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I. Porter-Thomas distribution

For completeness, we give here a direct derivation of the
form of the distribution of the probability p = | 〈x0|ψ〉 |2
of outcome |x0〉 from a state |ψ〉 chosen uniformly at ran-
dom in Hilbert space, over a complete basis {|x〉} (see also
Ref. [1]). We will show that this distribution is Pr(p) =
(N − 1)(1 − p)N−2 where N = 2n is the size of Hilbert
space (a Beta distribution). For large N � 1, this distribu-
tion is approximated well by Pr(p) = Ne−Np, an exponential
distribution, which in this context we call the Porter-Thomas
distribution [2–4].

We write a generic state in the basis {|x〉} as |ψ〉 =∑
x(ax + ibx) |x〉. Assuming that |ψ〉 is chosen uniformly at

random in Hilbert space the only constraint is normalization
and we can write for Pr(p)
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The denominator is calculated in a similar way
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Therefore

Pr(p) = (N − 1)(1− p)N−2 = N(e−Np +O(1)) , (3)

where O(1) denotes a correction independent of N . It can be
seen that the correlation between the probability of different
outputs |xj〉 and |xk〉 for fixed |ψ〉 is exponentially small in
n [5, 6].

Equation (3) allows us to calculate other quantities of in-
terest. We are particularly interested in the cross entropy
obtained through measurements of an output state ρK =

α |ψd〉 〈ψd| + (1 − α) 11
N with fidelity α (see main text). The

cross entropy is estimated sampling m bit-strings {xexpj }, cal-
culating the ideal probabilities − log pU (xexpj ), and averaging
the corresponding random variable

− 1

m
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j
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ing the expression 1
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where γ is Euler’s constant. Similarly we can calculate the
variance of the random variable -log pU (x) sampled from the
output state ρK, which is

κ2 =
∑
x

(
αpU (x) +

1− α
N

)
log2 pU (x)

− (logN − α+ γ)2

= π2/6− α2 . (7)

Note that the variance κ2 is independent of n.

II. Cross entropy benchmarking

We write the output of an experimental quantum circuit im-
plementation with fidelity αf as

ρ = αfU |ψ0〉〈ψ0|U† + (1− αf )σU . (8)

The state U |ψ0〉 corresponds to the ideal output of circuit
U , without any errors, while σU represents the output of the
implementation of U after any experimental errors. The ex-
perimental output probability for a bit-string x is pexp(x) =
〈x| ρ |x〉 = αf pU (x) + (1 − αf ) 〈x|σU |x〉. From the ar-
guments presented in the main text, and as seen in Fig 1a,
almost any error in a universal random circuit of sufficient
depth results in an output probability which is uncorrelated
with the ideal probability distribution. Therefore we assume
that pσ(x) = 〈x|σU |x〉 is uncorrelated with pU (x).

The cross-entropy between a probability distribution pA
and the ideal output probability pU is defined as H(pA, pU ) =
−∑x pA(x) log pU (x). We average the cross entropy
H(pσ, pU ) over an ensemble {U} of random circuits

EU [H(pσ, pU )] = EU

 N∑
j=1

pσ(xj) log
1

pU (xj)

 . (9)

From the discussion above, we assume that averaging over the
ensemble {U} can be done independently, and we have
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 , (12)

where we assume EU [pσ(xj)] = 1/N . We call this quantity,
the average cross-entropy with the uniform distribution over
bit-strings, Hunc.

We now look at the cross entropy difference. We have

Hunc − EU [H(pexp, pU )] (13)

= Hunc + EU
[∑
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(
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+ (1− αf ) 〈xj |σU |xj〉
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= Hunc − αfEU [H(pU )]− (1− αf )Hunc (15)
= αf (Hunc − EU [H(pU )]) . (16)

Therefore

αf =
Hunc − EU [H(pexp, pU )]

Hunc − EU [H(pU )]
(17)

The cross-entropy H(pexp, pU ) can be estimated as explained
in the main text using m bit-string measurements

H(pexp, pU ) = − 1

m

m∑
j=1

log pU (xexpj ) +O(1/
√
m) . (18)

The other quantities can be estimated numerically (see
also [7]).

Using the Porter-Thomas distribution, this method is sim-
plified. For fixed xj , the distribution of values {pU (xj)}
when unitaries are sampled from the Haar measure also has
the Porter-Thomas form. Therefore, if we use random circuits
of sufficient depth, we have (see previous section)

−EU [log pU (xj)] ≈ logN + γ . (19)

This implies that

EU [H(pσ, pU )] ≈ logN + γ , (20)

without assuming EU [pσ(xj)] = 1/N . We also have
EU [H(pU )] = logN − 1 + γ. Therefore, Eq. (17) simpli-
fies to

αf = logN + γ − EU [H(pexp, pU )] . (21)
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III. Computational hardness of the classical sampling problem

The distribution pU (x) ∝ 1/2n is highly delocalized in the
computational basis and in any basis obtained from local ro-
tations of the computational basis. Therefore, it is impossible
to estimate pU (x) for any x, even using a quantum computer,
as doing so would require an exponential number of measure-
ments. Nevertheless, the distribution pU (x) can be sampled
efficiently by performing measurements on the state produced
by the shallow random circuit U on a quantum computer. In
contrast, as we argued above from numerical simulations and
the chaotic nature of the evolution, a classical algorithm can
only sample from the distribution pU (x) if it can compute this
function explicitly. This requires resources which grow expo-
nentially in n, making the problem intractable even for modest
sized random quantum circuits.

This intuitive argument can be made more rigorous in the
asymptotic limit using computational complexity theory. Pre-
vious studies have introduced related sampling problems that
a quantum computer can solve without having the ability to
estimate pU (x) [8–17]. In this section we will extend the
method used to show the computational hardness of sampling
commuting random circuits (IQP) [11, 16] to the general case
of universal random circuits.

We will first describe the computational complexity of the
problem of estimating a probability ppcl(x) for any given
polynomial classical sampling algorithm. This is based on
the fact that a random classical algorithm uses random bits,
which is very different from the intrinsic randomness of quan-
tum mechanics. We will then argue that approximating pU (x)
belongs to a much harder complexity class, which implies that
there does not exist an efficient classical sampling algorithm.

A. General overview of the computational complexity
argument

A classical sampling algorithm corresponds to the evalua-
tion of a function

f(w, y) = x . (22)

Here the bit-string w = {w1, . . . , wk} encodes the problem
instance, y is a vector of random bits y = {y1, . . . , y`} cho-
sen uniformly and x is the output bit-string. For fixed w and
x, the number Wx of solution vectors y of Eq. (22) defines
the probability q(x) = Wx/2

` of getting a sample x. Assume
that evaluating the function f can be done in a time which
scales polynomially in the number of input bits k + `, with `
polynomial in k. Then, the problem of determining if there
is a solution vector y to Eq. (22) with fixed w and x belongs
to the complexity class NP. The reason is that the polynomial
time evaluation of f for given w and x can be translated into
a polynomial size SAT formula with variables y by standard
reductions, as in Cook’s theorem [18]. A complexity theory
abstraction that solves this general problem is called an NP-
oracle. An important result in computer science, the so-called
Stockmeyer Counting Theorem [19], states that probabilisti-
cally approximating the number of solutions Wx, and there-

fore q(x), to within a multiplicative factor ε, can also be per-
formed with an NP oracle in polynomial time in the input size
and 1/ε, see Sec. III C and Ref. [20].

