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MIRROR FABRICATION

FIB milling makes nanometric precision of surface to-
pography possible over a large range of feature sizes and
radii of curvature. After the FIB milling, the surface of
the concave feature was treated with a CO2 laser to melt
a thin layer of material and achieve a lower surface rough-
ness upon resolidification [1]. Surface roughness was mea-
sured to be 0.3 nm (rms) after the smoothing step. See
Fig. 1(a), where the right two columns were treated with
the CO2 laser and the left columns untreated.

To verify the optical quality of the concave surface the
decay of the photon population of a longitudinal cavity
mode after a short (≈ 6 ps) populating pulse was probed
and finesses of 2–5 × 104 were found, varying from fea-
ture to feature. At the 10th longitudinal cavity mode
this finesse corresponds to a cavity lifetime of up to 150
ps. The nominal transmission and absorption for each
dielectric mirror are 30 ppm and 10 ppm respectively,
at 577 nm (free space wavelength), totalling 80 ppm of
coating-induced losses per round trip. The losses are con-
sistent with the known surface roughness. These finesse
measurements used an air gap. With ethylene glycol of
refractive index 1.44 one would expect finesse less than
1 × 104 due to enhanced scattering from the rough sur-
face at shorter wavelength and decreased reflection from
the front surface of the dielectric stack. The measured
cavity lifetime as discussed in Main Text, Fig. 4 (bottom
panel) is just 5 ps. The unaccounted-for losses are most
likely due to a combination of chemical impurities in dye
and solvent, dye aggregation at high concentrations, and
dirt and mechanical damage due to handling mirrors in
a standard laboratory rather than a clean room.

The mirrors permit us to reach harmonic trapping fre-
quencies, equivalent to the transverse mode spacing of
the optical microcavity, up to f = 1.7 THz, or 0.25×kBT
where T is room temperature, depending on the mirror
RoC and cavity length. When hf is of order kBT finite-
size effects become important and the critical photon
number for BEC is small. The depth of features is greater

FIG. 1. Microfabrication. (a) A white-light microscope image
of the mirrors used. (b) Quantitative analysis shows parabo-
lae, and we have used the features with effective radii of cur-
vature 400 µm. Colours indicate from which row the features
are plotted. The white box indicates the column. Features left
of the column of (a) are not laser smoothed; figures in the box
and to the right have been smoothed. (c) Deviations of mir-
ror profile (continuous line) from hemispherical model (dashed
line), stacked vertically for better visibility. The length of the
shaded bars corresponds to the ground state mode waist on
the curved mirror. The surface roughness is as low as 0.3 nm.

than one complete longitudinal free-spectral range. That
implies an effective trap depth of greater than h×60 THz
or 10 kBT , meaning that more than 99.95% of thermal
photons are trapped.

It is important to note that the light penetrates the
mirrors by an effective number q0 of half-wavelengths. If
the true longitudinal mode number (given by the prod-
uct of cavity round trip time and light frequency) is
q, then the open length of the cavity is (q − q0)λ∗/2
where λ∗ is the wavelength of light in the medium. It is
this latter length which enters into calculations for trap-
ping frequency [2]. Also, the effective number density of
molecules must be re-normalised by a factor (q − q0)/q
(see below).

A COMPLETE MODEL FOR
DYE-MICROCAVITY PHOTONS

In this section we describe the full non-equilibrium
model which we compare to the data in the Main Text,
and how we ascertain the appropriate microscopic pa-
rameters.
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The assumption that all photon modes couple equally
to all molecules as used in the simplified model of
Eqns. (3)–(6) in the Main Text is not valid for many
of our experimental parameters. Instead, we make use of
the updated model of Ref. [3] which takes into account
both position-dependent coupling to spatially-varying
cavity photon modes and an inhomogeneous excited-state
fraction of the dye molecules. Some of us (HJH, RAN
and FM) have used precisely this model to describe the
phase diagram of multimode photon condensates [4]. We
have reached a good quantitative comparison between
the experimental data and the model by fixing as many
parameters as possible. Here, we justify the values of the
remaining parameters.

