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S1. Allometric scaling equation
We begin by considering the metabolic rate of a tumour to be
B ∝ Vβ , where V is the total volume occupied by viable cells
and β > 0 is the scaling exponent. Due to energy conser-
vation, the temporal dynamics of tumour growth is given by
B = aV + b dV

dt , where the first and second right-hand terms
represent cell maintenance and proliferation, respectively [1].
The resulting first-order differential equation describing the
time variation of V = V(t) can thus be written as

dV
dt
= −γV + αVβ, (S1)

with γ > 0 and an initial condition for the tumour volume at
time t = t0, V(t0) = V0. This is a Bernoulli-type ordinary
differential equation (ODE) when β , 1. The substitution
z(t) = V1−β transforms (S1) into a linear ODE

dz
dt
= (1 − β) (α − γz) , (S2)

which can be solved exactly. The solution in closed form for
V(t) is

V(t) =

α −

(
α − γV1−β

0

)
eγ(β−1)(t−t0)

γ


1/(1−β)

. (S3)

If β > 1, Eq. (S3) blows up in a finite time tcrit given by

tcrit = t0 +
1

(β − 1)γ log

(
α

α − γV1−β
0

)
. (S4)

The case α − γV1−β
0 < 0 corresponds to initial data with

tumours having nutrient demands exceeding the supplies, thus
we focus on the case α − γV1−β

0 > 0.
For highly aggressive tumours the contribution of the term

−γV , associated with cell death, is much smaller than that of

proliferation. Hence, neglecting such a linear term, which is
equivalent to letting γ → 0, reduces (S3) and (S4), respec-
tively, to the formulas used in the main text of the work

V(t) =
[
V1−β

0 − α(β − 1)(t − t0)
]1/(1−β)

, (S5)

tcrit = t0 +
V1−β

0
(β − 1)α . (S6)

S2. Derivation and analysis of the continuous
volume-dependent proliferation-rate model
S2.1. Introduction
Here we shall both provide a derivation and study in some
detail the dynamics of the continuous spatio-temporal model

∂u
∂t
= D∇2u + (ρ0 + ρ1N(t))

(
1 − u

K

)
u , (S7)

where u = u(x, t) is the tumour cell density, which is a function
of space x and time t. The parabolic equation (S7) represents
a non-local extension of the well-known Fisher-Kolmogorov
partial differential equation [2]. The first term on the right-
hand side of (S7) accounts for tumour cell migration that re-
sults in invasion of the surrounding tissue, with D > 0 denot-
ing a characteristic cell diffusion constant. The second term
on the right-hand side of (S7) reflects tumour cell prolifer-
ation. Here, ρ0 > 0 and ρ1 ≥ 0 are the size-independent
and size-dependent effective proliferation rates, respectively.
When ρ1 = 0, the standard (local) Fisher-Kolmogorov equa-
tion is recovered. If, however, ρ1 > 0, Equation (S7) becomes
non-local because it depends on the total number of cells

N(t) =
∫
Ω

u(x, t) d3x, (S8)

withΩ denoting a sufficiently large volume containing the full
tumour over its entire development, or the whole Rd , where d
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is the spatial dimension (d = 1,2, or 3). This model adds spa-
tial information with respect to the previous model (S1) and
regards that the total proliferation rate may depend on tumour
size, on the grounds that a larger tumour will lead to higher
accumulated mutational events.

Equation (S7) is supplemented with homogeneous Neu-
mann boundary conditions (no cell flux) ∂u/∂n = 0, ∀x ∈
∂Ω, where n is the vector normal to the boundary ∂Ω, to-
gether with an initial condition u(x, t = t0) = u0(x), which
represents the tumour cell-density distribution at some instant
t = t0. In our simulations, u0(x) was initially assumed to be
very small and highly localized (e.g. a carcinoma in situ), so
as to describe an emergent tumour that unfolds in time.

One key dynamical quantity to be analysed later on is the
total proliferation activity (or metabolic rate) which, in the
context of the above model (S7), can be defined as

M(t) = dN
dt
= (ρ0 + ρ1N(t))

∫
Ω

(
1 − u

K

)
u d3x. (S9)

The right-hand side of this expression readily follows from in-
tegrating (S7) over the domain Ω and imposing the Neumann
boundary conditions.

It will also be convenient to introduce unitless time τ = ρ0t
and space ξ =

√
ρ0/D x variables, together with a normalised

cell density u(ξ, τ) ≡ u/K . Hence, (S9) reads as

M(τ) = (1 + ηN(τ))
∫
Ω

(1 − u) u d3ξ, (S10)

where η = ρ1KDd/2/ρ(d+2)/2
0 . Thus, the non-local Fisher-

Kolmogorov equation (S7) can be cast as a one-parameter
model, which makes its formal analysis simpler.

For sufficiently long times, the angular dependencies of the
solutions of the FK equation become negligible with respect
to the distance variable. To identify the underlying scalings of
(S7), it suffices to focus on the radial dependence in u. Thus, in
(S10), the differential element reduces to d3ξ = B(d)ξd−1dξ,
where B(1) = 2, B(2) = 2π and B(3) = 4π, with ξ ∈ [0,∞)
being the radial variable.

S2.2. Derivation of the non-local Fisher-Kolmogorov
model

We begin by considering the tumour cell population to be
structured both by its spatial position vector x ∈ Ω ⊂ Rd
and by a net proliferation rate ρ ∈ [0, ρmax], where ρmax rep-
resents a maximum proliferation rate (for practical purposes
it can be taken sufficiently large since it does not restrict our
analysis). Let w = w(x, ρ, t) denote a cell density function
such that w(x, ρ, t)d3xdρ is the number of tumour cells that, at
time t, have a proliferation rate ρ at point x. We describe the
dynamics of w(x, ρ, t) via the following migration-selection-
mutation integro-differential equation:

∂w

∂t
= Dm(ρ)∇2w + Dρ

∂2w

∂ρ2

+

(
ρ + ν

∫
Ω

∫ ρmax

0
ρ′M(ρ, ρ′)w(x′, ρ′, t)d3x′dρ′

)
×

(
1 − 1

K

∫ ρmax

0
w(x, ρ′, t)dρ′

)
w(x, ρ, t) . (S11)

