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Supplementary Information

The Goldstone Mode and Resonances in the Fluid Interfacial Region

A.O. Parry, C. Rascén

Here, we provide further information regarding five aspects of our study: The derivation of the relation
between S(z;q) and G(0, z; q) for the square-gradient functional (equations (4) to (6) in the main text),
the determination of single resonance models (SRMs), the full solution for G(z, 2’; q) for the double-cubic
model, the general proof of the wavevector dependent decay of the S.f(z;¢) (or, equivalently, G(0, z; q))
for systems with short-ranged forces and, finally, the correlation function structure within the Sullivan Model.

1 Resonances within square-gradient theory

Within Density Functional Theory (DFT), the equilibrium density profile and many-body correlation func-
tions are obtained from the Grand Potential functional Q[p] = Flp] — [dr (1 — V(r)) p(r), where p(r) is
the density distribution, p is the chemical potential and V(r) is the external potential [1]. The equilibrium
density profile is obtained from minimization of [p]

oQ[p]
dp(r)

while the direct correlation function of the inhomogeneous fluid

=0 (1)
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is obtained as the second derivative of the intrinsic Helmholtz Free-energy functional F'[p], which must be
evaluated at the equilibrium fluid density. From C(r,r’), we can then determine the equilibrium density-
density correlation function G(r’,r) via the solution of the Ornstein-Zernike equation

/ dr” C(r,r")G(",r') = §(r —1') (3)

Consider the mean-field square-gradient theory based on the model Grand Potential functional

ol = fax (50702 +000)) (4)

where, for simplicity, we set f = 1, since this does not appear in our final results. For this model of a free
liquid-gas interface located near the plane z = 0, the direct correlation function reduces to

C(r,x') = (=Vi +¢"(p(r))) 6(r —1') (5)

where have set kgT = 1. Thus, the 2D Fourier transform of the direct correlation function, along the
interface, is the delta function operator

C(z,25q) = (=02 + ¢+ ¢"(p(2))) 6(z — 2') (6)



where p(z) is the equilibrium density profile. For the local functional (4), the minimization of Q[p] reduces
to the Euler-Lagrange equation p”’(z) = ¢’(p), which is solved subject to the boundary conditions p(z —
—00) = pg and p(z — 00) = p;. Thus, the Ornstein-Zernike equation for the 2D Fourier transform of the
density-density correlation function reduces to the differential equation

(=02 +¢" +¢"(p(2)) G(z,2'5q) = 6(z — 2') (7)

The local structure factor is defined as the integral

S(zi1q) = /dZ'G(z,z’;Q) (8)

and, therefore, satisfies
(02 +¢* +¢"(p(2)) S(z19) =1 (9)

which we now seek to solve. Since the differential equation is linear, we can write S(z;q) = Scr(2;q) +
Sps(2;q) where the complementary function has the solution

Ser(z19) = Alq) G(0,2:9) (10)

with an amplitude A(q) to be determined from a boundary condition after a particular solution is specified.
Note that, for positive z, the correlation function has an asymptotic expansion G(0, z; q) = G(q)e "*(1+
O(X)) in terms of X = e~ "* [6]. The amplitude G(q) of the correlation function will be needed in order
to define the weights of the resonances in terms of the generalised tensions o,,. To determine the particular
solution, we first note that the Euler-Lagrange equation allows us to re-write ¢”(p(2)) = p"'(2)/p'(2).
However, the Euler-Lagrange equation also determines that the profile always has an exponential expansion

p(z) —p1 = roApe™"* (1 +> rnX”) (11)
n=1

where the coefficients 7, are, in turn, determined by the coefficients w,, characterising the potential ¢(p).
For example,

ToU re 2
ry = 03 2, ry = go <U4 + §U§> (12)

with the lead coefficient 7y determined from integration of the first-order equation p’(z) = \/2A¢(p). This
means that we can also expand

