6] sin9d9d¢.
9 9 2” 0 0 b
)

Here Ey, (0, ¢) is the field on the reference sphere that already accounts for the polarization
rotation by the lens and the aplanatic energy-conserving factor.

Polarization mapping through the objective. We model the lens action as a rotation from the
entrance pupil polarization to the local tangent plane on the reference sphere, together with the
aplanatic apodization factor Vcos 6 and the refractive-index ratio n; /n;:

Eiu(0,6) = - VC05 0 Micns(0,6) Eine, 3)
with the explicit Richards—Wolf lens block
cos?¢ cos@ +sin’¢  singcos ¢ (cosd — 1) cos¢ sinf
Miens (6, @) = | singcos ¢ (cosd — 1) cos?¢ + sin’p cos  sin¢ siné |. 4
—cos ¢ sinf —sin¢ sin6 cos 6

Equation (3) assumes an aplanatic, aberration-free high-NA objective; deviations (e.g. spherical
aberration or index mismatch) can be incorporated via phase and amplitude factors multiplying
Efy.

Incident polarization model (uniform and vector beams). To cover standard uniform
Jones states (linear/elliptical/circular) and spatially varying vector beams (radial/azimuthal), we
parameterize the entrance pupil field as [9]

cosa cos ¢ —sin ¢
Einc(a,0,1,7;¢) =cosn [ei®sina | + sinng|cosy [sing |+ siny | cosg |[. (5
0 0 0

Here, a sets the x/y amplitude ratio of the uniform Jones vector, ¢ is the x—y relative phase
(linear: § = 0, ; circular: @ = /4, § = +m/2; elliptical: general @, §). The mixing angle n
blends uniform polarization ( = 0) with spatially varying vector beams (7 = 7/2). The angle y
selects the vector-beam type: radial (y = 0), azimuthal (y = 7/2), or any hybrid in between. The
azimuth ¢ is the pupil-plane angle; it appears only in the vector-beam part.

Nonlinear source term. The third-order nonlinear polarization at the coherent Stokes frequency
(cS) is obtained by multiplying the susceptibility tensor X(3>

oS with the local electric field vectors.
In compact tensor notation,

P (r) = vy ® Es(r) © E},(r) ® Es (1), ©6)

while in component form (using Einstein summation convention),

3 3 *
PG (1) = x5 pea® Esp (1) Ej, (1) Es 4(r). ()

16



Here the index a denotes the polarization component of the generated field, whereas b, c, and

d run over the components of the driving fields. Each repeated index implies summation. In
general, Xﬁ?,a bed is a fourth-rank tensor with 81 elements.

For simplicity, we consider here only isotropic samples, reducing the 81 tensor elements to 21
that are nonzero [8, 10]. In this case the CSRS signal vanishes unless only two distinct polarization

states are present among the interacting fields. That is, only elements of the type Xﬁ,)aa, )(fa)b b

and )(u b , (wWith a and b denoting x, y, or z) remain. Furthermore, these components obey the

relation

3 3 3 3
Xt(za)aa = Xc(m)bb +Xib)ab + Xc(zb)ba’ ®)

as discussed in Ref. [8]. Within our simulations we chose )(L(i)bb = )(L(i)ab = ,\/((;)bu = 1, which

according to Eq. (8) yields X((13a)aa = 3. In reality, the symmetry of the Raman-active vibration
defines the relative ratio of these tensor elements, often expressed through the depolarization
ratio. Our choice of equal values therefore represents a practical simplification for the numerical
implementation rather than the description of a specific vibrational mode.

Wave equation. In SI units, the nonlinear polarization Pg) acts as a source term in the
inhomogeneous Helmholtz equation,

2
VXV x Ees (1) — k2 Ees (1) = powlg PO (1) = =25 P, ©)

Here, k.5 = nc.swes/c is the wavenumber of the coherent Stokes field in a medium of refractive
index n.gs.

Green function solution. Using the outgoing scalar Green function with SI normalization,
Eq. (9) gives the radiation-zone dyadic Green-function expression [7],

lkls |R l'| R (3)
E.s(R) = / Mrad(R - I’) PcS (r), (10)

47r|R r|

8002

where My,q(R —r) = I—a" is the transverse projector with @ = (R —r)/|R —r| (i.e. it removes
the component along the local radiation direction). This expression states that the detected field
is a coherent superposition of contributions from the nonlinear polarization in the focal volume,
each propagated with the scalar Green factor (with complex amplitude) and projected onto the
plane transverse to the local propagation direction.