The first term on the right-hand-side accounts for cell migra-
tion with a diffusion constant Dm(ρ) that generally depends
on the proliferation rate of that cell subpopulation. The sec-
ond term captures the effect of non-genetic instability, which
is mediated by fluctuations in the proliferation phenotype that
take place with a diffusion rate Dρ. The proliferation phe-
notype is a hallmark in tumours resulting from alterations in
growth regulation [3]. The third term consists of two main
factors. The first factor comprises selection plus the effect of
genetic mutations. Those cells with a larger ρ will tend to
have a fitness advantage unless exogenous mechanisms exert
a detrimental action on such cells. The kernel M(ρ, ρ′) repre-
sents the probability that the mutation of a cell with prolifera-
tion rate ρ′ gives rise to a daughter cell having a proliferation
rate ρ. For a genetic change to occur it is necessary a prolifer-
ative event, which explains the presence of ρ′ in the integral.
Notice also that an integration over all cells experiencing a
mutation resulting in a proliferation rate ρ is taken weighted
by the positive constant ν. Such an integration reflects the col-
lective impact of the tumour microenvironment in promoting
genetic mutations. The second factor corresponds to cell sat-
uration with a carrying capacity K (maximum number of cells
per unit volume), avoiding arbitrarily large densities.

Upon integration of (S11) over ρ and making use
of the mean value theorem for integrals, together with∫ ρmax
0 w(x, ρ, t)dρ = u(x, t), we get the following expressions∫ ρmax

0

(
∂w

∂t

)
dρ =

∂u
∂t
, (S12)∫ ρmax

0

(
Dm(ρ)∇2w

)
dρ = D∇2u , (S13)∫ ρmax

0

(
Dρ
∂2w

∂ρ2

)
dρ = Dρ

∂w

∂ρ

����ρmax

0
, (S14)∫ ρmax

0
ρw(x, ρ, t)dρ = ρ0 u(x, t) , (S15)

where D and ρ0 denote positive characteristic cell diffusion
constant and size-independent proliferation rate, respectively.
If we further impose zero-flux boundary conditions on (S14),
then this contribution vanishes. Also,∫ ρmax

0

(∫
Ω

∫ ρmax

0
ρ′M(ρ, ρ′)w(x′, ρ′, t)d3x′dρ′

)
w(x, ρ, t)dρ

=

∫
Ω

∫ ρmax

0
ρ′w(x′, ρ′, t)d3x′dρ′

×
(∫ ρmax

0
M(ρ, ρ′)w(x, ρ, t)dρ

)
= u(x, t)

∫
Ω

∫ ρmax

0
ρ′M(ρ∗, ρ′)w(x′, ρ′, t)d3x′dρ′

= ρ1 u(x, t)
∫
Ω

u(x′, t)d3x′ = ρ1 u(x, t)N(t) , (S16)

where ρ1 ≥ 0 is a characteristic size-dependent proliferation
rate. By combining the above expressions in (S11) we finally
arrive at the non-local Fisher-Kolmogorov equation (S7). No-
tice that in the absence of mutations, which would correspond
to M(ρ, ρ′) = 0, we recover the standard (local) FK equation.
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<latexit sha1_base64="V6hJDvufNfWfrymW1915IBYn9bE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9loQfFU8OKxgv2Adi3ZNNvGZpMlyQpl6X/w4kERr/4fb/4b060HbX0w8Hhvhpl5YSK4sb7/5RVWVtfWN4qbpa3tnd298v5By6hUU9akSijdCYlhgkvWtNwK1kk0I3EoWDscX8/89iPThit5ZycJC2IylDzilFgntbB/n/nTfrniV/0caJngH1Kp1yBHo1/+7A0UTWMmLRXEmC72ExtkRFtOBZuWeqlhCaFjMmRdRyWJmQmy/NopOnHKAEVKu5IW5erviYzExkzi0HXGxI7MojcT//O6qY0ug4zLJLVM0vmiKBXIKjR7HQ24ZtSKiSOEau5uRXRENKHWBVRyIeDFl5dJ66yKz6v4tlapX83TgCIcwTGcAoYLqMMNNKAJFB7gCV7g1VPes/fmvc9bC97PzCH8gffxDWs+jww=</latexit> N(⌧)
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⌘ = 0
<latexit sha1_base64="8m54LiahbgqbrrD0kVO5y8S6E30=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0n6GQ9CwYvHCtYW2lA22027dLOJuxuhhP4JLx4U8erf8ea/cZsqqOiDgcd7M8zM82POlLbtdyu3srq2vpHfLGxt7+zuFfcPblSUSEI7JOKR7PlYUc4E7WimOe3FkuLQ57TrTy8WfveOSsUica1nMfVCPBYsYARrI/UGVGN0juxhsWSXnWrddhrIkHrTabqGuNWGW6kjp2xnKLVqkKE9LL4NRhFJQio04VipvmPH2kux1IxwOi8MEkVjTKZ4TPuGChxS5aXZvXN0YpQRCiJpSmiUqd8nUhwqNQt90xliPVG/vYX4l9dPdOB6KRNxoqkgy0VBwpGO0OJ5NGKSEs1nhmAimbkVkQmWmGgTUcGE8PUp+p/cVExQZeeqVmqdLdOAPBzBMZyCA01owSW0oQMEONzDIzxZt9aD9Wy9LFtz1ufMIfyA9foBtM2PyA==</latexit>
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⇠
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� < 1
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� > 1
<latexit sha1_base64="Fo0TYDlEwtlr3sECUjvLUm/4nhA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVgp6k4sVjBVsr7VKyabYNzWaXZFYopeB/8OJBEa/+HG/+G9NdD9r6YJjHexMy84JECoOu++UUlpZXVteK66WNza3tnfLuXsvEqWa8yWIZ63ZADZdC8SYKlLydaE6jQPK7YHQ18+8euDYiVrc4Trgf0YESoWAUrXTfDThSckG8XrniVt0MZJF4P6RSr0GGRq/82e3HLI24QiapMR3PTdCfUI2CST4tdVPDE8pGdMA7lioaceNPsoWn5MgqfRLG2pZCkqm/X0xoZMw4CuxkRHFo5r2Z+J/XSTE89ydCJSlyxfKPwlQSjMnsetIXmjOUY0so08LuStiQasrQZlSyIXjzJy+S1knVO616N7VK/fIxj6MIB3AIx+DBGdThGhrQBAYRPMELvDraeXbenPd8tODkHfbhD5yPby4CkHE=</latexit>
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u
(⇠
,⌧
)
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<latexit sha1_base64="Skt3HiR/3/LcTzhBalis7hD8GIU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0m0oMeAFy9CBfsBbSib7bZdutmE3YlQQn+EFw+KePX3ePPfuE170NYHA4/3ZpiZFyZSGHTdb2dtfWNza7uwU9zd2z84LB0dN02casYbLJaxbofUcCkUb6BAyduJ5jQKJW+F49uZ33ri2ohYPeIk4UFEh0oMBKNopdZ9pYs0veiVym7VzUFWibcgZb8GOeq90le3H7M04gqZpMZ0PDfBIKMaBZN8WuymhieUjemQdyxVNOImyPJzp+TcKn0yiLUthSRXf09kNDJmEoW2M6I4MsveTPzP66Q4uAkyoZIUuWLzRYNUEozJ7HfSF5ozlBNLKNPC3krYiGrK0CZUtCF4yy+vkuZl1buqeg+1su/P04ACnMIZVMCDa/DhDurQAAZjeIZXeHMS58V5dz7mrWvOYuYE/sD5/AEhoY95</latexit>

