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1. Microscopics of non-Kramers magnetism31

Local basis of a non-Kramers doublet: The Pr3+ (4f 2 and JT = 4) ions are located in the D3d

crystal field with an axis parallel to the local [111] direction, resulting in a low energy non-Kramers

doublet |±〉 that is well isolated from the first excited state by a CEF gap of ∼ 10 meV 1, 2. In the

local basis, the doublet is given by si = sxi x̂i + syi ŷi + szi ẑi, where six, siy, siz are the pseudospin

component along x̂i, ŷi and ẑi. The non-Kramers doublet transform under time-reversal operation

as

{sxi , s
y
i , s

z
i } → {sxi , s

y
i ,−szi }. (1)

The longitudinal (transverse) spin component(s), szi (sxi , s
y
i ) arise from the projection of dipole32

(quadrupole) operators of the underlying J moments to the ground-state doublet.33

Spin Hamiltonian: The symmetry allowed nearest neighbour spin Hamiltonian is given by3

Hs =
∑
〈ij〉

[
Jzzs

z
i s
z
j + J±(s+

i s
−
j + s−i s

+
j ) + J±±(γijs

+
i s

+
j + γ∗ijs

−
i s
−
j )], (2)

where Jzz and J± are Ising and XY-like spin couplings, respectively. The J±± term comprises a34

bond-dependent phase factor γij = 1, ω, ω2 that cannot be gauged away except for an overall sign.35

Coupling of the pseudospins with the lattice vibrations: To capture the physics of spin-phonon36

coupling in Pr2Zr2O7, we introduce the elastic modes of a single tetrahedron– the basic unit of the37

pyrochlore lattice. The six vibration modes of the tetrahedral group are: singlet (εA), doublet38

(εE ≡ (ε
(1)
E , ε

(2)
E )) and triplet (εT ≡ (ε

(1)
T , ε

(2)
T , ε

(3)
T )).39
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A non-Kramers system features primarily two types of spin-lattice couplings– (a) linear, and,40

(2) quadratic in the pseudospins. To derive the form of these couplings for a single tetrahedron41

level, we use the irreducible representations of the tetrahedral group, Td, as well as time reversal42

symmetry given in Table 1.43

Therefore the spin-lattice coupling Hamiltonian is given by

HS−L = HQ
sl +Hsl

M + H̃Q
sl . (3)

Linear magneto-elastic coupling: The linear coupling between the transverse component of

the pseudospins and the lattice vibration is given by

HQ
sl =

∑
�

(λE εE ·QE + λTεT ·QT ) , (4)

where QE and QT are the corresponding quadrupole modes of the tetrahedron. This term is unique44

to the non-Kramers systems.45

Quadratic magneto-elastic coupling: The conventional magneto-elastic couplings are ob-

tained from the spin Hamiltonian4 by expanding the exchange couplings as

Jαβij = J̄αβij +
∂Jαβij
∂εij

· εij +
1

2
εij ·

∂2Jαβij
∂εij∂εkl

· εkl. (5)

This leads to the two terms Hsl
M and H̃Q

sl in Eq. 3.46

Together, they represent the couplings of the lattice vibrations with the dipole and quadrupole47

components.48
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Coupling of the pseudospins with an external magnetic field: The coupling of the non-Kramers

doublet with an external magnetic field is given by

Hz = Hm
z +HQ

z +Hz−el. (6)

The first term is the usual dipolar coupling

Hm
z = −geff

∑
i

szih · ẑi = −2geff

∑
�

h ·mT . (7)

The dipole moment is Ising-like, and the Lande g-factor is 4/5 for Pr2Zr2O7. The second term is the

coupling of the Zeeman field with the transverse components of the pseudospins– the quadrupole

moments:

HQ
z =

∑
�

(
λ̃Eξ

E ·QE
� + λ̃Tξ

T ·QT
�

)
, (8)

where ξE = (
√

3(h2
x − h2

y), (3h
2
z − h2)) and ξT = (hyhz, hxhz, hxhy). The third term represents

the magnetostriction effect, which will take the following form when the perturbation that breaks

the local CEF symmetry are sufficiently small compared to the CEF gap.