The first parameter to be set is the cavity loss rate,
κ. From the coherence measurements, in the Main Text
Fig. 4 (lower panel), we know that 1/κ = 5.2 ± 0.8 ps.
We fix the value at 5 ps for the remainder of this work
unless otherwise stated.

Light-matter coupling strength

The next parameter to fix is the light-matter coupling
strength, Γ(±δ). The formalism is stated explicitly in the
above-mentioned articles, especially Ref. [4], Eqns. (1)–
(3). We note that Γ(δ) is converted to a rate by being
multiplied by the molecular density. The correct density
ρ to use for our near-planar microcavities is the areal den-
sity of molecules, which itself is the bulk molecular con-
centration multiplied by the length between the mirrors.
The molecular concentration is 2.4 mM, giving molec-
ular number density nmol = 1.4 × 1024m−3. Since the
light penetrates the dielectric mirrors, for a cavity of lon-
gitudinal mode number q, this between-mirror length is
about L0 = (q − q0)λ∗/2 where q0 ∼ 4 and λ∗ is the
wavelength of light in the medium. In this work we set
q = 8, and for simplicity we keep λ∗ = 400 nm (equiva-
lent to about 570 nm in free space). Thus L0 = 800 nm,
and ρ = nmolL0. The re-absorption rate for a bulk sys-
tem with in-medium speed of light c∗ is nmolc

∗σ(λ) for
a measured wavelength-dependent light-scattering cross
section σ(λ). Hence, nmolσ(λ)c∗ = ρΓ(δ) ⇒ Γ(δ) =
σ(λ)c ∗ /L0. In the Main Text, the discussion of molec-
ular density uses, for simplicity, the effective concentra-
tion of dye molecules taking into account the optical path
within the dielectric, written as nmol = nmol(q − q0)/q.
Finally, conversion between lab-optimised wavelengths λ
and simulation-optimised detunings δ is via the definition
of a zero-phonon line where δ = 0, so that Γ(δ) = Γ(−δ),
i.e. the peak-normalised absorption and emission spectra
cross, which is at 545 nm (see [5]).

Molecular decay rate

To match the depth and breadth of the threshold phe-
nomenon in population as a function of pump rate or
power, adjusting the fraction of spontaneous molecular
de-excitation that goes into creating cavity photons is
the most logical step. This fraction is known as the
β parameter of microlaser physics. Since the intracav-
ity emission is fixed, the only parameter in the model
which can set β is Γ↓, which is expected to be domi-
nated by spontaneous emission into free space. The bulk
rate is Γbulk↓ = 0.25 ns−1. Numerical experiments show

Γ↓ = 0.03 ns−1 gives a much more appropriate match to
the data. We conclude that spontaneous emission into
free space is strongly suppressed by the simple fact that
the mirrors subtend a very large solid angle at the cen-
tre of the cavity. The mirrors also have a rather broad
stop band and a wide angle over which their transmis-
sion is very low. Hereafter, and in the Main Text, we fix
Γ↓ = 0.03 ns−1.

Pump-spot size

The only remaining adjustable parameter is the pump
spot size. Experimentally, we focus the spot as small
as possible, given the numerical aperture available. The
lower diffraction limit for our optics is between 1.3 µm
(the diameter of the first zero of the focal Airy disk as-
suming a uniform beam filling our focussing lens) and 1.7
µm (based on Gaussian optics for our roughly-Gaussian
pump beam). In our simulation, the value is encoded in
harmonic oscillator lengths, lho = 1.2 µm for 1.7 THz
harmonic-oscillator mode spacing. In the simulation, we
assume an elliptical spot, whose major axis is

√
2 times

larger than its minor axis, since the beam is incident
on the cavity at approximately 45◦ to pass through the
dielectric mirror efficiently. From one experimental run
to the next the pump spot may be re-aligned and re-
focused to the smallest achievable spot size, with pre-
cision roughly equivalent to the depth of focus, i.e. we
reliably achieve spot sizes of 1–2lho. We focus as small as
possible to minimise pumping highly-excited transverse
modes of an secondary longitudinal mode of the cavity.
We detect those modes in experimental spectra, and can
pass lasing threshold if we do not carefully align and fo-
cus our pump beam.