Spherical components under far-field approximation. To obtain a compact expression for
the detected field we expand the phase factor in the far-field limit R > |r|,

IR-1| = —¥’ —|R1 | ~ ]le’ etkesR=1l  ikesR ,—ikes (RT)/R an
-r

In the far-field approximation the local propagation vector @ reduces to the global radial unit
vector
€gr = (sin® cos ®, sin O sin ®, cos O),

with associated transverse unit vectors

€o = (cos®cos P, cos O sin P, —sin ), €p = (—sin®, cos D, 0).
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With ég defined, the transverse projector can be written explicitly as

1 - sin’® cos’® —5in’® cos® sin® —sin® cos O cos
My = I-000" =~ I-8géj = [ —sin2@ cos® sin® 1 —sin®® sin®®  —sin® cos® sin® |.
—sin® cos® cos® —sin® cosO sind 1 - cos’®
(12)
The transformation matrix from Cartesian to spherical basis is

aT
€r

S(0,D) = g . (13)
AT
o

Applying the transformation matrix S(®, @) to the projector form in Eq. (10) gives

ERr
Eo | = S(0,®) M,a(®,®) P\,
Eo
Because S already contains only transverse rows for Eg and Eg, the projector My,q acts trivially

and can be omitted. Thus the relevant 2 X 3 block that maps the source polarization into
measurable far-field components is

cos®@cos® cos®sin® —sin®
Mang(G), ‘D) = . (14)
—sin® cos ® 0

Finally, the detected transverse field amplitudes become

Ecs,o(R) Wl eikesR
S ez [[[av et M. PR, a9
ECS,CD(R) 0

This form makes explicit that only the two transverse spherical polarizations (® and ®) survive
in the radiation zone, while the radial component vanishes due to transversality.

Detected power (objective with cone angle a,,x). The time-averaged intensity of the coherent

Stokes field is )
I(R,0,®) = Seocn |Ecs(R,©, ®)| (16)

The power collected by an objective with maximum cone angle an,x is then

1 @max 2r
P = 5gocnRZ/ / |Ecs(R,0,®) | sin®dd do. (17)
0 0

Here n is the refractive index of the detection medium, R the observation distance, and (©, @)
the polar and azimuthal angles in the detection solid angle.
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Vectorial refocusing of the backward-emitted field. While Eq. (17) gives the total power
emitted into a given collection cone, fiber or spectrometer coupling is governed by the complex
vectorial CSRS field formed after refocusing, not only by the angularly integrated intensity. We
therefore treat the computed backward CSRS far field as a coherent vectorial angular spectrum and
propagate it through an ideal aplanatic imaging system using the Debye—Wolf formalism [6,11,12].
This procedure is the standard vectorial-imaging step used to map a collected far-field or reflected
angular spectrum through an objective—tube-lens relay back into an image plane; here it is applied
to the backward-emitted CSRS angular spectrum. The calculation determines the image-plane
field structure and does not assume a particular guided fiber mode.
For backward collection, we introduce the object-side polar angle

B=n-0, (18)

such that 8 = 0 corresponds to emission along the backward optical axis —z. This is only a
change of angular coordinates. The backward-emitted far field obtained from Eq. (15) is then
written as a vectorial radiation amplitude on the object-side reference sphere by removing the
common spherical propagation factor,

ScS,ﬁ(ﬂ’ (I)) =-R e_ikCSR ECS,G)(R’ ﬂ_ﬂ’ q))’ 8CS,'ZIZ‘ (:8’ q)) =R e_ikCSR ECS,Q)(R’ ﬂ-_ﬁ’ CD)

19)
The minus sign in the first expression accounts for the reversal of the optical axis: the polar
unit vector associated with 8 is opposite to €g at ® = 1 — 8, whereas the azimuthal unit vector
is unchanged. The quantities E.s g and Es,¢ are therefore not real-space fields yet, but the
two complex transverse components of the backward-CSRS angular spectrum. Global phases
introduced by the relay can be absorbed into the overall normalization; any polarization-dependent
phase would be included in the complex pupil transmission defined below.

The experimentally relevant refocused CSRS field is not obtained by focusing this angular
spectrum back into the original diffraction-limited source volume. Instead, the objective and
tube lens form a magnified image of the emitting focal volume. For an aplanatic imaging system
with lateral magnification M, the object-side collection angle 8 and the image-side convergence
angle y obey the Abbe sine condition,

nesin 8 = |M| n; sinvy, 20)

where n, and n; are the refractive indices on the object and image sides, respectively. Thus the
numerical aperture at the refocused image plane is
nosina, NA,

NA; = n;sina; = W = Ik 21

The magnification therefore scales the transverse wave-vector component, or equivalently the
numerical aperture, rather than the polar angle itself except in the paraxial limit.

Each collected object-side ray is mapped to a corresponding image-side ray. We write the
image-side angular spectrum as

Ees.y(1:®) = Ay (B) Ecs p(Bs®),  Ecso(y, D) = An(B) Ecs.0(B, @),  (22)

with 8 = B(y) given by Eq. (20). Equation (22) preserves the two local transverse polarization
components under an ideal aplanatic relay. The corresponding polarization rotation is implicit in
the change of basis from the object-side vectors é("), ég’) to the image-side vectors é(yi), ég ) used
in Eq. (24). Equivalently, one could introduce an explicit rotation matrix acting on Cartesian
field components, Q(k), k(®)) [14]; in the local meridional-azimuthal basis used here, this

transformation does not mix the 8- and ®-polarized amplitudes.
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Here Ajy is the angular-amplitude mapping factor. It contains the complex pupil transmission
Ty (B), possible phase aberrations, and the Jacobian required when amplitudes defined on an
object-side angular annulus are represented on the corresponding image-side angular annulus.
For an ideal lossless system, conservation of power between corresponding angular annuli gives
ne sin B dp 12
nisiny dy