A classical sampling algorithm simulating a quantum ran-
dom circuit U must output bit-strings x with probability q(x)
approximating pU (x). The input vector w to the correspond-
ing function f(w, y) is a description of the circuit U , which
is polynomial in the number of qubits n. It has been shown
that, in the case of commuting quantum circuits, the function
pU (x) = | 〈x|ψ〉 |2 encodes the partition function of a random
complex Ising model [11, 16]

〈x|ψ〉 = λ
∑
s

eiθHx(s) , Hx(s) = hx ·s+ s·Ĵ ·s , (23)

where Hx(s) is a classical energy, s is a vector of classical
spins ±1, hx is a vector of local fields, Ĵ is the coupling ma-
trix, iθ is the inverse imaginary temperature and λ is a scal-
ing constant. The partition function can also be written as∑
jMje

iθEj where Mj is the number of solutions s to the
equation Hx(s) = Ej . In general, the Mj’s grow exponen-
tially in the number of classical spins.

The partition function at low real-valued temperatures T
(with θ = i/T ) is hard to approximate only because the sum in
Eq. (23) is dominated by low energy states. The Stockmeyer
Counting Theorem implies that probabilistically approximat-
ing the corresponding Mj within a multiplicative error can be
done with an NP-oracle, because for any given s the energy
Hx(s) can be calculated efficiently. This results in a multi-
plicative error estimation of the partition function. In contrast,
for purely imaginary temperatures i/θ, the sum

∑
jMje

iθEj

is determined by the intricate cancellations between individual
terms, each exponentially large in magnitude. A discussion
of this cancellation for the case of random circuits is given
in the next subsection. An approximation of Mj with multi-
plicative error is not sufficient to estimate the partition func-
tion. Therefore, the case with purely imaginary temperatures
is much harder than the real-valued case.

These intuitive arguments are supported by the strongly
held conjecture in computational complexity theory that prob-
abilistically approximating partition functions with purely
imaginary temperatures is much harder, in the worst case,
than any problem which can be solved NP oracle [11, 21, 22].
Reference [16] argues that because random instances of Ising
models have no structure making them easier, the same con-
jecture applies to any sufficiently large fraction of partition
functions of random complex Ising models.

We argue by contradiction that is not possible to approxi-
mately sample from the distribution pU classically efficiently.
Assume that there exists an approximate classical sampling
algorithm for the distribution pU with asymptotic complex-
ity polynomial in n and small distance in the `1 norm. From
the convergence of the second moment of pU to the Porter-
Thomas distribution found numerically, it would then follow
from the proof in Ref. [16] that a fraction of these probabili-
ties could be probabilistically approximated with multiplica-
tive error using an NP-oracle, see Sec. IV. We will show in the
next section that pU (x) can be mapped directly to the partition
function of a quasi three-dimensional random Ising model,
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with no apparent structure that makes it easier to approximate
than a random instance. If we conjecture that a sufficient large
fraction of these instances is as hard to approximate as the
worst case, and therefore can not be probabilistically approx-
imated with multiplicative error using an NP-oracle, we must
conclude that such an efficient classical sampling cannot be
achieved.

B. The partition function for random circuits

While our approach for mapping circuits to partition func-
tions can be applied to any circuit, we focus here on the par-
ticular case of a quantum circuit U as described in the main
text. Known algorithms for mapping universal quantum cir-
cuits to partition functions of complex Ising models use poly-
nomial reductions to a universal gate set [23–25]. Here we
provide a direct construction, which allows us to define a ran-
dom ensemble of Ising models without apparent structure. We
represent the circuit by a product of unitary matrices U (t)

corresponding to different clock cycles t, with the 0-th cy-
cle formed by Hadamard gates. We introduce the following
notation for the amplitude of a particular bit-string after the
final cycle of the circuit,

〈x|ψd〉 =
∑
{σt}

d∏
t=0

〈σt|U (t) |σt−1〉 , |σd〉 = |x〉 . (24)

Here |σt〉 = ⊗nj=1 |σtj〉 and the assignments σtj = ±1 cor-
respond to the states |0〉 and |1〉 of the j-th qubit, respec-
tively. The expression (24) can be viewed as a Feynman path
integral with individual paths {σ−1, σ0, . . . , σd} formed by
a sequence of the computational basis states of the n-qubit
system. The initial condition for each path corresponds to
σ−1j = 0 for all qubits and the final point corresponds to
|σd〉 = |x〉.

Assuming that a T gate is applied to qubit j at the cycle
t, the indices of the matrix 〈σt|U (t) |σt−1〉 will be equal to
each other, i.e. σtj = σt−1j . A similar property applies to the
CZ gate as well. The state of a qubit can only flip under the
action of the gates H, X1/2 or Y1/2. We refer to these as two-
sparse gates as they contain two nonzero elements in each row
and column (unlike T and CZ). This observation allows us to
rewrite the path integral representation in a more economic
fashion.

Through the circuit, each qubit j has a sequence of two-
sparse gates applied to it. We denote the length of this se-
quence as d(j) + 1 (this includes the 0-th cycle formed by a
layer of Hadamard gates applied to each qubit). In a given
path the qubit j goes through the sequence of spin states
{skj }

d(j)
k=0, where, as before, we have skj = ±1. The value

of skj in the sequence determines the state of the qubit imme-
diately after the action of the k-th two-sparse gate. The last
element in the sequence is fixed by the assignment of bits in
the bit-string x,

s
d(j)
j = x(j) , j ∈ [1 . . n] . (25)

Therefore, an individual path in the path integral can be en-
coded by the set ofG =

∑n
j=1 d(j) binary variables s = {skj }

with j ∈ [1 . . n] and k ∈ [0 . . d(j) − 1]. One can easily see
from the explicit form of the two-sparse gates that the absolute
values of the probability amplitudes associated with different
paths are all the same and equal to 2−G/2. Using this fact we
write the path integral (24) in the following form

〈x|ψd〉 = 2−G/2
∑
s

exp

(
iπ

4
Hs(x)

)
. (26)

Here exp(iπHs(x)/4) is a phase factor associated with each
path that depends explicitly on the end-point condition (25).

The value of the phase πHs/4 is accumulated as a sum
of discrete phase changes that are associated with individual
gates. For the k-th two-sparse gate applied to qubit j we in-
troduce the coefficient αkj such that αkj = 1 if the gate is
X1/2 and αkj = 0 if the gate is Y1/2. Thus, the total phase
change accumulated from the application of X1/2 and Y1/2

gates equals

iπ

4
HX1/2

s (x) =
iπ

2

n∑
j=1

d(j)∑
k=0

αkj
1 + sk−1j skj

2
, (27)

iπ

4
HY1/2

s (x) = iπ

n∑
j=1

d(j)∑
k=0

(1− αkj )
1− sk−1j

2

1 + skj
2

.

As mentioned above, the dependence on x arises due to the
boundary condition (25). Note that we have omitted constant
phase terms that do not depend on the path s.

We now describe the phase change from the action of gates
T and CZ. We introduce coefficients d(j, t) equal to the num-
ber of two-sparse gates applied to qubit j over the first t cycles
(including the 0-th cycle of Hadamard gates). We also intro-
duce coefficients τ tj such that τ tj = 1 if a T gate is applied at
cycle t to qubit j and τ tj = 0 otherwise. Then the total phase
accumulated from the action of the T gates equals

iπ

4
HT
s (x) =

iπ

4

n∑
j=1

d∑
t=0

τ tj
1− sd(j,t)j

2
. (28)

For a given pair of qubits (i, j), we introduce coefficients ztij
such that ztij = 1 if a CZ gate is applied to the qubit pair
during cycle t and ztij = 0 otherwise. The total phase accu-
mulated from the action of the CZ gates equals

iπ

4
HCZ
s (x) = iπ

n∑
i=1

i−1∑
j=1

d∑
t=0

ztij
1− sd(i,t)i

2

1− sd(j,t)j

2
.

(29)

One can see from comparing (26) with (27)-(29) that the
wavefunction amplitudes 〈x|ψd〉 take the form of a partition
function of a classical Ising model with energy Hs for a state
s and purely imaginary inverse temperature iπ/4. The total
phase for each path takes 8 distinct values (mod 2π) equal to
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[0, π/4 . . 7π/4]. The function Hs(x) can be written as a sum
of three different types of terms

Hs(x) = H(0)
s +H(1)

s +H(2) . (30)

Here

H(0)
s =

n∑
i=1

d(i)−1∑
k=1

hisi +

n∑
i=1

i−1∑
j=1

d(i)−1∑
k=1

d(j)−1∑
l=1

J klij ski slj .