¢"(p(2)) = K> + Y ap X" (13)
n=1
with, for example,
2
a1 = 2rous, ag =7§ (3U4 + gug) (14)
The structure of ¢ (p(z)) suggests the trial solution
oo
Sp(230) = Si(a) (14 anla) X") (15)
n=1
This indeed solves the Ornstein-Zernike equation and determines that the amplitudes a,(q) take the form
an1 an2 Ann
an() =G5t —aat +t— Q0 (16)
& 1- % 1- 5251

with dimensionless numbers a,,,,, determined by the «,, and hence the u,, and r( (see Table 1). Thus, in
general, each amplitude a,,(¢q) contains an explicit GM and a series of resonances of increasing order in



n
anm
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2,.3 2,2 2,.3 2,2 1,.3 3 1.3
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Table 1: Examples of matrix elements a,,, determining the strength of the resonances appearing in the
expansion of a,(q) (see Eq. (16)) in terms of the coefficients u,, characterising the potential ¢(p). If a
particular diagonal element a,,, = 0, all the elements of that column vanish and the resonance occurring

at £g = v/n? — 1 is absent.

n. Of particular importance is each diagonal element a,,, since, if this is zero, so are all the elements of
the column (@, with m > n), implying that a particular resonance is entirely absent. Hence, we can see

already that, by setting uy = %u% there is no resonance at £g = v/3 (since azs = 0), and that, by further

setting us = 0, there is also no resonance at £¢ = /8 (since also aszz = 0). Note that, at £g = vn? — 1,
the local structure factor S(z;q) contains a resonant contribution decaying as # z e~ ("~1%2 Sy (¢) whose
amplitude is a,, (1 —n?)/2n. Therefore, if a,, = 0, the resonance does not manifest itself in the decay of

S(z;q).
We next re-order the expansion of Sps(z;¢) using a different basis noting that we can also write it

zg +i G(0,z;vVn? — 1H)>

(17)

q bn(q)

This is just a linear re-grouping of the original exponential expansion since p’(z) o e **(1 + O(X)) and
G(0,z;vV/n? — 1K) x e”™*(1 + O(X)). Substituting into the Ornstein-Zernike equation then determines
b1(q) = —q?/ay and that, more generally,

Sulz0) = (o) <1+ -

e
n2—1

meaning that, in this basis, each resonance is isolated. The amplitudes of the coefficients b, (q) are

conveniently written in terms of the generalised tensions o,, with

kAP o PO  am

and — = 5

2us on Ap Q((n — 1)/{)

where the a,, are the coefficients determined for the original exponential expansion of S,5(z;¢). Thus, for

the particular solution we have

bn(q) x 1 (18)

(n>1) (19)

g1 =

L App'(2) .

Sps(z:9) = Sp(q) + ﬁO’qu(l T q2§2) + Ups(z;q) (20)
where ( . )
Ap = o G(0,z;v/n? -1k

Ups(2; = - - 2¢2 21

Finally, the amplitude A(q) of the complementary function is determined from requiring that S(z;q) has
a maximum at the origin z = 0 (since our potentials are continuous and satisfy ¢’(p.) = 0). Noting that
p"(0) = 0 and that 9,G(0, z; ¢)| ,—o+ = —1/2, we find

A

A0 = 1

2 o (14 ¢2€2)(1 - %£)

n=2 n2—1

(22)



and hence

Scf(Z,q) - ,0/(0) 7;2 on (1+q2§2)(1_ 7;122521) (23)

arriving at our central result (Eq. (4) in the main text) and the identification of R(z;q).

Integration over a macroscopic interval defines the total structure factor:

L/2
STOT(Q) = dz S(Z;Q) (24)

—-L/2
from which it follows that this also has an expansion in terms of resonances
(Ap)? N Ap i o 5(0;q) — S(0;vn? —1k)

Sror = LS =
(9) b(q) + TP (1+E2¢%)  p(0) = on (14 ¢2€2)(1 — L&)

(25)

which is exact for this class of square-gradient models. Following a similar argument to that explained
in section § II.C, the approximation that S(0;q) ~ App’(0)/o ¢> + C’ where C’ is an arbitrary unknown
constant, leads directly to Eq. (8) in the main text as a highly accurate approximation for the total structure
factor over the whole range of wave-vectors.

