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In this Supplementary Information, we provide the detailed proofs and analysis of the results
presented in the main text. We first begin with giving an overview of the structure of this docu-
ment, summarizing the subject of each section.

e Preliminaries (Section 1): We gather the notations, definitions, facts, and well-known tech-
nical tools that are frequently used in the subsequent sections. This includes

- Quantum belief propagation (Section 1.3)
— Change in the spectrum after applying local operators (Section 1.4)
— Local reduction of global operators (Section 1.5)

e A lower bound on the sample complexity (Section 2): The proof of the /n lower bound on
the sample complexity of learning quantum Hamiltonians is given.

¢ Efficient sample complexity assuming strong convexity (Section 3): We show how assum-
ing the strong convexity of the log-partition function of quantum systems (whose proof is
given in Section 4) implies an efficient sample complexity for the quantum Hamiltonian learn-
ing. This is done in two parts:

— Sufficient statistics (Section 3.1)

— Stochastic convex optimization (Section 3.2)

e Proof of strong convexity of log-partition function (Section 4): Our main technical contri-
bution is presented in depth here. The proof the strong convexity is divided into four steps.
These steps are first briefly reviewed in Section 4.2, where an intuitive and broad perspective
of them is provided. A diagram in Figure 1 depicts the theorems and lemmas used in each
of these four steps and the connection between them.
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— Outline of the proof of the quantum case (Section 4.2)

— Step 1: Relating the Hessian to a variance (Section 4.3)

- Step 2: From global to local variance (Section 4.5)

- Step 3: Bounding the effect of local unitaries (Section 4.6)

- Step 4: Reduction to infinite temperature variance (Section 4.7)

— Final step: Putting things together (Section 4.8)

1 Preliminaries

1.1 Some mathematical facts

Here we summarize some of the basic mathematical facts used in the proof. Let A, B be arbitrary
operator. The operator norm of A which is its largest singular value is denoted by || A||. The minimum
singular value of A (or equivalently the minimum eigenvalue when A is Hermitian) is denoted by
omin(A). We also often use the Frobenius norm || Al|r := /tr|AT A] and more generally the Hilbert-
Schmidt inner product between A, B defined by tr[AfB]. Additionally using Holder’s inequality
we have,

|ABr = \/tx(BTAATB) < \/| B|2tr(AAT) = | B] - | A] . M

We define the von Neumann entropy of a quantum state p by S(p) = —tr[plog p| and the relative
entropy between two states p; and p2 by S(p1||p2) = —tr[p1 log p2] — S(p1).

The gradient of a real function f : R +— R is denoted by V f(z) and its Hessian (second deriva-
tive) matrix by V2 f(z). The entries of the Hessian matrix are given by %;zj f(z). The minimum
eigenvalue of the Hessian of f(x) is shown by oin (V2 f(2)).

We write A > 0 to represent a positive semi-definite (PSD) operator A, one such example of a PSD
operator is the Hessian matrix V2 f(z) of a convex function f(z).

We will use the standard notations O(-), ©(-), and €2(-) to specify the scaling of various param-
eters. In particular, ©(1) will denote a constant.

For convenience, we will also gather a collection of infinite sums over exponentials. For¢ > 0, let

oo 1 o0 1 oo 1
I(t) := / e dr = / e *d (l‘t) = / e V' dy
0 t Jo t Jo

be the gamma function. It holds that I'(¢) < ¢'. This can be used to simplify several summations
that we encounter later. Finally, we collect a few useful summations that we use in our proofs in
the following fact.

Fact1. Let a,c > 0,1 > p > 0 be reals and b be a positive integer. Then
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Proof. The first summation follows from
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For the second sum, notice that the function t’e—¢" achieves the maximum at t* = (%) ?. Then

b _b 1 &0 o
_ <> P . Z+ - / e*y +1 dy
p (b+1)c» Jo

IN

o b1 b1
b P 1 b+1\ 7 2 [b+1\ 7
b + o < - :
eb+icp pc P p p cp
For the third sum, we will use the identity

1
(a+j)P > -

2 (ap +]p) *

Now, consider the following chain of inequalities and change of variables:

o0 o0

This completes the proof. 0

1.2 Local Hamiltonians and quantum Gibbs states

Local Hamiltonians. In this work, we focus on Hamiltonians that are geometrically local. To de-
scribe this notion more precisely, we consider a D-dimensional lattice A C Z” that contains n sites
with a d-dimensional qudit (spin) on each site. Now the interactions terms in the Hamiltonian
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act on a constant number of qudits that are in the neighborhood of each other (in the lattice). We
denote the dimension of the Hilbert space associated to the lattice A by Dj. The Hamiltonian of
this system is

H= ZHX.

XCA

Each term Hx acts only on the sites in X and X is restricted to be a connected set with respect to
A. We call the Hamiltonian x-local when the support of all the local terms Hx is | X| < . We also
define the Hamiltonian restricted to a region A C Aby Ha =) v 4 Hx.

Let B(r,i) := {j € A|dist(i,j) < r} denote a ball (under the Manhattan distance on the lattice)
of size r centered at site i. For a given connected set X € A, letdiam(X) := max{dist(¢,j) : 4,j € X}
denote the diameter of this set, X := A \ X denote the complement of this set and 0.X denote its
boundary. Given two sets X, Y € A, we define dist(X,Y") := min (dist(i,j) :i € X,j € Y).

In order to describe our Hamiltonians, we consider an orthogonal Hermitian basis for the space
of operators acting on each qudit. For instance, for qubits, this basis consists of the Pauli operators.
By decomposing each local term H x in terms of the tensor product of such basis operators, we find
the following canonical form for the Hamiltonian H:

Definition 2 (Canonical representation for x-local Hamiltonians). A k-local Hamiltonian H on a
lattice A can be written as a sum of m Hermitian operators Ey each having a connected support with respect
to A and acting non-trivially on at most k qudits. That is,

H=> uE. )
=1

where i, € R and we assume | Eg| < 1, tr[EZ] = Da, Eg = Ey for { € [m], and
tr[EgEe] =0 fork # L. 3)

Since we assume H is geometrically local (i.e. it is defined over a lattice), it holds that m the
number of local terms in (2) satisfies m = O(|A|) = O(n).

As discussed earlier, we extensively use the notion of quasi-local operators, which we now
formally define.

Definition 3 (Quasi-local operators). An operator A is said to be (1, a1, az, ¢)-quasi-local if it can be
written as

n
A= Zggfig with g¢ < ay - exp(—azl”),

/=1
Ay = Z az, Max < ZlHQZ”> <q, (4)
|Z|=¢ AVAY)

where the sets Z C A are restricted to be balls.!

'The assumption that Z is a ball suffices for us. Our results on quasi-local operators also generalize to the case
where 7 is an arbitrary regular shape, for example when the radii of the balls inscribing and inscribed by Z are of
constant proportion to each other.



Although local operators are morally a special case of quasi-local operators (when 7 = c0), we
will reserve the above notation for operators with 7 < 1. A useful tool for analyzing quasi-locality
is the Lieb-Robinson bound, which shows a light-cone like behavior of the time evolution operator.

Fact 4 (Lieb-Robinson bound [LR72], [NS09]). Let A, B be operators supported on regions X,Y of the
D dimensional lattice A respectively. Also, let H be a geometrically local Hamiltonian. There exist O(1)
constants vLR, f, c that only depend on the details of the Hamiltonian such that

[ Ae™H B < FIA B - min (X, [0Y1]) - min (ec(eunlf=dsiX0) 1)

Gibbs states. At an inverse-temperature 3, a quantum many-body system with the Hamiltonian
H(p) is in the Gibbs (thermal) state if it is given by

e—BH (1)
ps(p) = tr[e P’ 5)

The partition function of this system is defined by Z () = tr[e™#H ()],

Remark 5. In our notation, we sometimes drop the dependency of the partition function or the Gibbs state
on p. We also often simply use the term local Hamiltonian H or quasi-local operator A when referring to
Definition 2 and Definition 3.

1.3 Quantum belief propagation

Earlier we saw that we could express the Gibbs state of a Hamiltonian H by Eq. (5). Suppose we
alter this Hamiltonian by adding a term V' such that

H(s)=H+sV, sel0,1]. 6)

How does the Gibbs state associated with this Hamiltonian change? If the new term V' commutes
with the Hamiltonian H, i.e., [H, V] = 0, then the derivative of the Gibbs state of H(s) is given by

d _ _ By -
D e BH(s) — _ge—BH(s)yy — _ 2 BH(s)
dse Be \% 5 {e ,V} , (7)
where {e A1) V1 = e BHE)Y 1 Ve PH() denotes the anti-commutator. In the non-commuting
case though, finding this derivative is more complicated. The quantum belief propagation is a frame-
work developed in [Has07, Kim17, KB19] for finding such derivatives in a way that reflects the
locality of the system.

Definition 6 (Quantum belief propagation operator). For every s € [0,1], 8 € R, define H(s) =
H + sV where V.= ., V;|j)(k| is a Hermitian operator. Also let fs(t) be a function whose Fourier
transform is

x _ tanh(fw/2)

falw) = T Bwz (8)

ie, fa(t) =5 [ dw fg(w)e™t. The quantum belief propagation operator D15y (V) is defined by

‘PH(S)(V) =/ dtfa(t) e H ()t 17 GiH (s)t

—00



Equivalently, in the energy basis of H(s) = >, £;(s) |7)(j|, we can write

Op(o)(V) =D 1)k Vik fa(E5(s) — Ex(s))- 9)

4k
Proposition 7 (cf. [Has07]). In the same setup as Definition 6, it holds that

d _ By _
2 -BH(s) — _ BH(s)
e 5 {e ,(I)H(s)(V)}. (10)

1.4 Change in the spectrum after applying local operators

For a Hamiltonian H, let P2 and Pfy be projection operators onto the eigenspaces of H whose en-
ergiesarein < z and > y, respectively (we use similar notation P2, P;“y for the quasi-local operator
A). Consider a quantum state [1) in the low-energy part of the spectrum such that PZ |¢)) = |¢).
Suppose this states [1/) is perturbed by applying a local operator Ox on a subset X C A of its qu-
dits. Intuitively, we expect that the operator Ox only affects the energy of |¢)) up to O(|X]), i.e,,
||P§;O x|1)| = 0fory > x+|X|. Asimple example is when |1) is the eigenstate of a classical spin
system. By applying a local operation that flips the spins in a small region X, the energy changes
at most by O(|X|). The following lemma rigorously formulates the same classical intuition for
quantum Hamiltonians

Lemma 8 (Theorem 2.1 of [AKL16]). Let H be an arbitrary x-local operator such that

H= " hg, max > vzl < g. (11)

|1 Z|<k 7731

Then, for an arbitrary operator Ox which is supported on X C A, the operator norm of ngO Xng is
upper-bounded by

1
IPLOxPE | < ||Ox| -exp (- 297<y—x—2g\Xl>)- (12)

In our analysis, we need an different version of this lemma for quasi-local operators instead of
r-local operators. The new lemma will play a central role in lower-bounding the variance of quasi-
local operators. The proof follows by the analysis of a certain moment function (as opposed to the
moment generating function in [AKL16]). Due to formal similarities between the proofs, we defer
the proof of the next lemma to Appendix 5.3.

Lemma 9 (Variation of [AKL16] for quasi-local operators). Let A be a (7, a1, az, 1)-quasi-local op-
erator, as given in Eq. (4), with 7 < 1. For an arbitrary operator Ox supported on a subset X C A with
|X| = koand ||Ox|| = 1, we have

1P2, 4, Ox P2\l < c5 - koexp ( - (/\ly/kO)l/ﬁ)v (13)

2/

. 2 )
where Ty := %— 1, c5 and Ay are constants depending on ay and a as cs o a; Tand \; a, I respectively.



1.5 Local reduction of global operators

An important notion in our proofs will be a reduction of a global operator to a local one, which has
influence on a site i. Fix a subset Z C A and an operator O supported on Z. Define

0(2) =0 —tr;[0O] ® %, (14)
where operator 1; is the identity operator on the ith site, d is the local dimension, tr; is the partial
trace operation with respect to the site i. Note that O;) removes all the terms in O that do not act on
the ith site. This can be explicitly seen by introducing a basis { £} },cn,y cz of Hermitian operators,
where Y labels the support of £ and « labels several possible operators on the same support. We
can assume that tr[(E$)?] = Dy, tr;[E$] = 0 for every i € Y, and the orthogonality condition
tr[E¢EY] = 0 holds if @ # o’ or Y # Y’. These conditions are satisfied by the appropriately
normalized Pauli operators. Expand

0=> gayvEs.
oY
Then
O(z Z Ja, YEY Z 9a, ytr; EY Z 9o, YEY

a,Y:Y i

Thus, O(;) is an operator derived from O, by removing all £§ which act as identity on i. The
following claim shows that the Frobenius norm of a typical Oy; is not much small in comparison
to the Frobenius norm of O.