⌘ > 0
<latexit sha1_base64="g8dePQ+Ujx5Ph/wjaeW1rH4CIR8=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgaZlNYh4XCXjxGMGYQLKE2clsMmT24cysEJb8hBcPinj1d7z5N84mCipa0FBUddPd5cWCK43xu5VbWV1b38hvFra2d3b3ivsHNypKJGUdGolI9jyimOAh62iuBevFkpHAE6zrTS8yv3vHpOJReK1nMXMDMg65zynRRuoNmCboHOFhsYTtWtVx6nWEbVzBlUo5I40z3Kwhx8YLlFpVWKA9LL4NRhFNAhZqKohSfQfH2k2J1JwKNi8MEsViQqdkzPqGhiRgyk0X987RiVFGyI+kqVCjhfp9IiWBUrPAM50B0RP128vEv7x+ov2Gm/IwTjQL6XKRnwikI5Q9j0ZcMqrFzBBCJTe3IjohklBtIiqYEL4+Rf+Tm7LtVGznqlpqNZdpQB6O4BhOwYE6tOAS2tABCgLu4RGerFvrwXq2XpatOetz5hB+wHr9AKVoj70=</latexit>

Figure S1 Local and non-local Fisher-Kolmogorov models lead to different allometric scaling laws. The main plot represents
the dependence of the metabolic rate M(τ) versus the total tumour cell number N (τ). The lines represent trajectories (M(τ), N (τ)
obtained from numerical simulations of Eq. (S7) and different values of the dimensionless parameter η. The shadings indicate the
exponents in each region, light blue β < 1, coral β > 1. Simulations with η = 0, corresponding to the local Fisher-Kolmogorov
equation, provide a sublinear exponent β = 2/3 (blue line). Travelling wave solutions develop from the initial data with a fixed profile
and interface width during propagation (bottom right inset). Simulations with different values of η > 0 (non-local FK equation) show
superlinear behaviour with β close to 4/3, for sufficiently long times τ. The upper left inset shows the sharpening profiles indicating the
acceleration of the front. The black dashed line marks the β = 1 threshold separating sublinearity from superlinearity.

S2.3. Allometric scaling laws in the non-local Fisher-
Kolmogorov model are bounded from above by a su-
perlinear scaling law with β ≤ 2

The solution u(ξ, τ) of the non-local Fisher-Kolmogorov
equation satisfies 0 ≤ u ≤ 1 everywhere. This implies that
(1 − u) u ≤ u. It then follows from (S10) that the metabolic
rate is equal to

M(τ) = (1 + ηN(τ))
∫
Ω

(1 − u) u d3ξ

≤ (1 + ηN(τ))
∫
Ω

u d3ξ

= N(τ) + ηN2(τ). (S17)

As a consequence, the non-local Fisher-Kolmogorov model is
bounded from above by an allometric scaling with exponent
β ≤ 2 if η > 0. Thus, (S17) provides a supersolution for (S9)
given by

Nsup(τ) =
N0eτ−τ0

1 + ηN0 − ηN0eτ−τ0
, (S18)

where N0 is the number of tumour cells at τ = τ0. From (S18),
an upper bound for the blow-up time is given by

τcrit = τ0 + log
(
1 + ηN0

ηN0

)
. (S19)

This time decreases as η increases.

S2.4. Allometric scaling laws in the local Fisher-
Kolmogorov model are sublinear

We wish to find under what conditions there is a scaling rela-
tion between M(τ) and N(τ) (or equivalently the tumour vol-
ume) displaying a superlinear exponent (i.e. β > 1). It is in-
structive to first briefly examine the local Fisher-Kolmogorov
equation. If η = 0 (which occurs when ρ1 = 0), then (S10)

reduces to

MFK(τ) = B(d)
∫ ∞

0
ξd−1 (1 − u) u dξ ≡ B(d)I(d)FK (τ). (S20)

For sufficiently long times τ, the solution to the d-
dimensional local Fisher-Kolmogorov equation satisfies u ' 1
up to the wave front, which propagates with a stable and in-
variant profile whose position (at half height) is ξFK(τ), while
its width is a constant 2σFK (that may generally depend on d).
For ξ � ξFK(τ), u ' 0. The bottom right inset in Figure S1
depicts the numerical solution of the local Fisher-Kolmogorov
equation in 3D. The wave front tends to move with a constant
velocity equal to 2 (or 2

√
Dρ0 in the original units).

