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Supplementary Figure 1.
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Degeneracy corrected and normalized vertex populations for o = 660
nm a, & = 720 nm b, and @ = 800 nm c. Vertical dashed lines indicate the intersection between T}
and 771 vertices drawing straight lines between the data points. The horizontal colored stripes refer
to the populations for D=0 and serve as a guide to the eye along with the dotted lines, highlighting
the vertex population changes while varying D. All three groups with different lattice parameters
undergo a transition from a majority of 11 vertices to a majority of 7111 vertices with an increase
in disc diameter. The increase in lattice parameter decreases the coupling strength between the
interacting elements evident from the increase of charges for the a = 720 nm and the a = 800 nm

lattices. All error bars represent one standard deviation.
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a=660 nm

a=800 nm

OT, Ty OTu Ty

4
% %, ¢ 06
BPNF TS
b AP T i 25
PA 89S
o ¢
% 4%

» %
3 J %
AT LR IR IN 4

o yo 10600,

D=120

o'y 900
‘T RE L
QN8 Hdh,
Foot

D=130

Py
LX)
S, s

e
e e
2 08
0% Sos

"

S e 0P
P00, 990 By 28 1 99, 5500 BN
S AKARIN DG T
ST NG LY & TN
D0 N g e 9 WP I &

< 5 0% o 00
L N R SR S

3
PN

L O L
RN
20,9 ¢

0., S92 o % s
IS0 B e % 7%
ARG G ALY
0 T RN, Had S

)

B0, 00, o 9 99N
X T X L K $ ¢

SN0 % S 0l T ol
ST VY R

e L4 (EX,

o 9900, T Soa TN
o4, %, o 308 % ' 09 %7 ¢
QUL 00 000, 0% W 00
e 22t Y e d ST e N 4%

D=150

% >
WP O ¢
% ¢
ol ¥

D=180

Supplementary Figure 2.

D=180 D=150 D=130

D=200

% OO
o, $900% 2%
P W hee 9
& WG W,
e 73

%
B OIDACEADIN
ROFRL AR
TRUse T Py
7 0%,
b $15eve
‘odhy, 909035 ¢
Cae %064
LI 4

0 98% 4. @I 304
T by ol oo
S50, IO el Dot 90!

>

o

&4
XL TN AR
TN 2 LT T RN
e SRS IR 38D
W S ‘.‘ '00

% 0¥
& XXX

V09 SV
0007, W0, oo,

VRN
WO D XX o
RO S RN

I %00 g0 5 Mo
o 4, S90S LN Sy
.0 ‘0 e 4 “‘ 0‘00 .0'

Q
QAWK AT 40 e
ES IR SR ENS S
0% 8 L W DA R
P00, W A TEUE L9 od TOW S 9o
S A0 o8 L) L ol o B

& 300, oeessis, 4T 0 o) 0 od
.’0. X4 L 4 4008 K>

e

X L %

S, 0 & LN RGN 2 XL
;.: :0.::"00.00 WGl %0000 000000y

P
o5t

X 84
89, Lo s
90 e h R Ul Ly
RN IRRID LB RXY
otoe COTIE ST T 0
”‘ ' .‘ Y ‘00’0"0’ ."‘ 00". “000’ &L
LT SR S $7° Ehe o 60, G
FEL 00 0 F
208 NN, &
RV 8t R T
ARSI
NW000 s 240Ny
e e ¢
QWY 8 S
UL TR TN ARSI B YN
TEIRIR DR SBIR R (202 L PRI
& S W% Sod
EF LRI GLITTIRE FLE 4L
SO ¢ 2700 L RN 08
I PRI IRV IN
R N R S aad
denstoca ) Sl L et 2