Hz−el = −geff

∑
i

szi

[∑
p

Γxz
ip · εpx̂i +

∑
p

Γyz
ip · εpŷi

]
· h. (9)

The sum p runs over the irreducible representations of the vibrations ε, and Γ represents the com-49

plete list of magnetostriction coefficients whose magnitude and sign is material dependent.50

2. Low-field magnetoelastic effect renormalises quantum dynamics in Pr2Zr2O751

The linear quadrupole-strain coupling can lead to a substantial renormalization of the spin-exchange

energy scales in the spin-Hamiltonian Hs (Eq. 2), thereby altering the ground-state properties. For
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Jzz > J±, J±±, λE(T ), the low-energy states belong to the ice manifold, and the effect of λE(T )

is suppressed as it leads to the creation of magnetic monopoles. The linear spin-phonon coupling

Eq. 4 can generate static Jahn-Teller distortion of the tetrahedra 〈ε�〉 6= 0 at zero magnetic field,

realizing a disorder-mediated QSI in an appropriate parameter regime5, 6. For the new-generation

samples a dynamical Jahn-Teller scenario is more suited. In this case, the dynamical lattice vibra-

tions can be integrated out from Eq. 4 to obtain

δH = −
[
λ2
E

∆E

+
λ2
T

8∆T

]∑
〈ij〉

(s+
i s
−
j + h.c.)− λ2

T

8∆T

∑
〈ij〉

(γijs
+
i s

+
j + γ∗ijs

−
i s
−
j ), (10)

which renormalizes the transverse spin exchange (Eq. 2). This renormalization can lead to en-52

hanced transverse (quantum) exchanges, possibly stabilizing a multipolar QSI.53

3. The phase diagram for the dynamical Jahn-Teller scenario54

At zero magnetic field, once the phonons are integrated out, the Hamiltonian is given by Eq. 255

where the transverse couplings are renormalised via Eq. 10 due to the linear magneto-distortive56

coupling as discussed above. This Hamiltonian is well known to give rise to a quantum spin ice57

at low temperatures in the limit Jzz � J±, J±±
3, 7, 8. In this theory, the three excitations are an58

emergent gapped magnetic monopole (energy gap ∆m ∼ Jzz), a gapped electric charge (energy59

gap from perturbative calculations, ∆e ∼ J3
±/J

2
zz) and a gapless emergent photon.60

For a classical single tetrahedron in a [111] magnetic field, the transition from the “2-in, 2-61

out” to the “3-in, 1-out” state can be obtained by comparing the Jzz term in Eq. 2 and the Zeeman62

term in Eq. 7. The critical field so obtained is hc = Jzz
2
√

3geff
. The transition is brought about by63

the condensation of the magnetic monopoles which is easy to see by writing the Ising interactions64
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in terms of the magnetic monopole change mA (Table 1). However, no symmetries are broken65

through the transition.66

The above estimates are renormalised by both the transverse exchanges and the spin-lattice67

coupling. The main effect of the transverse couplings is to induce fluctuations of the Ising mo-68

ments while the spin-lattice coupling, in addition to renormalising various couplings discussed69

above, lead to magneto-elastic distortion. While a microscopic calculation requires a full solution70

of the many-body problem, the well-known symmetry analysis based on soft-spin (accounting for71

the fluctuations) Landau-Ginzburg theory coupled with the elastic modes, provides a satisfactory72

description of the underlying mechanisms for the magnetodistortive transition in terms of phe-73

nomenological parameters of the long-wavelength theory. This is presented below.74

Turning to finite temperature, the quantum spin ice gives way to a thermal cooperative mag-75

net (the classical spin ice) via a crossover.9 This happens due to the proliferation of the electric76

charges which, within perturbative regime, takes place at T ∼ ∆e/kB. Due to the spin-phonon77

coupling, this energy-scale is enhanced as shown in Eq. 10. The first-order magnetodistortive78

transition at finite field, on the other hand, is expected to survive within the ice manifold and thus79

end at a critical end-point at T ∼ Jzz. This leads to the schematic phase diagram as shown in Fig.80