Claim 10. For every operator O and O ;) defined in Eq. (14), it holds that

max || O yIE > Z ’ZHO % > ’Z’HOHF (15)

1€Z

Proof. Using the identities tr[ E2 Eg] = 0 and tr[(E%)?] = Dy, we have

|O||F_DAZQCMY<DAZ Z gaY_ZHO [

i€Z a,Y:Y i i€z

where the inequality comes from the fact that O is supported on the subset Z (i.e., Y C Z). This
completes the proof. O

2 A lower bound on the sample complexity

In this section, we prove a lower bound on the sample complexity of the
Hamiltonian Learning Problem as claimed in the main text. For convenience of the reader, we
restate the precise definition of the Hamiltonian Learning Problem before proceeding to the proof of
the lower bound.



Consider a  local Hamiltonian H(p) = Y, ueE, (defined in Section 1.2) that acts on
n qudits and consists of m geometrically-local terms that satisfy maxycjy, ||l < 1. In the
Hamiltonian Learning Problem problem, we are given N copies of the Gibbs state of this Hamiltonian

e BH (1)

PB(M) = m

at a fixed inverse-temperature 3. The goal of a learning algorithm is to produce an estimate /i =
(ft1, - .., fum) of the coefficients py, that satisfy the following: with probability at least 1 — err, the
algorithm outputs /i such that

I =iy < e,

1
where |p— s = (375 [pe — fwe]?)? is the y-norm difference between the coefficient vectors p
and /.

Theorem 11. The number of copies N of the Gibbs state needed to solve the Hamiltonian Learning Problem
and outputs a [u satisfying o — p||l2 < € with probability 1 — err is lower bounded by

N> Q(\/m—i-lo;g(l—err)).

Proof. In order to prove the lower bound, we consider learning the parameters i € R™ of the
following class of one-local Hamiltonians on m qubits:

H(p) =Y wil1){1];,
=1

where [1)(1]; is projection onto a basis |1) on the ith qudit. Let T, : {u € R7 : Y, u? < 100£%} be
an orthant of the hypersphere of radius ¢ in R’"'. We have the following claim.

Claim 12. There exists a collection of 2™ points in T,,, such that the {y distance between each pair is > .

Proof. Pick 2™ points uniformly at random in 7},,. By union bound, the probability that at least one
pair is at a distance of at most  is at most (2) times the probability that a fixed pair of points is at
a distance of at most . But the latter probability is upper bounded by the ratio between the volume
of a hypersphere of radius ¢ and the volume of 7;,,, which is m = . Since (2m)? a4 < 1,
the claim concludes. o

Let these set of 2™ points be S. For some temperature 3 > 0 and unknown p € S, suppose A
is an algorithm that is given N copies of p(u) and, with probability 1 — err, outputs p’ satisfying
|/ — pll2 < e. Wenow use A to assign the estimated /i to exactly one of the parameters n. Once the
learning algorithm obtains an output 1/, we can find the closest point in S (in ¢, distance) as our
estimate of y, breaking ties arbitrarily. With probability 1 — err, the closest u € S to i is the correct
p since by the construction of S, ||/ — pll2 < €. Thus, the algorithm A can be used to solve the
problem of estimating the parameters i themselves (not only approximating it). We furthermore
show that the number of samples required to estimate ;1 € § is large using lower bounds in the
quantum state discrimination. We will directly use the lower bound from [HKKO08] (as given in



[HW12]). Before we plug in their formula, we need to bound on the spectral norm of pg(u) for an
arbitrary p € S (denoted by |pg(x)|). That is,

2 lps(w)} o (L oo+ <y
max = Imax _— _—
nes PBik nes L+ e~ Bui 14 e—Pri

S 2
= e (® e )

m .

265/"1

o (B[]

n 5“1 m m
< max | Q|2 = max (#THm) < HVIVETE < (BVmI0e,

nes i—1 2 pes

since Y, u? < 1002 for all i € S. Thus, the lower bound for state identification of { H(u) : u € S}
in [HW12, Equation 2] (cf. [HKKO8] for the original statement) implies that

log [S]| +log(l —err)  mlog2+log(l —err) Q(\/ﬁ + log(1 — err))
~ log (max,es{2™(|p(1)sll}) 10y/mf3e ep '
This establishes the lower bound. O

3 Efficient sample complexity assuming strong convexity

In this section, we provide more details on how one can find rigorous upper bounds on the sample
complexity of the Hamiltonian Learning Problem using the notions of sufficient statistics and the
strong convexity from the fields of stochastic convex optimization and statistics. Before introducing
these concepts in detail, let us briefly review similar problems and some of the previous approaches
to solve the Hamiltonian Learning Problem and why they do not immediately result in a provably
efficient bound on the required number of samples for this task.

In “shadow tomography” [Aar18a, AR19, BKL"19], the goal is the following: given a set of
observables Ey, ..., E,,, how many copies of an unknown state p are sufficient to estimate approx-
imate tr(pE;) for all i € [m]. We remark that the Hamiltonian Learning Problem pursues a different
task than the shadow tomography problem. Our goal is to estimate the Hamiltonian (i.e. the coeffi-
cients ji7) within some given error bound, which is a stronger requirement than just approximating
the expectation values of p = e~# on a set of observables.

In another line of work, [BAL19, EHF19, QR19] considered learning an unknown Hamiltonian
using local measurements by phrasing this question as solving a system of linear equations. Con-
sequently, their complexity depends inverse polynomially on the “spectral gap” of the matrix in the
linear system. It is not known how to obtain a non-trivial bound on this gap. There have also been
several other heuristic and numerical evidence for learning an unknown classical and quantum
Hamiltonian [WGFC14b, WGFC14a, VMN 19, AAR"18b] which we do not discuss here.

3.1 Sufficient statistics

As discussed in the main text, local expectations of the Gibbs states can be used to uniquely specify
these states. This provides us with “sufficient statistics” for learning the Hamiltonians from pg.



This observation is formalized in the following result:
Proposition 13. Consider the following two Gibbs states

6_5 Zz ek e_,B ZE e By

pp(p) = mv pp(A) = m (16)

such that tr[pg(\)E;] = tr[pg(p)E;] for all j € [m], i.e. all the k-local local expectations of pg(\) match
that of pg(u). Then, we have pg(\) = pg(p), which in turns implies Ay = g for £ € [m].

Proof. We consider the relative entropy between pg(\) and the Gibbs state ps(y). We have

S (ps(m)llps(N)) = tr[pg(u) (log pg(1t) — log ps(N))]

 S(opl)) 4+ Bt [/W) S M|+ log Z() a7
l
2 —S(ps() + B8 Aetrlps (N Ee] + log Z(3) (18)
l
= ~S(ps(n)) + S(ps(N)
(;) 0 (19)

where (1) follows because tr[pg(1)E¢] = tr[pg(A)Ee] for all £ € [m] and (2) used the positivity of
relative entropy. Similarly, we can exchange the role of p(;) and p(A) in (19) and get

S (psMllps()) = =S(ps(A) + S(ps(p)) = 0. (20)

Combining these bounds imply S(pg(r)) = S(pg(A)) and hence from Eq. (19), we get
S(ps(p)llpg(A)) = 0. It is known that the relative entropy of two distribution is zero only when
pa(1) = ps(X). Hence, we also have log pg(p) = log pg(A) or equivalently up to an additive term
Sorey eEe = 301 MEy. Since the operators E, form an orthogonal basis (see Eq. (3)), we see that
Ao = py forall £ € [m)]. O

Remark 14. When the local expectations of the two Gibbs states only approximately match, i.e.,

[trlps () Ee] — trlpg (M) Ed]| <0

for ¢ € [m], then a similar argument to (19) shows that S(pg(i)||pg(N)) < O(md). By applying Pinsker’s
inequality®, we get | pp(p) — pg()\)Hf < O(mé) = O(nd), where we used the fact that for geometrically-
local Hamiltonians m = O(n) (see below Definition 2).

Proposition 13 tells us that if we have a Gibbs state that matches the local expectation values to
the unknown Gibbs state than uniquely identifies the unknown Hamiltonian. However, a natural
question is, if there an algorithm that finds the Gibbs state given its local expectations. A solution
to this question is to use the maximum entropy optimization [Jay57, BKL"19]. This is also closely
related to the problem of maximum likelihood estimation that is used often to analyze the sample
complexity of statistical problems. Formally, this problem can be expressed as follows:

?Pinsker’s inequality states that for two density matrices p, o, we have ||p — || < 2In2- S(p||0).
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max S(p)
P

st. tr[pEy] =ep, VL€ [m] (21)

p>0, trlp] =1

where S(p) = —tr[plog p] is the von Neumann entropy of p.
Below, we will be mainly concerned with the convex dual of this optimization which directly
produces the interaction coefficients ;. Understanding the effect of statistical errors on the dual

optimization program (and in more generality, stochastic convex optimization) will be the main
the subject of the next few sections.

3.2 Stochastic convex optimization

Suppose we want to solve the optimization

max f(z)
for a function f : R™ — R which is of the form f(z) = E,.p[g(z,y)]. Here g(z,y) is some convex
function and the expectation E,p is taken with respect to an unknown distribution D. Algorithms
for this maximization problem are based on obtainingi.i.d. samples y drawn from the distribution D.
In practice, we can only receive finite samples y1, yo, . . ., y, from such a distribution. Hence, instead
of the original optimization, we solve an empirical version

y4

1

max - Y gz, yr).
k=1

zeR™ {

The natural question therefore is: How many samples ¢ do we need to guarantee the output of the
empirical optimization is close to the original solution? One answer to this problem relies on a
property of the objective function known as strong convexity.

Definition 15. Consider a convex function f : R™ — R with gradient V f(x) and Hessian V? f(z) at x.
The function f is said to be a-strongly convex in its domain if it is differentiable and for all z,y, and

Fl) > f(@) + VI~ ) + goly - ol
or equivalently if the minimum eigenvalue of the Hessian o (V? f(x)) satisfies
Tmin(V2f(2)) > o
In other words, for any vector v € R™ it holds that ), ; v;v; #;xjf(:c) > afv3.

Next, we discuss how the framework of convex optimization and in particular strong convexity,
can be applied to the Hamiltonian Learning Problem. To this end, we define the following optimiza-
tion problems based on the convex dual of the optimization (21)
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Definition 16 (Optimization program for learning the Hamiltonian). We denote the objective func-
tion in the Hamiltonian Learning Problem and its approximate version by L(\) and L(\) respectively, i.e.,

L(A) =1log Zg(\) + B+ ) _ Aeee,  L(N) =log Zg(A) + B> ey, (22)

where the partition function is given by Zg(\) = tr(e™? W AeEe) . The parameters of the Hamiltonian
that we intend to learn are 1 = arg minycgm.|z|<1 L(A). As before, we also define the empirical version of
this optimization by

fi= argmin L()). (23)
AeR™:|A|<1
We prove later in Lemma 27 that log Zg(\) is a convex function in parameters A and thus, the
optimization in (23) is a convex program whose solution can be in principle algorithmically found.
In this work, we do not constraint ourselves with the running time of solving (23). We instead
obtain sample complexity bounds as formulated more formally in the next theorem.

Theorem 17 (Error in p from error in local expectations e, assuming strong convexity). Let 6, o >
0. Suppose the local expectations ey are determined up to error §, i.e., |eq — éy| < 0 for all ¢ € [m)].
Additionally, assume the strong convexity condition omin(V?log Z(\)) > «a holds for |A| < 1. Then the
optimal solution to the program (23) satisfies

268ymo. (24)

— i, <
In— ity < =

Proof. From the definition of /; as the optimal solution of L in (23), we see that L(j1) < L(u). Thus,
we get

log Zs(j1) + B - Zuz€e<10g2,3 )+ B Zuzee
=1

or equivalently,
log Zg(j1) <log Zg(p) + B+ Y _ (11 — fue)ée- (25)
=1

We show later in Lemma 26 that for every ¢ € [m], we have a log Zz(u) = —pBe,.® This along with
the assumption omin(V?1og Z(11)) > « in the theorem statement, implies that for every p’ with
<1
m
log Zs(u') > log Zs(p) — B3 - Z — f)ee + 04H,u - M”z (26)
=1

Hence, by choosing 1/ = 1 and combining (26) and (25), we get

m m

1 AN A

log Zg(p) — B+ > (i — pe)ee + gali— ply <log Zg(p) + B> (1e — fe)ée
(=1 /=1

*In particular, see Eq. (38), where we showed 52— log Zg(u) = =B - tr[Epp(p)] = —Bes.
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which further implies that

I - X
Solia— ply < B (i — pe)ee — éo),

/=1
< B —ply-lé— el

Hence, we have

. 208 . 2+/mod
[ —ply < —lé—el, < :
« «

O
Remark 18. We note that the bound (24) in Theorem 17 can be also derived when other methods are used
instead of the maximum entropy optimization or its dual in Definition 16. Suppose we use an alternative
approach, which could be an approximate version of the maximum entropy method, a heuristic quantum
algorithm that variationally prepares the Gibbs state, or one that infers the interactions in a different way
without relying on the thermal averages. As long as the interaction coefficients inferred via such method
(denoted by [1) satisfy ||fi]| < 1 and their corresponding Gibbs state possesses local expectations éj, within §

distance of the original values, a similar expression as in (24) bounds the error of that approach as well.
More formally strong convexity leads to Equation 26, which says

m
- - 1
log Zs(j1) > log Zg(p) = B+ > _(jie — pu)er + e [ ul-

(=1

Switching p and [i as well as ey and €y, we have

log Zg () > log Zg(ji) — B+ Y (ne — fue)ée + auu ul-
/=1

Adding these equations and cancelling some terms, we obtain
m
0> 8- (ne— jue)(ec — &) + aliv — pl3.
=1
This leads to the inequality (using Cauchy-Schwartz)
ol — M”Q S Bl —ply-lle—el,,
which is equivalent to
. B -
_ < e — .
1=l <~ lle = el

Finally, we obtain the following upper bound on the sample complexity assuming the log-
partition function is strongly convex.