The integral I(d)FK (τ) in (S20) can be accurately approxi-
mated by

I(d)FK (τ) ' 1
4d

[
(ξFK(τ) + σFK)d − (ξFK(τ) − σFK)d

]
'
ξd−1

FK (τ)σFK

2
, (S21)

provided that ξFK(τ) � σFK, which is satisfied asymptoti-
cally. Moreover, over the long time-scale, total cell number
can be approximated by

NFK(τ) ' B(d)
∫ ∞

0
ξd−1u(ξ, τ) dξ '

B(d)ξdFK(τ)
d

. (S22)

Combining (S21) and (S22) into (S20) we get the following
relation between metabolic rate and total cell number when
the dynamics is governed by a d-dimensional local Fisher-
Kolmogorov equation

MFK(τ) '
B(d)σFK

2

(
NFK(τ)d

B(d)

) (d−1)/d
. (S23)

This last expression shows that, within a d-dimensional lo-
cal Fisher-Kolmogorov model, the allometric scaling law is
sublinear, because the exponent β = d−1

d < 1. Hence, there
cannot be explosive tumour growth in this scenario.
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<latexit sha1_base64="DNIQk3Fx4xtVi2AMfGMaKmml0JE=">AAACAHicdVDLSgNBEOz1bXxFPXjwMhiECLLsJEGTW0AQwYuC0UA2hNnJRAdnH8z0imHJxV/x4kERr36GN//GSaKgogUNRVU33V1BoqRBz3t3Jianpmdm5+ZzC4tLyyv51bVzE6eaiwaPVaybATNCyUg0UKISzUQLFgZKXATXB0P/4kZoI+PoDPuJaIfsMpI9yRlaqZPfSDs+ilvUYXZ4PCj6t3LXR5budPIFz/VKtVJpj3gupZV9WrOkWq6W9yihrjdCoV6BEU46+Te/G/M0FBFyxYxpUS/BdsY0Sq7EIOenRiSMX7NL0bI0YqEw7Wz0wIBsW6VLerG2FSEZqd8nMhYa0w8D2xkyvDK/vaH4l9dKsVdtZzJKUhQRHy/qpYpgTIZpkK7UgqPqW8K4lvZWwq+YZhxtZjkbwten5H9yXnJp2aWnlUK9Nk4D5mATtqAIFPahDkdwAg3gMIB7eIQn5855cJ6dl3HrhPM5sw4/4Lx+AIAglwU=</latexit>

u(⇠, ⌧)
<latexit sha1_base64="jS+7PBnAWREybHaLT+oegc0n4SY=">AAAB8nicdVDLSgNBEOz1GeMr6tHLYBAiyDKbjXncAl48RjAxkIQwO5no4OyDmV4xhHyGFw+KePVrvPk3ThIFFS1oKKq66e4KEiUNUvruLCwuLa+sZtay6xubW9u5nd2WiVPNRZPHKtbtgBmhZCSaKFGJdqIFCwMlLoOb06l/eSu0kXF0gaNE9EJ2Fcmh5Ayt1EkL3Tt53EWWHvVzeeqWS55XqRDqUp/6fnFKqie0ViaeS2fI10swQ6Ofe+sOYp6GIkKumDEdjybYGzONkisxyXZTIxLGb9iV6FgasVCY3nh28oQcWmVAhrG2FSGZqd8nxiw0ZhQGtjNkeG1+e1PxL6+T4rDaG8soSVFEfL5omCqCMZn+TwZSC45qZAnjWtpbCb9mmnG0KWVtCF+fkv9Jq+h6vuudl/L12jwNyMA+HEABPKhAHc6gAU3gEMM9PMKTg86D8+y8zFsXnM+ZPfgB5/UDfgaRbA==</latexit>

⇠NL(⌧)
<latexit sha1_base64="lBdCPQlr5nk/hhUHdIVYUqXI3xA=">AAAB/nicbVDLSgNBEOz1GeNrVTx5WQxCvIRdDai3gBcPIhHMA7JLmJ1MkiGzD2Z6JWEJ+CtePCji1e/w5t842eSgiQUNRVU33V1+LLhC2/42lpZXVtfWcxv5za3tnV1zb7+uokRSVqORiGTTJ4oJHrIachSsGUtGAl+whj+4nviNRyYVj8IHHMXMC0gv5F1OCWqpbR66Q952kQ1RBund7bjoIklO22bBLtkZrEXizEihUoYM1bb55XYimgQsRCqIUi3HjtFLiUROBRvn3USxmNAB6bGWpiEJmPLS7PyxdaKVjtWNpK4QrUz9PZGSQKlR4OvOgGBfzXsT8T+vlWD30kt5GCfIQjpd1E2EhZE1ycLqcMkoipEmhEqub7Von0hCUSeW1yE48y8vkvpZyTkvOfflQuVqmgbk4AiOoQgOXEAFbqAKNaCQwjO8wpvxZLwY78bHtHXJmM0cwB8Ynz/V9pYQ</latexit>
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<latexit sha1_base64="rnUPy3QlRi5y5fFzP5rrVlUbiAU=">AAAB/nicbVDLSgNBEOz1GeNrVTx5WQxCvIRdDai3gCCClwjmAdklzE4myZDZBzO9krAE/BUvHhTx6nd482+cbHLQxIKGoqqb7i4/FlyhbX8bS8srq2vruY385tb2zq65t19XUSIpq9FIRLLpE8UED1kNOQrWjCUjgS9Ywx9cT/zGI5OKR+EDjmLmBaQX8i6nBLXUNg/dIW+7yIYog/Tmblx0kSSnbbNgl+wM1iJxZqRQKUOGatv8cjsRTQIWIhVEqZZjx+ilRCKngo3zbqJYTOiA9FhL05AETHlpdv7YOtFKx+pGUleIVqb+nkhJoNQo8HVnQLCv5r2J+J/XSrB76aU8jBNkIZ0u6ibCwsiaZGF1uGQUxUgTQiXXt1q0TyShqBPL6xCc+ZcXSf2s5JyXnPtyoXI1TQNycATHUAQHLqACt1CFGlBI4Rle4c14Ml6Md+Nj2rpkzGYO4A+Mzx/IC5YH</latexit>
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<latexit sha1_base64="urKgciXSjT047q81Wce2udsJyPY=">AAACAXicbVDLSgNBEOz1GeNr1YvgZTEI8RJ2NaDeAoIIXiKYB2RDmJ1MkiEzu8tMrxiWePFXvHhQxKt/4c2/cfI4aGJBQ1HVTXdXEAuu0XW/rYXFpeWV1cxadn1jc2vb3tmt6ihRlFVoJCJVD4hmgoesghwFq8eKERkIVgv6lyO/ds+U5lF4h4OYNSXphrzDKUEjtex9X/OuJC0f2QMqmV7dDPM+kuS4ZefcgjuGM0+8KcmVijBGuWV/+e2IJpKFSAXRuuG5MTZTopBTwYZZP9EsJrRPuqxhaEgk0810/MHQOTJK2+lEylSIzlj9PZESqfVABqZTEuzpWW8k/uc1EuycN1MexgmykE4WdRLhYOSM4nDaXDGKYmAIoYqbWx3aI4pQNKFlTQje7MvzpHpS8E4L3m0xV7qYpAEZOIBDyIMHZ1CCayhDBSg8wjO8wpv1ZL1Y79bHpHXBms7swR9Ynz8evZdV</latexit>