As mentioned in the main text, as the temperature is increased towards T, the correlation length &
increases, which exposes more and more resonances. We can model this by, for example, adding a higher-
order term (p— p.)® to the standard Landau theory potential. Calculation then shows that oy = o +O(t?),
so that the Landau theory becomes more and more accurate as 7' — T,. In this case, the explicit GM
term R1(z;q) encompasses almost the whole Wertheim-Weeks GM divergence and the contribution from
the resonances becomes negligible. However, this behaviour is specific to a mean-field treatment of the
critical region. To assess the role of resonances more generally, we can use a phenomenological Fisk-Widom
potential ¢(p) = —t7(p — p.)? +u(p — p.)°+!, where v and & are standard bulk critical exponents which
can be regarded as input parameters [2]. For example, we may use the reliable rational approximation
v =4/3, § = 5. For the Fisk-Widom potential, uy — %u% = %(5(5 — 3), implying that it is only for the
standard Landau quartic potential (6 = 3) that the resonance at g = V/3 is absent. Indeed, using the
rational values of the exponents quoted above, we find the universal value of the critical amplitude ratio
o1/o = 0.7. Since 1 = o/01 + 0/02 + -, this signals the weights cannot vanish in the critical region.
We note that the same value of the universal critical amplitude also applies to the potential modeling the
approach to a tri-critical point (y =1, § = 5).

2 Single resonance models

As noted above, the condition that a resonance is absent follows from simply setting the appropriate matrix
element a,,, = 0, which can be imposed for any number of resonances. More stringent is the requirement
that a model contains only a single resonance, occurring (say) at £g = v/n? — 1. If this is the case, we have
agr = 0 for all k # n, and hence the single resonance is weighted by the entire surface tension o, = o.
Therefore, the local structure factor simplifies to

Ap G(0,z;q) — G(O,z; vn? — 1/1)
p'(0) 1+ ¢2€2)(1 - L)

S(z:q) = Sp(q) + (26)

In writing this, we are assuming that n > 1, since for n = 1 the "resonance” occurs at ¢ = 0 and is
equivalent to the explicit GM. Substituting (26) into the Ornstein-Zernike equation (9) determines that this
function S(z;¢q) is indeed a solution, provided that the two-point function satisfies

G(0,z;v/n2 —1k) x ¢"(p(2)) — K* (27)



Incidentally, if we were to set n = 1 we could then use G(0, z;0)  p’(z), as dictated by the Euler-Lagrange
equation, to reduce this to v/Ad oc ¢”(p(z)) — k2. This can be integrated and recovers immediately the
standard Landau theory quartic potential. The condition o1 = o then implies that

App'(2)
Bog?(1+ ¢%€?)

as originally derived in [6]. For completion, we note that the surface tension (¢ = k(Ap)?/6), profile
(p(2) = pg + Aptanh 5F) and the correlation function G(z,2’;q) are also known analytically for this
potential [10].

Returning to the more general case n > 1, we note that for z > 0 the function G(0, z;vn? — 1 k)
satisfies its own Ornstein-Zernike equation

S(z;9) = Sp(q) + (28)

(=02 + K*(n* — 1) + ¢"(p(2))) G(0,2;/n? — 1K) = 0 (29)
Substituting here the identification (27) yields the non-linear fourth-order equation
2A¢¢//// + ¢,¢”I _ ( "o 52) (¢// 4 H2(7’L2 _ 1)) (30)

that must be satisfied if the model potential is to have a single resonance. The boundary conditions here are
Ad(pr) = ¢'(p1) = ¢'(pe) = 0 and ¢ (p;) = K%. Consider, for example, the class of truncated polynomial
potentials of order NV in dp or equivalently for the derivative

) 5 Sp\N-2
¢'(p) = K*0p (1 + U3A7F; totun (KZ) ) (31)

Matching the coefficient of the highest power either side of (30) is only possible if N satisfies
2N? — 1IN +12=0 (32)

Remarkably, this gives an integer solution N = 4 implying that only quartic polynomials are allowed if
A¢(p) is truncated, leaving only the values of us and uy to be determined. Substituting into (30) and
matching yields the two conditions

uz(n® —1) =0, 3uy(4 —n?) = 2u2 (33)

