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1. Microscopics of non-Kramers magnetism

Local basis of a non-Kramers doublet: The Pr3* (412 and J; = 4) ions are located in the Dsqy
crystal field with an axis parallel to the local [111] direction, resulting in a low energy non-Kramers
doublet |+) that is well isolated from the first excited state by a CEF gap of ~ 10 meV 2. In the
local basis, the doublet is given by s; = s¥Z; + sYy; + s7Z;, where s;%, s;Y, s;* are the pseudospin
component along z;, 9; and 2;. The non-Kramers doublet transform under time-reversal operation

as

{s?,s?, 7} — {s7,s?,—s7}. (D

7“8 1) %) (3

The longitudinal (transverse) spin component(s), s; (s?,s?) arise from the projection of dipole

17 %1

(quadrupole) operators of the underlying J moments to the ground-state doublet.

Spin Hamiltonian: The symmetry allowed nearest neighbour spin Hamiltonian is given by?
Hs = Z (o885 + Je(sis; 487 8)) + Jex(igsi s + 5580 s7)], (2)
(ig)

where J,, and J. are Ising and XY-like spin couplings, respectively. The J. . term comprises a

bond-dependent phase factor ;; = 1, w, w? that cannot be gauged away except for an overall sign.

Coupling of the pseudospins with the lattice vibrations: To capture the physics of spin-phonon
coupling in PryZr,O7, we introduce the elastic modes of a single tetrahedron— the basic unit of the
pyrochlore lattice. The six vibration modes of the tetrahedral group are: singlet (c4), doublet

(ex = (e, £))) and triplet (e7 = (3, &5, 7).
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A non-Kramers system features primarily two types of spin-lattice couplings— (a) linear, and,
(2) quadratic in the pseudospins. To derive the form of these couplings for a single tetrahedron
level, we use the irreducible representations of the tetrahedral group, Tj, as well as time reversal

symmetry given in Table 1.

Therefore the spin-lattice coupling Hamiltonian is given by

Hs 1 = HS + Hy + HS. 3)

Linear magneto-elastic coupling: The linear coupling between the transverse component of

the pseudospins and the lattice vibration is given by

HY :Z()\E ep-Qp+ Arer- Qr), 4)
X

where Q z and Q7 are the corresponding quadrupole modes of the tetrahedron. This term is unique

to the non-Kramers systems.

Quadratic magneto-elastic coupling: The conventional magneto-elastic couplings are ob-

tained from the spin Hamiltonian* by expanding the exchange couplings as

B ajqﬁ 1 821].0{6
JoP — jos U g —gy gy 5
ij ] + asij Eij + 26 J asijaekl €kl ( )

This leads to the two terms H3: and H 3 in Eq. 3.

Together, they represent the couplings of the lattice vibrations with the dipole and quadrupole

components.
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Coupling of the pseudospins with an external magnetic field: The coupling of the non-Kramers

doublet with an external magnetic field is given by
H,=H"+HP+ H, 4. (6)
The first term is the usual dipolar coupling

Hzm: _geﬁZth'ii = —29632h~mT. @)

The dipole moment is Ising-like, and the Lande g-factor is 4 /5 for ProZr,O7. The second term is the
coupling of the Zeeman field with the transverse components of the pseudospins— the quadrupole
moments:

= > (Awt” QE+Mr€"-Qt). ®)

®
where €% = (V/3(h2 — h2), (3h? — h?)) and € = (hyh., hyh., hyh,). The third term represents
the magnetostriction effect, which will take the following form when the perturbation that breaks

the local CEF symmetry are sufficiently small compared to the CEF gap.

H, o= —Yeft Z S;‘z [Z Fz Epmz + Z F epyz] . )
@ p

The sum p runs over the irreducible representations of the vibrations ¢, and I' represents the com-

plete list of magnetostriction coefficients whose magnitude and sign is material dependent.