1. In the material, the above energy-scales are expected to be further dressed by fluctuations and81

further smaller interactions, but has a similar structure as given in the experimental phase diagram82

(See Fig. 1c in the main text).83

To capture the effects due to transverse fluctuations as well as the spin-lattice coupling in84

the above phase diagram, we now resort to a Landau-Ginzburg theory whose main features are85
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presented in the following sections.86

4. The Landau-Ginzburg (LG) theory of the magnetoelastic coupling87

The mean field LG free energy density receives various contributions from the dipole, quadrupole

and the elastic parts and is given by

F = Fm + FQ + FmQ + Felastic + Fsl + Fz + Fstr (11)

Dipole free energy : Fm is the free energy contribution of the dipoles and is given by

Fm =
[rmA

2
m2
A +

umA

4
m4
A

]
+
[rmT

2
mT ·mT +

umT

4
(mT ·mT )2

]
+m2

A

[
vm (mT ·mT ) + ṽm

(
m

(1)
T m

(2)
T +m

(2)
T m

(3)
T +m

(1)
T m

(3)
T

)]
. (12)

We expect (vm + ṽm) < 0 for a [111] Zeeman field, which leads to an expectation value in mT .88

This renormalizes the mass of mA downward, namely, the magnetic monopole condensation takes89

place on entry into the ”three-in, one-out” phase.90

Quadrupole free energy: The quadrupole contribution FQ is given by

FQ =
[rQE

2
QE ·QE +

uQE

2
(QE ·QE)2 +

vQE

3

(
Q3
E1
− 3QE1Q

2
E2

)]
+
[rQT

2
QT1 ·QT1 +

uQT

4
(QT1 ·QT1)

2 +
vQT

3
Q

(1)
T1
Q

(2)
T1
Q

(3)
T1

]
+ vQ

[
Q

(1)
E√
3

(
2(Q

(1)
T )2 − (Q

(2)
T )2 − (Q

(3)
T )2

)
+
Q

(2)
E

2

(
(Q

(2)
T1

)2 − (Q
(3)
T1

)2
)]

. (13)

The paramagnetic state is obtained when rQE
, rQT

> 0, while rQE
, rQT

< 0 yields an antiferro-91

quadrupolar ordered state.92
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Dipole-quadrupole interactions: FmQ is the coupling between dipoles and quadrupoles

FmQ =m2
A [sEQE ·QE + sTQT1 ·QT1 ]

+ wE

[
Q

(1)
E√
3

(
2(m

(1)
T )2 − (m

(2)
T )2 − (m

(3)
T )2

)
+
Q

(2)
E

2

(
(m

(2)
T )2 − (m

(3)
T )2

)]

+ wT

[
Q

(1)
T

(
m

(2)
T m

(3)
T

)
+Q

(2)
T

(
m

(1)
T m

(3)
T

)
+Q

(3)
T

(
m

(1)
T m

(2)
T

)]
. (14)

The above terms are linear in quadrupole and quadratic in dipole fields. The linear coupling93

between the pseudospins and the elastic modes is particular to the non-Kramers systems and is94

hence expected to enhance magnetostriction as a more direct feedback.95

Elastic free energy: For elastic modes the harmonic energy is given by

Felastic =
1

2

[
cAε

2
A + cEε

2
E + cTε

2
T

]
, (15)

where cA, cE and cT are elastic moduli of the singlet, doublet and the triplet modes, respectively.96

Spin-Lattice coupling: The contribution from the spin-lattice coupling is given by

Fsl = FεQ + Fmε, (16)
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where FεQ is the coupling of the strain with the quadrupoles

FεQ = [ΛEεE ·QE + ΛTεT ·QT ]

+
1

2

[
µAεA + µ̃Aε

2
A + µ̃Eε

2
E + µ̃Tε

2
T

]
[p3QE ·QE + p4QT ·QT ]

+ µET

[
ε

(1)
E√
3

[
2(Q

(1)
T )2 − (Q

(2)
T )2 − (Q

(3)
T )2

]
+
ε

(2)
E

2

[
(Q

(2)
T )2 − (Q

(3)
T )2

]]

