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Geometric description of the set of classical correlations in
the instrumental DAG

As discussed in the main text, the Markov condition
for the instrumental DAG implies that any observable
probability distribution compatible with it can be de-
composed as

p(a, b|x) = ∑
λ

p(a|x, λ)p(b|a, λ)p(λ). (1)

As we can see, this decomposition defines a convex set
(the convex sum over the probabilities for the variable
Λ). For discrete variables, this set is in fact a polytope,
that is, a convex set with finitely many extremal points
and that can be equivalently described by finitely many
linear inequalities that represent the boundaries of the
polytope (from which the non-trivial represent instru-
mental inequalities).

As mentioned in the main text, the probabilities ap-
pearing in the decomposition above can without loss
of generality be expressed as deterministic (response)
functions. More precisely, we have that

a = Da(x, λ), (2)

b = Db(a, λ). (3)

That is, for a given value of λ the variable a is a de-
terministic function of x; similarly b is a deterministic
function of a. We can think of the variable λ as select-
ing which function to use in a given run of the physical
process (with probability p(λ)). The number of possi-
ble deterministic functions to choose from will intrinsi-
cally depend on the domain of the variables. Namely,
the number of deterministic functions for variable A is
given by |a||x| and for variable B is given by |b||a|, where
|a| is the number of values taken by the random vari-
able A (similarly for B and X). Thus the total number
of deterministic functions is given by |a||x||b||a|; each of
these corresponding to one of the extremal points defin-
ing the convex set defined by (1).

Given the list of extremal points of a polytope, we can
find its dual description in terms of facets, that is, linear
inequalities of the probabilities p(a, b|x) that generically

can be written as

∑
a,b,x

ca,b,x p(a, b|x) ≤ BClassical, (4)

where ca,b,x are real coefficients and BClassical corre-
sponds to the maximum values achievable by the ex-
tremal points. Further, this dualization procedure can
be performed using standard convex optimization soft-
ware [1]. A given correlation is compatible with the
instrumental DAG if and only if it respects all of these
inequalities. If any of them is violated we thus have
an unambiguous proof that some of the causal assump-
tions is incompatible with the correlation under test.

Quantum and post-quantum violations of the instrumental
inequality

Our interest is to find the optimal quantum violations
of inequality (eq. (6) in the main text)

I = − 〈B〉1 + 2 〈B〉2 + 〈A〉1 − 〈AB〉1 + 2 〈AB〉3 ≤ 3, .
(5)

That is, to find the optimal quantum state and measure-
ments producing correlations according to

pQ(a, b|x) = Tr [(Mx
a ⊗Ma

b)$] . (6)

To that aim we have restricted our attention to pure
two-qubit states of the form |Ψ〉 = cos (θ)| ↑↑〉 +
sin (θ)| ↓↓〉 (because of the convexity of the set of quan-
tum correlations we do not need to consider mixed
states in the optimization). As for the measurement
observables we have considered qubit projective mea-
surements. Thus, the variable A is associated to the
measurement outcome of the measurement performed
on the first qubit of the pair and, following the pre-
scription of the instrumental DAG, the measurement
settings for the second qubit (the measurements out-
comes which correspond to the variable B) can depend
on the measurement outcome of the first measurement.
By numerically optimizing (in Mathematica) the mea-
surement settings for each value of θ we observe that
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FIG. 1. Violation of the instrumental inequality (5) as func-
tion of θ: every pure entangled state violates the inequality
and the maximum is achieved by the maximally entangled
state. The blue curve shows the optimal violation obtained
numerically by considering projective measurements on both
qubits. The black curve shows the (non-optimal) violation fol-
lowing (7). The red line shows the classical limit.

every entangled state (θ 6= nπ/2) violates the inequal-
ity and that the maximal violation is obtained for max-
imally entangled states (θ = π/4) (see Fig. 1).