2. Low-field magnetoelastic effect renormalises quantum dynamics in Pr,Zr,0O;

The linear quadrupole-strain coupling can lead to a substantial renormalization of the spin-exchange

energy scales in the spin-Hamiltonian H (Eq. 2), thereby altering the ground-state properties. For
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Joo > Ji, Jis, Ag(r), the low-energy states belong to the ice manifold, and the effect of Ag(r)
is suppressed as it leads to the creation of magnetic monopoles. The linear spin-phonon coupling
Eq. 4 can generate static Jahn-Teller distortion of the tetrahedra (ex) # 0 at zero magnetic field,
realizing a disorder-mediated QSI in an appropriate parameter regime>®. For the new-generation
samples a dynamical Jahn-Teller scenario is more suited. In this case, the dynamical lattice vibra-

tions can be integrated out from Eq. 4 to obtain

N M b A +ot 4 A e
0H = — |:A_E + E] ;(32 s; +he) - 8A, ;(%‘j% si 455585 )5 (10)
1) )

which renormalizes the transverse spin exchange (Eq. 2). This renormalization can lead to en-

hanced transverse (quantum) exchanges, possibly stabilizing a multipolar QSI.

3. The phase diagram for the dynamical Jahn-Teller scenario

At zero magnetic field, once the phonons are integrated out, the Hamiltonian is given by Eq. 2
where the transverse couplings are renormalised via Eq. 10 due to the linear magneto-distortive
coupling as discussed above. This Hamiltonian is well known to give rise to a quantum spin ice
at low temperatures in the limit .J,, > J., J.4 >7-%. In this theory, the three excitations are an
emergent gapped magnetic monopole (energy gap A,, ~ J,.), a gapped electric charge (energy

gap from perturbative calculations, A, ~ J3/J2 ) and a gapless emergent photon.

For a classical single tetrahedron in a [111] magnetic field, the transition from the ‘“2-in, 2-
out” to the “3-in, 1-out” state can be obtained by comparing the .J,, term in Eq. 2 and the Zeeman
term in Eq. 7. The critical field so obtained is h, = 2\/‘%%”. The transition is brought about by

the condensation of the magnetic monopoles which is easy to see by writing the Ising interactions
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in terms of the magnetic monopole change m 4 (Table 1). However, no symmetries are broken

through the transition.

The above estimates are renormalised by both the transverse exchanges and the spin-lattice
coupling. The main effect of the transverse couplings is to induce fluctuations of the Ising mo-
ments while the spin-lattice coupling, in addition to renormalising various couplings discussed
above, lead to magneto-elastic distortion. While a microscopic calculation requires a full solution
of the many-body problem, the well-known symmetry analysis based on soft-spin (accounting for
the fluctuations) Landau-Ginzburg theory coupled with the elastic modes, provides a satisfactory
description of the underlying mechanisms for the magnetodistortive transition in terms of phe-

nomenological parameters of the long-wavelength theory. This is presented below.

Turning to finite temperature, the quantum spin ice gives way to a thermal cooperative mag-
net (the classical spin ice) via a crossover.” This happens due to the proliferation of the electric
charges which, within perturbative regime, takes place at T ~ A./kp. Due to the spin-phonon
coupling, this energy-scale is enhanced as shown in Eq. 10. The first-order magnetodistortive
transition at finite field, on the other hand, is expected to survive within the ice manifold and thus
end at a critical end-point at 7" ~ .J,,. This leads to the schematic phase diagram as shown in Fig.
1. In the material, the above energy-scales are expected to be further dressed by fluctuations and
further smaller interactions, but has a similar structure as given in the experimental phase diagram

(See Fig. 1c¢ in the main text).