+ ξE

[
ε

(1)
E

[
(Q

(1)
E )2 − (Q

(2)
E )2

]
− 2ε

(1)
E Q

(1)
E Q

(2)
E

]
+ ξT

[
ε

(1)
T Q

(2)
T Q

(3)
T + ε

(2)
T Q

(1)
T Q

(3)
T + ε

(3)
T Q

(1)
T Q

(2)
T

]
+ p5

[
Q

(1)
E√
3

(
2(ε

(1)
T )2 − (ε

(2)
T )2 − (ε

(3)
T )2

)
+
Q

(2)
E

2

(
(ε

(2)
T )2 − (ε

(3)
T )2

)]

+ p6

[
Q

(1)
T

(
ε

(2)
T ε

(3)
T

)
+Q

(2)
T

(
ε

(1)
T ε

(3)
T

)
+Q

(3)
T

(
ε

(1)
T ε

(2)
T

)]
. (17)

Similarly, Fmε gives the coupling of the strains to the dipoles

Fmε =
[
λMA εA + νMA ε

2
A + νME εE · εE + νMT εT · εT

] [
p1m

2
A + p2mT ·mT

]
+ λME

[
εE1√

3

(
2(m

(1)
T )2 − (m

(2)
T )2 − (m

(3)
T )2

)
+
εE2

2

(
(m

(2)
T )2 − (m

(3)
T )2

)]
+ ΛM

T2

[
ε

(1)
T2

(
m

(2)
T m

(3)
T

)
+ ε

(2)
T2

(
m

(1)
T m

(3)
T

)
+ ε

(3)
T2

(
m

(1)
T m

(2)
T

)]
. (18)

Thus, the magnetic ordering generically leads to a volume change for the first term with coupling97

λMA 6= 0 and also renormalizes the elastic moduli due to the various quadratic couplings.98

Zeeman energy: The Zeeman energy for the [111] magnetic field is given by

Fz = −g h ·mT +
Λ̃Th

2

3
QT · ẑ1. (19)

Magnetostriction effect: The magnetostriction effects are given by

Fstr =− g

4
εAm

α
Tγ

αβ
A hβ − g

4
mA2h

α(γαE · εE)− g

4
mα
T (γ̄αβE · εE)hβ

− g

4
mAh

α(γαT · εT )− g

4
mα
T1a

(γ̄αβT · εT )hβ. (20)
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These terms lead to various inter-couplings between the dipolar field and the strain fields in the99

presence of an external magnetic field.100

5. Length change behavior of a multipolar spin ice101

The linear coupling between the elastic and spin degrees of freedom (Eqs. 17 and 18) leads to

εA ≈−
1

cA

[
d̃Ap4Λ̃2

Th
4

9r2
QT

+
ΛM
A p2g

2h2

r2
mT

− g2h2

4rmT

ĥαγαβA ĥβ + d̃Ap3QE ·QE + ΛM
A p1m

2
A2

]
(21)

εaE ≈ −
1

cE

[
− g

2h2

4rmT

ĥα (γ̄aE)αβ ĥβ + ΛEQ
a
E −

g

4
mA2h

α (γaE)α
]

(22)

εaT ≈ −
1

cT

[
ΛT Λ̃Th

2

3
√

3rQT

+ ΛM
T2

g2h2

√
3r2

mT

− g2

4
mA2h

α (γaT )α
]
. (23)

The fractional length change along different directions, n̂, are related to these expressions

such that (
∆L

L0

)
n̂

=
∑
ij

εijninj. (24)

For the [111] direction this gives102

∆L

L0

=
1

3
[εA + 2(εT1 + εT2 + εT3)]

=− 1

3cA

[
d̃Ap4Λ̃2

Th
4

9r2
QT

+
ΛM
A p2g

2h2

r2
mT

− g2h2

4rmT

ĥαγαβA ĥβ

]
− 2

3cT

[
ΛT Λ̃Th

2

√
3rQT

+
ΛM
T2

3g2h2

√
3r2

mT

]