Corollary 19 (Sample complexity from strong convexity). Under the same conditions as in Theo-
rem 17, the number of copies of the Gibbs state pg that suffice to solve the Hamiltonian Learning Problem
and outputs a [i satisfying ||fo — p||l2 < € with probability 1 — err is



Proof. First observe that, using Theorem 17, as long as the error in estimating the local expectations
e are
ae

268v/m’
we estimate the coefficients p by i such that ||z — pf|, < e. Thelocal expectations e, can be estimated
in various ways. One method considered in [CW20, BMBOZ20] is to group the operators E; into sets
of mutually commuting observables and simultaneously measure them at once. Alternatively, we
can use the recent procedure in [?, Theorem 1] based on a variant of shadow tomography. In either
case, the number of copies of the state needed to find all the local expectations with accuracy ¢ and

success probability 1 — err is
20(x) m
N=0O ( 52 log e; s

where recall that & is the locality of the Hamiltonian. Plugging in Eq. (27) gives us the final bound

220(/‘6)
a“e err

6 < (27)

O

Remark 20 (Final upper bound on the sample complexity). In the next section, we prove that the

o parameter in Corollary 19 is o < e~ 9 . % This implies the claimed sample complexity for the
Hamiltonian Learning Problem in the main text, i.e.

o(8°)
N=0O €~7‘mg'logﬁ . (28)
Bee? err

Notice that although we assume in the main that err, the probability of error, is a constant (e.g., 0.01), the
dependency on err in (28) only appears in the logarithm and can be suitably scaled.

4 Proof of strong convexity of log-partition function

We now state our main technical contribution which proves the strong convexity of the logarithm
of the partition function.

Theorem 21. Let H = >, | e Ey be a k-local Hamiltonian over a finite dimensional lattice. For a given
inverse-temperature [3, there are constants c, ¢ > 3 depending on the geometric properties of the lattice such
that the following strong convexity property (see Definition 15) for log Zg () holds

i

Fmin(V210g Z(11)) > =0 . =

(29)

In other words*, for every vector v € R™ we have v - V?log Zg(u) - v > e~ /m - |v]3.

The proof of Theorem 21 is explained in multiple steps. In the next few sections we first review
the proof of this statement for the classical Hamiltonians. Then, we give a brief overview of the
main steps in the proof of the quantum case.

*In future sections, we often use this characterization in terms of vectors v to obtain proper bounds on the minimum
eigenvalue omin.
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Step 1:
Relating the Hessian to a variance (Section 4.3)

Lemma 26, Lemma 27

)

Warm-up before step 2:
Variance at infinite temperature (Section 4.4)

Theorem 29
¥
Step 2:
From global to local variance

Theorem 31, Claim 32
v
Step 3:
Bounding the effect of local unitaries (Section 4.6)

Claim 33, Claim 34, Corollary 35

U
Step 4:
Reduction to infinite temperature variance (Section 4.7)

Claim 36, Theorem 37

)

Final step:
Putting things together (Section 4.8)

Lemma 38

. J

Figure 1: Flow of the argument in the proof of Theorem 21.
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4.1 Review of the proof for classical systems

In order to better understand the motivation behind our quantum proof, it is insightful to start
with the classical Hamiltonian learning problem. This helps us better describe various subtleties
(briefly mentioned in the main Article) and what goes wrong when trying to adapt the classical
techniques to the quantum case. We continue using the quantum notation here, but the reader can
replace the Hamiltonian H, for instance, with the classical Ising model H = ). . J;;jz;x; (Where
x; € {—1, 1} and Jij € R).

The entries of the Hessian V2 log Z3(u) for classical Hamiltonians are given by

i~j

[ 10g Zs ()| = CovlE;, By] (30)

where Cov is the covariance function which is defined as Cov[E;, E;| = (E;E;) — (E;)(E;) with
the expectation taken with respect to the Gibbs distribution (i.e., (E) = tr[E - pg()]). To prove the
strong convexity of the log-partition function at a constant /3 (defined in Definition 15), using (30)
it suffices to show that for every vector v, we have

m

Z v Ey

(=1

>0(1)- ) v (31)

82
vjv; —— log Zz(u) = Var
Z Jaluia'uj 5( ) —

.3

m

Although the operator ), vy is a local Hamiltonian, note the mismatch between this operator
and the original Hamiltonian in the Gibbs state Y, | 10 E,. Note that the inequality (31) is stronger
than our main technical contribution in the quantum setting (i.e., for the case of quantum partition
functions, we proved the analogue of inequality (31) when ©(1) replaced by ©(1/m)). Before
proving Eq. (31), we remark that an upper bound of Var[}_," | veEy] < O(1) |v]|3 is known in litera-
ture, under various conditions like the decay of correlations both in classical and quantum settings
[Ara69, Gro79, PY95, Uel04, KGK ™14, FU15]. This upper bound intuitively makes sense because
the variance of the thermal state of a Hamiltonian and other local observables are expected to be
extensive, i.e., they scale with the number of particles (spins) or norm of the Hamiltonian, which is
replaced by ||v[3 in our setup. However, in the classical Hamiltonian learning problem, we are in-
terested in obtaining a lower bound on the variance. To this end, a crucial property of the (classical)
Gibbs distributions that allows us to prove the inequality (31) is the conditional independence or
the Markov property of classical systems.

Definition 22 (Markov property). Suppose the interaction graph is decomposed into three disjoint regions
A, B, and C such that region B “shields” A from C, i.e., the vertices in region A are not connected to those
in C. Then, conditioned on the sites in region B, the distribution of sites in A is independent of those in C.
This is often conveniently expressed in terms of the conditional mutual information by [(A : C|B) = 0.

It is known by the virtue of the Hammersley-Clifford theorem [HC71] that the family of distri-
butions with the Markov property coincides with the Gibbs distributions. Using this property, we
can lower bound Var [, ; v, Ey] in terms of variance of local terms Ey by conditioning on a subset
of sites. To this end, we consider a partition of the interaction graph into two sets A and B. The
set B is chosen, suggestively, such that the vertices in A are not connected (via any edges) to each
other. We denote the spin configuration of sites in B collectively by sg. Then using the concavity
of the variance and the Markov property, we have
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> E,,
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Var Var

m
ZwEg ‘ SB

(=1

m
Z UgEg

(=1

|

ZESB Var Z vy ‘ SB

z€A L:Ey acts on x

2

—~
~

®) “
> 0(1)- > v, (32)
=1
where inequality (1) follows from the law of total variance, equality (2) can be justified as follows:
by construction, the local terms E; either completely lie inside region B or intersect with only
one of the sites in region A. In the former, the local conditional variance Var [E, |sp| vanishes,
whereas in the latter, the interaction terms F, that act on different sites z € A become uncorrelated
and the global variance decomposes into a sum of local variance. Finally, inequality (3) is derived
by noticing that at any constant inverse-temperature /3, the local variance is lower bounded by a
constant that scales as e~®(%). By carefully choosing the partitions A and B such that |A| = O(n),
we can make sure that the variance in inequality (2) is a constant fraction of the " | v? as in (32)
(see [Mon15, VMLC16] for details).

4.2 Outline of the proof of the quantum case

If we try to directly quantize the proof strategy of the classical case in the previous section, we
immediately face several issues. In what follows we describe the challenges in obtaining a quantum
proof along with our techniques to overcome them which allow us to establish Theorem 21. The
content of our proof of the quantum case is divided into four steps whose overview is given below.

4.2.1 Overview of step 1: Relating the Hessian to a variance

The first problem is that we cannot simply express the entries of the Hessian matrix V2 log Z3(u) in
terms of Cov[E;, Ej] as in (30). This expression in (30) only holds for Hamiltonians with commuting
terms, i.e., [E;, E;] = 0 for all ¢, j € [m]. The Hessian for the non-commuting Hamiltonians takes a
complicated form (see Lemma 26 for the full expression) that makes its analysis difficult. Our first
contribution is to recover a similar result to (31) in the quantum case by showing that, for every v,
we can still lower bound v - V2 log Zs(u) - v by the variance of a suitably defined quasi-local operator.
We later define what we mean by “quasi-local” more formally (see Definition 3 in the body), but
for now one can assume such an operator is, up to some small error, sum of local terms.

Lemma 23 (A lower bound on v" - V2log Zg - v). For any vector v € R™, define a quasi-local operator
W = Y"1 | v Ey, where the operators Ey are defined by

Eg = / fﬁ(t) e_th Eg ethdt. (33)

Here f3(t) = ﬁ% log ::m;gﬂ is defined such that fz(t) scales as %e‘”'t‘/ﬁfor large t and fs(t) o< log(1/t)
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fort — +0. Then

82 2 Trr
U > :
%;thyaﬂﬂhwlogZ%(u)__B Var[W] (34)

This implies the bound oy (log Zz(1)) > B2 Var[W] on the the minimum eigenvalue of log Zg(11).

4.2.2 Overview of step 2: From global to local variance

As aresult of Lemma 23, we see that from here onwards, it suffices to lower bound the variance of
the quasi-local operator W = "7 | v,E,. One may expect the same strategy based on the Markov
property in (32) yields the desired lower bound. Unfortunately, it is known that a natural exten-
sion of this property to the quantum case, expressed in terms of the quantum conditional mutual
information (QCMI), does not hold. In particular, example Hamiltonians are constructed in [LP08]
such that for a tri-partition A, B, C' as in Definition 22, their Gibbs states have non-zero qCMI, i.e.,
I(A : C|B) > 0. Nevertheless, it is conjectured that an approximate version of this property can
be recovered ie., I(A : C|B) < e~ dsHALC) | n other words, the approximate property claims
that qCMI is exponentially small in the width of the shielding region B. Thus far, this conjecture
has been proved only at sufficiently high temperatures [KKBa20] and on 1D chains [KB19]. Even
assuming this conjecture is true, we currently do not know how to recover the argument in (32).
Given this issue we ask,

Can we obtain an unconditional lower bound on the variance of a quasi-local observable at any
inverse-temperature (3 without assuming quantum conditional independence?

Our next contribution is to give an affirmative answer to this question. To achieve this, we modify
the classical strategy as explained below.

One ingredient in the classical proof is to lower bound the global variance Var[) _, v, E;] by sum
of local conditional variances Var[Ey|sg] as in (32). We prove a similar but slightly weaker result
in the quantum regime. To simplify our discussion, let us ignore the fact that W=y By is a
quasi-local operator and view it as (strictly) local. Consider a special case in which v is such that
the operator W is supported on a small number of sites. For instance, it could be that v; > 0 while

V,...,um = 0. Then the variance Var[W] can be easily related to the local variance Var[FE;] and
since Ef = 1, |tr[E1pg]| < 1, we get

Var[W] = o7 - (6x[E2p5] — tr[Eups]?) > O(1) - 0}
We show that even in the general case, where v1, . . . , vy, are all non-zero, we can still relate Var[W]
to the variance of a local operator supported on a constant region. Compared to the classical case
in (32), where the lower bound on Var[IV] includes a sum of O(m) local terms, our reduction to a
single local variance costs “an extra factor of m” in our strong convexity bound.

Our reduction to local variance is based on the following observation. By applying Haar-
random local unitaries on a site i, we can remove all the terms of the operator W except those
that act on an arbitrary qudit at the site (see also Section 1.5). We denote the remainder terms by
WN/(i) defined via
Wiy = W — Ev,ttaar U WU).
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By using the triangle inequality this relation implies

Var[W] = St[W7) ps] — Ev, [u[W? UipsU]| . (35)

Hence, if we could carefully analyze the effect of the term Ey, [tr[W2 -U; pﬁUZ-T]], this will allow us

to relate the global variance Var[W] to the local variance tr[W(Qi) psl. We discuss this next.