To prove analytically that every entangled pure state
of two-qubits (considering without loss of generality
0 < θ ≤ π/4) violates the inequality it is enough to set
Ox=1 = −(σX + σZ)/

√
2, Ox=2 = σX and Ox=3 = σZ for

the first qubit (producing the outcome a) and Oa=0 =
(cos (θ)σZ + sin (θ)σX) and Oa=1 = σZ for the second
qubit (producing the outcome b). The corresponding
value for inequality (5) is given by

1
4
(4 + (8 + 3

√
2) cos(θ)− 2

√
2 cos(2θ)−

√
2 cos(3θ)),

(7)
that can be easily seen to be larger than 3 for any 0 <
θ ≤ π/4 (see Fig. 1). We notice that this choice of
parameters does not lead to the optimal violation for
a given θ but it is enough for the purpose of showing
violations.

Instead of considering quantum resources, we can
consider what is the maximum violation of the in-
strumental inequality provided by non-signalling (post-
quantum) resources. To that aim, consider a given non-
signalling (NS) distribution pNS(a, b|x, y) respecting the
NS constraints

pNS(a|x) = ∑
b

pNS(a, b|x, y) = ∑
b

pNS(a, b|x, y′),

pNS(b|y) = ∑
a

pNS(a, b|x, y) = ∑
a

pNS(a, b|x′, y),

for all x, x′, y, y′.
NS correlations can represented by the black-box pro-

cess illustrated in Fig. 2. Just as in the classical and
quantum cases, one of the inputs of this black-box can

FIG. 2. Black-box representation of a physical process:
a) The black box associated to a probability distribution
p(a, b|x, y). b) The wired box used to produce the probability
p(a, b|x).

depend on the output obtained earlier. That is, in this
case we are considering “wirings” of probability distri-
butions [2], as illustrated in Fig. 2. The probability dis-
tribution for the instrumental scenario obtainable from
NS resources via these wirings is thus given by

p(a, b|x) = pNS(a, b|x, f (a)), (8)

where f (a) is an arbitrary deterministic function with
|a| possible inputs and |a| possible outputs that de-
scribes a wiring from Alice’s output to Bob’s input.
In turn, for a fixed f (a) it is a simple linear program
(LP) to find what is the maximum violation of the in-
strumental inequality (5). Since there are finitely many
functions f (a) there is also a finite number of LPs one
has to solve. Doing that, we obtain that the maxi-
mum violation is INS = 5. The latter is obtained for
f (a) = a and with pNS(a, b|x, y) the simple variation of
the Popescu-Rohrlich (PR) box [3] shown in Table I.

pNS(a, b|x, y) =

x\y 0 1

a\b 0 1 0 1

0

0
1
2

1
2

1
2

1
2

1 0 0 0 0

1
0

1
2 0 0

1
2

1 0
1
2

1
2 0

2
0

1
2 0

1
2 0

1 0
1
2 0

1
2

TABLE I. A matrix representation of the non-signalling distri-
bution maximally violating the instrumental inequality. The
rows stand for the x and a values while the columns stand
for y and b. For x = 0 we see that A always outputs a = 0
while B produces a random bit b. Restricting to the inputs
x = 1, 2 and transforming them as x = 1 → x = 0 and
x = 2 → x = 1 we have a symmetry of the PR-box given
by p(a, b|x, y) = 1

2 δa⊕b,(x+1)y.
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Quantifying causal relaxations in the instrumental DAG

Observed a violation of an instrumental inequality it
is natural to consider by how much we have to relax
the underlying causal assumptions of the instrumental
model in order to explain the observed correlations. As
discussed in the main text, the instrumental DAG sub-
sumes two causal assumptions: i) the independence of
the instrumental variable X from the hidden variable
Λ (p(x, λ) = p(x)p(λ)) and ii) the fact that all the cor-
relations between X and B are mediated via A and Λ
(p(b|a, x, λ) = p(b|a, λ)).

The graphical language of DAGs immediately allows
us to represent the causal relaxations in both cases (see
Fig. 3). In the first case, we allow for correlations be-
tween X and Λ to be mediated by a common ancestor Γ.
In turn, in the second DAG we allow for a direct causal
influence (a directed edge) between variables X and B.
The DAG representation, however, do not specify the
strength of the arrows, that is, by how much we have
the relax the corresponding causal assumptions. To that
aim, we first have to introduce a measure of correlations
and/or direct causal influence. Below we introduce the
measures we consider and using the techniques devel-
oped in [4] show how they can be estimated from given
observed correlations via a linear program.