KX XX LT PR {3
& 0,'.0000 VP00, Iy
Y

&

B9, BT LR WR SN VDL 9SS

e w w S SV Ko ¥ Voo

PR AL LES WL B 5
* 4 Cip LSV FVC S

03 5,000 ¢ 00 * I T &, T e
L LN LA QIO P 7 *

NI L A R YRETTH494

000, 90 9.5 S TUNEE F08 Mating o0 &
LN %0 78 8t UL 4%

D ot W S 7 ¢ o e a4 Y0
Welels 24 %4 QO R TS RS Wy

Poo e, 00 903000 UM 09 RO, 4

"‘000‘ v 'QQ LAY L4 2934 “0‘

% o '
e ¥ EROE ST S

Wl WPt NS
PO " Do 8000 0y ¢ 2

¢
600, 4F 4,
% & o K LSl ool *
9,8 S o2
¥4 “0’ Y o2 B4

%

RS "“n“:o RIS BN
TN PN 0 0 et
RGN F e

P2 7S 0
PTLYIRRE RO S %
VAR IR

AR
o0, 00, 3
W i
050y
¢ 90590 4%
Yow?l,

KA

o
oo

ey SL, Yo 4 & .
80, e Thete e &
AT ARNS 267
A 00, 000 W8T S >
S L 000,05 F%, 0984, %
RN YA o3
SN ey AR
A ¥ K X T POY CEXX (& 4
B0 9T & A S W
S PR AR
% % o & N 4
0 S0 % 4l . 0 ¢
O o N Uras &5, SN
A "0 “‘ * Q’ ", ¥ .“ * '. “‘.'Q‘ 24 +*4
b * ‘0"’00: P4 KX 0‘.' &y “ o

b ‘00 X L o, R IX (X 0".‘
% ot 408 200 N %%
QY LT I

Q% Lt o,

305 R 4
IR
B P L AATENEN (¥ 44

QIS % 292 W

S8 GP Bas L 28 L OIS
039 20, QU 248 LT L v0e
008 90 ¥ L% A g e

QL X NN LY 0308
b DI8T RN ONTTL dos WS
on 2% 2Pk, & 4 SENTS % O

:“n‘: :00:0’3:’
R VN

S Hh®
5 6 ¥

® ¢ 2 S
% % & $ G Y
* 9 6000900
."‘00‘0‘ 44

BT @ Q’QO“‘&". "“ ‘00’¢
X 6 o o %

% S % S8 AT, S0
K L N GONE 0 T 0 X4
Sy eve o FETG G000,

LA W 9 % o% ¢%00 4,
LR RED L BE00 LB RN
’0'0‘:. ‘0“ O LGN W o

Lt
"t WS RS0 Lo, 0 N

o :0:“ :::' :""‘:“::'f:' ¢ “o“‘;‘o’:‘:““‘o
.‘:.". ¢ Vet “‘ .'Q'Q “0

[ YO8 4
g £ %N, 99 ¢

A
Soevdl

RS ARSI LT ANTS 4

F R B DR TR LIS BNy

RS KA WY Po S8 &

¥ o 4 *
10 0tdly 9 SN, 47 %0 0,000 44
3080 P W N U S 4N
s es,
YIRS
TR WSS
RO
sP0e W e
oo Los

I EINBINS

SRR S e
LA R A A

20, & 80 ¢ St uing,
o o

M
AR A
LT e
4 LAREUR AN 0
IR 08 & A NG W LS
Bo %8 6 LW, o Jels, W0t &GS

* X2
XX XX LD o 000
L LR S 9 K Sl 0. ¢ %
o & )94 “": RSB O B R

PRI SRE R W I
00! Wo L UNT  H ATCRNT 9 8 N
QRLTN QPR N S RN R 4
RS WE T R0 e 3T Wohes e
Pt st U 4% 60 W R Ge0 o 8
o0, S W 0 % (XS
PN B E 0 GE0000 050 0004 908
SRR

0%, % Soadl o8l %

L X
RYCHFLEREG DR E IR IR
IS T AT 0 h 00 o o0y

®
KA $ X2
XXEX? & 08 4
::0‘ 0 e % ane i’ % 0’ XE
£

XA XX &

Y0ttt 0o %%,

% 0599,
o099, &

W% %o,

O K - %
SILE LR 2N 0
o, Wb Ao a9 Dase, Wo.
W09 Co 4, L ¢
S TN ol
SO SR NS o0
PN Ao o0 e ST AN I
2989, o o TR
XL OB, 440 T IRARNS TIRR L
2000 0% o 030, % “Hesd Y
08 0% 28T &
PRTP D RN LN
D o? 9, 300, SR L WD 26 MR v e
epe, o N0 09 €00, 30 0 ls 4
0 S 9 g X8 %

X
o
Yo%

KX FE€ A XX KX
WAL 8 ST, o g WD o
O T e ¥ 0% T
0. 30 %5 it RN 90, VT a9t 0 08y
e e TUTE X0 TN i ve s NN

