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SYMBOLIC MODEL OF A DEGREE-6 VERTEX

We model the degree-6 Miura-ori vertex as in Figure S1(a). The crease pattern is determined by 6 neighboring
vertices on a circle, here vi, va, ---, vg, and the radius has 1 unit length. We denote by t1, t2, and t3 the folding
angles (i.e., m— the dihedral angle) of the creases vi, va, and vs respectively. Here ¢y is assigned to be a mountain
fold, i.e. to < 0, while ¢; and t5 are virtual folds, corresponding to facet bending for a degree-4 vertex [S1]. If we fix
the location of the sector between creases vi and vg, we can determine v/, the final position of the crease v, after
sequentially folding along v3, vy and vy, using standard kinematics:
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where R, (f) and R, () denote the 3 x 3 rotation matrices about the z- and z-axes, respectively, with 6 the angle of
rotation.
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FIG. S1. A symbolic model of the degree-6 Miura-ori vertex is constructed. (a) The vertex coordinates are given. The rigid
folding process is then modeled using standard kinematic techniques. The mountain and valley folds are shown in solid and
dashed thick lines, and thin gray lines denote the virtual creases, which correspond to facet bending in a degree-4 vertex [S1].
(b) The configuration space when o = 0.16 rad. We let the 61, 71, and 02 be the folding angles of the creases vi, vz, and vs
respectively. The topological separable region in red corresponds to pop-through defects. (c) An example of intersection between
two facets. (d) A modified configuration space that eliminates self-intersections, pop-through defects, incorrect assignment of
mountain or valley configurations for va, v4, vs, and ve.



CONFIGURATION SPACE

The greatest distance the points v4 and v can be from each other is in the unfolded state, where ||v4—vg|| = 2| sin /.
We then obtain the configuration space for the folded vertex by plotting all points (¢, to, t3) that satisfy the inequality

[|vy — ve|] < 2|sinal.

This configuration space when a = 0.16 is shown in Figure S1(b). The singular point (0,0,0) in the configuration
space corresponds to the unfolded state.

Potential self-intersection of the single vertex can be further excluded from the accessible configuration space by
satisfying the following criteria. For any pair of facets ¢ and j, comprising v;, v;41, v;, and v;41, the intersection-free
condition requires (see Fig. S1(c))

(vixp) - (Vi1 xp) >0, or (v; x p) - (Vj+1 X p) >0,
where p is the intersection line between two infinite planes containing this pair of facets.
P = (Vi X Viy1) X (Vj X Vjq1).
To ensure that v4 and vg correspond to two mountain folds, we have the two following equalities
[(Vvs X vq) X (vg X v3)] - v4 <0 and [(vi X vg) X (vg X v5)] - vy < 0.

Misfolds associated with a swap between mountain and valley vertices (and vice versa) can be excluded explicitly by
the following criterion,

[(Vv4 X va) X (v X vg)] - v5 > 0.

The resulting configuration space satisfying all above criteria are shown in Fig. S1(d).
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FIG. S2. Restricted configuration spaces due to fold angle 62. (a) For plane angle o = 0.16 rad (Fig. S1), given fold angles 62
lead to either simply connected (f2 = —0.3 rad) or disconnected (f2 = —0.34 rad) configuration subspaces. (b) The critical 65,
above which the configuration subspaces is disconnected (shaded) is shown as a function of the plane angle a. The dashed line
shows the critical #2 without considering self-intersections.

Given a fold angle along one crease will restrict the 3-D configuration space into a 2-D subspace. An example of
such subspaces (for plane angle o« = 0.16 rad) is shown in Fig. S2(a). By increasing the magnitude of fold angle 65
above a critical value 0 . =~ —0.32 rad, the configuration space topology varies from one simply connected region to
two disconnected regions. Such critical fold angles 65 . as a function of « are shown in Fig. S2(b).



RECONSTRUCTION OF THE ORIGAMI MORPHOLOGY

3D reconstructions of the origami structure are obtained by matching the 2D coordinates of all its vertices with a
projection of an idealized origami model. The crease length of the origami model is determined by the crease pattern.
For any two vertices r; and r; that are connected by a single crease of length [;;, they must satisfy the following
condition

rij = |rij| = |ri — x| = 1. (S1)

The corresponding vertex coordinates (X;, Y;) in the real origami structure are obtained from its top-view images,
using MATLAB’s camera calibration toolbox to correct for distortions. The location of the vertices are initially
identified by manually tracking the vertex positions. Using MATLAB’s feature tracking algorithm in conjunction
with particle image velocimetry [S2] we automatically track the vertex locations in successive images. To calculate
the out-of-plane coordinates of these vertices along z, we draw inspiration from previous work [S3] and minimize the
penalty function:

V(D) = B3 [l = ) X0 + (- 90V + 23 (g 1), )
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where k1 < ko are the effective spring constants that constrain these vertices, g(z) = 1 — z/H is the first-order
perspective correction for a camera placed at (0,0, H), and |z/H| < 1 [S4]. Here, 3. denotes the summation over
directly connected vertices. The minimal value min V' ({r;}) can be achieved iteratively using a conjugate gradient
method. At the (k 4 1)th iteration with a step size A, we have

M =k (9 (=) Xi—a®) a4 (9 (5) vi - o) ] + Y (1 =) 5. (S3)
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The initial coordinates are set as 2\ = X, y(O) =Y, and 20 slightly off from 0 with its sign determined by the