For the first case, the observed probability distribu-
tion has a decomposition given by

p(a, b|x) =∑
λ,γ

p(a|x, λ)p(b|a, λ)p(λ, γ|x) (9)

=
1

p(x) ∑
λ,γ

p(a|x, λ)p(b|a, λ)p(λ|γ)p(x|γ)p(γ).

Without loss of generality, we model such correlations
by introducing an additional hidden variable Γ which
serves as a common ancestor for X, and Λ. This sug-
gests to decompose this common ancestor into γ =
(γx, γλ). We can assume x = γx and λ = γλ (that is,
they are deterministic functions) without loss of gen-
erality. If the observable variables a, b and x are dis-
crete variables then finitely many different instances of
γ suffice to fully characterize the common ancestor’s
influence.

Alternatively, we can represent (9) as

p = Tq, (10)

where p(a, b|x) is represented by a vector p with com-
ponents pj labeled by the indexes j = (a, b, x) and
the distribution of γ is associated with a vector with
components qγ = p(Γ = γ). In turn, T is a ma-
trix with elements Tj,γ = 1

p(x) δx,γx δa,Da(x,γλ)
δb,Db(a,γλ)

=
1

p(x) δa,Da(γx ,γλ)
δb,Db(a,γλ)

.

FIG. 3. Causal relaxations of the instrumental DAG: a) Mea-
surement independence relaxation where the hidden variable
Λ is allowed to be correlated with the instrumental variables
X. b) A relaxation where a direct causal influence from X into
B is allowed.

Since the correlations between X and Λ are medi-
ated by a third variable Γ, it is reasonable to consider
as a measure of correlations the total variation distance
given by

MX:Λ = ∑
x,λ
|p(x, λ)− p(x)p(λ)|. (11)

There are certainly other good measures one can em-
ploy, however, the total variation distance has the good
advantage of providing a non-trivial lower bound, via
the Pinsker inequality [5], to the mutual information
between X and Λ:

I(X : Λ) ≥ 1
2
M2

X:Λ log e, (12)

a quantity that is highly non-linear as a function of the
probabilities and thus can in practice only be estimated
numerically.

In the second case (the one discussed in the main
text), we want to quantify the causal influence of the
arrow X → B, that is, the causal model allows for dis-
tributions p(a, b|x) of the form

p(a, b|x) = ∑
λ

p(a|x, λ)p(b|a, x, λ)p(λ). (13)

Similarly to what we have done in the case of measure-
ment dependence, we can represent this model as

p = Wq, (14)

where again p(a, b|x) is represented by a vector p with
components pj labeled by the indexes j = (a, b, x) and
the distribution of λ is associated with a vector with
components qλ = p(Λ = λ). In turn, W is a matrix
with elements Wj,λ = δa,Da(x,λ)δb,Db(a,x,λ).

Since in this case we do have a direct arrow between
the variables, it is more appropriate to consider a mea-
sure of causal influence rather than a simple measure of
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correlations. As discussed in the main text, in this case
we consider the measure of causal influence defined as

CX→B = sup
x,x′ ,a,b

∑
λ

p(λ)|p(b|a, do(x), λ)− p(b|a, do(x′), λ)|.

(15)
Further, we notice that in this case, since the variables
X and B have no common ancestors, the intervention
(the do operation) is totally equivalent to a simple con-
ditional operation, that is, p(b|do(x)) = p(b|x) and thus

CX→B = sup
x,x′ ,a,b

∑
λ

p(λ)|p(b|a, x, λ)− p(b|a, x′, λ)|. (16)

Given some observed probability distribution or
given the violation of some instrumental inequality
(represented by a given matrix V such that Vp gives the
corresponding inequality), our aim is to estimate the
minimum relaxation necessary to explain it. In other
terms what is the minimum value of MX:Λ or CX→B.
That is, we are interested in the following minimization
problems:

minimize
q∈Rn

MX:Λ (17)

subject to VTq = Vp

〈1n, q〉 = 1 (18)

q ≥ 0n.

or

minimize
q∈Rn

CX→B (19)

subject to VWq = Vp

〈1n, q〉 = 1 (20)

q ≥ 0n.