�NL(⌧)
<latexit sha1_base64="OzmPu4A3A5KcXNBrpbn2vDg1WxQ=">AAACAXicbVDLSgNBEOz1GeNr1YvgZTEI8RJ2NaDeAl48iEQwD8iGMDuZJENmdpeZXjEs8eKvePGgiFf/wpt/4+Rx0MSChqKqm+6uIBZco+t+WwuLS8srq5m17PrG5ta2vbNb1VGiKKvQSESqHhDNBA9ZBTkKVo8VIzIQrBb0L0d+7Z4pzaPwDgcxa0rSDXmHU4JGatn7vuZdSVo+sgdUMr25HuZ9JMlxy865BXcMZ554U5IrFWGMcsv+8tsRTSQLkQqidcNzY2ymRCGngg2zfqJZTGifdFnD0JBIppvp+IOhc2SUttOJlKkQnbH6eyIlUuuBDEynJNjTs95I/M9rJNg5b6Y8jBNkIZ0s6iTCwcgZxeG0uWIUxcAQQhU3tzq0RxShaELLmhC82ZfnSfWk4J0WvNtirnQxSQMycACHkAcPzqAEV1CGClB4hGd4hTfryXqx3q2PSeuCNZ3Zgz+wPn8ALKiXXg==</latexit>

Figure S2 The solution to the non-local Fisher-Kolmogorov model accelerates with respect to the local solution and its
width decreases. Comparison of the full solution u(ξ, τ) to the non-local Fisher-Kolmogorov and the local solution uFK(ξ, τ). The
wave front positions (at half height) and half widths are ξNL(τ), ξFK(τ), σNL(τ) and σFK(τ), respectively.

S2.5. The Allometric scaling law in the 3D nonlocal
Fisher-Kolmogorov model is superlinear
Let us now turn to the full non-local Fisher-Kolmogorov
model where η > 0 (i.e. ρ1 > 0). To gain insight, we refer to
the upper left inset in Figure S1. Our numerically calculated
profiles for u(ξ, τ) show that, as the wave front progresses,
the velocity increases and the steepness grows without bound,
tending towards a shock wave.

We will follow the same rationale as in the previous sub-
section. For sufficiently long times τ, the full solution to
the d-dimensional non-local Fisher-Kolmogorov equation sat-
isfies u ' 1 up to the wave front, whose position (at half
height) is ξNL(τ) and accelerates, while its width 2σNL(τ) de-
creases towards zero. This means that, when comparing the
wave front propagation of the solution uFK of the local Fisher-
Kolmogorov equation to the full non-local solution, it will lag
behind the wave front of u for the same initial data. Figure S2
illustrates the behaviour of both solutions schematically.

Using (S10) and working again in radial variables, we have

M(τ) = (1 + ηN(τ))B(d)
∫ ∞

0
ξd−1 (1 − u) u dξ

≡ (1 + ηN(τ))B(d)I(d)NL (τ). (S24)

The integral I(d)NL (τ) can be approximated as I(d)FK (τ) and its ex-
pression is given by

I(d)NL (τ) ' 1
4d

[
(ξNL(τ) + σNL(τ))d − (ξNL(τ) − σNL(τ))d

]
'
ξd−1

NL (τ)σNL(τ)
2

, (S25)

where we have used the fact that σNL(τ) � ξNL(τ).
The behaviour of the product ξNL(τ)σNL(τ) has been stud-

ied numerically. This was done by solving Eq. (S7) nu-
merically using a combination of finite difference schemes
and Newton-Cotes quadratures. As initial data we consid-
ered small density-amplitude and localized tumours with a
given Gaussian distribution u0(x). Our simulations revealed
that ξNL(τ)σNL(τ) tends towards a non-zero constant µ that
increases with η. Therefore,

I(d)NL (τ) '
µ ξd−2

NL (τ)
2

. (S26)

Moreover, in the long time regime, the total number of cells
can be approximated by

N(τ) ' B(d)
∫ ∞

0
ξd−1u(ξ, τ) dξ '

B(d)ξdNL(τ)
d

. (S27)

Combining Eqs. (S26) and (S27) into (S24) we get the fol-
lowing relation between metabolic rate and total cell number
when the dynamics is governed by the d-dimensional non-
local Fisher-Kolmogorov equation

M(τ) ' B(d)µ

2
(1 + ηN(τ))

(
N(τ)d
B(d)

) (d−2)/d
. (S28)

In contrast with Eq. (S23), Eq. (S28) shows that, when d = 3,
the non-local Fisher-Kolmogorov model leads to a superlin-
ear allometric scaling law because the dominating exponent
is β = 4

3 > 1. However, for d ≤ 2, the exponent cannot be
superlinear and no blow-up occurs.

To gain additional insight of why the scaling exponent β
cannot be superlinear in lower spatial dimensions, one has to
take into account that when cells proliferate they need a certain
amount of available space (embodied by the carrying capacity
K within the NLFK model). If d < 3, cells reduce their effec-
tive clustering occupancy. That is, they would need to migrate
to more distant regions thus decreasing the interaction with
other competing subpopulations or else inhibit their prolifera-
tion since they saturate earlier the available space. This even-
tually precludes an exploding total proliferation activity M(t),
albeit M(t) can still grow at an exponential rate for d = 2.