A % i

mountain-valley assignments. The convergence is achieved at a tolerance level § so that \/ i j/(rij —1;;)? < 6. The

value of § is typically set at 10710 for relatively low computational time. In addition to the 3D morphology, the
obtained coordinates also allow us to compute the folding angles for each vertex.
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FIG. S3. 3D reconstruction of the origami structure. (a) Schematics of the reconstruction, where (X,Y) are the 2D coordinates
from the raw image and (z,y, z) are the 3D coordinates reconstructed by constraining these vertices with a given crease length
l. (b) An example of this 3D reconstruction showing the deformation of the origami structure under compression, achieved by
tracing the 2D coordinates (X,Y) of all the vertices.
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FIG. S4. Simulation of the folding kinematics of a Miura-ori ring structure. (a) Under isotropic strain, the origami structure
deforms from a plane sheet (bottom) and collapses onto a cylindrical shape (top). (b) Folding angle ¢; ;11 for creases shared
by adjacent vertices versus vertex layer number n at different values of compressive strain v/7.. Here, 7. is the maximum
strain that can be applied without buckling the inner boundary. Generally, we observe the outer creases to have a lower value
of ¢;,i+1. As strain increases this value rapidly approaches the saturation angle of 7. (c) The root mean square of ¢; ;41 for all
vertices versus strain /.. The abrupt changes in the slope are associated with the snapping behavior of the folded sheet. We
identify these locations by taking the second-order derivative, identifying the local minima, and labeling them with the number
of collapsed layers of vertices. The number of collapsed layers n versus the strain -y/+. is shown in the inset.

NUMERICAL SIMULATION OF THE FOLDED STRUCTURE

The folded origami structure can be simulated numerically with a similar scheme for the penalty function. Instead
of matching the 2D projection of the position of every vertex, we restricted the coordinates of a subset of all NV vertices
on the outer boundary and obtain the optimized origami structure. The penalty function thus becomes
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where Zi” is performed over the restricted vertices, t,’s are the folding angle along the virtual creases, k3 is the
bending stiffness of the virtual creases, and L is the size of the unfolded sheet. The non-vanishing bending stiffness
k3 leads to a unique folded structure associated with the lowest bending energy for all virtual creases. It should be
noted that the penalty function here does not forbid any self-intersections.

In case of isotropic compression of the Miura-ori ring, the radius of the vertices on the outer boundaries are
prescribed as v X2 + Y2 = (1 —v)Ro, where v is the compressive strain, and Ry is the radius of the unfolded origami
sheet. The penalty function can be rewritten as

Vb =58 (Vortut - =)+ 23 -1 4 2 (55)
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The folding kinematics can be solved as
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for i € outer boundary,
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Here, 0,5 = dy x (ri—vy)/ ‘dg x (r; — va)’ with d, and v, are the orientation and center of the virtual crease . In

practice, we let k1A = 0.1, and k2 A = ksA = 0.005. Using the Runge-Kutta method, the differential equation leads
to convergent coordinates of all vertices. An example of such simulated folding is shown and described in Fig. S4.

EXPERIMENTAL CHARACTERIZATION OF THE SEQUENTIAL BISTABILITY
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FIG. S5. Realization of sequential bistability through vertex-vertex coupling. (a) The Miura-ori ring is deformed uni-axially

between two parallel plates. (b) The compressive modulus of the Miura-ori ring K o % is obtained from the force-strain

relationship F vs. % /’yC Here 7. = 0.75 and corresponds to the strain at which the entire sheet snaps into a cylindrical wall.
The modulus K = w - (r/D), normalized by flexural rigidity D and thickness of the sheet 7, shows a sequence of drops in its
value each of which corresponds to a snap. For both the force and the modulus curves, the sohd line is a 10-point boxcar average
of the measured value and the shaded band is the 10-point boxcar standard deviation. (c) We simulated uniform compression
of this structure and overlay the normalized strain values at which each layer undergoes a snapping transition (circles). The
dashed lines are guides to the eye.

To characterize the topologically disconnected configurations in a Miura-ori ring, we laterally compressed the
fabricated structure between two plates (Fig. S5(a)). We find that the structure is able to accommodate a large
degree of compressive strain v, = (lp — [)/lp, where Iy and [ correspond to the lateral size of the unfolded and
folded sheet respectively. During compression, the innermost layer is the first to collapse. Upon further compression,
successive layers collapse onto the inner layer (Supplementary Movie 2). At the same time the remaining uncollapsed
layers retain their flexibility. Importantly, throughout the entire folding process up to where the strain reaches -,
indicating full collapse, the inner boundary maintains its shape indicating effective strain isolation.

The snapping behavior of successive layers can be quantified by the compressive modulus, which is the derivative of
the applied compressive force F' with respect to the strain v, (Fig. S5(b)). We find that each snap, indicated by the
number of collapsed layers n, corresponds to a rapid decrease of dF/d~y, as the normalized strain -, /7. is increased



(Fig. S5(b)). This decrease arises from the extra space that is released when a layer snaps into place, which relaxes
the folds in the remaining layers and reduces their resistance to compression.

To determine the theoretical strain value associated with successive snapping of layers onto the inner cylinder, we
simulate an isotropic deformation of the same origami geometry (Fig. S4(c)). We plot the number of collapsed layers
as a function of the applied normalized strain (black line and open circles in Fig. S5(c)). We find that comparison
with dF'/d~, (vertical dashed lines) identifies where the structure undergoes an abrupt drop in compressive modulus
due to each sequential snap (labeled by n).
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