Following the results in [4], these optimization prob-
lems can be casted a linear programs and thus ana-
lytical and computationally efficient solutions can be
found. Notice that the same approach can be applied
to compute the average causal effect ACEA→B and the
direct causal influence CX→B (eqs. (1) and (12) of the
main text).

A simple example showing how post-selection can
simulate non-local correlations

Here we illustrate how in the usual Bell scenario the
post-selection of data given by y = a can be used to sim-
ulate non-local and signalling correlations through local
hidden variable (LHV) models. However, as discussed
in the main text such post-selection is allowed if instead
of testing quantum mechanics againts LHV models we
test it against non-local hidden variable models, more

specifically a model where the outcome A has a direct
causal influence over Y (thus also allowing for measure-
ment dependence).

Consider the mixture (with equal weights) of two
deterministic local strategies such that p(a, b, x, y) =
1
4 p(a, b|x, y) where for the first strategy we have a = x
and b = 0 and for the second we have a = x ⊕ 1
and b = y. As shown in the Table II below (using a
matrix representation) under the postselection y = a
the first strategy is mapped to a distribution such that
p(x, y) = 1/2 if x⊕ y = 0 (0 otherwise) and the second
is mapped to a distribution such that p(x, y) = 1/2 if
x ⊕ y = 1 (0 otherwise). That is, this post-selection of
data generates measurement dependence between the
hidden variable (choosing which deterministic strategy
to use) and the measurement choices.

Using the two mentioned local deterministic strate-
gies and after the post-selection, we have a distribution
p(a, b, x, y) = 1

4 p(a, b|x, y) = 1
4 δa,yδb,y(x⊕1) that achieves

the maximum violation the CHSH inequality (= 4) and
clearly is signalling.

x\y 0 1

a\b 0 1 0 1

0

0
1
4 0

1
4 0

1 0 0 0 0

1
0 0 0 0 0

1
1
4 0

1
4 0

y=a
−−→

x\y 0 1

a\b 0 1 0 1

0

0
1
2 0 0 0

1 0 0 0 0

1
0 0 0 0 0

1 0 0
1
2 0

,

x\y 0 1

a\b 0 1 0 1

0

0 0 0 0 0

1
1
4 0 0

1
4

1
0

1
4 0 0

1
4

1 0 0 0 0

y=a
−−→

x\y 0 1

a\b 0 1 0 1

0

0 0 0 0 0

1 0 0 0
1
2

1
0

1
2 0 0 0

1 0 0 0 0

TABLE II. The two upper matrices show the matrix rep-
resentation for the probability distribution p(a, b, x, y) =
1
4 p(a, b|x, y) of the local deterministic strategy where a = x
and b = 0 and how it transforms after performing the post-
selection where y = a. The two lower matrices show the same
for the deterministic strategy a = x⊕ 1 and b = y.

Addressing the X → B loophole

Differently from a usual Bell scenario, the instrumen-
tal causal structure is not subjected to the locality loop-
hole since the measurement outcome A has a direct
causal influence over outcome B also implying that in
general X and B will be correlated. As we explain be-
low, the instrumental scenario does introduces a new
kind of loophole, which can in principle be addressed
relying on interventions. Before discussing the loop-
holes in the instrumental scenario, first we draw par-
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allels with the usual loopholes and meaning of device-
independence in a usual Bell scenario.

The term device-independence refers to the fact that
we can infer properties of our system of interest without
relying on any assumptions about the internal mecha-
nism of our measurement devices. However, still one
has to rely on some global assumptions, external to the
inner working of the devices. From a causal networks
perspective (from which Bell’s theorem is a particular
case), device-independence refers to the fact once we
impose the external mechanisms (the causal relations
between the variables), our conclusions are indepen-
dent of whatever are the internal mechanisms gener-
ating the value of a given variable (linear or non-linear
response functions, Gaussian or non-Gaussian distribu-
tions, etc).

For example, in a usual Bell scenario we associate the
violation of a Bell inequality with a device-independent
proof that the underlying quantum state is entangled
(thus independent of the fact that we have measured a
given observable, the dimension of the quantum state,
etc). However, to achieve this conclusion we have to
impose the locality and measurement independence as-
sumptions. The question is then how can we be sure to
fulfill such assumptions in an experiment?