In Fig. 2 we see results of a simulation of thermalisa-
tion of light (far below threshold pump rate). The pa-
rameters are as described above, but we vary both cavity
cutoff wavelength and pump spot size, for three possi-
ble cavity lifetimes. The Boltzmann distribution is then
fitted to the mode populations and an effective tempera-
ture extracted. For the longest cavity lifetimes, there is a
substantial region (large pump spot, 560–580 nm cutoff)
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FIG. 2. Effective temperature (see side bar for scale) de-
rived by fitting simulated mode populations far below thresh-
old pump rate, as a function of pump spot size and cavity
cutoff wavelength. The inverse of the spontaneous emission
lifetime is set to 1/Γ↓ = 32 ns as determined from the width
of the threshold feature. Top to bottom, the cavity lifetime
is increased.

over which the temperature matches room temperature,
independent of the precise parameter values. This rep-
resents true thermal equilibrium, and requires at least
20 re-absorption events per cavity loss. As the cavity
lifetime is reduced, the region covers a smaller range of
cutoff wavelengths, and even disappears for the lifetimes
we believe describe our experiments, 5 ps. For that low-
est lifetime, there is no true thermal equilibrium but the
re-absorption and emission events have significantly re-
distributed the cavity light from the emission spectrum of
the dye towards the thermal equilibrium distribution. In
the Main Text, Fig. 1(c) we find effective temperatures
of 150 ± 20 K for 560 nm cutoff wavelength, suggest-
ing pump spot very close to the diffraction limit, around
1 lho. Our experiment therefore is in a non-equilibrium
regime (in contrast to say Ref. [6]), but nonetheless a
near-equilibrium description with an adjustable effective
temperature is appropriate.

The simulations here and in the Main Text are run
using a total of 15 modes across 5 non-degenerate energy
levels. We have run example simulations using 28 modes
over 7 levels, and found no significant differences in the
results.

NON-EQUILIBRIUM DEFINITIONS OF
CONDENSATION

There is no unique recipe for determining the thresh-
old for condensation, especially in finite-sized systems
and non-equilibrium. A common starting point is the
Penrose-Onsager criterion [7] which can be interpreted
as stating that condensation occurs when the occupation
of a mode of the multi-particle system has an occupancy
which grows linearly with the total number of particles
in the system. They call this specifically Bose-Einstein
condensation. Their definition does not strictly distin-
guish what we are labelling as single-mode Bose-Einstein
condensation from multimode condensation. It also can-
not be trivially mapped onto finite-sized systems as the
notion of extensivity is only valid in the thermodynamic
limit.

Let us now review several alternative operational defi-
nitions of threshold from a variety of physical implemen-
tations (laser physics, atomic gases, general statistical
physics) with the aim of applying them to our finite-size,
non-equilibrium system with multiple modes and vari-
able total particle number, which is capable of showing
multimode condensation.

A. Generalised condensation in a specific mode labelled
i occurs when the number of particles in that mode ni
is a finite and constant fraction of the total particle
number ntot, but the populations in non-condensed
(or depleted) modes are not proportional, as the total
particle number goes to infinity: limntot→∞ ni/ntot =
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FIG. 3. Criteria for determining the condensation threshold: see text for descriptions. Criteria A. and B. dot not allow us to
determine threshold, and G. is not relevant to our multi-mode system. Left panel: number in each mode as a function of total
photon number, together with labelled criteria. A temperature fit of 150 K was used, with energy level spacing h×1.7 THz.
Right panel: the same data, as a fraction, showing clearly that an increasing fraction of photons go into the ground mode for
increasing photon number. The non-equilibrium model results are shown as dashed lines.