To conclude this section, we should mention that Eq. (S7)
admits the following extension

∂u
∂t
= D∇2u +

(
ρ0 + ρ1Nλ(t)

) (
1 − u

K

)
u , (S29)

where λ ≥ 0 is an exponent associated to the size-dependent
growth. The exponent λ characterises whether the entire tu-
mour volume contributes to an increase in proliferation, which
occurs when λ = 1, or else it is related to a fractal dimension
of the tumour. For instance, if λ = 2/3, only a thin layer of
cells at the tumour surface would contribute to the accelera-
tion of growth. By adapting the previous analysis, the domi-
nating exponent β = 1+λ− 2

d , meaning that only if λ > 2/3 we
would expect blow-up. Moreover, the λ exponent would also
reflect effects related to the irregularity of the tumour [4].
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Figure S3 Model workflow scheme. Basic model outline (for implementation purposes). Initialization requires to set spatial domain
and time span, to define clonal population properties, and to place initial cells in a given voxel (or several of them). After that first step,
time iterations are carried out until a maximum time is reached. At each time step, every voxel is evaluated; and at each voxel, all
clonal populations are updated. This updating require first the calculation how many cells are going to reproduce, migrate, mutate or
die per voxel; and then all of them are updated simultaneously.

S3. Stochastic mesoscale tumour growth simulator
In order to further elucidate how different interacting cell pop-
ulations influence tumour evolutionary dynamics, we devel-
oped a stochastic mesoscale tumour growth simulator. Typ-
ical cellular automata or other individual-based approaches
based on cells cannot simulate tumours in volume ranges of
10−100 cm3, that contain up to 1012 cells. Individual-based
approaches would demand huge computational resources to
simulate those amounts of cells in clinically relevant time
scales (from months to several years). Thus, we opted for a
different mesoscale simulation approach. By mesoscale we
refer to a level of spatial detail where clinically relevant tu-
mour sizes are reachable at the cost of cellular resolution,
which is partially lost.

The model describes the spatio-temporal dynamics of sev-
eral competing tumour cell subpopulations and incorporates
four basic cellular processes: replication, death, migration
and mutation. Cells undergo these processes at different rates,
depending on the genetic/phenotypic characteristics of the
clonal population they belong to. Cells in the same clonal
population have the same properties, except for the microen-
vironmental conditions and an intrinsic noise coming from
stochastic transitions. The spatial domain where these clonal
populations will compete is a 3D mesh of L3 elements (vox-
els). Each voxel is a compartment where many cells may co-
exist in each subpopulation. The size of these compartments
(∆x) has been selected to resemble the voxels sizes typically
available in high-resolution medical imaging (around 1 mm3).

Instead of iterating along each cell in each voxel at every
time step, whole clonal populations are evaluated at once. At
each iteration, it must be determined how clonal populations
change their number. This is carried out by calculating the
amount of cells that duplicate, die, move to a neighbouring
voxel, or mutate. By randomly sampling from binomial distri-
butions with probabilities calculated accordingly it is possible
to assess the clonal populations. To further illustrate this, we
can consider a single cell attempting to divide. It will have two
possible outcomes: success or failure, with excluding proba-
bilities. This is none but a Bernoulli experiment. So, if we can
draw a cell’s dividing outcome by randomly sampling from a
Bernoulli distribution, the outcome of a whole clonal popu-
lation with Nsubpop cells can be drawn by randomly sampling
from a Binomial distribution with Nsubpop experiments. The
probabilities for each process and clonal populations are cal-
culated at each time step inside each voxel by the equations

Prep =
∆t
τrep

(
1 − N + D

K

)
, (S30a)

Pmig =
∆t

τmig∆x2

(
N + D

K

)
, (S30b)

Pkill =
∆t
τkill

(
N + D

K

)
, (S30c)

Pmut =
∆t
τmut

(
Nsubpop

K

)
, (S30d)

where 1/τ are the rates associated to a given cellular process;
N and D are respectively the number of alive and dead cells in
a voxel, and K is the voxel carrying capacity. The less crowded
a voxel is, the more likely it will be for cells to divide, while
chances of migration and death will be reduced. This leads
to logistic-like growth curves for each voxel in the absence of
death and interactions with other voxels. Mutation only de-
pends on the number of cells from a given clonal population.

Mathematically, the evolution of the clonal populations is
computed using the equation

N i, j ,k
n,t+1 = N i, j ,k

n,t + N i, j ,k
nrep ,t

− N i, j ,k
nkill ,t

− N i, j ,k
nmut ,t

+ N i, j ,k
n′mut ,t

− N i, j ,k
nmig ,t

+ N i′, j′,k′

nmig ,t
, (S31)

where t is the discrete time index, n is the clonal popula-
tion index, {i, j, k} are the voxel’s discrete spatial coordinates,
and {i′, j ′, k ′} represent spatial coordinates of neighbouring
voxels. N i, j ,k

n,t is number of cells in each clonal population
n at voxel i, j, k and time t. Thus, a clonal population up-
dates its cell number by adding to its previous state (1st right-
hand term) newborn cells (2nd right-hand term), cells coming
from other clonal populations that mutate into the evaluated
one (5th right-hand term), and cells coming from surround-
ing voxels (7th right-hand term); and by subtracting dead cells
(3rd right-hand term), cells mutating into a different clonal
subpopulation (4th right-hand term), and cells migrating from
the current voxel to surrounding ones (6th right-hand term).