To close the locality loophole we can rely on physical
arguments since by invoking special relativity we can
assure the locality assumption by measuring particles
that are space-like separated. However, the presence
of a possible measurement dependence (correlating the
choice of observables and the source preparing the sys-
tem to be measured) cannot be ruled out on a physi-
cal ground, thus introducing a loophole that cannot be
closed. Clearly, however, measurement independence
is an assumption external to the measurement devices.
From the perspective of applications (such as cryptog-
raphy) device-indepedence means that we can trust our
results even without knowing our measurement appa-
ratus that can then be treated as a black box. However,
we do have to trust that the causal assumptions are be-
ing fulfilled otherwise an eavesdropper can easily sim-
ulate apparently quantum non-local correlations with
classical resources (for example correlating the source
and the measurement choices as has been done above).

The same is true for the instrumental scenario. As
opposed to the locality loophole in Bell’s theorem, the
direct causal influence between the variables X and B
(not mediated by variable A) cannot be ruled out by
physical grounds such as special relatively. However,
just as in the Bell case, once an instrumental inequality
is violated we do not rely on any assumption about the
measurement apparatus but only on external/causal as-
sumptions. For example, in a clinical trial, the variable

X would stand for the treatment assigned to a patient
(a drug or placebo), A would represent the compliance
of the patient (taking or not the treatment) and B would
be treatment response. As discussed in the main text,
in such a randomized experiment, it is natural to as-
sume that X has not direct influence over B, however,
if the patients discover that they are actually receiv-
ing placebo treatment, this might not be true anymore.
That is, this loophole cannot be conclusively closed (un-
less interventions are made, see below), the best one
can do is to design the best possible experiment (e.g,
patients are unaware of the received treatment). Some-
thing similar happens with the measurement indepen-
dence assumption in a Bell test. The best one can do is
to improve our experimental trust in the measurement
independence, for instance, using cosmic photons [6] or
human randomness [7].

Finally, as a potential way of ruling out such loop-
hole one can make use of interventions. Notice that in
the instrumental scenario the variables X and B are in
general correlated but all these correlations are medi-
ated by the variable A. This means that by intervening
on A (thus breaking the incoming causal link from X)
the variable X and B should become independent, that
is, p(b|x, do(a)) = p(b|do(a)). However, if under inter-
ventions on A we still observe correlations between X
and B, this could only be due some direct influence of
X into B thus allowing us to detect such causal link. Of
course that interventions are device-dependent opera-
tions but at least they provide an experimental way to
addressing such loopholes.

To illustrate we give a very simple example. Sup-
pose we have a probability distribution achieving the
maximum algebraic value of (5) given by Imax = 7. In
this case, clearly we need a the direct causal influence
X → B. One way of achieving this value is via a de-
terministic strategy such that a = 0 ∀x and b = 1
if x = 1 and b = 0 if x = 2, 3 (thus A has in fact
no causal influence over B). One can easily check that
p(b|x, do(a)) 6= p(b|do(a)) allowing one to conclude
that some direct causal influence between X and B is
present.

The effect of detection inefficiencies

As it happens with Bell tests, the experimental im-
plementation of the violation of the instrumental in-
equality is also subjected to experimental imperfections.
Here we analyze in details the effects of detections in-
efficiencies, that is, the fact that some of the generated
photons might not lead to a detection click.

In our setup two entangled photons are generated
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and then measured in a projective basis, that is, defined
the measurement direction we have two possible out-
comes: 0 (corresponding to the eigenvalue +1) and 1
(corresponding to the outcome −1). In this situation,
the non-detection of a photon, labelled by ∅, can be
handled by two different approaches.

First, one can treat the no-click event as third possi-
ble outcome of the performed measurement. However,
notice that the instrumental inequality (5) refers to a
scenario where only two outcomes are allowed. Thus,
to treat the no-click as third event we have derive new
instrumental inequalities taking that into account.

The second possibility, the one we follow here, is to
remain in a description with two outcomes only and
thus treat the no-click by a binning approach, that is,
whenever a non-click happens we simply label ∅ as ei-
ther 0 or 1. In this case we can simply use inequality
(5).