Am(B) =Tu(B) (23)

1/2
n; COs y
nocosfB|

=Tu(B) IMI[

This definition of Ajs includes the angular Jacobian and should therefore not be interpreted as
the residual Richards—Wolf cosine apodization alone. That square-root cosine factor appears
explicitly after the Debye integral is rewritten on the object-side angular grid below. In the
absence of aberrations, Tys () is set to one inside the transmitted pupil and zero outside. Constant
prefactors and global phases can be absorbed into the overall normalization of the refocused field.

The refocused CSRS field in image-space coordinates r; = (x;, y;, z;) is then obtained from
the image-side vectorial Debye integral,

2n a; X
S NG > NG ik k(@) T -
E¢(r,) = c,-/ / [acs,y(y, @) e\ (y,®) + Ecs.0(y, @) &) (@) | e MK 2T siny dy d.
0 0

(24)
where k; = 2nni/A.s and C; is an overall propagation constant. The image-side propagation
direction and local transverse polarization basis are

siny cos @
kD (y,®) = | sin ysin® |, (25)
cosy
cosy cos @ —sin®
éfyi) (y,®) =] cosysin® |, ééi) (@) =| cos® |. (26)
—siny 0

These vectors are the local transverse basis associated with each image-side plane-wave component.
Thus the image-side Debye integral in Eq. (24) retains the two independent far-field polarization
components and their relative phases while enforcing transversality ray by ray. The azimuthal
component remains associated with the same € direction, whereas the meridional component is
carried from the object-side é;o) direction into the image-side ég,’ ) direction. The longitudinal
component of the refocused field is therefore determined by the image-side angle y, not by the
object-side angle B; for large magnification the refocused CSRS field is weakly focused and
predominantly transverse.

For numerical implementation it is convenient to evaluate the same integral on the object-side
angular grid. Differentiating the Abbe sine condition gives

dy  nocosf

=—""" 27
dB  |M|njcosy @7

Combining Eq. (23) with Eq. (27) yields the measure factor that enters the Debye integral,

o COS B ]l/zdﬁ

Ay (B) siny dy = Ty (B) siny(B) [m
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Thus Eq. (24) becomes, up to the same global normalization constant,

no cos B 12

2n (o7
Ef(r) = Ci/o /0 Tm(B) siny(B) mcosy(B)
X [Ecsp (8. 0) &) (4(8). ®) + Ecs.0 (8, @) €5 ()]
x exp|ikik) (y(B), @) - ;| dB d®.

(28)

This form makes explicit the familiar square-root cosine apodization that remains after the
image-side Debye measure has been expressed in terms of the object-side angle .
The component-resolved refocused CSRS intensities can then be evaluated as

2

N . 2

IS (i yisz) = o B (i yn 2|, I, (o yisz) = (& - BN (i yn 2|, (29)
£ . _la f 2 £ _ gref £ £

IZ_CS’Z(XI', )’i’Zi) - |eZ : E‘;es(xi’ )’i» Zi)l ’ IZ‘%,tOt - 12%”)( + I;%’y + IZ‘%,Z' (30)

These projections are only used to display the already transverse refocused field in fixed laboratory
components; the polarization rotation and transversality are already accounted for in Egs. (24)
and (28). The resulting images describe the vectorial CSRS field available at the refocused image
plane, for example at a fiber facet or spectrometer entrance plane.

2.1.1. Excitation constraints

The relative efficiency of different pupil geometries depends on which excitation quantity is held
fixed. We therefore compare three constraints, each applied independently to the pump and
Stokes fields (¢ € {p, S}), as summarized in Supplementary Fig. S6.

For equal input power, the optical power carried by the angular spectrum on the reference
sphere is, up to a configuration-independent constant,

2n Omax,c

g 2 .

Pin.c / / |Efar,c (6, ¢)|” sin 6 d6 dg. (31)
0 gmin,c

Equation (3) gives Egy o = (n1/n2)Vcos 8 MiepsEine . For the uniformly illuminated pupils

used here, |Einc. | = 1, and Mgy is a rotation that preserves the field norm. Consequently,

|Efar.c|? = (n1/n2)? cos 6, and Eq. (31) has the closed form

Pinc o ﬂ(sin2 Omax.c — sin> emin,c) . 32)

For the uniformly illuminated aplanatic pupils considered here, Eq. (32) is therefore used to
impose equal input power.
To describe spatially accumulated nonlinear exposure, we define the generalized field metric

Dy = / [E. ()" aV. (33)
1%

Configuration-independent intensity prefactors, as well as temporal factors such as pulse duration
and repetition rate, cancel from the relative normalization. Multiphoton photodamage does not
obey a universal power law: an effective exponent near 2.5 was reported for bovine adrenal
chromaffin cells, while CARS measurements identified mixtures of linear and nonlinear damage
mechanisms and a dependence on wavelength, repetition rate, and sample density [18, 19]. We
therefore display the two bounding integer cases

Do = / E.(n)[* V. (34)
A%

D3, = / |E(r)[° dV. (35)
\4
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An effective exponent near n = 2.5 is expected to produce relative efficiencies between these

displayed cases. The main text uses n = 2 as the conservative lower-order nonlinear-exposure

model for the high-pulse-energy regime, without implying that the same damage law applies to

every specimen. Because wavelength-dependent absorption coefficients and mixed pump—Stokes

terms are sample specific, pump and Stokes are normalized separately and cross terms are

omitted.