This leaves us with two options: If ug # 0, then we are restricted to n = 1 and uy = 2u3/9. The condition
@' (pe) = 0 then gives uz = 3 and uy = 2, which is nothing other than the Landau quartic potential derived
above. However, if ug = 0 but ug # 0 then the above requirements (33) are consistent with n = 2. The

condition ¢'(p.) = 0 then implies uy = —4. The density profile for this potential, which yields a single
resonance at £¢ = v/3, can be determined analytically as
2 _|_ \/5 e_ﬁ‘z‘
p(z) = pp F A ( ) (34)

P 3 2V + e2nla

with the minus (plus) sign applying on the liquid (gas) side of the interface, while for the surface tension

we find
1

. (1 - 2\1@) K (Ap)? (35)

For this quartic potential, the relationship between the structure factor and the correlation function reduces
to

g =

Ap G(0,z ) — G(0,2 V3k)
PO)  (1+q22)(1-LE)

These explicit results are a hint that the SRM with n = 2 is, like the standard Landau potential, a new
example of a fully analytically integrable model for G(z, 2’; q) and S(z;¢q), which indeed it is. The results

S(zq) = Sp(q) + (36)




will be discussed elsewhere but are similar to those obtained for the double-cubic model, which is discussed
explicitly below.

SRMs also exist for n = 3,4,5-- - and the potential, when expanded about the liquid density (say), has

a scaling form A¢(p) o< 6p® W (x) where z = a (6p/Ap)"™ and the scaling function W (x) has the expansion
(P—4) , (MP-Dw*—4) ,

which is valid for n > 1. It is apparent that A¢(p) truncates at quartic order in dp forn =1 and n = 2, as

discussed above. Even when A¢(p) does not truncate, curtailing W (z) at cubic order is indistinguishable

from the solution for A¢(p) found by numerically solving (30). The value of the pure number « can then

be determined from the condition that ¢'(p.) = 0.

In the limit of n — oo, the single resonance potential approaches the shape of a simple double parabola
A¢(p) = £*(p—p1)?/2 (and similarly on the gas side Ap(p) = k2(p—p,4)?/2). In this case, the relationship
between S(z;q) and G(0, z;¢) reduces to

Ap G(0,2q)
S(z;q) = Sp(q@) + <755+ 38
550 = S0+ 01k e )
which, like the result (28) for the Landau quartic potential, does not display any resonance. These,
however, are the only models (together with piece-wise combinations of them) for which resonances are
entirely absent. As a check, we note that the explicit solutions for S(z;¢q) and G(0, z; ¢) within the double
parabola model are completely consistent with the relation (38) [6].

3 The function G(z,7;q) for the double-cubic potential

The potential for the double-cubic model is given by

K2 4 p—
3(p—pz)2 (1+3pAppl> for p> pc
A (39)

k 2 P — Pg
—p—r 11— ) for p < p.

which satisfies ¢’(p.) = 0 as required. The density profile follows from solution of the Euler-Lagrange
equation:
(z — 20)

3
pl—ZApsechzlﬁ6 for z>0
p(z) = ; (40)
pg—I—ZApsech2M for z <0
with kzg = In g;i The surface tension o = [dz p/(2)? is then easily computed:
9—-2v3
7= D20 a2 (a1)

which, as noted in the main text is smaller than o1 = x (Ap)?/4. Substituting the profile into ¢”(p) leads
to the Ornstein-Zernike equation

(—83 +14+4¢* - 3sech2|z|;zo) G(z,75q) = 8(z—2) (42)

where, for ease of presentation, we have set k = 1 or, equivalently, hereafter measure all lengths in units of
&. This equation is very similar to the differential equation for G(z, 2’; q) for the Landau quartic potential —



indeed, the only differences are the amplitude of the sech? term (which is 6 for the Landau potential) and
the presence of a phase-like term zq. Zittartz [10] obtained G(z, 2’; q) for the Landau potential by recasting
it as a simple Schrodinger equation for which the spectrum is known exactly [3]. Similar, and indeed more
direct, methods apply here, allowing us to obtain G(z,z’;q) for the double-cubic model and actually for
many other potentials ¢(p). If z > 2z’ > 0 (i.e. the particles are on the liquid side), we find that