SR LI RT LI I X

XXX O L NS T >
g HP LT 0000 o oo S 9 &
0 9 W0y s e o

4 00 S0 ¢ »>

RS0 A0 %, 100 W Page
0 '8 (o 20t QMR S0t 0 0 St
ot Secdel 20 Sildeten £ %ol

SRNALED & 92 0900000
PPN o b, $ 820 @ LTTU % %
S8t Mead ety o

64 ‘0‘000‘0‘00 * ‘0’00 ‘0‘ . ¢ ‘00“0““‘
*8 X X LN ¥V Y
25884
LM
ST AP RIVIVE LSO Y T RIK
Sy €. 00N

%
TS 4
SINE SN e e &
L4 . SOG4 90000 U
SRR T AR A A
*4

S8 s Xt o
26 €00 o4 0 ¢
V3 TN LRI LS
SRR PN o S AN ITTAY
D020, 3%, %ls A0 B804 Ngse 0@
L RN CE LT A LR LR RIS
&5 Qec M Tovedd il

56662 L0

OAPAOOAAIO0
OB 00 o
IS 0 00,
P
P XK LT XL
KON 4908
00" 0" ’0
o0 &
TORN Q4T
20 O, WIWE N o0 &
PR T TN R oy
e LS00 Lo %0
04, 7% SN 0 % T
o TR LAR
CEZIREY % " %o
0% & QW O o
IR 0 W, B s
o THS 10 LW @0,
FRITIW 49 s X BN
S0 TOL AN 1, 9% (0000 s
RERT LA L AR LKL

P00 4318 X
35% 0906800 % ¢ 20 0 % & 00
A LS B RS
X o, PR
Qoo Lo, WY ¢
% % %85 W
% “tdl WP 00’

Vertex maps for all measured arrays. The lattice parameter, « is

defined for each vertical line, the diameter, D, is defined for every lattice horizontally.



Average domain size

Supplementary Figure 3.
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Supplementary Figure 4. Magnetic spin structure factor for all measured arrays. The white line
in @ = 660 nm D=150 nm illustrates the cut in reciprocal space where from the pinch point data

in Supplementary Fig. 5 a is taken.
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Supplementary Figure 5. a, Intensity profile of the @ = 660 nm, D=150 nm array going from
[3/4, 5/4] to [5/4, 3/4] r.l.u passing through the pinch point at [1,1] r.l.u in reciprocal space, see
Supplementary Fig. b, Evolution of peak intensity values at the pinch points while increasing

the disc diameter. Peak values are averaged over all four positions [£1, £1] r.l.u.
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Supplementary Figure 6. a, Computed magnetic spin structure factor averaged over 1000 de-
correlated spin configurations satisfying the ice rule. In order to calculate a theoretical spin map for
a fully compensated lattice we start with a spin configuration containing N=800 spins polarized
diagonally with respect to the major axis of the square lattice and employ the standard loop
algorithm™™ using periodic boundary conditions. To fully de-correlate the spin configurations 30N
loops are flipped. For each loop the first spin is chosen at random in the lattice, the next spin is
chosen from one of the six neighbors at random with the condition that the spins in the loop must
align ferromagnetically after the spin reversal. As soon as a closed loop is found all spins contained
within the loop reverses and a new loop is started. The loops can either be closed, contained within
the lattice, or open, wrapped around the lattice. In this way all vertices will obey the ice rule and
only the ice rule manifold will be explored. b, Intensity profile over [3/4, 5/4] to [5/4, 3/4] r.l.u.

passing through the pinch point at [1,1] r.l.u., as indicated by the white line in (a).
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Supplementary Figure 7. Computed magnetic spin structure factor for the time-temperature
series. a, corresponds to 170 K t=tg, b, 180K t=1047 s, ¢, 180 K t=1531 s, d, 190 K t=2371 s, e,
190 K t=2864 s, f, 200 K t=3753 s, g, 200 K t=4242 s.
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Supplementary Figure 8. Population of islands with a distinct magnetization direction, Py, for
each time-temperature step. An island spending equal, or near equal, amount of time in each of

it’s two possible directions during the measurement will not show any magnetic contrast.



v
Rt A A

"’\(\I\i
Fng 2% N

# - :
f e
kN ,
% .\.’ # i S8 A
‘I\‘?\I\I Faen N@
NeR AENS

nt\;\l\e\ o
A

»F
*

E e

W #\f\'st

e LG S

P 4 W
N N

A 9 *

¢ ¥ »

KA @ EN R SN Wyt w AN 2

AT R
NI
NN

NS ;
%

“ *
PP ¥
b ¥
Fa
i\i\f\l\l Iﬁ

~ ¢

WENF . WP

Supplementary Figure 9.