Since the emitted CSRS power scales as |E,|*|Es|*, all three normalized maps follow from

the same unnormalized calculation:
raw
Py
Piy, p P?

s

in,S
(raw)
PeSis €~ (36)
2,p7 2.8
o P
S DT

Constant reference factors common to all pupil geometries cancel when each map is referenced
to its maximum forward lin—lin CSRS signal. Supplementary Fig. S2 uses equal input power for
the general CARS—CSRS wavelength comparison. Figure 2 and Supplementary Figs. S3 and S4
use the conservative n = 2 exposure constraint, while Supplementary Fig. S6 compares equal
input power with the n = 2 and n = 3 exposure constraints.

2.2. Numerical results

We next present the numerical results for the CARS—CSRS wavelength scaling, the dependence
of forward and backward CSRS on pupil geometry and polarization, and the vectorial structure
of the backward field after refocusing.

Numerical discretization. The pupil-optimization calculations in Fig. 2 and Supplementary
Figs. S3, S4, and S6 used a focal volume spanning x,y € [-2.8,2.8] yum and z € [-7,7] ym.
The fields were sampled on a 31 X 31 x 38 Cartesian grid, corresponding to spatial steps of
approximately 0.19 pm laterally and 0.38 um axially. The excitation angular spectra were
sampled at nominal increments A8 = 0.75° and A¢ = 3°, and the radiation sphere at A® = 3°
and A® = 6°. Emission into ® < 80° was classified as forward-directed and emission into
© > 100° as backward-emitted. Tests with larger focal volumes, finer spatial grids, and finer
angular sampling changed the relative emitted powers by less than 5%.

Forward CARS and forward CSRS versus wavelength scaling. Figure S2 shows the forward-
emitted CARS and CSRS power as a function of Raman shift and numerical aperture when
both excitation beams fill the back aperture and each color is normalized to equal input power
according to Egs. (31) and (32). The Stokes wavelength was fixed at 1030 nm, and the pump
wavelength was adjusted to match the vibrational resonance. Across the CH-stretch region, the
ratio Pcars/Pcsrs remains close to 10 and shows little dependence on NA. This difference is
not introduced as a different molecular Raman cross section [13]. In electronically non-resonant
samples, CARS and CSRS are governed by the same resonant Raman susceptibility and therefore
contain equivalent vibrational information. The simulated power ratio instead reflects the different
radiation wavelength and the finite spatial extent of the coherent Raman source. Interpreted
through a wavelength-scaling relationship of the form (Ad.5/1,s)", the simulations correspond
to an effective exponent of n ~ 2.8, consistent with Mie-type scattering from a coherent Raman
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Forward CARS/CSRS power versus Raman shift
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Fig. S2. Forward CARS versus forward CSRS radiation power as a function of Raman shift.
For all investigated numerical apertures, the forward-emitted power at 3000 cm™" is roughly
ten times higher for CARS (1,5 = 640 nm) than for CSRS (1cs = 1490 nm). Owing to
the reduced photon energy at the CSRS wavelength, this corresponds to an approximately
fivefold lower CSRS photon flux, establishing the intrinsic wavelength-dependent efficiency
difference between the two processes. Pump and Stokes both fill the back aperture and are
independently normalized to equal input power according to Eq. (31).

source distribution with spatial extent similar to the optical wavelength. Accounting for the
photon-energy difference (CARS photons carry ~ 2.2X more energy than CSRS photons), the
forward photon-flux ratio is approximately 5.

A first general trend—uvisible in Fig. S2—is that the total forward-emitted CARS and CSRS
powers depend only weakly on NA over the investigated range when the input powers are held
fixed. Tighter focusing increases the local nonlinear polarization but simultaneously reduces the
coherently contributing source volume and broadens the angular emission distribution; for the
collected forward power these effects largely compensate.