(31)

is the energy term quadratic in spin variables and expressed in
terms of the Ising coupling coefficientsJ klij and local fields hki
to be given below. It does not depend on the spin configuration
x of the final point on the paths. H(1)

s is a bilinear function of
Ising spin variables s and x

H(1)
s (x) =

n∑
i=1

n∑
j=1

d(i)−1∑
k=1

bkijs
k
i x

(j) . (32)

The term H(2)(x) depends on x but not s. For brevity, we do
not provide its explicit form.

The local fields hj are computed as

hki = αk+1
i − αki −

1

2
Jki −

n∑
j=1

d(j)∑
l=1

Jk lij (33)

and the coupling constants J klij equal

J klij = Jklij +
1

2
δi,j(δk−1,l+δk,l−1)

(
2α

(k+l+1)/2
i − 1

)
(34)

where

Jklij =

d∑
t=1

δk,d(i,t)δl,d(j,t)z
t
ij , (35)

and

Jki =

d∑
t=1

δk,d(i,t)τ
t
i . (36)

The coupling coefficients bkij in (32) equal

bkij = δk,d(i)−1δij(2α
d(j)
j − 1) + J

kd(j)
ij . (37)

The Ising coupling for spin sd(j)j = x(j) induces an additional
local field

n∑
j=1

d(i)−1∑
k=1

bkijx
(j)

on spin ski as shown in (31).
To understand the structure of the graph defined by the Ising

couplings (34) we study the statistical ensemble of J klij . For
simplicity, we will analyze circuits composed of d layers, each

layer consisting of a cycle of single-qubit gates followed by a
cycle of two-qubit CZ gates (see Sec. VI). We also assume
here that the layout of the two-qubit CZ gates is random, and
that in the single-qubit gate cycles the gates X1/2, Y1/2, and
T are applied to a qubit with equal probabilities.

To describe the evolution of qubit states under the action of
the gates we need to introduce a third dimension to describe
the graph of the Ising couplings, Eq. (34). For each qubit j
we introduce a “worldline” with a grid of points enumerated
by t ∈ [1 . . d], each corresponding to a layer. We denote the
layer numbers where the function d(j, t) increases from k− 1
to k by a two-sparse gate applied to qubit j as tkj . We associate

Ising spins {skj }
d(j)−1
k=0 to vertices of the graph located at the

grid points {tkj } along the worldline j.
Consider a pair of vertices corresponding to spins ski and

slj associated with the two adjacent qubits i and j. Then
the coefficient Jklij equals to the number of applied CZ gates
that couple qubits i an j during the sequence of layers
[max(tki , t

l
j) . . (min(tk+1

i , tl+1
j ) − 1)]. The distribution of

Jklij can be written in the following form

Pr[Jklij = r] ≡ P (r) =

∞∑
q=0

p(r|q)p(q) , (38)

Here p(q) = 8
9

(
1
3

)2q
is the probability of having no two-

sparse gates applied to qubits i and j for q layers and then
having a two-sparse gate applied to at least one of them in the
(q + 1)st layer. Also p(r|q) =

(
q+1
r

)
prCZ(1 − pCZ)q+1−r is

the probability of having r CZ gates over q+ 1 layers applied
between a given pair of neighboring qubits. Finally, we have
for P (r)

P (r) =


1− pCZ

1 + pCZ/8
, r = 0

9

1 + pCZ/8

(
pCZ/8

1 + pCZ/8

)r
r > 0 .

(39)

For a square grid of qubits pCZ ' 1/4. One can see from
(39) that for r ≥ 1 the distribution Pr[Jklij = r] decays ex-
ponentially with r and P (r + 1)/P (r) ' pCZ/8 ' 1/32.
Therefore, the most likely values of Jklij are 0, corresponding
to the probability P (0) ' 1−pCZ, and 1, corresponding to the
probability P (1) ' 9pCZ/8. The high probability of having
no traversal couplings between qubits relates to the compara-
tively slow growth of the circuit graph treewidth, see Sec. VII.

For fixed qubit indexes (i, j), it is of interest to derive the
conditional distribution p(l|k) for spin ski to couple to spin
slj . To obtain it we first introduce the probability pk(t) cor-
responding to the condition tki = t of having the k-th vertex
located exactly at the layer t of a given worldline. Not too
close to the end of the circuit (d− t�

√
d) we have

pk(t) =

(
t− 1

k − 1

)(
1

3

)t−k (
2

3

)k
,

∞∑
t=k

pk(t) = 1, (40)

Similarly, the probability pt(l) of having exactly l vertices lo-
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cated within t layers of a given worldline (tlj ≤ t) equals

pt(l) =

(
t

l

)(
1

3

)t−l(
2

3

)l
,

t∑
l=0

pt(l) = 1 . (41)

The above conditional distribution p(l|k) of the values of l
given k equals

p(l|k) =
∑
t

pt(l)pk(t) . (42)

Approximating the binomial coefficients with the Stirling for-
mula we obtain

p(l|k) '
√

3

2π(k + l)
exp

(
−3(k − l)2

2(k + l)

)
. (43)

The above equation is asymptotically correct for k, l not to
close to the start and end points of the circuit, and |k− l| � d.

In summary, the coupling graph corresponding to the co-
efficients J klij represents a quasi three-dimensional structure
formed by worldline corresponding to qubits located on a 2D
lattice. According to (34), in the same worldline only neigh-
boring vertices are coupled. The strength of the coupling is
±1/2 depending on the type of the two-sparse gate. In gen-
eral, each vertex can be “laterally” coupled to other vertices
located on the neighboring worldlines. The probability dis-
tribution of the coupling coefficients has exponential form,
Eq. (39). Differences between the vertex indices that are in-
volved in the lateral couplings obey a local Gaussian distribu-
tion, Eq. (43).

Finally, note that Eq. (26) can be written in the form
〈x|ψd〉 = 2−G/2Z, where Z =

∑7
j=0Mje

i 2π8 Ej is a par-
tition function, the Ej’s are different energies of the Ising
model (mod 8) and Mj ∼ 2G. Furthermore, for a delocal-
ized state | 〈x|ψ〉 | ∼ 2−n/2. Therefore, the partition function
|Z| ∼ 2(G−n)/2 is exponentially smaller in G than the in-
dividual terms Mj in its sum. This very strong cancellation
prevents any efficient algorithm from being able to accurately
estimate the quantity 〈x|ψ〉 (see also Sec. VIII).

Note that if a quantum circuit uses only Clifford gates (not
T gates), the total phase for each spin configuration in the par-
tition function (mod 2π) is restricted to [0, π/2, π, 3π/2]. In
these case, the corresponding partition function can be calcu-
lated efficiently [21, 22, 26].

C. Outline of Stockmeyer Counting Theorem

In this section we outline the main ideas behind the Stock-
meyer Counting Theorem [19, 20, 27]. As discussed in
Sec. III A an NP-oracle is a computational complexity theory
construct that determines if a given equation

f(z) = x (44)

has any solutions, see for example Eq. (22). The function f
maps bit-strings to bit-strings and can be evaluated in poly-
nomial time in the input size n. The Stockmeyer Counting

Theorem states that an NP-oracle also suffices to determine,
with high probability, an approximation q̃(x) to the number
of solutions q(x) of Eq. (44)

|q̃(x)− q(x)| < q(x)/poly(n) (45)

where poly(n) denotes any chosen polynomial in n. The main
ingredient is the use of so-called hash functions, described be-
low, to estimate if there are at least 2k solutions. The result
then follows by trying different values of k ≤ n.