− 1

3cA

[
d̃Ap3QE ·QE + ΛM

A p1m
2
A2

]
+

2

3cT

[
g2

4
mA2h

α
(
γ1
T + γ2

T + γ3
T

)α]
. (25)
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Similar expressions are derived for the [100] and [110] directions. Each expression contains

two contributions – (1) smooth background change, and (2) sharp change generated by the metam-

agnetic transition where the pseudospin fields gain expectation values. The second contribution is

only present for the [111] field direction; thus we expect a smooth field dependence for other field

directions, which agrees with the experimental observations (Fig. 2b). The background contribu-

tion for different field directions are given by(
∆L

L0

)
[111],background

= −A1h
2 − A2h

4 − 2T1

3
h2,(

∆L

L0

)
[100],background

= −A1h
2 − A2h

4 − (E1 − E2)h2,(
∆L

L0

)
[110],background

= −A1h
2 − A2h

4 − E1h
2 − T1h

2. (26)

The temperature-dependent coupling constants A1, A2, E1, E2 and T1 determine the sign of the

fractional change. ∆L/L0 also receives contribution from the abrupt change in both the dipole

and the quadrupole fields across the first-order metamagnetic transition, which is provided by the

following terms

δ

(
∆L

L0

)
[111]

= −A4∆2
A + 2T4h ∆A,

δ

(
∆L

L0

)
[100]

= −A4∆2
A − (E4 −

√
3E5)h∆A,

δ

(
∆L

L0

)
[110]

= −A4∆2
A − (E4 − T4)h∆A, (27)

whereA4, E4, E5 and T4 are temperature dependent LG coupling constants. For the [111] magnetic103

field, δ (QE ·QE) = δQα
E = 0 and the jump in mA across the transition is given by δmA = ∆A104

to the leading order. This contribution has two effects– (1) produce a jump at the metamagnetic105

transition, and (2) a linear field dependence above the transition; both contributions are direction106

dependent.107
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6. Elastic moduli108

The renormalized elastic moduli under a magnetic field are given by

c̃A =

[
cA −

g2h2AαAα

48rmT

]
,

c̃abE =

[(
cE −

Λ2
E

rQE

)
δab −

g2h2(ẼaẼb)
48r̃mA

− g2h2(EaαEbα)

48rmT

]
,

c̃abT =

[(
cT −

Λ2
T

rQT

)
δab −

g2h2(T̃ aT̃ b)
48r̃mA

− g2h2(T aαT bα)

48rmT

]
. (28)

where A, E and T are combinations of LG couplings introduced in section 3. The sound

velocity, vs, and elastic constants are related by c = ρv2
s , where ρ is the mass density. Thus the

renormalization of the elastic moduli directly affects the sound velocity, such that

∆c

c
∝ δv

v
(29)

7. Low-field thermal expansion and ultrasound renormalization109

Following Eq. 11, we calculate the renormalized elastic moduli and the strain fields as a function110

of temperature at low fields.111

Thermal behaviour of ultrasound: In the paramagnetic state, we can integrate out the pseu-

dospin fields to obtain the following renormalization of the three elastic moduli following Ref. 4

13



and 10. Explicitly for the doublet mode, we have

c̃E =cE −
1

T

[
Λ2
E〈QE ·QE〉

]
− (ΛM

E )2

2T

[
1

3
〈
(

2(m
(1)
T )2 − (m

(2)
T )2 − (m

(3)
T )2

)2

〉+
1

4
〈
(

(m
(2)
T )2 − (m

(3)
T )2

)2

〉
]

+ dE (p3〈QE ·QE〉+ p4〈QT ·QT 〉) + ΛM
E

[
p1〈m2

A〉+ p2〈mT ·mT 〉
]
. (30)