O(1). This criterion is discussed in Ref. [8] in a
very general context and holds for both Bose-Einstein
and multimode condensation, regardless of notions of
thermal equilibrium. While it makes clear whether
condensation happens or not, because it is only appli-
cable in the asymptotic limit of large particle number,
a well-defined threshold criterion cannot be derived
from it.

B. A linear-growth condition for BEC is when crite-
rion A. holds for one and only one mode i = 0,
that being the lowest energy mode. This holds for
non-equilibrium systems but only in the asymptotic
limit of large ntot and so cannot be used to determine
threshold. This is a specialised version of and is used
in, for example, Ref. [9].

C. If more than half of all particles are in one state, then
that must be the only condensed state. If that mode
is the lowest energy mode, one can then say that the
mode is Bose-Einstein condensed. Since it holds in
a finite system it can be used to define threshold:
ni/ntot > 1/2. Criteria A. and B. are necessary but
not sufficient conditions for this criterion; this is a
very strict criterion, used by Ref. [10].

D. In trapped, conservative, thermal-equilibrium Bose
gases (e.g. cold atomic vapours) BEC is considered
to occur when ntot > limntot−>∞ ntot − n0, i.e. the
total population exceeds the saturated excited-mode
population in the infinite particle-number limit [11].

For simple trapping potentials this limit can be cal-
culated analytically. For example, in a 2D trap of
angular frequency Ω and energy ~Ω = ε, relevant
to our experiments, this criterion becomes ntot >(
π2/6

)
(kBT/ε)

2
, for one polarisation state. This cri-

terion is valid only for thermal equilibrium in a well-
known potential energy landscape.

E. In criterion D., at threshold the ground state pop-
ulation is well defined. To leading order one finds
n0 > kBT/ε [12] as an alternative criterion suitable
for finite-sized systems. Despite being derived from
equilibrium considerations, Kirton and Keeling [12]
use it even away from equilibrium, with generalised
condensation occuring when at least one mode (not
necessarily the ground mode) has this population.

F. A consequence of the same analysis is n0 = n
1/α
tot at

the threshold, with α > 1 being the dimensional-
ity. For our system, α = 2 so we find a criterion of
n0 >

√
ntot [11, 12]. While this is strictly an equi-

librium criterion, it still makes sense out of equilib-
rium, generalised to ni >

√
ntot. When there are

few particles, few modes may condense. With many
particles, many, even all, modes may condense. This
O(n1/2) criterion neatly separates saturated or de-
pleted states with ni = O(n0) from condensed modes
where ni = O(n1).

G. Mode occupancy of one, ni > 1, is considered
a threshold for microlasers by some authors (e.g.
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Ref. [13]). This is a non-equilibrium condition but
based on a single mode. We consider condensation
(as opposed to lasing) to be a phenomenon which
occurs in multi-mode systems, this criterion is not
useful to us here, except in comparison to the micro-
laser model of Main Text, Eqn. (10).

It is possible to invent other ad hoc criteria for threshold,
but robust criteria which can be applied in the presence
of experimental noise are not obvious.

In Fig. 3 we see the same data as in the Main Text
Fig. 1(c). We determine threshold by comparison with
the criteria listed here. Only criteria D. and E. make use
of the temperature extracted from the fits to the Bose-
Einstein distribution. If the criteria all represented the
same physical interpretation of threshold, we would ex-
pect them to pass through one unique point. They do
not, implying that the criteria are logically distinct. De-
spite the system being out of equilibrium, the two equi-
librium criteria D. and E. (applied with T = 150 K as
fitted) coincide closely with the data to within experi-
mental noise. Criterion F. almost coincides. The coin-
cidence of all three criteria bracket the data, at a total
photon number of 7 ± 1 with

√
7 photons in the ground

state. This is the figure we state for threshold in the
Main Text. Only C. gives a significantly different value
of threshold, at around 11 photons. We consider this
latter criterion overly strict for establishing BEC unless
there is some ambiguity which the other criteria cannot
be used to resolve.