Contributions are randomly sampled at each time step from
binomial distributions using the probabilities (S30) and the
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Model parameters
Parameters Description Units Values

L Number of voxels per side - 80
∆x Voxel side length [mm] 1
∆t Time step length [hours] 24
K Carrying capacity per voxel [cells] 2 · 105

N0 Initial population [cells] 1
Nthreshold Minimum cell number to consider a voxel occupied [cells] 0.2 · K

Vend Maximum tumour volume [cm3] 100
1/τrep Proliferation rates [h−1] [1.3 · 10−3 − 5 · 10−4]
1/τmig Migration rates [h−1] [1.7 · 10−3 − 4 · 10−4]
1/τkill Death rate [h−1] [1 · 10−3 − 3.3 · 10−4]
1/τmut Mutation rates [h−1] [1 · 10−3 − 1 · 10−6]

Table S1 Parameters of the model used for the stochastic mesoscale tumour growth simulator
Population’s weights

Process Clonal pop. 1 Clonal pop. 2 Clonal pop. 3 Clonal pop. 4
Duplication 1 1.2 1.44 1.8
Migration 1 1.1 1.2 1.3

Death 1 0.85 0.65 0.5
Mutation 1 2 4 -

Table S2 Weights associated to each population in the simulations

equations

N i, j ,k
nrep ,t

∼ B
(
N i, j ,k∑

n,t
,Prep

)
, (S32a)

N i, j ,k
nkill ,t

∼ B
(
N i, j ,k∑

n,t
,Pkill

)
, (S32b)

N i, j ,k
nmig ,t

∼ B
(
N i, j ,k∑

n,t
,Pmig

)
, (S32c)

N i, j ,k
nmut ,t

∼ B
(
N i, j ,k
n,t ,Pmut

)
. (S32d)

A mutation (or phenotypic change) process requires defin-
ing a tree, along which cellular subpopulations can evolve as
a Markov chain. Depending on whether this tree is linear,
i.e. cells jump from a given clonal population to another in a
stepwise way via mutation events, or branched in which cells
may jump to different clonal populations from a given one,
clonal populations become more aggressive as they increase
the number of mutations they carry. This aggressiveness is
translated into faster mitosis and migration ratios in the model;
changes in these rates will be modulated by weights associ-
ated to each mutation. Migration is more intricate, as migrat-
ing cells will tend to be distributed in the surrounding voxels.
Once we compute how many cells leave a voxel via (S32),
their distribution (von Neumann neighbourhood, 6 surround-
ing voxels in 3D) is determined by randomly sampling from
a multinomial distribution, whose probabilities depend on the
cell gradient between voxels, mathematically

Nr
nmig ,t

∼ M(N i, j ,k
nmig ,t
,Pdist,r ),

Pdist,r = α
N

i , j ,k
n ,t −N r

n ,t

6∑
r=1

(
N

i , j ,k
n ,t −N r

n ,t

) , (S33)

where r is one from the 6 possible neighbour voxels, and vari-
ables Nr

nmig ,t
and Pdist,r (in bold font) represent vectors of r

components (as many as neighbours).
Tumour volume was computed as the number of voxels that

contained more than a threshold number of cells. Tumour ac-

tivity was computed as the number of newborn cells at each
time step.

For the simulations analyzed in this study, a cubic grid of 80
elements per side was selected, so there were 5.12×105 voxels
available for cells to invade them. We considered four differ-
ent clonal populations, each of them being more aggressive
than the previous one. Cells from population 1 could mutate
into populations 2 or 3, but population 4 was only accessible
through these two. Initially, a single cell belonging to clonal
population 1 was placed in the central voxel of the compu-
tational domain. Each voxel measured 1 mm3, in line with
typical voxel sizes available in high spatial resolution mor-
phological imaging. Thus, our computational volume was
512 cm3, enough to explore tumour sizes from undetectable
to life-incompatible in some tumour types. Simulations were
stopped once the tumour volume reached values of Vend = 100
cm3.

The whole set of parameters considered in our simulations
is displayed in Table S1. Additionally, the weights that mod-
ulate the different processes rates for each clonal population
are shown in Table S2 as ratios compared to clonal population
1. In this paper we wanted to focus on the metabolic dynam-
ics and the emergence of superlinear scaling laws, however
the mesoscale simulator has been proven to be useful to de-
scribe the particular dynamics of specific tumour types. For
instance, for glioblastomas, once the subpopulations were re-
lated to the most frequent molecular alterations/subgroups and
the parameters fitted accordingly the mesoscale simulator pro-
vided a picture of the growth of these tumours resembling
closely their growth dynamics. Results will be reported else-
where.

The simulator was implemented in Julia (version 1.1.1).
Simulations were performed on a network of 12-core 64 GB
memory 2.7 GHz Mac Pro and a 12-core 128 GB memory 2.0
GHz iMac Pro machines. Computational cost per simulation
was of about 2 hours per run in single-processor mode.
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S4. Study of Partial-Volume Effects.

The term “partial-volume effect (PVE) refers to several ef-
fects that make intensity values in PET images differ from
their correct values [5]. The first effect is the image blurring
introduced by the spatial resolution of the imaging system.
This causes spillover between regions, and leads to larger but
dimmer images for small regions. Part of the signal from the
source “spills out and hence is seen outside the actual source.
A second source of image blurring is image sampling. The
voxel contours do not match the actual contours of the tracer
distribution. Thus, the signal intensity in each voxel is the
mean of the intensities of the different tissues included in that
voxel. In our case, and since the PVE is larger for smaller
sources there could be an apparent increase in the MTVs that
would be relatively larger for smaller volumes. This could
result in an apparent increase of the slope of the scaling law
that is difficult to quantify a priori. This is why we restricted
our analysis to tumours with diameters larger than 2 cm corre-
sponding to volumes larger than 4 cm3. However, to exclude
the PVE as potentially being the cause of the observed super-
linear behaviour, we performed several computational studies.

First, we calculated the scaling exponents for two additional
sets of tumours: those with diameters larger than 2.5 cm and
3.0 cm respectively. The results obtained are summarized for
breast cancer in Table S3 for patients imaged with 18F-FDG
and Table S7 for patients imaged with 18F-FLT. We also pro-
vide the results for lung cancer (Table S4), head and neck can-
cer (Table S5) and rectal cancer (Table S6). We excluded from
the analysis gliomas since they typically contain large necrotic
areas and the active tumour regions are often rim-like, thus
PVE effects, if present, will not be related to the tumour diam-
eters. For the other tumour histologies studied, having more
compact shapes, there were either no or very few tumours with
necrotic areas.

We did not find a reduction in the β values as the cutoff
tumour size was increased, that could evidence an impact of
the PVE. Instead, fluctuations in the obtained values around
the original superlinear values and a trend towards a reduction
of the R2 value and an increase in the standard deviation as the
number of patients was decreased were observed.

Next, we performed an additional test to assess possible
PVE. Since the blurred areas around the main tumour core
could be partially affected by PVE, we carried out segmenta-
tions of the core tumour areas (either manually or using the
automatic segmentation algorithm with λ = 0) for a subset
of the tumour histologies and compared the results with those
obtained with either the automatic segmentation with (λ , 0)
or a manual one including the lower SUV part halo around the
tumour.