A hash function hn,m maps an n-bit-string to an m-bit-
string with n > m. Let’s consider the subset Th of bit-strings
which are mapped to 0 by h. Let Hn,m be a sufficiently ran-
dom family of hash functions (a pairwise independent family).
Let S be a subset of n-bit-strings of size |S| sufficiently larger
than 2m. Because a random hn,m ∈ Hn,m selects a random
Th, the size of the subset S ∩ Th is concentrated around its
expectation value |S|/2m [28].

Consider now the set S ≡ {z : f(z) = x} of solutions z
to Eq. (44). We can use a random family of hash functions to
construct an algorithm that with finite probability of success,
3/4 for example, can distinguish between |S| > 2k and |S| ≤
2k, where k = m + 5. This is done using a single NP-oracle
call to check if there are a finite number of elements S mapped
to 0, 48 for example, by a random hash function from Hn,m.
The probability of success can be amplified to 1−1/(4κ) with
κ invocations of the NP-oracle.

IV. Multiplicative approximation to |Z|2 from the
Porter-Thomas distribution

We recall from the discussion in Sec. III B that each output
probability of a random quantum circuit pU (x) is proportional
to the partition function of a complex Ising model. In this ap-
pendix we review why approximate sampling with constant
variational distance from the output of random circuits implies
a probabilistic multiplicative error approximation to such par-
tition functions with an NP-oracle [12, 16]. We follow the
proof from Ref. [16], but use the Porter-Thomas distribution,
instead of their anti-concentration bound.

Let q(x) denote the output probability of a classical sam-
pling algorithm for a bit-string x of our choice, and q̃(x) an
approximation obtained using the Stockmeyer Counting The-
orem. From Eq. (45) and the triangle inequality we obtain

|q̃(x)− p(x)| ≤ (1 + 1/poly(n)) |q(x)− p(x)|
+ p(x)/poly(n) . (46)

Let us suppose what we want to disprove: a classical sam-
pling algorithm Apcl(U) with probabilities q(x) and polyno-
mial computational time in n which achieves an ε approxi-
mation in the variational distance to the output of any given
quantum random circuit∑

x

|q(x)− pU (x)| < ε . (47)

We will show that then pU (x) can be approximated using
Stockmeyer Counting Theorem, which is conjectured to be
impossible.
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From Markov’s inequality we have, for any 0 < δ < 1,

Prx

(
|q(x)− pU (x)| ≥ ε

2nδ

)
≤ δ (48)

where x is picked uniformly at random. Setting δ = 4ε we
obtain

Prx

(
|q(x)− pU (x)| ≤ 1

2n+2

)
≥ 1− 4ε . (49)

Therefore, with probability 1− 4ε, we have

|q̃(x)− pU (x)| ≤ 1 + 1/poly(n)

2n+2
+ pU (x)/poly(n) . (50)

Set, for example, ε = (8e)−1 ≈ 0.046. If, as found nu-
merically, we assume that the output of U has Porter-Thomas
distribution, then

Pr
(
pU (x) > 2−n

)
= 1/e . (51)

Eqs. (50) and (51) imply that q̃(x) approximates pU (x) up
to a multiplicative error 1/4 + o(1) with probability at least
1/e− 4ε = (2e)−1. A similar bound can be found using only
the second moment of the Porter-Thomas distribution [16].
Specifically, the bound on the expectation value of approxi-
mate 2-designs from Ref. [29] Lemma 9 can be inserted in the
Paley-Zygmund inequality of Ref. [16] to obtain an inequality
similar to Eq. (51) (see also Ref. [30]).

From Sec. III B we have that pU (x) = λ|Z|2 where λ is a
positive known constant and Z is the partition function of a
complex Ising model. Therefore, if q̃(x) approximates pU (x)
up to a multiplicative error 1/4 + o(1), then q̃(x)/λ approxi-
mates |Z|2 up to the same multiplicative error.

V. Depth to reach Porter-Thomas

We also studied the expected convergence to Porter-
Thomas with depth proportional to

√
n using a stronger cri-

terion than those presented in the main text. The standard de-
viation of the entropy between different quantum states drawn
from the Porter-Thomas distribution scales as ≈ 0.75 · 2−n/2.
In Fig. S1 we show the first cycle of each random circuit in-
stance for which the entropy remains within 4-sigma of the
Porter-Thomas entropy during all the following cycles. These
data indicates that the required depth to achieve this criteria
grows sublinearly in n. We show a similar plot for circuits
with denser layouts of CZ gates, which can be more appropri-
ate for other qubit implementations, in Sec. VI.

We note that a sublinear convergence to the low order mo-
ments of the Porter-Thomas distribution is faster than rigor-
ously proven bounds for random circuits [29, 31]. The latest
rigorous bound from Ref. [31] scales like O(kn3/2) for 2D
circuits, and would translate in a depth in the order of hun-
dreds cycles for the second moment, and thousands for the
10th moment. As shown numerically in the main text, a very
modest depth of 20 cycles is sufficient for up to the 10th mo-
ment, and low order moments seem to converge at approxi-
mately similar depths.

15 20 25 30 35 40 45

Number of qubits
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22

24

26

28
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32

34

36

D
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th

Fig. S1: First cycle in a random circuit instance such that the entropy
remains within 4-sigma of the Porter-Thomas entropy during all the
following cycles. Markers show the mean among instances and error
bars correspond to the standard deviation among circuit instances.

Interestingly, sparse commuting random circuits (IQP)
achieve a similar property (so-called anticoncentration) with
depth proportional to

√
n, up to polylogarithmic factors in n,

in a 2D lattice [32]. We have numerically verified that the
output distribution of these circuits has the same entropy (up
to small statistical fluctuations of order 2−n/2) as the Porter-
Thomas distribution. The main reason to use random quantum
circuits, instead of IQP circuits, is that IQP circuits are eas-
ier to simulate and harder to implement experimentally, see
Sec. IX.

VI. Depth to reach Porter-Thomas for denser 2D circuits

It is currently not possible to perform two CZ gates simulta-
neously in two neighboring superconducting qubits [33–36].
This restriction was used for the circuits of the main text. In
this appendix we report simulations of circuits in a 2D lattice
where, ignoring this particular restriction, a two-qubit gate is
applied to every qubit in each cycle of CZ gates. In order
to get a smoother scaling for circuits of different sizes, we
use periodic boundary conditions for the layout of two-qubit
gates. We find numerically a good convergence to the Porter-
Thomas distribution for the following circuits.

We use the same single-qubit gates as in the main text,
{X1/2,Y1/2,T}. In addition we use two-qubit CZ gates. The
circuits are:

1. Initialize in the state |0〉⊗n.

2. Apply a Hadamard gate to each qubit.

3. Apply a random circuit with a stack of depth d, where
each layer has the following two clock cycles:
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Fig. S2: First cycle in a random circuit instance such that the entropy
remains within 4-sigma of the Porter-Thomas entropy during all the
following cycles. Markers show the mean among instances and error
bars correspond to the standard deviation among circuit instances.
Depth is measured in layers, and each layer is a cycle of random
single-qubit followed by a cycle of CZ gates.

(a) Apply a clock cycle of random single-qubit gates
to all qubits.

(b) Apply a clock cycle of two-qubit CZ gates.

We follow the same restrictions for the placement of single-
qubit gates as in the main text. For the cycle of two-qubit
gates, we follow a similar sequence to the layouts as in the
main text, but now every qubit participates in exactly one CZ
gate. In addition, as mentioned above, we use periodic bound-
ary conditions.

Figure S2 shows the first layer of each random circuit in-
stance for which the entropy remains within 4-sigma of the
Porter-Thomas entropy during all the following layers. Note
that we now measure the depth in layers, and each layer con-
sists of a cycle of single-qubit gates and a cycle of two-qubit
gates. Physically, though, cycles of single-qubit gates are nor-
mally faster than cycles of two-qubit gates.