4.2.3 Overviwe of step 3: Bounding the effect of local unitaries

While applying the above reduction helps us to go to an easier local problem, we need to deal
with the changes in the spectrum of the Gibbs state due to applying the random local unitaries
U;. Could it be that the unitaries U; severely change the spectral relation between W and ps? We
show that this is not the case, relying on the facts: (1) local unitaries cannot mix up subspaces of
W and H that are energetically far away and (2) the weight given by the Gibbs state pg to nearby
subspaces of H are very similar at small 5. Thus, (1) allows us to focus on the subspaces that are
close in energy and (2) shows that similar weights of these subspaces do not change the variance
by much. In summary, we prove:

Proposition 24 (Invariance under local unitaries, informal). Let Ux be a local unitary operator acting
on region X that has a constant size. There exists a constant ¢ < 1 such that

~

tr [W2 - Uxpat}] 5 (Varl7]) " (36)

When combined with (35), the inequality (36) implies the following loosely stated local lower

bound on the global variance:
1

Var[W] 2 (tr [Wé)pﬁ]) .

4.2.4 Overview of step 4: Reduction to infinite temperature variance

With this reduction, it remains to find a constant lower bound on tr[W(Qi) pgl. This can be done,
again, by applying a local unitary U. Roughly speaking, we use this unitary to perform a “change
of basis” that relates the local variance at finite temperature to its infinite-temperature version. The
spectrum of pg majorizes the maximally mixed state 1. Hence, by applying a local unitary, we can

rearrange the eigenvalues of Wé) in the same order as that of pg such that when applied to both pg

and 7, we have tr[W¢ UpsU f] > tr[W¢ n]. Formally, we show that

Proposition 25 (Lower bound on the local variance, informal). There exists a unitary U supported
on O(1) sites such that

tr {W(%)UngT] > tr [Wé)n} ,
where 1 is the maximally mixed state or the infinite temperature Gibbs state.

In summary, starting from (35) and following Proposition 24 and Proposition 25, the lower
bound on the global variance takes the following local form:

o [i] = (o )"
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Lower bounding the quantity tr {’Wvé)n} by a constant is now an easier task, which we explain
in more details later in Lemma 38 and Theorem 29.

4.3 Step 1: Relating the Hessian to a variance

We begin our detailed proofs with finding an expression for the Hessian of log Zg(\) in terms of
the variance of a quasi-local operator.

Lemma 26. For every vector v € R™, define the local operator W, = Y | v; E; (for notational convenience,
later on we stop subscripting W by v). The Hessian V2 log Zg(\) satisfies

T (V2 log Z5()) - —Bftr[{Wv@H Wo)bos (V)| = B2(tr Wups(N]), (37)

Proof. Since the terms in the Hamiltonian are non-commuting, we use Proposition 7 to find the
derivatives of log Zg(\). We get

0 1 B _
8)\ IOg Zg()\) = 726()\)t1‘ |:—2 {6 ’BH(/\), ‘I)H()\)(EJ)}]
_ =B N CiHOE g AHO)
= ZB()\)tr [e /_Oo dtfs(t)e Eje
e BHO)
—ptr |E 70 (38)

where the second equality used the definition of the quantum belief propagation operator
Dy (E)) = [, dtfs(t) e" N B etHN with f5 as given in Definition 6. The third equality
used the fact that ¢//(V commutes with e ## V). Similarly, we have

~BH()
B2 (e
e\ Zs()
— E.. . —BH(A) FE. .
Btr[ 7" Z5(N) On (e7710)| + g | Z5(\)

2

% loe Zs(\) = —
NN, 8 (A =-for

19
Z5(\) 0N

Zg(N)

2
= Bftr [Ej - {ps(\), ®rrn(Er) ] — B tr[Erps(N)] tr[Ejps(N)]

2
= Ot LBy g (Bi)} - ps(N)] — 8% e[ Bups (V)] (V).

One can see from this equation that V2 log Z5(H ) is a symmetric real matrix, > and hence its eigen-
vectors have real entries. Finally, we get

2
T (V?1og Zg(N)) -v = Zvﬂk axam log Z5(\) (39)
72
_ %tr[{Wv,(I)H(,\)(WU)}pg()\] (Btr [Waps(N)])2.
O

>The terms tr[Exps(\)] and tr[E;ps()\)] are real, being expectations of Hermitian matrices. ~ Moreover,
{Ej,¢> H( A)(Ek)} is a Hermitian operator, being an anti-commutator of two Hermitian operators. =~ Hence
tr [{E;, Py (Br)} ps(N)] is real too.
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The statement of Lemma 26 does not make it clear that the Hessian is a variance of a suitable
operator, or even is positive. The following lemma shows how to lower bound the Hessian by a
variance of a quasi-local operator. The intuition for the proof arises by writing the Hessian in a
manner that makes its positivity clear. This in particular, shows that log Z3 (1) is a convex function
in parameters ;1 — we later improve this to being strongly convex.

Lemma 27 (A lower bound on v - V2log Zg - v). Forevery v € R™ and local operator W, = . v; E;,
define another quasi-local operator W, such that

W, = / - fa(t) e Mt W, et (40)
where -
fott) = 2 tog S+ @)
is defined such that fg(t) scales as 5 e~™1U/B for large t. It holds that
*tr|:{an © 1700 (Wo) }os(A } (6 [Wops(V)])”
> tr [(Wv)QPﬁ()‘)} - (tr [vaﬁ()‘)} )2 (42)

This via Lemma 26 implies that v - (V2 log Zg(\)) - v > 52 Var[W,]
Remark 28. For the rest of the paper, we are going to fix an arbitrary v € R, in order to avoid subscripting
W, W by v.

Proof of Lemma 27. Let us start by proving a simpler version of Eq. (42), where we only show

S [V, @1 (W) hos0)] — (6 [Wps(N)])? 2 0 43)

Since v is an arbitrary vector, this shows that, as expected, V2log Z 3(X) is a positive semidefinite
operator.
Consider the spectral decomposition of the Gibbs state pg(A): pg(A) = >, 7i(A)[7)(j- Then
observe that
2
ftr [{W ® 100 (W) Y ps(A } (tr [Wps(\)]) (44)

2
Zm JGHW, & (W)} ) — (Zw )
2
- %er(x) (Wi (k[@" (W)|5) + (5|07 (W) |k)Wh ;) — (Z rj@)Wm)
J

2
> i) (WJ Wi fo(Er — &)+ WjaWi; fa(E; )) - (Z Tj(A)Wj,j>

2
S NWia (€ — &) (Z?‘J ) : (45)
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In equality (1), we use Definition 6 and in equality (2) we use the facts that IV is Hermitian and
resp f3(w) = fs(—w). Since f3(0) = 1 and fz(w) > 0 for all w, it is now evident from last equation
that

2
tr(;{W,‘I’H( )}PB>_tr(Wﬂﬁ >Z7“; IWiil* — (er(/\)Wj,j) > 0.

We can improve this bound by using the operator W in (40). The function f3(t) in (40) is chosen
carefully such that its Fourier transform satisfies fg(w) = f3(|w|). Then, we have that

W= / Fo(t) €W et = 37 |yl Wik Fo(1E5 — l)- (46)
N >

Similar to (45) we get

2
tr(W2pg(A) — [tr(Wps(A ZT; )W kl? Fa(1€5 — Ekl)? — (ZU(/\)WJJ)

J

2
<ZT] ‘ij‘ fB &5 — Ekl) — (ZT] )

H
" ({W"Z(W”mm) ~ [ (Wos ()P, @)

where the inequality is derived from fz(z)? < fz(x) for arbitrary —oo < x < oco.

4.4 Warm-up before step 2: Variance at infinite temperature

In the previous section, we showed how to give a lower bound on the Hessian of the logarithm of
the partition function. To be precise, for a vector A = (Aq,..., \p,) € Rm with [|A|| < 1, Hamiltonian
H(\) =), \E;and pg(\) = Zﬁl()\) e PHA) (where Zg(\) = tr(e #(V)), we showed in Lemma 27

how to carefully choose a local operator W such that for every v, we have

T (V21og Zg(\)) - v > B2 Var[W]. (48)

In the next few sections, we further prove that the variance of W with respect to pg(A) can be
bounded from below.

Before looking at how this can be achieved for the highly non-trivial case of finite temperature,
we will look at a simpler case of infinite temperature limit. As we see later, certain elements of the
proof strategy in this case extends to the general case too.

Consider the infinite temperature Gibbs state (i.e., the maximally mixed state) n = %—’/‘\. Assum-
ing that the locality of W, namely W is k-local with k = O(1), the following theorem holds.

Theorem 29. For W as defined in Lemma 27, we have

te[(W) 2] — tx[Wo)* > (mog?frff T2 (49)
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The intuition behind the theorem is as follows. In the above statement, if W is replaced by W,
then the lower bound is immediate (see Eq. (50) below). Similarly, if H and W were commuting,

then W would be the same as I and the statement would follow. In order to show (49) for W in
general, we expand it in the energy basis of the Hamiltonian and use the locality of W to bound
the contribution of cross terms (using Lemma 8). This accounts for the contributions arising due
to non-commutativity of W and H.

Proof of Theorem 29. Recall from Lemma 27 that W = ), v; E;. We first note that tr[Wn] = tr[Wn] =
0. From the definition, we have tr[(W)?*y] = 5-||(W)?|/%. To begin with, we observe

W[5 =Da Y o7, (50)
=1

which holds since the basis E; satisfies ||E;||% = Dy and tr[E;E;] = 0if i # j. Define P! as the
projection onto the energy range (s, s + 1] of H.

Pl=" " i)l (51)

J:E€(s,5+1]

Using the identity Y P = 1, and the definition of W, let us expand

W= > IIPFWPH,
Wk = Y | [ aplissoe mwetps 52)
s,8'=—00 —oe F
2
= > o Winfs(I& - &PIGRIPT| (53)
8,8'=—00 || j:E;€(s,5+1]
k:EE(s,5+1] P
By using the inequality
~ tanh(Bw/2 1
Falw) = nbBf2) L
ﬁUJ/Q 5‘&)’4—1
we have
2
Y Winfs(lE — &P i) (kP
J:E5€(s,5+1]
k:EkE(s,5+1] F
= YT - &P
J:E5€(s,5+1] k:E;€(s! s +1]
1 PIWPH|3
> D D S e e e
(5(‘8 - ’ + 1) + 1) J:E5€(s,s+1] k:Ej€(s!,s'+1] (5(‘8 - S ’ + 1) + 1)
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Plugging this lower bound in Eq. (53) gives the following lower bound for ||W||§7

— e WPH
T S Al SN Sl

2
8,8'=—00 (gq /|+1 +1 50=—00 4 90+9leZ (§(|81|+1)+1)

H 2
1P o0 /2W Plao—sny2lf (55)

)

where we have introduced s) = s+, s1 = s — s’. Let us consider the last expression for a fixed s,
introducing a cut-off parameter 5 which we fix eventually:

>

sl:@ez

HP WPH
0

2
80+$1)/2 ( 731)/2”}7
[5(s1]+ 1) + 12

1
> \PHE o WPHE |2
g _ 2 Z (So+281)/2 (807281)/2 F
(5(5+1)+1) S o 1<
_ 1 H H 2 H H 2
- (§(§+ 1) + 1)2 Z ‘|P(so+s1)/2WP(so—sl)/2HF - Z H‘P(so—‘,—sl)/QWP(so—sl)/2”F
2 sy%éz 31:%€Z,|51\>§
(56)
By combining the inequalities (55) and (56), we obtain
IWE = —5— 5 D > 1B (so+s1)/2W Plsg—s1) 2l B+ (57)

B 2 Bz
(5G+1)+1)"  (g6G+1)+1) 0=700 52085 g7 |5y |>5
Now, we will estimate the second term in (57). Since the subspaces P(S +51)/2 and P(S0 5y)/2 are

sufficiently far apart in energy, we can use the exponential concentration on the spectrum [AKL16]
(as stated in Lemma 8) to obtain the following: for W = ), v; E;, we have

H H H H
HP(30+31)/2WP(50781)/2H S Z’Ui”P(SO+51)/2EiP(50751)/2H
= . (58)
< CeMsl=1=r) Z ;| < CrmeMS=17%) max |uy).
i=1 !

where we use the condition that E; are tensor product of Pauli operators with weight at most ,
and the parameters C' and \ are O(1) constants (see Lemma 8 for their explicit forms). Then, the
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second term in (57) can be upper-bounded by

H H 2
Z Z ||P(50+81)/2WP(50_51)/2HF
Sg=—00 SIZ%EZ"SI|>§
1y
H H 2 H 2
< Z Z ”P(30+31)/2WP(30*81)/2” .HP(SOJFSI)/zHF

= so+s _
S0 0081:%€Z,|31‘>5

S X Bl e P

i
|51‘>5501@EZ

— DA02m262/\(1+H) max ,UiQ § 6—2)\‘81|
(2
|51 ‘Z§+1

f\
A

(3) 202m2€2)\(n+1) e (4) O2m2e2M(k+1) Cors )
S DA mzaxvz- Te S IZ)AT6 quj ) (59)

i

where inequality (1) follows from Eq. (1), (2) follows from Eq. (58), (3) follows from Fact 1 and (4)
follows from max; v? < >.v2. Therefore, by applying Eq. (50) and (59) to (57), we arrive at the
lower bound as

2 2X(k+1)

w C*m?e —2)5
Wiz > [6(s+1 /2+1 (Zv> <1—2)\e 2 ) (60)

Since A, C, k = O(1), by choosing § = O(log(m)), we obtain the main inequality (49). This com-
pletes the proof. [ 0

4.5 Step 2: From global to local variance

Having seen how to obtain a lower bound for W at the infinite temperature as in Theorem 29, we
move on to the more challenging task of proving a variance lower bound at finite temperatures.