Forward and backward CSRS under controlled pupil illumination. Having established the
intrinsic CARS—CSRS wavelength dependence and its weak NA dependence under equal input
power, we now examine how polarization and pupil filling govern backward CSRS generation.
The ring-Stokes/central-pump survey in Fig. S3 and the dual-ring survey in Fig. S4 are evaluated
using the same separate-color two-photon-load constraint as Fig. 2. The quantitative change
produced by equal input power, equal two-photon load, and equal three-photon load is isolated
for selected configurations in Supplementary Fig. S6. The n = 3 comparison progressively favors
the high-intensity annular backward-CSRS geometries. Under the n = 2 constraint, circ*-azi
excitation reaches approximately one quarter of the maximum forward-CSRS power, while fully
azimuthal excitation yields a larger total backward power but an annular refocused mode.
Backward CSRS shows a strong dependence on the polarization state of the excitation fields.
As demonstrated in both figures, certain polarization combinations—such as opposite circular
polarizations for pump and Stokes—suppress backward CSRS by up to two orders of magnitude,
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Forward vs. backward CSRS power vs. polarization
Pupil Filling: Ring-Shaped Stokes and central pump lllumination
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Fig. S3. Forward and backward CSRS emission for ring-shaped Stokes excitation with
a central pump. Shown are two-dimensional maps of the simulated CSRS power as a
function of the minimum and maximum excitation angles for pump and Stokes beams across
thirteen representative polarization combinations. The plots illustrate how pupil filling and
polarization jointly influence the efficiency of forward and backward CSRS generation,
providing a visual guide to identify the angular—polarization conditions that yield the
strongest signals. Pump and Stokes are independently normalized to equal volume-integrated
two-photon excitation load, as defined by Eq. (34), and all values are referenced to the
maximum forward lin—lin CSRS power obtained under the same constraint.
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Forward vs. backward CSRS power vs. polarization
Pupil Filling: Ring-Shaped Stokes and pump Illlumination
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Fig. S4. Forward and backward CSRS emission for ring-shaped pump and Stokes illumination.
Two-dimensional maps show the simulated CSRS power as a function of the minimum and
maximum excitation angles when both pump and Stokes beams illuminate the pupil as rings,
evaluated across thirteen representative polarization combinations. The figure assesses
whether dual-ring excitation enhances backward CSRS efficiency—for example by favoring
copropagating phase-matching conditions—but the results indicate no overall improvement
compared to the ring-Stokes/central-pump geometry. Pump and Stokes are independently
normalized to equal volume-integrated two-photon excitation load, as defined by Eq. (34),
and all values are referenced to the maximum forward lin—lin CSRS power obtained under
the same constraint.
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Backward CSRS refocused field after 10x (4f) Magnification
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Fig. S5. Vectorial refocusing of the backward-emitted CSRS field. The computed backward
CSRS angular spectrum was propagated to the image plane using Eq. (28). The Stokes
illumination was azimuthally polarized and restricted to s = 60°-80°, while the pump
illumination occupied 6, = 0°-35° with linear, circular, or azimuthal polarization. The
refocused field was calculated for a 10x objective—tube-lens magnification, corresponding
to a reduced image-side numerical aperture according to Eq. (21). The columns show the
component-resolved intensities |E;esf,x|2, |E£esf,y|2, |E;esf,z|2, and the total intensity I;esf,tot
in the image plane. Each image is normalized to its own maximum for visibility, while
the color-bar labels indicate the corresponding amplitude relative to the maximum total
intensity in the same row. For linear and circular pump excitation, the total refocused field is
compact and single-lobed, whereas azimuthal pump excitation yields an annular transverse
mode structure. In all cases, the longitudinal component remains strongly suppressed after
magnified refocusing.

whereas azimuthally polarized Stokes light combined with a linearly polarized or circularly
polarized pump produces the most efficient backward emission. This reflects the interplay
between focal-field symmetry, excitation-field decomposition, and the anisotropic structure of
the relevant y3) tensor components.

To interpret these trends without overanalyzing individual pixel-level features, it is helpful
to refer to the conceptual framework introduced in Fig. 2, where three representative phase-
matching geometries—counterpropagating, copropagating, and orthogonal Stokes wavevector
configurations—were illustrated. These geometries should be understood as intuitive categories
rather than exact separations, but they provide a useful lens for interpreting how different
excitation polarizations reshape the effective momentum balance.

For example, when the Stokes beam is azimuthally polarized and the pump is either circularly
polarized (positive or negative) or linearly polarized along x, the simulations favor conditions
reminiscent of the counterpropagating Stokes geometry. This manifests as a requirement for very
high Stokes incidence angles, while the pump can remain at comparatively small polar angles.

In contrast, when both pump and Stokes beams are azimuthally or radially polarized, the
angular conditions become considerably relaxed. In this situation, efficient backward CSRS
emerges at substantially lower Stokes angles and larger pump angles, consistent with a stronger
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Fig. S6. Dependence of the simulated CSRS efficiency on the excitation constraint. Columns
compare equal input power, Pj, ., equal volume-integrated two-photon excitation load,
Dy, = /V |E.|*dV, and equal volume-integrated three-photon excitation load, D3 =
fv [E.|°dV. Here, ¢ € {p,S} denotes pump or Stokes, and each constraint is applied
independently to the two colors. Rows show forward lin-lin, backward lin-lin, and backward
circ*—azi excitation. Numerical values denote emitted power relative to the maximum
forward CSRS signal obtained under the corresponding constraint; color scales are adjusted
independently for each panel. The n = 2 and n = 3 cases show how the relative efficiency
evolves with the order of the nonlinear-exposure metric and bracket an effective exponent
near n = 2.5. These metrics neglect mixed pump—Stokes absorption terms and wavelength-
dependent damage coefficients and are therefore used as exposure proxies rather than as
universal photodamage laws.
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contribution from the copropagating or orthogonal representative geometries introduced in Fig. 2.
These examples highlight the general pattern revealed by Fig. S3 and Fig. S4: the polarization
state redistributes the excitation energy among the conceptual phase-matching families and
thereby selects the angular regions that produce the strongest backward-directed emission.