VII. Treewidth and simulation of low depth circuits

The output probability pU (x)≡ | 〈x|U |0〉 |2 for a bit-string
x and quantum circuit U can be calculated using tensor con-
tractions [37–39]. The tensor contraction complexity is expo-
nential in the treewidth of the line graph corresponding to the
circuit U [37]. Figure S3 shows numerical upper bounds for
the treewidth of the line graph as a function of depth for the
circuits in the main text. The upper bounds were obtained by
running the QuickBB algorithm [40].

As seen in Sec. III B, the amplitude for a given output bit-
string can be mapped directly to the partition function of an
Ising model at imaginary temperature. The partition function
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Fig. S3: Numerical upper bound for the treewidth of the line graph
which gives the tensor contraction complexity [37] of circuits with
6× 6, 7× 6, and 7× 7 qubits as a function of the circuit depth.
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Fig. S4: Numerical upper bound for the treewidth of the interaction
graph of the Ising model corresponding to circuits with 6× 6, 7× 6,
and 7× 7 qubits as a function of the circuit depth (see Sec. III B).

can be calculated exactly using the so-called variable elimi-
nation algorithm [43–45], see Ref. [41]. The cost is expo-
nential on the treewidth of the interaction graph of the Ising
model. Figure S4 shows the treewidth calculated numerically
with the QuickBB algorithm [40]. For a circuit in a 2D lattice
of qubits with two-qubit gates restricted to nearest neighbors,
the treewidth is proportional to min(d

√
n, n). Alternatively,

the circuit amplitude expressed in Eq. (24) can be mapped di-
rectly to an undirected graphical model (which corresponds to
the same interaction graph), and calculated by variable elim-
ination (see Ref. [41] for details). Figure S5 shows some in-
dicative times per output probability amplitude on a single
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17 19 21 23 25 27 29 31 33 35 37 39 41 43 45

Depth

10−1

100
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10× 11

10× 10

9× 9 8× 8

7× 8

7× 7

6× 66× 7

5× 9

5× 5

Fig. S5: Time per output probability for a typical instance as a func-
tion of depth on a single workstation, using TensorFlow as the engine
for the computation, see Ref. [41]. Different colors corresponds to
different circuit sizes, from 5 × 5 (and 5 × 9) qubits, to 10 × 10
(10×11). The green circle marker corresponds to the largest circuits
simulated in this paper, black circles to Ref. [42], and blue circles to
Ref. [39].

workstation, see Ref. [41]. As explained above, the cost is ex-
ponential in the depth and the smaller lateral dimension,

√
n

for a square lattice. This algorithm is clearly more practical
for simulating sampling or cross entropy benchmarking (see
Sec. II), and a supercomputer is not required. Note that cir-
cuits with 7×7 qubits and depth 40 remain out of reach. Nev-
ertheless, this algorithm is not useful when estimating observ-
ables with exponential precision, as in Figs. S1, S2 and 2c. We
also note that Refs. [39, 42] use optimizations which are not
useful when calculating observables as a function of depth, as
done in this paper to study the convergence to Porter-Thomas.

We focus on the treewidth because it’s directly related to
the cost of simulating a quantum circuit [37, 39, 41], and can
be estimated numerically [40]. Using a different approach, it
is possible to map the partition function of an Ising model to
the overlap of a product state and a so-called graph state [46].
There is some overhead in this mapping, because the graph
of the graph state is extended with respect to the interaction
graph of the Ising model. There is an algorithm that can cal-
culate a partition function in this way with cost exponential
in the rank width [47] of the graph state [48]. In this respect
we would like to note that the quantum circuits studied here
strictly contain a 2D lattice, and that the rank width of a 2D
lattice grows with the size. Furthermore, the rank width of the
random graphs obtained on sparse IQP circuits [32] is linear in
the number of qubits [49], and in Sec. IX we argue that these
circuits are in practice easier to simulate than the universal
random circuits studied here.

VIII. Bayesian estimation of output probabilities

In this appendix we study a polynomial classical algorithm
for approximately sampling the output distribution of a circuit
U . The sampling follows from on an approximation to the out-
put probability pU (x) of a bit-string x. As has been discussed
in Sec. III B, the amplitudes of the output state of a random
quantum circuit U can be written in the form of a Feynman
path integral where each path is encoded in the assignment
of the vector s of Ising spins, and the phase associated with
the path is given by the energy of an Ising model Hx(s). The
approximation algorithm considered here is a Bayesian esti-
mation of the output probability of a given bit-string after ran-
domly sampling a large number Feynman paths.

The output amplitudes of a random circuit are proportional
to the partition function of a random Ising model Hx(s) at
complex temperature,

Ψ = 〈x|ψd〉 =
1√
L

K−1∑
k=0

Mke
i 2πK k (52)

where the k’s are different energies of the Ising model (mod
K), L = 2G, Mk ∼ 2G, and G is the number of two-sparse
gates. The prefactor is 1/

√
L given the explicit choice of two-

sparse gates, see Eq. (26).
We can always attempt to approximate the amplitude Ψ for

circuits of any size by sampling a large number Q of spins
configurations s in the partition function. We start by counting
the number of configurationsQk for each phase k ∈ [0 . . K−
1] using the Ising model Hx(s). We can assume that 1 �
Qk � L. For example, the number of spins configurations is
L ∼ 2250 for circuits with 7× 6 qubits and depth 25. We will
use the prior distribution from Porter-Thomas to derive the
posterior distribution Pr(Ψ|{Qk}). We will see that the result
is equivalent to a cross entropy difference ∼ Q2/(NL). For
instance, even if we sample Q = 1018 spin configurations this
will give a cross entropy difference of approximately∼ 10−52

for a circuit with 7× 6 qubits and depth 25.
Define the probabilities of the different paths as pk =

Mk/L. The prior probability of an amplitude from the Porter-
Thomas distribution is

Pr(Ψ) ∝ exp(−NΨΨ∗) (53)

= exp

(
−NL

K−1∑
k1=0

K−1∑
k2=0

pk1pk2 cos
2π

K
(k1 − k2)

)
.

We want to write the probabilities pk in a basis vα that diago-
nalizes the kernel cos 2π

K (k1 − k2),

K−1∑
j=0

cos

(
2π

K
(m− j)

)
vαj = λαv

α
m (54)

for α ∈ [0 . . K − 1]. The components vαj of the eigenvectors
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of the kernel are

v0j =
1√
K

(55)

vαj =

√
2

K
cos

(
2π

K
αj

)
, α ∈ [1 . . K/2− 1] (56)

v
K/2
j =

(−1)j√
K

(57)

and

vαj =

√
2

K
sin

(
2π

K
(K − α)j

)
, α ∈ [K/2 + 1 . . K − 1] .

The eigenvalues are

λα =
K

2
(δα,1 + δα,K−1) . (58)

Let c′j be the components of the vector of probabilities pk
in the basis vα. We renormalize them to cj = c′j for j /∈
{1,K − 1} and c{1,K−1} =

√
NLK/2 c′{1,K−1} to write

Pr(Ψ) ∝ exp(−(c21 + c2K−1)) (59)

and

pj =
2

K

√
1

LN

(
c1 cos

(
2π

K
j

)
+ cK−1 sin

(
2π

K
j

))
+

1

K
+

K−2∑
α=2

cαv
α
j . (60)

We define

ρk ≡
K−2∑
α=2

cαv
α
k . (61)

With this definition, the numbers ρk obey the following con-
straints

0 =

K−1∑
k=0

ρk cos

(
2π

K
k

)
=

K−1∑
k=0

ρk sin

(
2π

K
k

)

=

K−1∑
k=0

ρk , (62)

which will be used later to simplify the posterior probability.
The posterior probability for Ψ is

Pr(Ψ|{Qk}) ∝ Q!

K−1∏
k=0

pQkk
Qk!

Pr(Ψ) (63)

∝ exp

(
K−1∑
k=0

Qk log pk

)
exp

(
−
(
c21 + c2K−1

))
.