A main challenge in bounding the variance of the operator W is that even though W is a sum
of quasi-local operators, it acts globally on all the sites and hence, its spectral properties might
scale badly with the system size. To address this issue, we will follow the strategy introduced
in Section 1.5 and reviewed in Section 4.2.2 to reduce the problem to the study of a more local
operator. For some i € A, recall the definition of V[N/(Z-) from the subsection 1.5:

— 1;

Wiy =W —t;[W] @ — 61
() n[W]® — (61)

The operator W(i) includes essentially the terms in W that are supported on the ith site. We now

show how the variance of the global operator W can be related to the variance of W(i).

Remark 30. Instead of working with W, it is more convenient to define a quasi-local operator A that is

proportional to W — tr[pBW} This allows us to express Var[W] in terms of tr[A%pg|. The exact choice
of this operator will be made later, but all the results in this and upcoming sections hold generally for a
(1, a1, a2, ¢)-quasi-local operator A (see Eq. (4)) where aa = O(1/8),a1 = O(1) are constants, ( = 1,
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7 < 1, and tr[Apg] = 0. We note that the quasi-locality of the opeartor W in terms of the definition 3 is
given in Section 5.4.

We will interchangeably use the Frobenius norm to write the variance of A as

Var|4] = tx(A%p5) = || A/p5]| -

Using Haar random unitaries, we obtain the integral representation of A;) = A — tr;[A] ® Lias
1
A(l) =A-— E[trZ(A)] RN, =A-— /du(UZ‘)UiTAUi, (62)

where dyu(U;) is the Haar measure for unitary operator U; which acts on the ith site. Using triangle
inequality, we have

1A /ille < | AyEslF + / dp(U3) |UT AU /751

— l4y7alle + [ du(U)|AV: 73] (63)
This implies
9 2
4yl < (14yaale + [ du(AV;yp3 ) (64
2
<2zl +2( [ duv AV m3le) (65)

In fact, we need a slightly generalized version of this bound in the forthcoming steps of the
proof. This modified version allows us to include the effect of a further local unitary Uy, that is
applied to the Gibbs state. Here, X; := B(R, ) is a ball around the site i with a constant radius R
that we specify later in Section 4.7. We skip the proof since it is the same as the above argument.

Theorem 31. Let A be a quasi-local operator as in Remark 30 and A = A — tri[A] ® Y defined as in
Section 1.5 for some i € A. Consider local unitaries U; and U, acting on site i and X; respectively, where
X is a ball of constant size at site i . The following generalization of (65) holds:

2
10k, AwUx, va3lE < 204U, /751 +2( / dp(U) | AU, /5l ) (66)

We now move to another ingredient we need for future steps. Although the operator A; is
mostly localized around the site 4, it is still obtained from a quasi-local operator A and hence it is
quasi-local itself. Next claim will approximate A ;) by a local operator.

Claim 32. Consider A which is a (1, a1, az, ()-quasi-local operator (see Eq. (4) and Remark 30) where
az = O(1/B),a1 = O(1) are constants, ¢ = 1, and 7 < 1. For any i € A, there exists an operator Ax,
supported entirely on X;, such that

1
1 ANT  apn
[Aw) — Ax, || < 2a1- <1 + a, T> : <72> e B (R
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Proof. Using Eq. (4) and the fact that local operators not containing ¢ in their support are removed,

we can write 1
A= Y % (az - ltriaz)] @ ﬂi) :

k,ZCA:
|Z|<k,Z>i

Define

Ax, = Z Ik (CLZ - %[tri(aZ)] ® L‘) :

k,ZCX;:
|Z|<k,Z>i

be the desired approximations of A; by removing all operators that are not contained within X;.
Observe that

1)
[Au — Ax, || <2 > gellazll < 2 > gkllaz||
k,ZCA: k,ZCA:
27X\ Z|<k,Z>i diam(Z)>R,|Z|<k,Z>i

(2) ®3)
<2 o < > H@ZH> <2 gk

k>R Z:Z>i k>R

T (4) a T
< 2(ay Z e~ K < ocarem R (1 + 7'71[2/(%7)]1/7)
k>R

1 9\
§2§a1-<1+a27)-<> ce 2
T

For inequality (1), note that since Z ¢ X; and Z > i, the diameter of Z (recall that Z is a ball)
must be larger than the radius of X;, which is R. Inequality (2) holds since k£ > |Z| > diam(Z),
inequality (3) uses Definition 3 and inequality (4) uses Fact 1. Since { = 1 for the given A, this
completes the proof. 0

S
|
Q
(V)
—
By
=
3

(67)

4.6 Step 3: Bounding the effect of local unitaries

Recall that we reduced the problem of bounding the variance of A (which as explained in Re-
mark 30) is closely related to our original operator W) to that of the operators {A; }iea. These
operators are essentially supported on a small number of sites. However, in this process, we in-
troduced other local unitaries that are applied on the state. In order to handle the action of these
unitaries, we will use two claims which show that local unitaries do not make much difference in
the relative behavior of spectra of A and H. To elaborate, consider any local operator Ux acting
on constant number of sites X on the state pg. It is expected that the quantum state U)T( psUx has
“similar” spectral properties as pg. So if the eigen-spectrum of the operator A is strongly concen-
trated for pg, one would expect this behavior to hold even for U)T( psUx. We make this intuition
rigorous in this section.

We begin this by introducing some key quantities that are used repeatedly in the proof. For
notational simplicity, let

1
H =H - Blog Zg, (68)
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Probability distribution

Figure 2: Plot of the probability distribution tr[II,pg], where IL, is the projector onto the eigenvec-
tors of A with eigenvalue w. It is assumed that tr[Apg] = 0. For a v to be chosen in the proof, Pj‘
is the projector onto the subspace of eigenvectors of A with eigenvalue between [—v,7]. A lower
bound on the variance of A follows if we can show that for a constant ~, the probability mass in
the colored range is small (see Equation 71).

which allows us to write ps = e #H'. As before, we will interchangeably use the Frobenius norm
to write

(A%) = tr(A%pp) = [ Ay/ps] .
We now define the projection operator Pf as follows (see Figure 2):
Pr= Y L, (69)
we[=,7]

where I1,, is the projector onto the eigenspace of A with eigenvalue w. We then define ¢, by

8y = 1—||Py/pg % (70)
Using d,, observe that we can lower bound (A4?) as
(4%) =Y wwlpslw) = ; W (wlpglw) =72 Y (wlpslw) > 76, (71)
w w|>y w|>y

Let ny‘ =1- Pj‘, then observe that from Eq. (70) that

P55 = VsllE = 195 VPslE = 0. (72)
Claim 33. Let c1, c2, A be universal constants. Let X C A. For every unitary Ux supported on X, we have

€2

1Q4Ux \/pgll7 < exp (A X])652*. (73)

Let us see a simple application of the claim. It allows us to control the variance of A even after
local operations are applied to it. More precisely,

1AUx /o515 = AP Ux /psll% + I|A(L — P Ux /51 %
<7+ A7 - 1L = PYYUx /557

(74)
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By Claim 33, the expression on the second line is upper bounded by 72 + || A||2e®(MIX ‘6? (/B This
upper bound on || AUx ,/ps | r suffices to provide an inverse-polynomial lower bound on the variance
of A?, since we can lower bound 4., for an appropriate choice of 7. However we now show how one
can polynomially improve upon this upper bound (thereby the lower bound on variance) using the
following claim. This claim, along the lines of Claim 33, also shows that local unitaries Ux do not
change the desired expectation values.

Claim 34. Let X C A. For every unitary Ux supported on X, we have®
2 1
[4Q3Ux v3lly < = - exp (O(1) - IX[)37M/7 + 6(1) - [X[° - (42). (75)

Proof of both the Claims 33, 34 appear in Section 5.2. An immediate corollary of this claim is
the following, that improves upon Eq. (74).
Corollary 35. Let X be a subset of A of size | X| = O(1). For every unitary Ux supported on X, we have

11X 001
£O(1) |X|57( )/B

1AUx o5l < 7* + +0(1)|X1°(4?%). (76)
Proof. Similar to Eq. (74), we upper bound ||AUx ,/p3||7. as
2 2 2
1AV /pal = | 4P Ux o3 [ + [[AQ3Ux vPs ] p < 7* + | AQTUx VEs Il @7)
since Q:;‘ =1- P,;“. By combining this with Claim 34, the corollary follows. 0

4.7 Step 4: Reduction to infinite temperature variance

In Section 4.5, we reduced the variance of a global operator A (which is related to W via Remark 30)
to the quasi-local operators {A;) }ica. We now argue that there is some i such that it is possible to
bound the finite temperature variance of A ;) in terms of its variance at infinite temperature. This can
be done by applying some local rotations given by a unitary Uy, on the state. The intuition here is
that if rotations are allowed, then the eigenvectors of A x, can be rearranged to yield largest possible
variance with pg. This turns out to be larger than the variance with 7 the infinite temperature state.
Define the site ig as

io = argmaxHA(,)\/ﬁHF (78)

Claim 36. Let n be the infinite temperature Gibbs state. There exists a unitary Ux,  supported on X;, such
that

1
1UL, Ao Uxy VP8l F 2 5l Ao Vil

Proof of Claim 36. We first show the existence of a unitary Uk, satisfying

HU)TQOA(io)UXiO\/@HF > | Aoy villr — 2| Ax,, — Agio)ll- (79)

®Explicit O(1) constants that appear in this inequality are made clear in the proof.
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Recall that the notation A, has been defined in Claim 32. For the proof of the above inequality,
we start from the following,

||U)]L(i0A(io)UX¢O\/p73”F = HU;QO [(Atiy — Ax,,) + Ax,, | Ux, /05l P
> HU)T%AXI-OUXZ-O\//TBHF — [[Agig) — Ax, |l (80)

and lower-bound the norm of || U)T% Ax, Ux, /psllF. For this, define

pp.x = trxe(pg), (81)

where trxec is the partial trace operation for the Hilbert space on X°. We define the spectral de-
composition of A X;, s

Dx;,
AXiO = Z 53|5s><5s‘7 (82)
s=1
where ¢, is ordered as |e1| > |e2| > |e3| > -+ and D X,, 18 the dimension of the Hilbert space

on Xj,. Additionally, define the spectral decomposition of pg x, as

0
po.xy = O Pslis)(tisl, (83)
s=1

where p; is ordered as p1 > ps > ps > --- and |us) is the sth eigenstate of pg, Xig- We now choose
the unitary operator Uy, such that

UXZ.O|/LS> =les) for s=1,2,...,Dx,

%0

(84)

We then obtain

UXZOPB, ) Z ps|5s 5s| (85)
This implies

1Tk, Axi,Uxy Vo517 = tlU%, A%, Ux,pp]
= tl“[A2 _ UXiO,O/gUT_ ] =try, [A?Xio UXiOPB,Xio U;(ZO]

10 X

Z Z = || Ax,, Vill%, (86)

=1 s=1

where the inequality used the fact that p,, €, are given in descending order. Then, the minimization
problem of ) pse, for ps, with the constraint p; > ps > p3 > --- hasasolutionof py =py =--- =
ppy, - Using the lower bound

20

1A, Vil = [[(Axi, = Ado) + Ao))ViIllF 2 1 AGo) Vil F = 1 Ax;, = Adig) [l (87)
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we can reduce inequality (86) to

HU;TQOAXiO Ux,, /P8l F = [[ Aoy vnllr — 1Ax,, — Ago)ll- (88)

By combining the inequalities (80) and (88), we obtain the inequality (79) as follows:

1U%,, Ao Uxiy Vo5l E > 10X, Axy Uxiy VP8Il = Aoy — Ax, |
> 1 4Gy VTl e = 20l AGig) — Axt, I+

To arrive at the final bound we use Claim 32. Fix

_1 T
9 8.471—.a1.<1+a27>
R = —lo

g P
az 77| Aoy v/l F

in Claim 32. We get

1
[Agy) — Ax,, || < EHA(io)\/ﬁHF (89)

Substituting as = O(1/5),a1 = O(1),7 = O(1), we find that we can ensure the condition (89) for

1 o(1)
R = diam(X;,) = <B log (HA()\/ﬁ”F>> . (90)

O

The previous claim demonstrates that by applying local unitaries, the finite temperature vari-
ance of A;,) canbe related to || A;,) /7| . Here, we use the discussion in Section 4.5 and Section 4.6

to prove that the rotated local variance ||U)TQOA(¢0)UX¢O /PgllF in Claim 36 is close to the variance
of A(;) and hence, can be related to the variance of the global operator A. By establishing this, we

can obtain a lower bound on the variance of A (an in turn W) in terms of the infinite temperature
variance max;ea ||A¢y+/7| #- This is stated in the following theorem:

Theorem 37. Let 3 > 0, H be a k-local Hamiltonian on the lattice A and pg = %. Let A be a

(7, a1, az, ¢)-quasi-local operator (see Eq. (4) and Remark 30) where a; = O(1/), a1 = O(1) are constants
and we assume ¢ =1, 7 < 1 and tr[Apg] = 0. We have

ge)
2\ _ 2 2
(42 = t(2p9) > (maxalatyl)

We remark that the theorem statement above hides several terms that depend on the lattice,
such as the lattice dimension, the degree of the graph and the locality of Hamiltonian (which we
have fixed to be a constant). Additionally, the assumptions a; = O(1/f5),a; = O(1) are suitably
made for the later application of this bound in Section 4.8, but we note that this theorem also holds
for other choices of ay, a, with small modifications to the proof.
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Proof. Let Ux;,  be the unitary as chosen in Claim 36. Using Theorem 31, we obtain the following

upper bound for U)T% Afio)Ux,,

2
0%, At U, vl < (14U, vosle + [ i) AU Ux,, vo51le)

< 2| AU, 75l +2 / ap(Usy) | AU U, /7512

Now, we can use Corollary 35 to upper bound [|AUx;, /ps % and ||AU;,U X, /P8l F in the right

hand side, which yields

(1) X, |5$(1)/ﬁ

e
UL, Ay Uxy v/PalE < 497 + + O(1)]X;[%(42).