G(z,25q) = a(q) ¥-(2)¥+(2) + B(q) Y-(2) ¥-(2) (43)
while if 2/ > 0> z (i.e. they are on opposites sides of the interface)
G(z.2'q) = (@) ¥ (2)Y-(2) (44)
where
Y_(z) = e ra? (7- + 26,72+ (1 + 2¢°)7 + Shqq 2)
bi(x) = e (70— 2w, (14 34%)T — fked?) (45)
Po(s) = et (72,7 4 (14 36007 — frgd?)
and B n
7 = tanh 2 220, 7 = tanh 2 220, =v1+¢? (46)

Recall we have set k = 1, but the explicit dependence on the correlation length & is trivially re-instated
dimensionally, if required. The amplitudes of the correlation function in the different regions are determined

by

B 225
a(0) 2q(5 — 442)(3 + 4¢?)
B 225 (5 + 4¢?)
P9 = i G- i@ B+ D)) (4)
B 225
'Y(Q) _8q2€(q)
Here,
- e(q) = <5+4q +£ ><1O+12q +/~@(5+4q2)> (48)
V3 )\V3 V3 !

is a smooth monotonically increasing function of ¢ that displays no divergences. Notice that, in the
limit ¢ — 0, the functions ¢_(z), ¥4+ (2) and ¢ (z) are all simply proportional to p’(z). Indeed, it is
straightforward to check that the explicit expression for G(z, z’; q) is in perfect keeping with the anticipated
Wertheim-Weeks GM divergence as ¢ — 0, which can be established independently. Notice that, when z
and 2’ are on the same side, the correlation function shows a new resonance at £q = \/5/2 appearing as
a singularity in a(q) and $(q), and that there are no explicit resonances at £g = v/3,+/8, - - - which, recall,
are present in the local structure factor. Similar to our discussion of S(z;¢q), this means, for example, that
at &g = v/5/2 the function G(z, 2; q) has multiplicative corrections to higher-order exponentially decaying
terms. Note, however, that there are no resonances in the amplitude ~y(q) determining the correlation
function between particles across the interface.

With one particle at the origin, the analytic expression for the correlation function on the liquid side reduces

to
7+ 2/1(17'2 + (14 %qQ)T + %q2liq

1¢2(§+ 545k, + 50?)

G(0,z;q) = e fa® (49)



Integration of G(0, z;q) determines S(0; ¢) exactly

1 2
A L e LR

S(0:q) = : (50)
¢ (3435 + 4 0?)
where -
J(q) = / dz e VT2 tanh <Z _220> (51)
0

is itself a hypergeometric function. Similarly, integration of G(z,2’;q) determines S(z;q). However, one
can determine S(z; ¢) much more easily by substituting G(0, z; ¢) into our central result, the expression (4)
in the main paper. This is a convenient approach because the sum is dominated by the first resonance at
£q = /3. Indeed, the partial sum 0% + (7% ~ 0.976 implies that the contribution coming from the higher
resonances is negligible, as the whole sum over the remaining terms must be equal to unity.

4 Particular and general solutions of the inhomogeneous Ornstein-
Zernike equation

The explicit solution for S(z;¢) within square-gradient theory described above can be placed in a more
general setting. Following the arguments described in [5], a particular solution of the Ornstein-Zernike
equation, satisfying

/dz’ C(z,2'5q) Sps(2'59) = 1 (52)

can be found each side of the interface by expanding the direct correlation function about the bulk density
in a functional Taylor expansion. Since the density is assumed to decay in powers of X = e~"* (on the
liquid side, say), the particular solution must have an expansion S,s = S;(q)(1+ >, _; an(¢)X™), similar
to that of the density profile - no other length scales can appear. The first two terms in this expansion
describe the asymptotic decay, as shown in eqn. (2) of the main text. However, Sps(2; g) is not the general
solution to the Ornstein-Zernike equation. Since the Ornstein-Zernike equation is linear in S, the general
solution can be written S(z;q) = Sps(2;¢) + Sec(2; q), where the complementary function satisfies

[ @2 €. Susi0) = 0 (53)