Vectorial structure after magnified refocusing. To assess the field structure available for same-
side detection, we applied the vectorial refocusing formalism of Eq. (28) to the computed backward
CSRS angular spectrum. Figure S5 shows the image-plane field for the experimentally relevant
Stokes geometry, namely azimuthally polarized Stokes illumination restricted to 85 = 60°-80°,
combined with pump illumination over 6, = 0°-35°. We compare linear, circular, and azimuthal
pump polarization and use a 10x magnified objective—tube-lens relay.

For linear and circular pump excitation, the refocused total intensity is compact and single-
lobed, showing that the backward CSRS angular spectrum can be coherently refocused into a
well-defined image-plane field. The component-resolved maps further show that the refocused
field is predominantly transverse: the longitudinal component is suppressed by approximately
three to four orders of magnitude relative to the row-wise maximum total intensity. This follows
from the reduced image-side numerical aperture after magnification. For azimuthal pump
excitation, the field remains well refocused but becomes annular, reflecting the different symmetry
of the generated angular spectrum.

These calculations clarify the distinction between total backward-emitted power and experi-
mentally useful refocused field structure. They show that backward CSRS is not only emitted into
the collection cone, but can form a compact image-plane field suitable for practical same-side
detection, including fiber- or spectrometer-based collection.

Relative efficiencies and total photon budget. The backward-to-forward CSRS ratio depends
on the excitation constraint. Under the separate-color two-photon-load constraint used in Fig. 2,
the experimentally selected circ*—azi geometry reaches approximately 25% of the maximum
forward-CSRS power, corresponding to a factor of about four. Under equal input power, the
same geometry reaches only about 6%, whereas the three-photon-load constraint favors the
high-intensity annular geometries more strongly and yields a substantially larger relative backward
fraction. The displayed n = 2 and n = 3 results therefore bracket the expected trend for an
effective damage exponent near n = 2.5, while the main text retains the more conservative
n = 2 estimate. Combining the approximately fourfold backward-CSRS penalty obtained for
this conservative nonlinear-exposure constraint with the approximately fivefold forward CARS—
to—CSRS photon-flux ratio gives an overall reduction of roughly twenty relative to forward
CARS. This number is therefore specific to the stated excitation constraint rather than an intrinsic
universal efficiency ratio.

In a nutshell. Forward CARS is approximately an order of magnitude stronger in emitted power
than forward CSRS, corresponding to an effective wavelength-scaling exponent of n ~ 2.8 and a
photon-flux ratio of roughly five. The additional backward-CSRS penalty is constraint dependent:
for the nonlinear-exposure constraint and circ*—azi excitation used in Fig. 2, the total photon-flux
reduction relative to forward CARS is approximately twenty. The optimum pupil geometry and
achievable backward fraction therefore depend jointly on phase matching, polarization, and the
laser—sample limitation that defines the admissible excitation.

3. Photon flux, noise and SNR

We measured the forward CARS and backward CSRS signal levels of sunflower oil to estimate
the detected photon flux and benchmark the corresponding signal-to-noise ratio [15]. CARS was
detected using a photomultiplier tube (PMT, Thorlabs PMT1001/M), while CSRS was detected
using an InGaAs avalanche photodiode (APD, Thorlabs APD410C/M). Important parameters of
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the SNR and photon flux estimation are summarized in Table S1. All photon fluxes reported
below are inferred from the measured detector signals using the specified detector responsivity
or noise-equivalent power and therefore inherently include the detector quantum efficiency.

Detected backward CSRS photon flux

To determine the detected backward CSRS photon flux, we converted the measured APD
output voltage U into the corresponding optical power at the detector. With the APD410C
transimpedance gain G = 5 x 10° V/A (high-impedance readout), the measured U = 2.5mV
corresponds to

U 25x1073

Iph = — = —5

G 5% 10
Using the responsivity R(1470nm) ~ 18 A/W at a multiplication factor M = 20, the detected
optical signal power is

=50x 1077 A. (37)

Iph _5.0x107°

e = =~ ~ -10
Ps1g R(1470nm) 18 2.8x10 W. (38)

The photon energy at the CSRS wavelength A.s = 1470 nm is

h
E, == ~135x1071. (39)
/lcS

The detected photon flux inferred from the APD signal is then

Psig 2.8x 10710 9
D5 = E_y ~ T35 %100 ~ 2.1 x 10” photons/s. (40)

This value represents the photon flux at the detector inferred from the measured APD output.
Due to transmission losses in the optical path, the photon flux emitted from the sample is
approximately three times higher.