We performed this last study for three tumour histologies.
Results for lung cancer patients imaged with 18F-FDG are
summarized in Table S8. There the comparison was carried
out between the standard automatic procedure and the au-
tomatic procedure without the inclusion of the surrounding
lower SUV values halo around the tumour core (λ = 0, see
‘Methods’). The exponents obtained were superlinear with
overlapping intervals. In the second series of tests, for breast
cancer patients imaged with 18F-FDG, we compared the re-
sults of the standard automatic segmentation with the one

choosing λ = 0 and a manual segmentation performed choos-
ing only the higher value SUV areas. Results are shown in
Table S9. The three values obtained were in line with the
exponent reported in the main text, and in any case showed
superlinear behaviour. A final comparison was performed for
the colon cancer patients for which no automatic segmentation
could be performed due to the proximity of confounding struc-
tures. There, two manual segmentations were done, one of
them including the whole tumour and a second one restricted
to the core higher SUV value areas. Results are summarized
in Table S10. The values were compatible within them and
with the superlinear dynamics.

In summary, although the PVE is always present in PET
images and could potentially affect the obtained scaling expo-
nents, it appears that for our scanners and type of study the
choice of a minimal tumour size of 2 cm was enough to guar-
antee a minor impact of this effect.

S5. Automatic Segmentation algorithm for PET im-
ages

An automatic segmentation algorithm was designed and im-
plemented in Matlab to carry out the segmentations of tu-
mours in patient subgroups 1, 4, and 6.

Each PET image contains a spatial map of the SUV activity
(u(®x)). Each SUV threshold defines an isosurface in the func-
tion u. This means that the isosurfaces are parametrized by
the threshold values (u∗) and all of the threshold-based poten-
tial segmentations of the bulk tumour are indeed isosurfaces
of u(®x). The contour that better delineates the tumour is the
one that maximizes the contrast in the image over the adjacent
isosurfaces. To quantify this, we used the functional

F (u∗; λ) = (1 − λu∗)
∫
{ ®x/u( ®x)=u∗ }

|∇u|2 dS, (S34)

that was computed for each image and each possible threshold
value u∗. The surface integral of the squared gradient quan-
tifies the variation in SUV over the isosurface of SUV level
u∗. The factor (1 − λu∗) was chosen to penalize higher SUV
values in order to get a more accurate delineated zone. For
each image, the functional (S34) was computed for every pos-
sible threshold value u∗ from the maximum SUV in the im-
age. The value u∗ that maximizes (S34) was then selected
as segmentation threshold and, therefore, the corresponding
isosurface used as bulk segmentation. This is an example of
variational, gradient based segmentations that have been used
in the literature of PET segmentation such as the method of
snakes [6,7], although in three-dimensional scenarios and re-
stricting the contours to isosurfaces.

The value of the parameter λ = 0.26 was selected by per-
forming an optimization process where a set of breast and lung
tumour segmentations performed by a board of three imaging
engineers were used as ground truths and compared to those
provided by variable values of λ. Note that the case λ = 0 cor-
responds to the choice of the tumor areas with stronger gra-
dients and allows for the segmentation of the tumor core, ex-
cluding the lower densities halos surrounding the higher SUV
values tumor regions.
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Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.307 0.069 54 0.87
> 2.5 cm 1.331 0.084 51 0.83
> 3.0 cm 1.211 0.124 37 0.73

Table S3 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.248 0.032 175 0.90
> 2.5 cm 1.206 0.045 133 0.84
> 3.0 cm 1.261 0.064 92 0.81

Table S4 Comparison of the scaling exponent β obtained for lung cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.182 0.030 76 0.87
> 2.5 cm 1.229 0.067 50 0.87
> 3.0 cm 1.300 0.097 40 0.82

Table S5 Comparison of the scaling exponent β obtained for head and neck cancer patients imaged with 18F-FDG and different lesion
size cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.386 0.152 23 0.80
> 2.5 cm 1.471 0.159 22 0.81
> 3.0 cm 1.712 0.224 20 0.76

Table S6 Comparison of the scaling exponent β obtained for rectal cancer patients imaged with 18F-FDG and different lesion size
cutoff values

Dataset Fitting exponent (β) Std deviation Number of patients R2

> 2.0 cm 1.188 0.035 75 0.92
> 2.5 cm 1.147 0.046 60 0.91
> 3.0 cm 1.096 0.065 44 0.87

Table S7 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FLT and different lesion size
cutoff values

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Standard automatic 1.248 0.032 175 0.90
Only core (λ = 0) automatic 1.192 0.047 169 0.79

Table S8 Comparison of the scaling exponent β obtained for lung cancer patients imaged with 18F-FDG with different segmentation
procedures. The automatic algorithm failed to provide consistent results with λ = 0 for six patients and were excluded from the analysis.

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Standard automatic 1.307 0.069 54 0.87
Only core (λ = 0) automatic 1.233 0.094 54 0.76

Only core (manual) 1.255 0.052 54 0.91

Table S9 Comparison of the scaling exponent β obtained for breast cancer patients imaged with 18F-FDG with different segmentation
procedures.

Segmentation procedure Fitting exponent (β) Std deviation Number of patients R2

Manual (whole tumour) 1.386 0.152 23 0.80
Manual (only core) 1.307 0.137 23 0.82

Table S10 Comparison of the scaling exponent β obtained for rectal cancer patients imaged with 18F-FDG with different segmentation
procedures.

For the application of the method, a point belonging to the
tumour has to be chosen initially. While the isosurface of a
given value might be extensive along the domain, only the part
enclosing the initial point are taken into account for the calcu-
lations. After having selected the points the SUV range for the
image is divided in 512 equally distributed partitions which
constitute a discretization for the possible threshold points u∗.
The functional (S34) is then applied using descending values

for u∗ starting from SUVmax. The process is continued until
a local maximum for F (u∗; λ) is found. When this maximum
is followed by a concatenation of five points with a strictly
descending tendency the algorithm stops and the u∗ that max-
imizes the functional is used as threshold value.
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