We obtain similar expressions for cA and cT . Focusing on the the doublet mode, the renormaliza-

tion is given by

∆cE = ∆cQE + ∆cME , (31)

where

∆cQE =

(
dEp3 −

Λ2
E

T

)
〈QE ·QE〉+ dEp4〈QT ·QT 〉 ∼ (aT − b)χQ(T ) (32)

is the contribution from the quadrupoles and

∆cME = −(ΛM
E )2

2T

[
1

3
〈
(

2(m
(1)
T )2 − (m

(2)
T )2 − (m

(3)
T )2

)2

〉+
1

4
〈
(

(m
(2)
T )2 − (m

(3)
T )2

)2

〉
]

+ ΛM
E

[
p1〈m2

A〉+ p2〈mT ·mT 〉
]

(33)

is the contribution from the dipoles.112

Thermal expansion: At zero magnetic field, the analogues of Eqs. 21-23 give

εA = − 1

cA

[
µA (p3〈QE ·QE〉+ p4〈QT ·QT 〉) + λMA

(
p1〈m2

A〉+ p2〈mT ·mT 〉
)]

(34)
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ε
(1)
E =− 1

cE

[
ΛE〈Q(1)

E 〉+
µET√

3

[
2〈(Q(1)

T )2〉 − 〈(Q(2)
T )2〉 − 〈(Q(3)

T )2〉
]]

− 1

cE

[
ξE

[
〈(Q(1)

E )2〉 − 〈(Q(2)
E )2〉

]]
− 1

cE

[
λME√

3

(
2〈(m(1)

T )2〉 − 〈(m(2)
T )2〉 − 〈(m(3)

T )2〉
)]
(35)

ε
(2)
E =− 1

cE

[
ΛE〈Q(2)

E 〉+
µET

2

[
〈(Q(2)

T )2〉 − 〈(Q(3)
T )2〉

]
+ 2ξE〈Q(1)

E Q
(2)
E 〉
]

− 1

cE

[
λME
2

[
〈(m(2)

T )2〉 − 〈(m(3)
T )2〉

]]
(36)

ε
(1)
T = − 1

cT

[
ΛT 〈Q(1)

T 〉+ ξT 〈Q(2)
T Q

(3)
T 〉+ ΛM

T 〈m
(2)
T m

(3)
T 〉
]

(37)

ε
(2)
T = − 1

cT

[
ΛT 〈Q(2)

T 〉+ ξT 〈Q(1)
T Q

(3)
T 〉+ ΛM

T 〈m
(1)
T m

(3)
T 〉
]

(38)

ε
(3)
T = − 1

cT

[
ΛT 〈Q(3)

T 〉+ ξT 〈Q(1)
T Q

(2)
T 〉+ ΛM

T 〈m
(1)
T m

(2)
T 〉
]

(39)

In the paramagnetic phase, we can neglect the linear terms in Qα to get the following expres-

sion for the [111] direction,[
∆L

L0

]
[111]

= [εA + 2(εT1 + εT2 + εT3)] /3 (40)

=− 1

3cA

[
µA (p3〈QE ·QE〉+ p4〈QT ·QT 〉) + λMA

(
p1〈m2

A〉+ p2〈mT ·mT 〉
)]

− 2

3cT

[
ξT

[
〈Q(2)

T Q
(3)
T 〉+ 〈Q(1)

T Q
(3)
T 〉+ 〈Q(1)

T Q
(2)
T 〉
]]

− 2

3cT

[
ΛM
T

[
〈m(2)

T m
(3)
T 〉+ 〈m(1)

T m
(3)
T 〉+ 〈m(1)

T m
(2)
T 〉
]]

(41)

Similar expressions can be obtained for other directions. The form of ∆L/L0 has qualitative113

similarities with the ultrasound response– albeit with a different combination of LG couplings. The114

close resemblance of the experimental data in Figs. 4c and 4d bears out this theoretical expectation.115