Noise and noise-equivalent photon flux

The APD410C [16] exhibits an input-referred integrated noise-equivalent power NEP;, =
0.38 nWgrps over a bandwidth of 10 MHz . The corresponding noise-equivalent detected photon

flux is
NEP;, _ 0.38x 1077

E,  135x10°1

which defines the baseline detector noise level prior to time gating.

~ 2.8 x 10° photons/s, 41)

DOnep =

Time-gated noise and detected SNR for a 1 us integration

The CSRS signal arrives in pulses at a repetition rate of fiep = 0.707 MHz (Trep = 1.41 us). The
boxcar gate selects the temporal region containing the CSRS pulse and has an effective open
width of Tgye ~ 45 ns. For an integration interval of T = 1 us, this corresponds on average to

Topen =~ 0.707 X 45 ns =~ 32 ns,

so that only this fraction of the detector noise contributes to the measurement. The reduction
of the effective noise-integration time from Ty tO Tgae lowers the noise standard deviation by
approximately a factor of six [17].
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Using the noise spectral density NEP,, (derived from NEP;,, above), the RMS fluctuation of
the time-integrated noise power over the open-gate interval is

NEP,,
vV 2 Topen

The corresponding number of noise-equivalent detected photons within 1 us is

~4.8%x10710wW. (42)

op (Topen) =

ap (Topen) Topen

Nioise (1 us) = ~ 1.1 x 10%. (43)
E’Y
The detected signal photon flux yields
Ngig(1 ps) = D 7 = 2.1 x 10°, (44)

corresponding to approximately 0.71 CSRS pulses within the integration window. The resulting
detected signal-to-noise ratio is

N, sig (1 us) N
Nhoise ( 1 ,us)

This value quantifies the detected SNR of a single 1 us time-gated measurement prior to any
further averaging.

SNR(1 ps) = 19. (45)

Detected forward CARS photon flux

To determine the detected forward CARS photon flux, we converted the measured PMT
output voltage U into the corresponding optical power at the detector. The PMT1001/M [20]
incorporates a transimpedance amplifier with Gy ~ 1.1 x 10* V/A. For the measured CARS
signal of U = 0.12 'V, the corresponding anode current is

U
IR = G S LIX107A, (46)

The photocathode radiant sensitivity at the CARS wavelength Acars = 650 nm is S(650 nm) =~
7.8%x1072A /W, and the PMT gain at the experimental control voltage Veoneor = 0.601 V is

Guv(0.601V) ~ 1.3 x 10*.

The detected optical signal power is therefore

(CARS) s

I 1.1x1

pCARS) _ an ~ x 10 ~1.Ix10%W.  @7)
sig S(650nm) Gy (0.601V) ~ 7.8 x 102 x 1.3 x 10#

The photon energy at this wavelength is

h
ESARS) = 0 231%10717. (48)
ACARS

The detected forward CARS photon flux is then

(CARS) 1% 10-8
(CARS) sig AL X 10
) = Y ~ 3.5 x 10" photons/s. 49
sig E)(/CARS) 3.1 % 10—19 p / ( )

This value represents the photon flux inferred from the measured PMT signal and provides the
basis for the subsequent noise and SNR analysis.
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Noise and noise-equivalent photon flux (PMT)

For the PMT1001/M we estimate the noise-equivalent detected photon flux consistently with
the forward CARS calibration above. The input-referred current-noise density of the integrated
transimpedance amplifier is i, = 6.5 pA/VHz at | MHz (PMT1000 Series Manual, Tab. 10.3).
For the selected amplifier bandwidth B = 2.5 MHz this corresponds to an RMS anode-current
noise

incms = in VB~ 1.0x 1078 A,

To convert this current noise into an equivalent optical power at the detector, we use the
photocathode radiant sensitivity at the CARS wavelength, S(650 nm) ~ 7.8 x 1072 A/W, and
the PMT electron gain at the operating high-voltage setting, Gy (0.601 V) ~ 1.3 x 10*. The
noise-equivalent optical power is then

in,rms
S(650 nm) Guv

so that the corresponding noise-equivalent detected photon flux is

PNEp = ~1.0x 107w,

®nep ~ 3.3 x 107 photons/s.

Noise and detected SNR for a 1 us integration (PMT, no time gating) For forward CARS
detected with the PMT1001/M, the detected photon flux is d)iicg ARS) ~3.5% 1010 photons/s. The
pixel dwell time in the laser-scanning microscope is T = 1 us, so that the number of detected
photons per pixel is

Neig (1 us) = q>§ngARS) 7~3.5x%10%

From the amplifier specifications above, the noise-equivalent detected photon flux is ®Ngp =~
3.3 x 107 photons/s. Without temporal gating, the effective noise-integration time equals the
pixel dwell time, yielding

Nnoise(l /JS) = q)NEPT ~ 33X 101

The resulting electronics-limited detected signal-to-noise ratio (not experimentally observed)

is therefore
SNR¢ (1 us) = 1.1 x 10%.