Despite the imperfect saturation of excited states due
to the deviation from thermal equilibrium, according to
criterion F., only the ground state goes above threshold
within the range of data taken here. All other modes
remain below threshold or depleted. The most common
operational concept of BEC as large-scale occupation of
the ground state alone is then clearly applicable to our
system, despite its finite size and imperfect equilibration.

FITTING THE BOSE-EINSTEIN AND
MICROLASER DISTRIBUTIONS AND
CALIBRATING PHOTON NUMBER

To extract a temperature we fit the Bose-Einstein
distribution to the data, as shown in the Main Text,
Fig. 1(c). The procedure is a hierarchical least-squares
fit using log-spaced residuals to account for the large dy-
namical range of the data. The function fitted is the
Bose-Einstein distribution, summed over the first five
lowest energy levels (15 modes). In an outer optimi-
sation covering the complete data set to be fitted, the
temperature T and a number calibration scale N are se-
lected. In an inner loop, for each total particle number,
the chemical potential is varied to minimise the residuals
between the data and the distribution across the 5 modes,

using the specified value of T . The temperature T and
calibration N are varied to globally minimise the total
residuals. Not all data are used for the fit. Far above
threshold, the excited state populations do not saturate
which introduces a bias to the fitted temperature, so we
truncate the above-threshold data when fitting. Varying
the truncation point varies the temperature by approx-
imately 20 K, hence we quote 150 ± 20 K for the fitted
temperature.

To fit the microlaser distribution, Main Text,
Eqn. (10), we fit to the ground mode population alone,
as a function of pump power. There are three param-
eters: the spontaneous emission fraction β, the number
calibration N and a scaling G between nominal pump
laser power and the pump rate of the molecules in units
of the cavity lifetime. This latter parameter is of no fun-
damental importance.

We calibrate the spectrometer with a known pump
power laser beam, but the coupling from intra-cavity pho-
tons to the spectrometer detection is uncertain, hence
the need for the number calibration parameter N in the
fits. The fits to the two different distributions yield sim-
ilar calibration values, of approximately 3.5, implying
that there we have unaccounted-for but not-unreasonable
losses of about 70% of our light between cavity and detec-
tor. A large part of the difference may come from the mir-
ror transmission, for which we use the manufacturer’s cal-
culated specification interpolated to our required wave-
lengths rather than a direct measurement. In practice,
having used fitting to check the value of N , we fix one
value and then re-fit both models.

POLARISATION STATES

In the thermal equilibrium model we take the degener-
acy of the ith excited level to be i+1 as appropriate for a
symmetric 2D harmonic oscillator potential. In doing so,
we assume that there is only one polarisation mode for
the light. In reality there are two. These two polarisa-
tions introduce an ambiguity to the experimental obser-
vation of threshold: if one mode condenses but not the
other, how could we tell without polarisation-sensitive
detection?

The polarisation of photon BECs has only very re-
cently been studied theoretically [14] and experimen-
tally [15]. The main conclusion of the theoretical mod-
elling is that the polarisation degree of freedom ther-
malises through rotational diffusion of the dye molecules,
which is a much slower process than the energetic or spa-
tial thermalisation. The experiments show that while
the BEC (the ground state when condensed) is mostly
linearly polarised along the pump axis, the other modes
remain unpolarised. This evidence suggests that the two
polarisation degrees of freedom interact only weakly with
each other, especially in our system with a rather short
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cavity lifetime (5 ps) compared to the rotation diffusion
time constant (about 2 ns).

In our experiments we place a polarising filter in
front of the spectrometer used for detection, aligned to
maximise transmission above threshold photon number.
Since the unobserved, orthogonal polarisation component
does not interact with the observed component, we sim-
ply make the assumption that the polarisation degener-
acy is unity for our calculations. This is standard prac-
tice in photon BEC for measuring, for example, photon-
photon correlations [16] or coherence [6, 17].
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