Quite generally a measurement with two outcomes
can be represented by the POVM operators [8]

M↑ = η↑| ↑〉〈↑ |+ (1− η↓)| ↓〉〈↓ |, (21)

M↓ = η↓| ↓〉〈↓ |+ (1− η↑)| ↑〉〈↑ |,

where η↑ = η↓ = 1 represent the case of perfect pro-
jective measurements and where | ↑, ↓〉 represent some
arbitrary basis for qubits.

To model the binning of the no-click event we can
make η↑ = 1 and η↓ = η (where η is the detection ef-
ficiency of the photon detector). This corresponds to
the case where whenever we obtain ∅ we simply rela-
bel it as the outcome 0 (corresponding to projection in
↑). In other terms the event ∅ is binned with the event
0. Using this modeling and optimizing over the entan-
gled states and measurement basis we have obtained
the minimum detection efficiencies required to obtain a
detection-loophole-free violation of inequality (5). The
results are shown in Fig. 4.

We observe that there is an asymmetry between the
detection efficiencies of the ηa and ηb corresponding to
the measurements outcomes A and B, respectively. Set-
ting ηa = 1 we obtain the critical value ηcrit

b ≈ 0.667,
below which no violation of the instrumental inequal-
ity is possible anymore. In turn, for ηb = 1 we observe
ηcrit

a ≈ 0.828. That is, the violation is more robust ac-
cording to the detection inefficiencies of the measure-
ment corresponding to the B variable. Instead, if we set
ηa = ηb = η we obtain ηcrit ≈ 0.905.

Further, we observe that for detection inefficiencies in
a, the optimal states are always maximally entangled.
In turn, for detection inefficiencies in b, the best viola-
tions are obtained by states with reduced entanglement
that in fact tend to separable states as ηb → ηcrit

b . This
is a similar effect to that in usual Bell tests [9], such that

0.85 0.90 0.95 1.00
0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

ηa

η
b

FIG. 4. Critical values above which one can violate the in-
strumental inequality (5): At (ηa, ηb) = (0.8285, 1) the opti-
mal states are maximally entangled state while at (ηa, ηb) =
(1, 0.667) we need an almost separable state.

the best critical detection efficiencies are obtained for
states close to separability.

The effects of other sources of experimental errors

As shown in the main text, the expected quantum vi-
olation of the instrumental inequality is IQ = 1 + 2

√
2,

achieved by a maximally entangled state of two qubits.
In our experimental photonic setup, in order to prepare
one of those states it is necessary to use a Spontaneous
Parametric Down Conversion (SPDC)-type II source. It
has been shown [10][11] that these sources suffer from
two different kinds of noise: white noise and colored
noise. Thus, the experimental state given by the mix-
ture of these two noises can be modeled as:

$noise =v|φ+〉〈φ+|+ (22)

+(1− v)
[

λ
|φ+〉〈φ+|+ |φ−〉〈φ−|

2
+ (1− λ)

I

4

]
.

White noise is responsible for the appearance of the
maximally mixed state and coloured noise for the ap-
pearance of |φ−〉〈φ−|.

Considering this state and optimizing over the mea-
surement settings for each value of v and λ we obtain
the results shown in Fig. 5. The point marked in this
figure represents the experimental violation expected
from the characterization of our EPR source that corre-
sponds to v ≈ 0.94 and λ ≈ 0.33 yielding IQ = 3.643.
Since half wave-plates and fibers don’t introduce signif-
icant noise we can consider this point as the theoretical
expected violation for the experiment based on post-
selection of data. Therefore, it’s clear that our experi-
mental result of IQ = 3.621± 0.023 is in almost perfect
agreement with the theoretical one.

In order to confirm also the Pockels Cell experimental
results, we need to model the non-perfect efficiency of
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FIG. 5. EPR source noise effect on inequality parameter: In
this graph is represented, by a scale of colors as showed in
the label, the maximum values of IQ for any v and λ accord-
ing to the state in (22). The black cross denotes the estimated
working point of our EPR source while the dashed line sepa-
rates the region of violations (to the right) from the region of
no-violation of the instrumental inequality (to the left).