~y
Using Claim 36, we have
1
10k, Ao Usiy vP3llE 2 51140 VTl
Putting together the upper bound in Eq. (91) and the lower bound in Eq. (92), we have

O X, |5§?(1)/ﬁ

1
492 + +0(1)[X;,[°(4%) > ZHA(io)\/ﬁH%-

~
By choosing as v* = || A(;)/1l|%/32 =: 7§, we obtain

ee(1)|xi0|5%(1)/ﬂ

. + (D)X, /(42 > 2.
0

This inequality implies that either

or @( ) 9
1)y
A?) > 0

W2 T

Combining with Eq. (71), we conclude that

_ _ \Aem O(1)4
2y 2 (.3.-0(1)X;| 0
(A%) > min {fyo (’yoe 0) X }

Eq. (90) ensures that
1 ) o(1)

Xy = O(1)RP = %W log (-
° <HA(1'0)\/WF
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where we have used the assumption that lattice dimension D is O(1). Plugging in this expression
for | X;,| with the choice of 7y, we find

—B6 X, (DH i \/ﬁ“ M

B-0 S ‘12

tr(A 3) = (A2>>m1n{HAZ0 Villg @) —pe) 10|7 ’(9)‘6 F }
;ilo

e(1)
. oy OM)|[Agg)villp
> min { | A valls
e B oa ()

(1)
o0 O(D)]404 v
> min { | A vl oy}

o(1)
> | Auoyvillz -

Since we chose ig in Eq. (78) such that || A¢;,y\/71||F = max; [|A;),/7] F, this proves the theorem. O

4.8 Final step: Putting things together

We are now ready to apply the results of the past steps to prove Theorem 21. The bound in The-
orem 37 in the previous section is stated for a general quasi-local observable A. As discussed in
Remark 30, a special choice of A is when it is proportional to W — tr[pg W]]l where recall that for an
arbitrary v € R™, W = . v; E; and W are the operators defined in Lemma 27. In Section 5.4, we
show that W is a (1/D, O(1), O(1/8), e, 3P+ (max;ep |vi]))-quasi-local operator, for ¢, = O(1).
Thus, the following operator

6—2D—1

= (W — tr[psW]L

e o 7 = tlos W10,

is (O(1),0(1),0(1/p), 1)-quasi-local and satisfies tr[A*pg] = 0. We now apply Theorem 37 to
the operator A* to prove Theorem 21. We need to estimate max; tr[Az‘Z?) n]. Consider the following
equality obtained from the definition of A*:

2 g2 07 \2
max r[(Afy) ] 2 (masen [01])? (I?Ea}\x (W) 77]>

The following lemma is shown in Appendix 5.5.

Lemma 38. It holds that

— ol
ma(tr{ (W) *n]) = ( )1)2D+2 <ma”2>

This implies

ma tr{(Af;) ) *n] =

6(1) <maX1}2> = L
BAD+2 (Blog(B) + 1)*P 2 (maxiep |vi])? \ ieA CEION
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Using this lower bound in Theorem 37, we find
N N2 2
(P = ()" = 2 (maclul ) (147 = (4))

9 EEIe)
=% (oo ) - (maxrl(ag, ]

(1SN

1 Jisdey] 2
_ pO@1) . . )
=0 (o) (i)

W O e max |v;| : > 3o e 7 Zv?
ek )T m v

i

where we used 5791 > ¢7©(%) in (1). Putting together the bound above with Eq. (48), we find
that for every v € R™,

769(1) m

T 2 2 T o) ¢ 2
. log Zg(A\)) -v > Vi > . c,
v (V og Zg( )) v > p*Var[W] > g - ;:1 v;
This establishes Theorem 21.

5 Deferred proofs
5.1 Fourier transform of tanh(Bw/2)/(Bw/2)

We here derive the Fourier transform of

~ h 2
oo - nblas2)
which is
1 [
falt) = oo [ et

For the calculation of the Fourier transform, we first consider the case of ¢ > 0. By defining C*
as a integral path as in Fig. 3 (a), we obtain

L[ s _ 1 iwt
on | e fa(w)dw = o Jos e fp(w)dw
=1 Z Resy=ir+2imn [ewt]? s(w)]. (93)
m=0

Note that the singular points of [¢*! f3(w)] are given by fw = im(2m + 1) with m integers. We can
calculate the residue as

46—(2m+1)7rt/6 —q

B 2m +1

Resﬁw:iTrJrQimﬂ [eth f~5 (w>] = (96)
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Im(w)

Im(w)

Re(w)

(a) Integral path C* of w fort > 0 (b) Integral path C~ of w for ¢ < 0

Figure 3: Cauchy’s integral theorem for the calculation of the Fourier transform.

We thus obtain
oo (2m+1)mt/B

1 [ o 4 e
ot = g [ tns = 32 g ©7)

fort > 0.
We can perform the same calculation for ¢ < 0. In this case, we define C'~ as a integral path as
in Fig. 3 (b), and obtain

_ 1 iwt ¢ — — . . iwt
fa(t) = o /C e fp(w)dw = zn;)Resw:_m_:»m[e Fo(w)]. (98)
By using
o 46(2m+1)7rt/ﬁ i
Ri W=—1T—2imm wwt = 5 99
e zim (€ f5(w)] Br  2m+1 )
we have
1 00 4 & 6 (2m+1)nt/B
t)=— et — . 100
15(t) 27r/_ fole 67rmz::0 2m+1 (100)
for t < 0. By combining the above expressions for f3(t), we arrive at
4 & e~ (2m+1)x|t|/B
folt) ==Y —. (101)
B?T = 2m + 1
The summation is calculated as
°° —(2m+1)e ’ 1 1. e"+1
—(2m+1)z I _ r_ 21 102
m:o 2m+1 / Z::e dr /m o — oo = gle g (102)
for x > 0, which yields
2 emltl/B 4 1
fa(t) = (103)

/37 08 e”M/ﬁ — 1'
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Since
emltl/B 1 9

<
log “p—1 < cap — 1’

fs(t) shows an exponential decay in |¢|.

5.2 Proof of Claims 33 and 34

Proof of Claim 33. Recall that the goal is to show that for every X C A and arbitrary unitaries Uy,

_c2
1Q4Ux /Pl F < cre?Xlaz7, (104)

where ny‘ =1- Pj‘ and Pf was defined in Eq. (69) and H' := H — % log Zg, which allows us to
write pg = e PR’ To prove this inequality, we start from the following expression:

it pall = | 3 @ioxl vas| = 3 [letusril veal, (105
meZ
with
P = Y i), (106)

j:&;€(m,m+1]

where |j) is the eigenvector of the Hamiltonian H' with &; the corresponding eigenvalue. Note
that 3>, _, PH' = 1 and we have P!’ = 0 for m ¢ [—||H'||, |H'||]. For some A € N which we pick

mezZ T m

2
later, we now decompose HQ;“UXPnIf \/P3 HF as a sum of the following quantities

) , 2
HQ'y Ux Pyl \/Pp H = HQ PL A+ Phy A+ P amia) UxPol \/%HF» (107)
where
>m+A = Z ) <m+A = Z Pf,{,, P[ﬁ,A,mM] = Z Pn[f/- (108)
m/>m+A m/<m+A m—A<m/<m+A

Summing over all m € Z in Eq. (107) and using Eq. (105) followed by the triangle inequality gives
us the following inequality

1Q3Ux v/p5ll%
<QZHQ PU A ia)Ux Pt \/>H +22 HQA m+A+P57;17A)UXPTIr{/\/%H;' (109)

=(1) =(2)
We first bound (1) in Eq. (109). Note that for every m,

2 2
A H' H’ 2 ApH'
HQ [m A,mA+A] Ux P, \/pﬁH <|Pn vrsl”- HQWP[m—A,m-&-A}HF

(110)
< QiR smeall,
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where the first inequality used Eq. (1). The expression in the last line can be upper bounded as

- A - A pH’
BmHQ Pl Am+A]H = e M [Q'yp[mfA,m+A}]

_ A 1 A H/ H/
<e ﬁmeﬁ(m—l- + )tr [Q’Y P[m_A’m_,_A]PBP[m—A,m—i—A]}

2
A A pH’
= JEHD HQV P[?an,erA]\/pﬁHF

where the inequality follows from

— A+1) pH’ H' H'
€ Alm+adt )P[m—A,m—l—A] = P[m—A,m-l—A]pﬁP[m—A,m—l—A]‘

Thus we conclude, from Equation (110), that

2 2
/ A !’
|Q@APE A e U P 73 | < P4 | Q4PE s a7,
:66(A+1) Z HQAPH’ /fHF
m/€[m—A,m+A]

So the first term (1) in Eq. (109) can be bounded by

I NN D VD DR C e

meZm/€m—Am+A]

@ GBA+D) | (24 + 1) Z HQAPH’\/—H

= (2A + 1) HQA\ﬁHF (2A + 1) s, (111)

where in (1) we use the fact that each m’ appears (2A + 1) times in the summation

ZmEZ Zm’e[mfA,erA] :
We now move on to upper bound (2) in Eq. (109) as follows. We have

HQA PH m+A +P m A)UXP VP H H >m+A +P <m-— A)UXPH HPnI;—LI \/p/BH%W (112)

where we use HQﬂ < 1. Using Lemma 8, we obtain
H m+A + Pg’an)UXPg/H < Ce MA=IXD, (113)
where C' and ) are universal constants. Plugging Eq. (113) into Eq. (112), we get

! / 2 _ _ /
Q3 (P s+ PEL_a)UxPE 5| < C2emMA=XD|IPE /5513 (114)

With this, we can bound (2) in Eq. (109) by

’ ! 2 !/
S QP s+ PEL_ A UXPE a3|| < 3 €2 AR B g3 = o2,

meZ meZ
(115)
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where the equality used the fact that Y, || PH '\//Tg % = tr(pg) = 1. Putting together Eq. (111)
and (115) into Eq. (109), we finally obtain the upper bound of

1QUx /palF < (AA +2)ePAHD 4 202 2AAIXD, (116)

We let A = ¢~ 1og(1/4,,), which gives

€2
A 2 A X| §catB
1Q5Ux v/p3ll7 < exe 18327, (117)
for some universal constants ci, co. This proves the claim statement. O

We now proceed to prove Claim 34.
Proof of Claim 34. Recall that the aim is to prove that for every X C A and unitary Ux we have

e@(l)\X|5$(1)/5 . o(1)|X|°
5
Y Y

1AQ2Ux /5[ < (A2)

We let ¢5, A1, 71 be O(1) constants as defined in Lemma 9 and ¢, 2, A = O(1) be constants given
by Claim 33. For the proof, we first decompose Q7 as

A ‘A ‘A A A . A
Z P P (5%(5"‘1)7} + P[—(S-i-l)’y,—sv)? PO = P[_,Wy], (118)

where P[‘;‘ b 18 defined as P[é,b} = 4<w<p Il (Where I, is the subspace spanned by the eigenvec-
tors of A with eigenvalue w). Using this notation, observe that ||AQ¢ Ux /gl F can be bounded by

|4Qivx a3 ;. = ZHAP"‘UxFHF<ZHAPAH [P a3
<722 (s + 1)? || PAUX /75| (119)

where we use |APA|| < v(s + 1) from the definition (118) of P:*. The norm || PUx, /ngF is
bounded from above by