116

15



1. Kimura, K. et al. Quantum fluctuations in spin-ice-like Pr2Zr2O7. Nat. Commun. 4, 1934117

(2013). URL https://doi.org/10.1038/ncomms2914.118

2. Petit, S. et al. Antiferroquadrupolar correlations in the quantum spin119

ice candidate Pr2Zr2O7. Phys. Rev. B 94, 165153 (2016). URL120

https://link.aps.org/doi/10.1103/PhysRevB.94.165153.121

3. Lee, S., Onoda, S. & Balents, L. Generic quantum spin ice. Phys. Rev. B 86, 104412 (2012).122

URL https://link.aps.org/doi/10.1103/PhysRevB.86.104412.123

4. Bhattacharjee, S. et al. Interplay of spin and lattice degrees of freedom in124

the frustrated antiferromagnet CdCr2O4: High-field and temperature-induced125

anomalies of the elastic constants. Phys. Rev. B 83, 184421 (2011). URL126

https://link.aps.org/doi/10.1103/PhysRevB.83.184421.127

5. Savary, L. & Balents, L. Disorder-induced quantum spin liquid in128

spin ice pyrochlores. Phys. Rev. Lett. 118, 087203 (2017). URL129

https://link.aps.org/doi/10.1103/PhysRevLett.118.087203.130

6. Martin, N. et al. Disorder and quantum spin ice. Phys. Rev. X 7, 041028 (2017). URL131

https://link.aps.org/doi/10.1103/PhysRevX.7.041028.132

7. Castelnovo, C., Moessner, R. & Sondhi, S. Spin ice, fractionalization, and topo-133

logical order. Annual Review of Condensed Matter Physics 3, 35–55 (2012). URL134

https://doi.org/10.1146/annurev-conmatphys-020911-125058.135

16



8. Gingras, M. J. P. & McClarty, P. A. Quantum spin ice: a search for gapless quan-136

tum spin liquids in pyrochlore magnets. Rep. Prog. Phys. 77, 056501 (2014). URL137

https://doi.org/10.1088/0034-4885/77/5/056501.138

9. Banks, T. & Rabinovici, E. Finite-temperature behavior of the lattice139

abelian Higgs model. Nuclear Physics B 160, 349–379 (1979). URL140

https://doi.org/10.1016/0550-3213(79)90064-6.141

10. Bhattacharjee, S. et al. Acoustic signatures of the phases and phase142

transitions in Yb2Ti2O7. Phys. Rev. B 93, 144412 (2016). URL143

https://link.aps.org/doi/10.1103/PhysRevB.93.144412.144

17



T

B

,

Jzz

Jzz
2

J±
3

~

Bc ~ Jzz /geff 

Figure 1: Schematic theoretical phase diagram. The blue dashed lines denote crossovers while the

black line denotes the first-order transition ending at a critical end-point.
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Table 1: Linear irreducible representations of the spins of a single up tetrahedron.

Expression in terms of the spins

Dipole Singlet

mA (sz1 + sz2 + sz3 + sz4)/2

Dipole triplet

m
(1)
T (sz1 + sz2 − sz3 − sz4)/2

√
3

m
(2)
T (sz1 − sz2 + sz3 − sz4)/2

√
3

m
(3)
T (sz1 − sz2 − sz3 + sz4)/2

√
3

Quadrupole doublet

Q
(1)
E (sx1 + sx2 + sx3 + sx4)/2

Q
(2)
E (sy1 + sy2 + sy3 + sy4)/2

Quadrupole Triplet-1

Q
(1)
T1

√
3/2(−sx1 − sx2 + sx3 + sx4)

Q
(2)
T1

(
√

3sx1 − 3sy1 −
√

3sx2 + 3sy2 +
√

3sx3 − 3sy3 −
√

3sx4 + 3sy4)/6
√

2

Q
(3)
T1

(
√

3sx1 + 3sy1 −
√

3sx2 − 3sy2 −
√

3sx3 − 3sy3 +
√

3sx4 + 3sy4)/6
√

2

Quadrupole Triplet-2

Q
(1)
T2

(−sy1 − s
y
2 + sy3 + sy4)/2

Q
(2)
T2

(√
3sx1 + sy1 −

√
3sx2 − s

y
2 +
√

3sx3 + sy3 −
√

3sx4 − s
y
4

)
/4

Q
(3)
T2

(
−
√

3sx1 + sy1 +
√

3sx2 − s
y
2 +
√

3sx3 − s
y
3 −
√

3sx4 + sy4
)
/4
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