The log posterior for c1, cK−1 is

log Pr (c1, cK−1, {ρj}|{Qk})

∝
K−1∑
j=0

Qj log (pj)−
(
c21 + c2K−1

)
. (64)

We are interested in the posterior probability p = |Ψ|2.
Note that Np = c21 + c2K−1, as seen in the Porter-Thomas
form of Eq. (59). Therefore

Pr(p, {ρj}|{Q}) =

∫ ∞
−∞

∫ ∞
−∞

Pr (c1, cK−1, ρ|Q)

δ

(
c21 + c2K−1

N
− p
)
dc1dc2 . (65)

After a change of variables c1 = r cosφ, cK−1 = r sinφ we
obtain

Pr(p, {ρj}|{Qj}) =

N

2

∫ 2π

0

Pr
(√

Np cosφ,
√
Np sinφ, ρ|{Q}

)
dφ . (66)

Using Eq. (60) in Eq. (64) we write the Taylor series for the
log posterior for c1, cK−1 as

log Pr
(√

Np cosφ,
√
Np sinφ, {ρj}|{Qk}

)
∝

∞∑
q=1

(−1)q+1

qLq/2
pq/2

K−1∑
j=0

Qj

(
2 cos

(
2π
K j − φ

)
Kρj + 1

)q

+

K−1∑
j=0

Qj log

(
ρj +

1

K

)
−Np . (67)

We keep only the first term in Q/L (using 1 � Q � L),
which is

log Pr
(√

Np cosφ,
√
Np sinφ, {ρj}|{Qk}

)
∝√

p

L

K−1∑
j=0

Qj
2 cos

(
2π
K j − φ

)
Kρj + 1

+

K−1∑
j=0

Qj log

(
ρj +

1

K

)
−Np . (68)

Exponentiating we get the posterior distribution

Pr
(√

Np cosφ,
√
Np sinφ, {ρj}|{Qk}

)
∝

e−Npexp

K−1∑
j=0

Qj log

(
ρj +

1

K

)
(

1 +

√
p

L

K−1∑
j=0

Qj
2 cos

(
2π
K j − φ

)
Kρj + 1

+
2p

L

K−1∑
j=0

Qj
cos
(
2π
K j − φ

)
Kρj + 1

2)
. (69)
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Note that we keep the second term when exponentiating,
which is orderQ2/L, but we drop the second term in Eq. (67),
which is of order Q/L3/2.

We can carry out a further simplification by noticing that ρj ,
which is defined in Eq. (61) from the vector of probabilities
pj , obeys ρj � Q. Therefore, from the form of Eq. (69),
we see that Pr(p|{Qk}) ' Pr(p, {ρ̄j}|{Qk}), where ρ̄j is the
expectation value of ρj consistent with {Qk}. This value can
be obtained maximizing the posterior Eq. (64) subject to the
constraints given in Eq. (62).

We now insert Eq. (69) into Eq. (66) and carry out the inte-
gration to obtain

Pr(p|{Qk}) = Ce−Npexp

K−1∑
j=0

Qj log

(
ρ̄j +

1

K

)
(

1 +
p

L

K−1∑
j1,j2=0

Qj1Qj2

cos
(

2π(j1−j2)
K

)
(Kρ̄j1 + 1) (Kρ̄j2 + 1)

)
. (70)

Equation (70) is the posterior probability Pr(p|{Qk}) for
an approximation of the output probability p = pU (x) of a
bit-string x after sampling a large number Q of spin config-
urations or Feynman paths in the expression for Ψ. We see
that the probability p enters explicitly in the last term, which
is of the order Q2/L. Next, we interpret this equation more
formally.

We argued in the text that the output state ρK of an im-
plementation with cross entropy difference (fidelity) α of a
quantum circuit U can be modeled with

ρK = α |ψd〉 〈ψd|+ (1− α)
11
N

. (71)

Then, the probability pU (x) for bit-strings x sampled from an
implementation with cross entropy difference α has a distri-
bution

Prα(pU (x)) = N2e−Np
(
αp+

1− α
N

)
. (72)

We can compare the posterior distribution, given by Eq. (70),
with Eq. (72) to obtain an equivalent cross entropy difference
α for the Bayesian classical approximate sampling algorithm,
Pr(p|{Qk}) = Prα(pU (x)).

First we obtain an expression for the normalization constant
C from the p-independent equation

C exp

K−1∑
j=0

Qj log

(
ρ̄j +

1

K

) = (1− α)N . (73)

The equation linear in p gives

N2α = C exp

K−1∑
j=0

Qj log

(
ρ̄j +

1

K

)
1

L

K−1∑
j1,j2=0

Qj1Qj2

cos
(

2π(j1−j2)
K

)
(Kρ̄j1 + 1) (Kρ̄j2 + 1)

. (74)

Solving for α we obtain

α =
1

NL

K−1∑
j1,j2=0

Qj1Qj2

cos
(

2π(j1−j2)
K

)
(Kρ̄j1 + 1) (Kρ̄j2 + 1)

. (75)

This is the final result, which shows that the cross entropy
difference of the approximate sampling algorithm is α ∼
Q2/NL, as promised.

A different approximation algorithm was introduced re-
cently in Ref. [50]. The first step is to map an universal
random circuits to an IQP circuit using techniques related to
measurement-based quantum computation. The second step
approximates the output distribution using the Fourier analy-
sis algorithm for IQP circuits introduced in Ref. [32]. This
algorithm requires the estimation of the Fourier components
of the output distribution. Unfortunately, for a Porter-Thomas
distribution, the Fourier components are exponentially close
to the Fourier components of the uniform distribution over
bit-strings [51]. It follows that improving over the trivial sam-
pling approximation of guessing random bit-strings with this
technique is as costly as simulating the quantum circuit ex-
actly.

IX. IQP sampling estimates

A different approach to low-depth 2D quantum circuits de-
signed to achieve quantum supremacy, the so-called sparse
IQP circuits, was introduced in Ref. [32]. These circuits are a
sparse version of the circuits in Ref. [16].

An IQP circuit [11, 16, 32] can be approximately sampled if
we can calculate individual probabilities for the measurement
outcomes in the computational basis. Each such probability
corresponds to calculating the partition function of a complex
Ising model. The number of terms in the Ising function is
exponential in the number of qubits [16] (while for univer-
sal random circuits the number of terms is exponential in the
number of gates). The partition function can be calculated
using a Gray code so when we sum the different spin configu-
rations we only change one spin at a time. Then we only need
to calculate the energy difference corresponding to flipping a
spin for each term in the partition function. We can estimate
that this elementary operation takes around 1 ns (close to a
clock cycle in a classical computer). For this it also helps that
the Ising model is sparse. It is possible to parallelize the sum
of all the terms in a partition function using a large super-
computer, which can have around 1 million cores. With these
estimates, we can calculate a probability for an sparse IQP
circuit with 60 qubits in around 260/106 ns, which is 19.22
minutes. Through numerical simulations we have seen that to
achieve a Porter-Thomas distribution with an sparse IQP cir-
cuit [32] and 60 qubits we need an average degree of around
29 (number of CZs per qubit in a sparse graph). The required
depth to implement this IQP sparse circuit in a 2D lattice us-
ing shorting networks is then around 29×3×8 = 696 cycles.
In reality, a swap is not implemented in one cycle with current
superconducting qubits. Even then, this is more than an order
magnitude more than the depth required for a random circuit.
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Therefore it requires an order magnitude improvement in the
error rates of the experimental quantum gates, which unfortu-
nately makes it currently unfeasible.

X. Quantum Simulation Details

In this appendix we summarize the implementation, op-
timization and performance of our high-performance gate-
level quantum simulator. Additional details are available in
[52, 53]. This simulation was used for all the circuits with
6 × 6 and 7 × 6 qubits. Simulations of smaller circuits, in-
cluding all the simulations with errors, were performed with a
different simulator running in local workstations.