This implies immediately that each side of the origin S.¢(2;¢) decays in a similar manner to G(0, z;q)
— which is indeed the origin of the relation between S(z;¢q) and G(0, z; q) described for square-gradient
theory. Here we merely wish to show that, in general, this implies the existence of resonances. In particular,
we wish to determine the leading-order asymptotic decay S.;(z;q) o e~*°% (on the liquid side say).
For large z, we can again expand the direct correlation function about the liquid density C(z,2';q) =
Co(lz — 2'];9) + O(p(2) — p1), where Cy(|z — Z'|; q) is the 2D Fourier transform of the bulk liquid direct
correlation function. Thus, the lengthscale )\ is determined from solution of

/dz’ Cy(lz — 2|;q) e M7 — (54)

which can be identified as a Laplace transform reducing to the condition

C (M) —0 (55)

Since, by definition, the zero of the Fourier transform of the direct correlation function C, (ix) = 0 identifies
the (liquid) inverse bulk correction length, it follows that

Mo = VKE2+¢? (56)



This is the general result for systems with short-ranged forces provided the decay is monotonic. The wave-
vector dependent decay then implies that there must be resonances when k4 is an multiple of & since
then the particular solution and complementary function are no longer independent. This means that, in
general, the coefficients a,,(q) in the expansion of S,4(z;¢) each diverge at ¢ = 0 and at every resonance
up to £¢ = v/n? — 1. Given that S(z;q) can only diverge at ¢ = 0, these resonances must be cancelled by
Sef(z;q) < G(0, z : ¢) which, in turn, strongly constrains the relation between the structure factor and the
correlation function.

5 Resonances within the Sullivan Model

The Sullivan model is based on the Helmholtz free-energy functional [7, 8, 9, 5]

Flol = fax fu(o0)) + 5 [ [arudva ) wlle: ) o) (57)

where f5(p) is the free-energy density for bulk hard-spheres, and the derivative dfy(p)/dp = pn(p) is the
local hard-sphere chemical potential, which is a monotonically increasing function of p. The first term
in (57) is a local density approximation for the repulsive hard-sphere contribution, and the intermolecular
potential has a Yukawa form

a —r/R
= — 58

w(r) amrR2 © (58)
where —a= [drw(r) is the integrated strength and the range is R. Hereafter, without loss of generality,
we set R = 1 or, equivalently, measure all lengths in units of R. Minimization of the grand potential
functional leads to the Euler-Lagrange equation for the density profile

b= (o) + far o) wlle =) (59)
which, on taking the Laplacian of both sides, reduces to
Vi (p(r)) = palp(r)) = p = ap(r) (60)
and, thus, for a planar interface,
d2
ot = mn(p(2) = = ap(z) (61)

which is also similar to the ODE for the profile in square-gradient theory. The surface tension o, which can

be written [8]
1 dpn \
= — |dz | — 62
7 a/ : ( dz ) ’ (62)
is similar to the square gradient result.

We now show how the correlation function structure within the Sullivan Model can be mapped onto that of
square-gradient theory allowing us to extend directly the analysis of the resonances. The direct correlation
function is given by

Clr,x') = pp(p(r) o(r — 1) + w(lr —r'|) (63)
where 11}, (p) = dpn/dp. This has the 2D Fourier transform [9, 4]
—V/1+q? [z=2'|
ae
Clz,25q) = wh(p(2)) 8z = 2) — ———F—=— (64)
2¢/1+4 ¢?



We begin with the local structure factor. In [5], it was shown that the Ornstein-Zernike equation reduces,
after taking two derivatives w.r.t z, to

dp
a2, 2 o ap SN _ 2
(-2 4 +1-al) (s<z,q> Wh(p(2)) = 1+ (65)
This simple ODE identifies the bulk structure factors Sy(¢q) = 1/Cy(q) in the liquid (b = 1) and gas (b = g)
phases as
Sy(0
Sb(Q) = (2) ) (66)
1+ &
1 +q2R2
where )
Sp(0) = ————— 67
+0) 1y (o) — @ (67)
and identifies the Ornstein-Zernike correlation lengths &, as
R #(Po)
— = ! -1 68
& o (66)

where we have reinstated the lengthscale R. It follows that the function H(z;q) defined as