[N (120)

F s'=0

PAU Z N
s'=0

1P Uxv/p5 =

where we use Y% _, P4 = 1 in the first equation and in the second inequality we use the triangle
inequality for the Frobenius norm. Using Lemma 9 we additionally have

1/7q

|PAUx P4 < C5|X]e_(’\”|5_s/|/‘x|) for every s, s’ > 0, (121)
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where c5, \; are given in Lemma 9. Using this, we have

|PAUK P75 = | PAUX P 55| - | PAUX P 5|

) NX| 55218 Y Ar pA 1/2
< | 2ce Oy 1P Ux Py \/PBHF

(2) _ca N 1/2
2 (zquIXIa;M) \PAUX B sl (122)

ey N\ 1/2
< <2€16/\|X|5762*2*5> . (C5|X|e—<ws\/|xul/n)1/ “

@ (57172 . (5] X[~ Oulsl/xDY ) 2
Y

_co
where inequality (1) uses || PAUy PA D < 261627 7 inequality (2) uses E . (1), inequality (3
q ty s 0 ﬁ F Y q y q q ty

_cp
uses Eq. (121) and the fact that ||,/pgl|r = tr(ps) = 1 and equality (4) defines 0’ := 2c1eMNXI552+7,
Using Eq. (122), we obtain the following

S 1PAUxPA pall - < | PAUXE ol + 3 I1PAUX P [P yas]
'=0 s'=1
< 5/’1}/2%/2’X‘l/2€f(>\ws/|X\)1/TI/2
+ 3 el X [em s XD pA (123)

s'=1

where the first term in the inequality was obtained from Eq. (122) and the second term was obtained
from Eq. (121). We now upper-bound the summation in the second term of Eq. (123) by using the
Cauchy-Schwarz inequality as follows:

D e O D | P
s'=1
= 3 el VIXDY /2 (o=Oanle=s1/IXDMN /2 | pd o)l Y

s'=1

N e, o 1/2
< (e ) (oo

s'=1 s'=1
W 0o 1/2
2 (Zp;ge—(ms—s’/uc)l/ﬁ) : (124)

s'=1

7 Since ny1 <land P! =1 — ny‘, we have

|

€2
where the first inequality used P;* < Q4 (s > 1) and the last inequality used ||Q4Ux/pzllr < c1eMX1§5277 from
Claim 33.

rrvsri |, <

QAUx(1 - Q)i <|

c2
Q1 Ux/pa | +| QU3 +8, < 201187277,

sl <
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with & = 2 + 2T1|X| (211)™, where py = HPs‘f‘\/p*gHi, and we used Fact 1 in inequality (1). Note
that > o | py = HQ VPB |2 because of Eq. (118). We can obtain the following upper bound by
combining the equations Eq. (120), (123) and (124):

2
(v e
i 2
< (X |IPtuxPi vl )
s'=0
< (5/}Y/2Cé/2|X|1/267(A173/\X|)1/f1/2 n i cs| X e~ Carls=s1/IXDY™ HP;?‘\/%HF)z

’—1

T / T 2
< (5%/20;)/2|X|1/2e_()‘175/‘X|)1/ Y2 4 e XV ( E p;‘}e—(hvls—s l/1XD 1) )
s'=1

< 208, | X e~ OS/IXD™ L o2 X2 (Z pleCurle=s1 'X’m) |
Z:fl(s) S/:1

i=fa(s)
Recall that the goal of this claim was to upper bound Eq. (119), which we can rewrite now as

HAQWUX\ﬁHF < 722 (s+1)2 ‘PAUX\ﬁHF < 722 (s+1)2fi(s)+7* ) (s+1)fa(s). (125)

s=1 s=1 s=1

We bound each of these terms separately. In order to bound the first term, observe that

V2D (s + 1)2fals) = 29250 | X| Y (s + 1)%e e/ IXDYT
= s=1

(1) (371)71|X>3 16¢50” | X |47 (31 )3™
< 292%¢5d | X| - 87y - < < 7 ,

where inequality (1) uses Fact 1. We now bound the second term in Eq. (125) as follows

V) (s +1)*fals) = 290°E| X fz s+1) <Zp te~(anls— Sl/|X|)1/T1> :
s=1 '=1
— s—s' /T
= 2720§|X|2§ Z pﬁ(Z(S +1)% (Mrls—s'/1XD? 1)
S/O:Ol s=1 . (126)
_ s—g' 1/7
< 22X S (a1 + s — o) O/
s=1

s'=1

1) 2 2 2 / - A N2
< 2% X1PE €Y pi(29)
r—1

, 3
with ¢ =2+ 16 ((371/\)1jy|X |) , where inequality (1) follows from Fact 1. Further upper bound this
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expression by simplifying the pre-factors, we get

VY (s +1)°fals) < 82X P ) pa(s)?
s=1 s'=1
= 82| X 26" > " (vs)?pl
- (127)
2
= 8c3|X1%¢¢" Y ||(vs") P /s
s'=1

(2) >0
< 8A|XPee’ S ||PAApa| = 8| e (42),

s'=0

In inequality (2), we used (ys')P7 =< AP4 from the definition (118) of P4. Note that | X |2¢¢’
is bounded from above by O(|X|%)). By combining the above inequalities altogether, we prove
Eq. (75). O

5.3 Derivation of the sub-exponential concentration

Recall that the goal in this appendix is to prove the following lemma.

Lemma 39 (Restatement of Lemma 9). Let Abea (7, a1, ag, 1)-quasi-local operator with T < 1, as given
in Eq. (4). For an arbitrary operator Ox supported on a subset X C A with |X| = ko and ||Ox| = 1,
we have

||P§$+yOXPé4$H <c5- kO exp ( - (Aly/k())l/ﬁ), (128)
where T = % — 1 and c5 and Ay are constants which only depend on ay and ay. In particular, the as
2/ 2/

dependence of c5 and My is given by cs o< ay’ " and A\ oc ay ' respectively.

Before proving this lemma, let us elaborate upon the method. Recall that
P, =) T, P => M, (129)
w<lx w>y

where I1,, is the projector onto the eigenvalue w eigenspace of A. One way to prove the upper bound
in the estimation of the norm (128) is to utilize the technique in Ref. [AKL16] (i.e., Lemma 8). The
argument proceeds by considering

A _ _
1PLy 1 Ox PLyll = | PLpsye e Oxe™ e PL, |
< (1PLyrye A - lleAOxe™ A - [ P, |

< e e tOxe 4, (130)

which reduces the problem to estimation of the norm ||e*4Oxe™"4||. Additionally, by definition
of A in Theorem 37 we have

A= g4y, (131)
/=1
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where A is r-local and g, is sub-exponentially decaying function for ¢ (as made precise in Eq. (4)),
namely g, « exp(—O(¢7)). In this case, for v = O(1) in (130), the norm of the imaginary time
evolution can be finitely bounded only in the case D = 1 [Kuw16]. That is, the norm ||e*4Oxe 4|
diverges to infinity for 7 < 1. However, our main contribution in this section is that we are able
to prove the lemma statement without going through the inequalities in (130) (which in turn used
earlier results of [Kuw16, AKL16]). We now give more details.

5.3.1 Proof of Lemma 39

In order to estimate the norm, we need to take a different route from (130). Recall that A is a
(7, a1, a2, 1)-quasi local operator. Let I be any interval of the real line and PIA be the projector onto
the eigenspace of A with eigenvalues in I. Using the operator inequality

PgZ(A —wl)™ = (2 — w)msz,
we obtain
I(A = wI)™Ox P = | PL(A = w)"Ox P{'|| = (2 — w)™ || PL.Ox P{|l, (132)
hence
I(A — w)"Ox P

A A
<
Our strategy to establish Eq. (128) will be to expand

§=0
for carefully chosen intervals I; := (z — a1 (j + 1),  — a1j] (the term a, is as given in the statement

of Lemma 39). Towards this, let us fix an arbitrary w and an interval I := (w — a1, w], and prove an
upper bound on HPgw 400 x P#|| (for all #). We show the following claim.

Claim 40. Let A be a (7, a1, a2, 1)-quasi local operator as defined in (4). There is a constant cg such that
1
|P2,1g0x P < — exp [~10/(ccoho)] /™ +1] (135)

The claim is proved in subsection 5.3.2. Let us use the claim to establish the lemma. In the
inequality (134), we need to estimate HP§x+yOXPf3H with I; := (x — (j + 1)a1,x — ja;]. Setting
w =1z — ja; and 6§ = y 4 ja; in Claim 40, we have

1 . 1/7’1
|PLs, Ox P < ~ exp {_ <y +a13> . 1}. (136)

€Cq ko

In order to complete the bound on Equation (134), we need to take summation with respect to j.
We have

1

e} o0 . 1/7’1 1/11
| L k
S IPAL,0x PR < S :exp{_ <y+au> v 1} <1 3(Ew) (1 . ecko (271)%) |
- T
Jj=0 Jj=0

€Cq k‘o al

\]

(137)

where in last inequality we used Fact 1 (3) with ¢ = (ecgko/a1)~"/™, p = 1/7 and a = y/a;. This
gives the form of (128) and completes the proof.
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5.3.2 Proof of Claim 40

From Equation (133), it suffices to upper bound ||(A — w)™Ox P{'||. Abbreviate A := A — w1.
Introduce the multi-commutator

ad%(Ox) = [4,...[4,[A,0x]]..].

s times

Consider the following identity,
AroxpPf =Y <ZL> ad%,(0x) A" P{. (138)
s=0

This shows that
Am A % m s Amfs A % m m—s s
[E9AESY o ) I12dz(Ox)1 -l PRI <Y ¢ Jar " lladz(Ox)]l, (139)
s=0 s=0

where we use || A" *PA| = [|[(A — w)™ *P{|| < a7 % for [ = (w — ay,w]. The remaining task is to
estimate the upper bound of || ad’;(Ox)| = ||ad;(Ox)|. This is done in the following claim.

Claim 41. Let Abea (7, a1, az, 1)-quasi local operator as defined in (4). Then, for an arbitrary operator O x
which is supported on a subset X (|X| = ko), the norm of the multi-commutator ad’ (Ox) is bounded from
above by

2s
| ad® (Ox)| < (2a1)*(2ko)%e” <2> T(s™) for s <m, (140)
T asT
where the constants a; and ag have been defined in Eq. (4).
By applying the inequality (140) to (139), we obtain
m 2s
Am A MY\ m—s (2a1)s(2k0)868 . l T (TS
Aroxpty < 3 (] Jap rCHEZOES ()T om)
2m
" (m (2ekp)™ 2\ 7 m
< 2 mi7 0 = . T1
_Z<s>< @) T (agr) (m™)

2m

~ (dqym 2R (2> )" = % [8earkof2/ (a2 mm]|".

T asT

Therefore, setting z = w + 0 in the inequality (133), we obtain

AmOx PP 1 mm "
1PZ,,460x P(| < ”9;”” <= {86a1k0[2/(a27')]2/70] (141)
1 kom™ \™
<1 (2l (142)
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where cg 1= 8eay[2/(aa7)]?/ ™. Let us choose m = i with 7 the minimum integer such that

Cg ko’l’hﬁ

0

<1Je. (143)
The above condition is satisfied by m™ < 6/(ecsko), which implies

i = |16/ (ecsko)] /™ |, (144)

where |- ] is the floor function. From this choice, the claim concludes.

5.3.3 Proof of Claim 41

As stated in Claim 41, we let A be a (7, a1, a2, 1)-quasi local operator as defined in (4). Recall that
we need to show, for an arbitrary operator Ox which is supported on ky sites, the norm of the
multi-commutator ad’ (Ox) is bounded by

2s
| ads (Ox)| < (2a1)°(2ko)’e® <2> 7 (s)* for s<m.