In order to simulate quantum circuits on a classical com-
puter, we implement a distributed high-performance quan-
tum simulator that can simulate general single-qubit gates and
two-qubit controlled gates. We perform a number of single-
and multi-node optimizations, including vectorization, multi-
threading, cache blocking, as well as gate specialization to
avoid communication. Using Edison, distributed Cray XC30
system at National Energy Research Scientific Computing
Center (NERSC), we simulate random quantum circuits of up
to 42 qubits, with an average time per gate of 1.72 seconds.
These are the largest quantum circuits simulated to-date for a
computational task that approaches quantum supremacy.

A. Background

Given n qubits, our simulator evolves a 2n state vector, us-
ing single-qubit as well as two-qubit controlled gates. Let Usq

be a 2 × 2 unitary matrix that represents a single-qubit gate
operation:

Usq =

(
u11 u12
u21 u22

)
.

To perform gate Usq on qubit k of the n-qubit quantum reg-
ister, we apply Usq to the pairs of amplitudes whose indices
differ in the k-th bits of their binary index:

α′∗...∗0k∗...∗ = u11 · α∗...∗0k∗...∗ + u12 · α∗...∗1k∗...∗
α′∗...∗1k∗...∗ = u21 · α∗...∗0k∗...∗ + u22 · α∗...∗1k∗...∗

(76)

A generalized two-qubit controlled-U gate, with a control
qubit c and a target qubit t, works similarly to a single-qubit
gate, except that only the pairs of amplitudes for which c is set
are affected, while all other amplitudes are left unmodified.

B. Implementation and Optimization

The implementation of single- and two-qubit controlled
gates follows directly Eq. 76. For example, to apply a single-
qubit gate to qubit k, we iterate over consecutive groups of
amplitudes of length 2k+1, applying Usq to every pair of am-
plitudes that are 2k elements apart. To achieve high perfor-
mance, we perform the following optimizations.

Vectorization: Exploring data parallelism is fundamental to
the high performance and energy efficiency of modern archi-
tectures. Modern Intel CPUs support data parallelism in the
form of SIMD (Single Instruction Multiple Data) instructions,
such as AVX2 [54]. These instructions perform four double-
precision operations simultaneously on four elements of the
input registers. Our implementation maps every two pairs of
complex amplitudes into four-wide SIMD instructions; each
pair, which operates on real and imaginary parts, uses half of
the SIMD register.[61]

Multithreading: Modern multi- and many-core CPUs sup-
port execution of many concurrent hardware threads. We par-
allelize single- and two-qubit controlled gate operations on
these threads using OpenMP 4.0 [55]. We adaptively exploit
thread-level parallelism either across groups or within a sin-
gle group. Namely, we first try to divide groups of ampli-
tudes evenly among all threads. When there are not enough
groups to use all available threads, we explore thread paral-
lelism within a group.

Cache Blocking: Single and controlled qubit operations
perform a small amount of computation, and, as a result,
their performance is limited by memory bandwidth. To in-
crease arithmetic intensity of the quantum simulator, one can
form larger gate matrices as a tensor product of several paral-
lel gates. As a result, subsets of amplitudes are reused over
matrix columns, but at the expense of redundant computa-
tion, which grows exponentially with the number of combined
gates. Our approach identifies and operates on groups of con-
secutive gates which update a small portion of the state vector,
common to all the gates, that also fits into Last Level Cache
(LLC). LLC offers much higher bandwidth than main mem-
ory, which improves the performance of the simulator. LLC
also has much smaller capacity, which limits this optimization
only to the gates that operate on lower-order qubits [52].

Multi-node Implementation: Single node quantum simula-
tion is limited by the size of the physical memory of the com-
pute node.[62] To simulate larger numbers of qubits requires
a distributed implementation. Our distributed simulation par-
titions a state vector of 2n amplitudes (2n+4 bytes) among 2p

nodes, such that each node stores 2n−p amplitudes. Given
single- or controlled two-qubit gate operations on the target
qubit k, if k < n− p, the operation is fully contained within a
node; otherwise it requires inter-node communication. Our
communication scheme follows [56], where two nodes ex-
change half of their state vectors into each other’s temporary
storage, compute on exchanged halves, followed by another
pair-wise exchange. In contrast to [56] which requires large
temporary space to hold exchanged halves, our implementa-
tion requires very small temporary storage and is thus much
more memory efficient.

Gate Specialization [53, 57]. To further reduce the run-
time of the simulator, we take advantage of the specialized
structure of each gate matrix. For example, the entries of a
Hadamard matrix are real, which reduces the extra overhead
of complex arithmetic. This is particularly helpful when com-
bined with cache blocking which makes the simulation more
compute bound. Recognizing diagonal gates, such as T gates,
allows one to avoid inter-node communication, while recog-
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nizing an entry equal to 1.0 on the main diagonal of the diago-
nal gates (as in Z or T gates), reduces memory bandwidth re-
quirements by 2×, and results in commensurate performance
improvements.

C. Performance

We performed quantum simulations on Edison supercom-
puter [58]. Edison is a distributed Cray XC30 system
at National Energy Research Scientific Computing Center
(NERSC), ranks # 39 in the latest TOP500 list, and consists of
5,576 compute nodes. Each node is a dual-socket Intel R©Xeon
E5 2695-V2 processor with 12 cores per socket, each running
at 2.4GHz. Each core is a superscalar, out-of-order core that
supports 2-way hyperthreading and offers AVX support. All
12 cores share a 30MB L3 last level cache and a memory con-
troller connected to four DDR3-1600 DIMMs that together
provide 64GB of memory per node (32GB per socket). The
nodes are connected via Cray Aries with Dragonfly topology.
We use OpenMP 4.0 [55] to parallelize computation among
threads. We also use Intel R© Compiler v15.0.1 and Intel R©
Cray MPI 7.3.1 library.

The time to simulate an n-qubit quantum circuit on 2p

nodes is proportionate to

f
G2n−p

Bmem
+ (1− f)

(
G2n−p

Bmem
+
G2n−p

Bnet

)
.

Here, G is the total number of gates, Bmem is achievable
memory bandwidth, Bnet is achievable bidirectional network
bandwidth, and f is the fraction of gates which do not re-
quire communication. The first term gives the time to simu-
late gates that do not require communication, while the second
term gives the time to simulate gates that communicate. Thus
we expect gate operations which require communication to be
1 + Bmem/Bnet slower than gates which communicate. On
Edison, the highest achievable memory bandwidth is 50 GB/s
per socket, while the highest achievable bidirectional network
bandwidth is 7 GB/s per socket [59]. Thus the expected slow-
down of gates that require communication, compared to gates
that do not, is ∼ 8×.

Figure S6 reports benchmarks of the performance of a
single-qubit Hadamard gate on 16, 256, and 4,096 sockets,
simulating 34, 38, and 42 qubits, respectively, while keeping
the problem size per socket constant (i.e., 230 double com-
plex amplitudes, or 234 bytes). Gates performed on qubits
0− 30 require no inter-socket communication and take∼0.82
seconds per gate. This corresponds to 42 GB/s memory band-
width (2 [accesses (read/write)] ·234 [bytes]/0.82 [seconds]),
or 84% of highest achievable bandwidth.