4 ‘2% v y 4 b o = - # gil

PN

N

&

F 4
5 LT A T
N & INTS

‘y TN

# i, ¥a
Ny @ n NPR AN
w\a & @

LW RN 5
i 2 & PNT
ﬂl\?\’\r

L4

ENINE ¥
!\t\!\l\
R o P
’,u""\f
fx&%f\ﬂ

¥
4
< 2

\i\!
“Nand INE. PN
F

&
£% 4

Kl\#\}\?\f
& P
AEN ST FN
N Ko #
sIND F PN
e 87 4% :

#F & FNINy
wANF & 2 J\
¥y &

@
AN
s E NS

s
NENS L
% s @
YN N
Lo A

*
% A
AP

*

LY &
.\,*,éy\

E A T
xf\;
5 AL TS
L S

£ A L é
v\:\i
BT b

i F N

PEEM-XMCD image of the a = 660 nm D=150 nm lattice obtained

at 120 K. The islands orientation is rotated 45 degrees with respect to the image shown in Fig. 2

in the article. The image is merged from 12 individual PEEM-XMCD images. The quality of the

image is representative for all lattices measured.
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Supplementary Figure 10. Magnetic flux map of the a = 660 nm D=180 nm lattice with residual
flux from 771, blue, and 111, yellow, vertices. The map is rotated 45 degrees in comparison to the
schematic maps in Fig. 4 in the article. Different 771 flux ordering are marked out. Ferromagnetic
order, yellow box, herringbone structure, green box, 77 tiling, blue box and larger scale vortex, red

box.
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Supplementary Figure 11. a, Evolution of the degeneracy corrected, normalized, population dur-
ing the time-temperature sequence. The populations remains almost constant for the measurement
interval. b, Evolution of domain sizes for the different vertex types during the time-temperature
sequence. The slight decrease in domain sizes is attributed to the decreasing value of islands with
a distinct direction of magnetization, see Supplementary Figure [§] ¢, Cumulative vertex activity,
where the activity for each vertex type is defined as the relative observed change in the vertex

count between consecutive time steps. All error bars represent one standard deviation.
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Supplementary Figure 12. Energy comparison between the different all-T7; states, as defined in
the paper (see Fig. 4), calculated using MuMAXx3. The absolute energy of each state depend on

the size and shape of the domains, therefore it is the relative energies which are of importance in

a comparison.
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Supplementary Figure 13. Energy comparison between 71 and Ty; vertices for =660 nm with
increasing disc diameter calculated using MuMax3. The crossover in energy happens at smaller
disc diameters than what is suggested by the population inversion see Supplementary Figure [I} It

is not feasible for a micro-magnetic simulation to capture all the physics contained in a thermal

system and it is therefore not surprising that the 0 K simulations do not quantitatively match the

experiment to full extent.
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normalized to the maximum energy of the 771 vertex. The energy minima for the disc in 77 vertices
is four fold (the same is true for T1y) vertices). For Tir and Ty vertices (not shown) there is one
energy minima along the combined flux of the islands. Compare to Fig. 1 in the paper. ¢=0 rad
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Supplementary Figure 15. Computed magnetic spin structure factors for the different all-T1
states, see Fig. 4 in the paper. a, Ti-tiling, b, vortex-antivortex, c, herringbone structure, and d is
the polarized state. The points at [¢,, ¢,|=[n=£0.25,0] or ¢, ¢,]=[0,n£0.25], where n is an integer,
are specific to the vortex-antivortex state, b. Peaks at integer values are shared between ¢ and d.

Points at half integer values are shared between a and c.
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Supplementary Figure 16. In order to estimate the amount of flux ground state, i.e. the Ti-tiling,

we consider 12 islands (four flux) as a unit and simply count how many of these units there are in

the = 660 nm D=180 nm array, see Supplementary Figure which satisfy the condition shown

in a. The flux closure circles, dashed box in a, are included in the Ti-tiling tiling count since they

are a part of the overall structure of an extended Ti-tiling. In absolute counts for the different

states there are: 27 Type Ti-tiling, 38 polarized herringbone, and 17 polarized collinear states. b,

The normalized and degeneracy corrected state population is shown in ¢, where the Ti-tiling is the

most abundant.
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