T asT

We start from the following expansion:

adi(Ox) = Y Grabks 9k [Akss [Ak, - [Ary, Ox] -],
k1,ka,...,ks

By using Lemma 3 in Ref. [KMS16] and setting ( = 1 (see Definition 3) we obtain

[ Akys [Aky_ys - [Ary, Ox] -1l < 2%ko(ko + k1) (ko + ky + ko) -« (ko + k1 + ko + -+ - + ko—1),

(145)
where we used that A is a (7, a1, a2, 1)-quasi local operator. Recall that we set |Ox| = 1 and
|X| = ko. The norm of ad’ (Ox) is bounded from above by

lad (Ox)|l
<> 209k - grko(ko + ka) (ko + Ky o+ k2) - (Ko + k1 + kg -+ k1)
k1,ka,... ks=1
:Z Z 2sgklgk2-'-gksko(k0+k1)(ko+k1+k2)'--(7€0+k‘1—|—k‘2—|—"'+k‘3_1),
K>s kitkot..+ks=K
k1> 1ko>1, ks >1
(146)

where the summation over K’ starts from s because each of {k; };_, is larger than 1. Now, using the
inequality log[gy/a1] < —a2k™ with 7 < 1, we have }°_, log(gk;/a1) < log(gr,+k+-+k,/a1). This
follows from ijl kT > (k1 + ko + -+ +ks)". Thus, using k1 + ko + - - - + ks = K, the summand
in the inequality (146) is upper-bounded by

Gy Gks - G ko (ko + k1) (ko + k1 + ko) -+ (ko + k1 + ko 4 + ks 1) < @ (g9 /a1)ko(ko + K)*71,
(147)
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where we use the inequality k1 + ko +--- + k; < K for j = 1,2,...,s — 1. By combining the two
inequalities (146) and (147), we obtain

lad%(0x) < > (2a1)*(grc /a1 )ko(ko + K)*~

K>s kitko+..+ks=K
k121ko 21, ks 21

)]

< (0, ) Contonfaniati + Ky

K>s

— § : (Ij__f) (2a1)%(gx /a1)ko(ko +K)S_1
K>s
2

< 20y BES 5~ EE a0y

2 s
K>s

—~
~

(%) (2a1) 2k0 585 Z KQS 1 —agKT (2&1 Qko e’ Z KQS 1 —(ZQKT
K>s K>0
@ (201)° (2ko)e® (25 \7 _ (2m1)*Cko)e’ (2 7 ( 2_1)3
- 7 ~ 7 . R e A S A— RN -l st
- s5T aoT T asT ’

where in (1), () denotes the multi-combination, namely () = ("7";"), in (2) we upper bound

(K_l) <K ko + K < 2kgK in (3) we use the sub-exponential form of gx in Eq. (4) and in (4)

s—1/) —
we use Fact 1. Since 7y = £ — 1, this proves the statement.

5.4 Quasi-locality of w

We here aim to obtain (7, a1, as, ¢)-quasi-locality of the operator W, where {7, ay, az,(} defined in
Definition 3. This is used in Section 4.8. In particular, we will show that

(reanaa.) = (1/0,00,00/6). 0(57) (mae; )

JEA

suffices to prove the quasi-locality of W. Recall the definition of IV:

W= / fa(t) e HE W etHiar,

where
2 eﬂ—'t‘/ﬁ + ]_
fﬂ(t) = 6777' IOg eﬂ'lt‘/ﬁ 1
and
W = Z UiEz
€A
We write

W = Zvl/ fa(t) e ™t By etat.
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Abbreviate ) ‘ ‘
Ei(t) := e "Ht B Y

and recall that E; = > f5(t)E;i(t). Moreover, (with some abuse of notation) let B(r, i) C A denote
the ball of radius r such that: the centre of B(r, ) coincides with the the center of the smallest ball
containing E;. We assume that r ranges in the set {m;, m; + 1,...,n;}, where m; is the radius of
the smallest ball containing E; and n; is the number such that B(n;, i) = A. Define

~ ~ Ipwie  #o
BI(t) i= trpgae [ Bi(t)] @ —20°
(t) = trp (e [Ei(t)] TP

i.e., EJ(t) traces out all the qudits in E;(t) that are at outside the B(r,i)-ball around E!. From
[BHV06], we have

| Ei(t) — EX(t)|| < || E:|| min {1, 637’D716764(T7mi*vLR|t‘)}
which in particular implies
IEF(t) — ErY(t)]| < 2min {1, eyecamipD=1g=ca(r—virl)) }
where we use || E;|| = 1, vrr is the Lieb-Robinson velocity (as defined in Fact 4) and c3, ¢4 are con-

stants. We note that the 2min{1, -} is derived from the trivial upper bound || E} (t) — E 7 (t)|| < 2.
This allows us to write the following quasi-local expression:

ng

Eit)= Y (Bl - E7'0).

T=m;

Using this, we can now write the quasi-local representation of E; as follows.

/_Zf,@ t)dt = / fa(t) B (t) - E”())-

To see that it is quasi-local, observe that the term with radius r has norm

/ fﬁ ’Er Er 1 )H
< 2cze™ipP L <e—w / ectonll fo (t)dt + / fﬁ(t)dt>
[t|<r/(2vLR) [t|>r/(2vLR)

o 2
< 2cgec4mirD—1 . e—C4r/2/ fg(t)dt _|_/ B _ﬂlt‘/ﬁdt
—o0 [t|>7/(2vLR) ﬂ-’t’

< 2¢geamipP—1 (e—C4r/2 + 4BuLr 6”7"/(25”LR)>

o /B
D1 — 46%0R 4 _ o
:2036047"er 1 <6 047“/2_’_7274 le wr/(2BVLR) < C5TD 1o cr
us
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with ¢} = min(es/2, 7/(28vLR)), where c5 = O(?) is a constant which does not depend on r, and
weuse [ fa(t) = f3(0) = Land fs(t) < 28/(x|t|)e ™!/, Note that ¢j = O(1/8). Define

anayi= <4 [ ) (EX) - B).

Here, the operator ap,; is supported on the subset B(r,7). Then, from |B(r,i)| = O(rP), the
quasi-local representation of W is given as

N4 g 1
7 —chr/2 _ —O(|B(ry )| D
W=> u ) e Pagpy =) Y e I Muap,,
€N T=my €A r=m;

Sk
with e~ CUB()I7) decaying sub-exponentially with rate 7 = 1/D, for all i € A. We also obtain the

parameter ¢ in Eq. (4), which can be calculated for a fixed r. For an arbitrary r, we have
Z villapej)ll < csrP ! Z vje*cil’ﬂ/2 < (max vj> csepr?Ple=cr/?

JEA
r.j:B(r,j)>i J:B(r,j)>i

< Q(p*P <maxvj> ,

JEA

where we define cp such that |B(r,j)| < cpr” and we used c¢5 = O($?%). This completes the
representation and shows that W is a (1/D, O(1),0(1/8), O(8*P*!) (max;en v;))-quasi-local.

5.5 Proof of Lemma 38

Recall that the goal in this section is to prove that for W defined in Lemma 27 we have

= e@1)
gle%xtr[(w(i))%} = (Blos(B) + 1)2D+2 (rglg\xv%) )

where 7 is the maximally mixed state. In this direction, we will now prove that

max ||W; > max(|v;|), 148
e Wl > s mas() (148)

for a constant ¢c; = O(1). For convenience, let us define argmax;.,|v;| = iy, or equivalently
|vi, | = max;ep |v5|. In the following, we prove the inequality (148) for |[W(;;)/7||r instead of

max;eA HW(i) V1| F. By using the inequality max;e HWN/@) |lF > ||W(Z .||, we obtain the main state-
ment. We denote the ball region B(r,i,) by B, for the simplicity, where r is fixed later. Let us
consider W[B,| which is defined as follows:

WIB,] := / h fo)e W B, e dt, W(B,] = > vE;. (149)
o i€ B,

Since W[Br] is obtained from W[B,| in an equivalent manner as W is obtained from W, the fol-
lowing claim follows along the same lines as Theorem 29. We skip the very similar proof.
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Claim 42. It holds that

—~ 9 DA

where cs is a constant of O(1).

Since the new operator W[Br] well approximates the property of W around the site i, as long
as r is sufficiently large, we expect that W[B,](;, ) and W/;,  are close to each other. The claim below
makes this intuition rigorous:

Claim 43. It holds that
Wiy = WIB o)l < eafur, |87, (150)
where c1, co are constants of O(1)

This claim implies that the contribution of all the terms in W(i ) Which are not included in the
B, ball around i, decays exponentially with r. Hence,

Winlle = 1Wa,) = WIBa,) + WIBan e = W[Bu, e = W, — WIB ] i+ 13
> |W(Bllr — VDAl Wi,y — WIB
> [W[BJ)llr — v/Dacilvi, |87 C”/Ba (151)
where we use HW(Z - W[BT]@- OllF < \/DAHW(Z» ) /I/IV/[BT]@ )|l in the second inequality. Second,
we consider the approximation of W[B,] by W|B,, B,/] which are supported on B,

—~ Ix7 ﬂBC
WIB;, By = trp;, (W[B:)) ® —gey.

(152)

Because of the quasi-locality of W, we expect W |B,, By/] ~ W[B,] for ' >> r. This is shown in the
following lemma:

Claim 44. The norm difference between W|B,, B,/] and W[B,) is upper-bounded as
IWIB,] = W(B, Byl < eslog |rP e eI =1/ (153)
and

IW[B/i,) — WIBr, Bl < 2¢3lvi, |rP pe=cal” =115, (154)

(i+)
where c3, cq4 are constants of O(1).

The claim reduces the inequality (151) to

Wi le > IW[B e — vDacilvs, |8Pe 1P
> |WI(B:, Byl e = VDAIW([Br) iy — WIBr, Byl |l — v/Dacalvi, |8Pe /P
Z ||W[B7"BT’](Z'+)HF — \/ZTA61|UZ'+|§D6_C2T/IB — DAC?,|’U¢+|T‘ 56—04 T —T)/ﬂ. (155)
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Next, we relate the norm of W[Br, B,/](i,) to that of W[Br, B,/] using Claim 10. By recalling that

WIB;, B/, is supported on B,, this gives

(it
1

W(B,, Bo]||F, (156)
|BT,|H [ Il

IWI[By, Byl llr >
which reduces the inequality (155) to

—~ | — _ P
Wil Z—IB/‘HW[B,.,BT/]HF—\/DAcl\v”\BDe 2r/B 2\ /Dpes|vi, [P Be=ca"=1)/B
T

1

2
| By |

IWIB|lr — vDacilvi, |BPe "8 — (2 4+ 1/|Bu|)/Dacsvi, 1P e~ 20" =1/8,
(157)

where in the second inequality we apply Claim 44 to |IW[B,, By]||F. Finally, we use the lower
bound given in Claim 42 and the inequality 3~ 5 v > v} (since iy € B;)to obtain

cs[Blog(r) + 1]2 "+

IW(B,]|7 =
This reduces the inequality (157) to the following:

IWeipylle - |vi |
VDx T e ()P \Jes|Blog(r) + 1]

— c1fvi, |BPe 18 — 3eg|vy, PP Bem e =)/B

where we used |B,| < cg (r’)D, for some constant cg. By choosing 7’ = 2rand r = O(1)-Dflog(5)+
1, we have

Wapllr crviy |
W, > + , 158
D IWioville = (Blog(8) + )P (158)
for some constant c7. This completes the proof. [J
5.5.1 Proof of Claims 43, 44
Proof of Claim 43. Recall that the goal is to prove
Wi,y = WIBll < rlvg, [8Pe /P
for constants cy, co. We start from the integral representation of W(i L)
Wiy =W — / du(U;, U] WU, , (159)

where (U, ) is the Haar measure for unitary operator U;, which acts on the i, th site. This yields

Wi,y — W[B/u,) = W[BS] - / du(Us, U], W(BE|US, (160)

(8
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We thus obtain

Wi,y — WIB )l < s I[Us,, WIB|

(i+)|

/ Fat0) 3 ol sup [0 By

jEBS
<folvil > / f5(t) min(e=e(distlie.)=mi—vLrt) 1)q¢. (161)
jeEBSY

where we use |v;| < |v;, | and the Lieb-Robinson bound (Fact 4) for the last inequality, and m; is
the radius of the support for E; (see also Sec. 5.4). Because the function f3(¢) decays as e~ Ot/B)
and dist(iy, j) > r for j € BS, we have

v, | Z femi / fa(t) min(e™ oldist(i+7)=vert) 1)q¢ < cl|vz+\BD —ear/B, (162)
jeBS
This completes the proof. O

Proof of Claim 44. Recall that we wanted to show
IW[B,] — W[By, Bu]|| < cslui. [P Becslr'=r1/8,

In order to prove this, we also utilize the integral representation of W[BT, B,/]:

W|B,, B, := / dp(Uge, )ULe W(B,|Uge,, (163)
which yields an upper bound of |W[B,] — W|[B,, B,/]| as
IW[B,] = W[B,, Bu]|| < / du(Upe,)[[[W([B,], Ups ]| (164)
From the definition (149) of W[ B, ] and the Lieb-Robinson bound (Fact 4), we obtain
[ s B Vs < [ duUe) [~ 550 3 fl- e By, U )|
JEBy
< fglelzgf(Supp "Uz+|/ fa(t) Z min(e~ 0" T TURY 1)t
JEBr
< chlvi, |- |By| - Bemeal /B, (165)

with ¢ a constant of O(1), where Supp(E;) o< m? = O(1) is the support of Ej. Since |B,| o 7,

we obtain the main inequality (153). Now, since

W(B,i,) = WI[B /dﬂ UL WB, U,

it
and
W[BrvBT’](i+) = 14

W|B,,By/] — /du(Ui+)Ul.T+W[BT, B, U;
we obtain the second inequality (154) due to

IW(By) = WBr Bl |l < 21W (B = W(B,, Byl
This completes the proof. O
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