Gates applied to higher-order qubits, 30 and above, require
communication, which increases the time per gate. For ex-
ample, for a 36-qubit system simulated on 16 sockets, the
time per gate increases to 7.6 seconds, which corresponds to
4.8 GB/s network bandwidth. The 9× increase compared to
the no-communication case is consistent with our expectation,
discussed earlier. As we increase the number of sockets, the
time per gate further increases for higher order qubits. For

26 28 30 32 34 36 38 40 42

Qubit position where gate is applied

0

5

10

15

20

25

30

Ti
m

e
pe

rs
in

gl
e-

qu
bi

tg
at

e
(s

)

42 qubits, 1.18 GB/s

38 qubits, 4.0 GB/s

34 qubits, 4.8 GB/s

Fig. S6: Gate benchmarking results on multiple nodes (sockets) for
the single-qubit Hadamard gate. The x-axis is the position of the
qubit where the gate is applied. Operations on qubits in position 30
and above require network communication. The magnitude of the
jump in the time per gate after position 30 is commensurate with
the ratio between network and memory bandwidth. Numbers in the
labels show achieved bandwidth for the higher ordered qubits.

example, for a 42-qubit system on 4,096 sockets, the time to
apply a Hadamard gate to qubit 41 is 29 seconds – a nearly
three-fold increase compared to applying a Hadamard gate to
qubit 31. This corresponds to 1.18 GB/s network bandwidth,
which is almost a 6× drop, compared to the best achievable
bandwidth of 7 GB/s. This drop is consistent with the de-
tailed bandwidth analysis of Aries interconnect in Ref. [59].
Intuitively, the drop is due to the fact that higher-order qubits
result in a larger distance between communicating sockets,
which, in turn, results in increased volume of communication
over global links and thus strains the bi-section bandwidth of
the system.

Table S1 compares simulator performance characteristics
of five random circuits with different lattice dimensions and
number of qubits. The table is broken into five sections, one
for each circuit. For each circuit, we show the characteristics
for three levels of optimization: without specialization, with
specialization, and with both specialization and cache block-
ing (cb) enabled. Circuits with 20, 24 and 30 qubits are simu-
lated on a single socket, while circuits with 36 and 42 qubits
are simulated on 64 and 4,096 sockets, respectively.

Specializing the gates reduces run-time of a 20-qubit circuit
by 1.46×, compared to 1.26× run-time reduction for 24- and
30-qubit circuits, as shown in the first three sections of the ta-
ble. As mentioned in Section X B, specializing gates, such as
T and CZ, reduces memory traffic by 2×. This reduces the
simulation time of these gates on 24- and 30- qubit systems,
whose state does not fit into Last Level Cache (LLC), mak-
ing their performance bounded by memory bandwidth. In ad-
dition to 2× reduction in memory traffic, gate specialization
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Optimization % of # of # of Avg. time Time per
Level comm sockets fused per gate (sec) Depth-25 (sec)

5× 4 circuit: 20 qubits, 10.3 gates per level, 17 MB of memory
no spec 0.0% 1 n/a 0.00022 0.057

spec 0.0% 1 n/a 0.00015 0.039
spec+cb 0.0% 1 0.00 0.00015 0.039

6× 4 circuit: 24 qubits, 12.5 gates per level, 268 MB of memory
no spec 0.0% 1 n/a 0.0111 3.466

spec 0.0% 1 n/a 0.0088 2.741
spec+cb 0.0% 1 7.01 0.0041 1.294

6× 5 circuit: 30 qubits, 16.2 gates per level, 17 GB of memory
no spec 0.0% 1 n/a 0.721 292.2

spec 0.0% 1 n/a 0.572 231.8
spec+cb 0.0% 1 5.64 0.349 141.3

6× 6 circuit: 36 qubits, 19.5 gates per level, 1 TB of memory
no spec 15.9% 32 n/a 1.51 735.1

spec 6.2% 32 n/a 1.08 526.7
spec+cb 6.2% 64 5.40 0.76 369.0

7× 6 circuit: 42 qubits, 23.0 gates per level, 70 TB of memory
spec+cb 11.2% 4,096 5.54 1.72 989.0

Table S1: Simulator performance comparison of five random circuits: 5× 4, 6× 4, 6× 5, 6× 6, and 7× 6 . First column lists three levels of
optimizations, for each circuit. Second column shows the fraction of gates which require communication (1 − f ). Third and fourth columns
show the number of sockets used, and average number of fused gates to enable cache blocking (cb) optimization, respectively (see Sec. X B).
The last two columns show average time per gate and time per circuit with depth 25, respectively.

also reduces compute requirements by as much as 4×: for
example, without specialization, applying a T gate results in
four complex multiply-adds per pair of state elements, while
with specialization applying a T gate results in only one com-
plex multiply-add. This reduces the simulation time of a 20-
qubit system, whose 17 MB state fits into the 30 MB of the
Last Level Cache (LLC), making its performance compute-
bound. Thus gate specialization results in higher run-time re-
duction for a 20-qubit circuit than for 24- and 30-qubit cir-
cuits. Another consequence of the fact that the state of a 20-
qubit circuit fits into LLC is that cache blocking optimization
does not take effect. Furthermore, for 24- and 30-qubit cir-
cuits, cache blocking reduces the average time per gate by
2.1× and 1.6×, respectively. A 30-qubit circuit benefits less
from cache blocking, compared to a 24-qubit circuit, because
it has fewer gates that can be fused, as shown in the fifth col-
umn.

The last two sections of the table show performance statis-
tics for a 36- and a 42-qubit circuits, which are simulated on
64 and 4,096 sockets, respectively. As Figure S6 shows, for a
36-qubit simulation the time per gate varies between 0.8 sec-
onds (when there is no communication) and 8 seconds (when
communication is required). Note that only 16% of the gates
require communication, as shown in the second column. As a
result, we measure an average time of 1.5 seconds per gate, as
shown in the fourth column of the table. Gate specialization
more than halves the number of gates that require commu-
nication. This results in 1.08 seconds per gate: 1.4× reduc-
tion of average time per gate, compared to no specialization.

Combining cache blocking optimization with specialization
reduces the time per gate down to 0.76 seconds: an additional
1.4× reduction compared to specialization only. As shown in
the fourth column, for a 36-qubit circuit, we are able to fuse
over five consecutive gates, on average. Overall, both gate
specialization and cache blocking reduce the average time per
gate as well as the total run-time of a circuit with depth 25
(last column) by nearly 2×.

The last row shows the simulator performance on a 42-
qubit random circuit when both gate specialization and cache
blocking are used. Compared to a 36-qubit random circuit,
the number of gates per level on a 42-qubit random circuit
has increased by almost 20%. In addition, as the second
column shows, the fraction of gates that requires communi-
cation has increased by almost 2×, while the time per gate
has also increased, as shown in Figure S6. As a result, the
average time per gate on a 42-qubit simulation is 1.72 sec-
onds; a 2.3× increase compared to a 36-qubit simulation.
Overall, it took 1,589 seconds to simulate a 42-qubit circuit
with the depth of 25: 989 seconds (1.72 seconds per gate ×
23.0 gates per level× 25 levels) to simulate all the gates, and
600 seconds to compute statistics, such as entropy, the cross
entropy with the uniform distribution and probability mo-
ments.

An improved implementation of a quantum circuit simula-
tor was recently reported in Ref. [42] after this paper appeared
in the arXiv. Ref. [42] obtains an order of magnitude speedup
against the benchmarking reported here for circuits with 42
qubits, and reports simulations of circuits with 45 qubits. Nev-



15

0 5 10 15 20 25 30 35 40

Depth

0

50

100

150

200

250
To

ta
lT

ga
te

s

size = 6× 6

size = 7× 6

size = 7× 7

Fig. S7: Number of non-Clifford T gates as a function of depth for
circuits with 6×6, 7×6, and 7×7 qubits. Error bars are the standard
deviations among random circuit instances.

ertheless, as done in this paper, if we want to obtain statistics
of the final state at each cycle of the quantum circuit for sci-
entific purposes, the relative speedup will be substantially di-
minished.

XI. Non-Clifford gates

Clifford circuits (circuits which only contain Clifford gates)
can be simulated efficiently [26]. Furthermore, this method
can be extended to simulate circuits which are dominated by
Clifford gates [60]. The only non-Clifford gate employed on
the circuits we have used, as defined in the main text, is the T
gate. Figure S7 plots the number of T gates. On the one hand,
the number of T gates is likely too big for this simulation
method to work for circuits with 7 × 7 qubits and depth 40.
This number can also be easily increased. On the other hand,
the number of T gates can be decreased at will, which will
allow for the verification of circuits with even 7 × 7 qubits,
when a direct simulation is likely no longer possible.
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