In contrast, the photon shot noise associated with the detected CARS signal is set by the
number of detected photoelectrons. With a photocathode quantum efficiency of approximately
0.2, the number of detected photoelectrons in a 1 us integration window is N, = 7.0 X 103,
yielding a shot-noise-limited detected SNR of

SNRhot(1 us) ~ 8.4 x 10,

Since SNR.; > SNRgt, the combined detected SNR is set by photon shot noise, and the
contribution of PMT electronics noise is negligible under our experimental conditions.

The following table summarizes important parameters and results. Comparing the photon
fluxes emitted at the focal volume, the forward CARS signal exceeds the backward CSRS signal
by approximately one order of magnitude (factor 5.6), in good agreement with the ratio predicted
by our simulations (factor 20).

The experimentally inferred forward CARS photon flux is expected to be slightly underestimated,
as the axicons and azimuthal polarization optics were removed for these measurements, leading
to an underfilling of the objective pupil and a non-optimal overlap of the pump and Stokes
point-spread functions.

Taking this systematic effect into account, the experimentally inferred photon fluxes emitted at
the focus are consistent with the simulated scaling between forward CARS and backward CSRS,
supporting the validity of the photon-flux estimation and the underlying model.
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Table S1. Summary of optical, detector, and photon-flux parameters used for estimating
photon budgets, noise-equivalent photon flux, and detected SNR for forward CARS and

backward CSRS detection.

Parameter

Forward CARS
(PMT1001/M) [20]

Backward CSRS
(APD410C/M) [16]

Excitation

Pump / Stokes wavelength (nm) 796 /1030 796 /1030

Pump / Stokes power (mW) 25/15 1.2/3.1
Repetition rate frep (MHz) 0.707 0.707

Pixel dwell time 7 (us) 1 1 (time-gated)
Optical transmission

Detection wavelength Ag4e; (nm) 650 1470
Transmission focus — detector T 0.90 0.30

Detector

Detector type PMT InGaAs APD
Measured detector output voltage U 0.12V 2.5mV
Responsivity R or sensitivity S 5(650) = 7.8 x 1072 A/W R(1470) ~ I8 A/IW @ M =20
Quantum efficiency (QE) ~ 0.20 ~ 0.80

Internal gain Guv ~ 1.3 x 10* M =20
Transimpedance Gty (V/A) 1.1x10% 5% 10°
Bandwidth B (MHz) 2.5 10

Noise spec. (input-referred) in =6.5pA/ VHz NEP;,; = 0.38 nWrnms
Time-gate width (ns) - ~ 45

Effective open time in 1 us (ns) 1000 (no gating) ~ 32

Photon flux

Photon flux emitted at focus g,y (phot/s) 3.9 x 1010 7.0 x 10°

Photon flux before detector ®@pre—det (phot/s) 3.5% 1010 2.1x10°
Detected photoelectron rate ®, (e™/s) 7.0 x 10° 1.7 x 10°
CARS / CSRS ratio (above rows) ~56/~17/~4.1 (focus / pre-det / detected)
Extracted quantities (1 us integration)

Detected signal electrons in 1 us 7.0 x 103 1.7 x 103
Noise-equivalent photon flux ®ngp (phot/s) 3.3x 107 1.1 x 108 (effective, gated)
Noise-equivalent electrons in 1 us 3.3x 10! 1.1 x 10%
Detected SNR for 1 us ~ 8.4 x 10! (shot-noise limited) ~ 19

Experimental SNR benchmark against theory. To compare the theoretically predicted SNR
values (table S1) with measurements, we evaluate the SNR directly from experimental images
acquired on a homogeneous reference sample (sunflower oil). Instead of repeating the same
measurement in time, we exploit spatial redundancy by computing the SNR from the central
20 x 20 pixels of one CSRS image and one CARS image, assuming that this small central region
(< 10 pum) contains no structural contrast and that the pixel-to-pixel fluctuations are therefore
dominated by noise. We use the same definition as in the theoretical section, SNR = signal/std,
i.e. the mean signal level divided by the standard deviation within the ROL.

For technical reasons, the pixel dwell time was set to 4 us (instead of 1 us used in the example
calculation), because our laser repetition rate is on the order of 1 us and shorter dwell times
lead to additional sampling artifacts. To report an equivalent value for 1 us, the measured
SNR is divided by 2, assuming the standard SNR o /¢ scaling with integration time. We find
that the experimentally obtained SNR values are approximately a factor of two higher than the
theoretical estimates within table S1, which may be explained by conservative (worst-case) noise
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Fig. S7. SNR extracted from experimental backward-CSRS and forward-CARS images of
sunflower oil at 2850 cm™! acquired with 4 us pixel dwell time.

specifications of the detectors used in the model. For practical imaging and application scenarios,
it should also be noted that the SNR decreases towards the field edges due to vignetting, such
that the central ROI represents an upper bound of the achievable SNR across the full image.
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