FIG. 6. No-click and EPR source noise effect on inequality
parameter: Maximum violations reached in a no-click sce-
nario by maximizing over the state and measurement settings
considering the presence of colored and white noise at the
working point of our EPR source. The magnitude of violation
is represented by a scale of colors separated by contours. The
dashed line separates the region where a violation occurs (on
the right) from the region where IQ is lower than the classical
bound (on the left).

the crystal implementing σz. We thus have to take into
account the possibility in which the Pockels Cell acts
as identity instead of σz. This can be modeled by a

Pockels Cell visibility vpc that can be interpreted as the
probability of not applying the σz transformation. Thus,
the case when a = 0 (the case when the σz should be
applied) can be computed as

pQ(0, b|x) = Tr
[(

Mx
0 ⊗M1

b

)
$

pc
noise

]
, (23)

where

$
pc
noise = (1− vpc)$noise + vpcIA ⊗ σB

z $noiseI
A ⊗ σB

z . (24)

All other probabilities should be computed just as in
equation (6) but considering a state given by $noise.
We have evaluated experimentally the crystal visibil-
ity which was found to be vpc = 0.87. Together with
the other sources of errors we find the expected viola-
tion to be IQ = 3.342 which is in very good agreement
with our experimental result of IQ = 3.358 ± 0.020.
We want to highlight that the previous result can be
achieved also considering a POVM (Positive operator
valued measure) instead of modifying the probability
as done in (23). To show it, we can define such POVM
by the following operators:

E0
0 = vpc|0̃〉〈0̃|+ (1− vpc)|/0〉〈/0| (25)

E0
1 = vpc|1̃〉〈1̃|+ (1− vpc)|/1〉〈/1| (26)

where |/0〉, |/1〉 are the eigenvectors of σz−σx√
2

while

|0̃〉, |1̃〉 represent the eigenspace of σz+σx√
2

. Replacing the

projective measurements M0
b with eq. (25) and (26), we

obtain again IQ = 3.342.
Now, we consider how the no-click events joined with

EPR source noise (considered in the post-selection ex-
periment) would affect the maximal violation achiev-
able. To take into account no-click events and the pos-
sibility that the maximum value of IQ is not always
reached by maximally entangled state for all values of
ηa and ηb, we modified the state in eq. (22) as following:

|φθ〉 ≡ cos θ| ↑↑〉+ sin θ| ↓↓〉 (27)

|φ⊥θ 〉 ≡ sin θ| ↑↑〉 − cos θ| ↓↓〉 (28)

$noise =v|φθ〉〈φθ |+ (29)

+(1− v)[λ
|φθ〉〈φθ |+ |φ⊥θ 〉〈φ⊥θ |

2
+ (1− λ)

I

4
]

Fixing the values of λ and v (0.33 and 0.94 respec-
tively), maximizing the violation over measurement set-
tings and θ in the POVM scenario depicted in eq. (21)
with ηa,b

↑ = 1 and ηa,b
↓ = ηa,b, contours in Fig. 6 were

obtained.
Since the parameters λ and v, reported above, were

estimeted exploiting the accidental counts correction
method, all the previous analyzes are valid only in
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the case we compare our theoretical expectation values
with the experimental ones where such correction was
taken into account. Therefore, in order to perform a
similar analysis to predict the violation values without
correction, we have to just modify the state $noise adding
a further term of white noise:

$noacc
noise =γ

[
v|φ+〉〈φ+|+ (30)

+(1− v)
(

λ
|φ+〉〈φ+|+ |φ−〉〈φ−|

2
+ (1− λ)

I

4

)]
+

+(1− γ)
I

4
.

where γ is a parameter which can be experimentally
calculated as follows:

γ = 1− ∑a,b Acca,b

∑a,b Coinca,b
(31)

in Eq. (31) Acca,b and Coinca,b are, respectively, the ac-
cindental counts and the total coincidence counts ob-
served by detectors associated to the a, b outcomes.
From our data we have obtained γ ≈ 0.971 which leads
to the following theoretical expectation values:

IQ = 3.537, for the post-selection experiment.

IQ = 3.245, for the active feed-forward experiment.

Those results are again in agreement with the experi-
mental values reported in the main text.
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