S(z;q) my, (p(2))

Hizig) = =000 (69)
solves the ODE J
(—8?4-(]2—&—1—0&'0) H(zq) =1 (70)
dpin,

the structure of which is identical to that for S(z;¢) in square-gradient theory. If we, therefore, define
H®)(z,2';q) as the Greens' function satisfying

(_83 +F 1 - a&) H®(z,21q) = (2 —2') (71)
so that
H(zq) = /dZ’ H®)(2,2';q) (72)

we see that H(z;q) and H®)(z,2;q) are related in precisely the same way that S(z;q) and G(0, z; q)
within square-gradient theory, provided that dp/dz is replaced by duy/dz. It follows that, if we specialise
to a class of free-energy densities f1,(p) that have an Ising symmetry, we can write

App fin(2) Hy(q) | Apn = & H®(0,2;9) = H®(0,2,v/n? — 15)
~ . ~ 2 V2
org® H(0) - n0) o (142 (1 - T

where fi,(2) = dup(p(2))/dz, Aun = pn(pr) — pn(pg), €8 = 1/k = /&2 + R? is the true bulk correlation
length, and Hy(q) = 1/(k% + ¢?). The coefficients G,, satisfy the summation > 1/5, = 1/5, where
0=aqo.

Finally, we turn to the relation between the Green's function H() (z,2'; q) and the density-density correlation
function G(z, z’;q). Applying the Laplacian operator to the OZ equation reduces it to Eq. (71) identifying
that

H(z;q) = Hy(q) + (73)

aH®(2,21q) = 1,(p(2)) 13 (p()) G(z. 25 q) (= #2') (74)
Substitution into (73) then reduces it to our central result for the Sullivan model

App'(2) Spla) | Ap_ Sb(a) i o G(0,24) — G(0,zvn? — 1r)
o1q2 Sp(0)  p'(0) Sy(0) On ( 2(£T)z)

S(z:q) = Sp(q)v(z) + (75)

n=2
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where ,

1z = Lalrel (76)

1 (p(2))

Apart from this additional factor y(z) in front of the first term, this is identical to the result for the square-
gradient theory. Note that it is the true correlation length that appears in the resonance contributions
Rn(z;q). The counting of resonances and the classification of potentials is then identical to the square-
gradient theory with 1 — adp/dpuy, playing the role of ¢ (p). Thus, there exist single resonance models,
for which specific resonances are absent, as well as models which are fully analytically integrable. Indeed,
this allows us to immediately write the highly accurate approximations for the local structure factor, total
structure factor and correlation function at the origin (where fi;,(2) reaches its maximum):

S(0;q) App'(0)
s =0T weso) )
_(Ap)?
/dz*y Jq2 5,00) (78)
and
G(0,0;9) 5 p'(0)?
Giy(0;q) W07+ 7¢2G,(0;0) (79)

Finally, we turn attention to the inclusion of the liquid-gas asymmetry where, as an example, we discuss
the local structure factor at the origin S(0;¢). Each side of the origin, the local structure S(z,q) has
a particular solution written as an expansion similar to (75) but with different bulk structure factors and
coefficients ,, on the liquid and gas sides. This expansion captures the locations of the resonances which
now occur at different wave vectors each side of the interface. Continuity of S(z,q) is achieved simply by
adding an appropriate complimentary function proportion to G(0, z; q), the amplitude of which is different
on the liquid and gas asides. This complementary function is very well approximated by p’(z) e~ 2% (@2l
where Aky(q) = \/Ki + ¢® — Kb, and &y is the inverse true bulk correlation length on the liquid (1) and gas
(g) sides. This approximation encapsulates the correct small ¢ and large z behaviours, and leads to

aq SI(O)

identifying the appropriate weighting factor f(q) = Arg(q)/(Arg(q) + Ari(g)), which is wave-vector
dependent. This result also identifies the weighting of the separate bulk enhancements ~, and ~;, defined

as v = uy,(pv)/113,(p(0)).

S(0;q) = f(q)vgSe(q) + (1= f(q) mSi(q) + App;(o) (f(q) gj% + (1= f(a)) Sl@) (80)
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