To capture the effects due to transverse fluctuations as well as the spin-lattice coupling in

the above phase diagram, we now resort to a Landau-Ginzburg theory whose main features are



ss presented in the following sections.

s7 4. The Landau-Ginzburg (LG) theory of the magnetoelastic coupling

The mean field LG free energy density receives various contributions from the dipole, quadrupole

and the elastic parts and is given by

‘F:Fm+fQ+~FmQ+~Fela5tic+fsl+~’rz+-/—-str (11)

Dipole free energy : F,, is the free energy contribution of the dipoles and is given by

'm Um 'm Um
Fom = [ Am? + Amﬂ + [—TmT-mTJr — (mT-mTﬂ

2 4 2 4
+m? [vm (mg - mr) + O, (mg)mg) + mg)mgﬁ’) + m(Tl)mgg’)ﬂ . (12)

ss We expect (v,, + U,,) < 0 for a [111] Zeeman field, which leads to an expectation value in m.
so This renormalizes the mass of m 4 downward, namely, the magnetic monopole condensation takes

o place on entry into the “three-in, one-out” phase.

Quadrupole free energy: The quadrupole contribution F, is given by

Fo=["2Qp - Qo+ "2 Qe Qe + "% (@, - 305,@3,)]

75 Qn - Q7 Q- Q)+ RN QY|
5 (o012 _ (@12 _ (002 4 Qb (0@ _ (oo
g [ (200)7 - (@) = (@)?) + £ (@) - @1)| . a3

V3

ot The paramagnetic state is obtained when rq,, 79, > 0, while 7¢,, 79, < 0 yields an antiferro-

92 quadrupolar ordered state.



Dipole-quadrupole interactions: F,q is the coupling between dipoles and quadrupoles

Fm@ :mi sEQE - Qe + s7Qn - Qn|

Qy (2 @z @2 L Q8 (@ @)
twp | (2m)? = ()2 = (m)?) + - (mP)? — (m?)?)
V3 2
+ wrp [ g}) (mg)mg’)) +Q¥) (m%’mﬁ) +Q§§) <m§})m¥)>] : (14)
o The above terms are linear in quadrupole and quadratic in dipole fields. The linear coupling

s« between the pseudospins and the elastic modes is particular to the non-Kramers systems and is

s hence expected to enhance magnetostriction as a more direct feedback.

Elastic free energy: For elastic modes the harmonic energy is given by

1
Felastic = 5 [CA€?4 + CEE% + CTG%} ) (15)

9 Where cy, cp and cp are elastic moduli of the singlet, doublet and the triplet modes, respectively.

Spin-Lattice coupling: The contribution from the spin-lattice coupling is given by

—F‘sl:feQ—i_-Fme’ (16)



where F is the coupling of the strain with the quadrupoles

Feo = [Ag€p - Qe + Arer - Q]

1
+ =

5 [11a€a + [ia€h + ip€y, + firer] [psQe - Qp + p4Qr - Qr)

g l% 2007 - (@ - @] + 2 | ¥)>2—<@¥”>2]]

o [ (102 - @] 260l

+er [P + QPR + 0P o |

% <2(6(1))2 . (6(2))2 . (6(3))2> + % ((E(Q))Q . (6(3))2>]
\/g T T T 2 T T

+ D5

+ s [QT (eT)eT ) + QT <€T)E§§)> + QT <61})6¥)>] . (17)
Similarly, F,,,. gives the coupling of the strains to the dipoles

Fne —[)\AGA—{—VA A +vien-ep+viler- ET} [plmi%—png-mT}
€E, 1 2 3 €E, 2
[ (2 = (P - () + L (P (f??)]
V3 2
+A [6T2 (m(T)mg;’)) + 6%) (mg)m(T)> + eg) (m(Tl)mg?)ﬂ ) (18)

o7 Thus, the magnetic ordering generically leads to a volume change for the first term with coupling

o A # 0 and also renormalizes the elastic moduli due to the various quadratic couplings.

Zeeman energy: The Zeeman energy for the [111] magnetic field is given by

Aph?

Fr=—gh-mgp+ Qr -2z 19)

Magnetostriction effect: The magnetostriction effects are given by

Far==5 camy§’h’ = 2 mah®(v3 - ) — L my(75" - en)h”
— L mah (9 - er) = 5 m, (3 en)h”. (20)



9 These terms lead to various inter-couplings between the dipolar field and the strain fields in the

100 presence of an external magnetic field.

101 5. Length change behavior of a multipolar spin ice

The linear coupling between the elastic and spin degrees of freedom (Eqs. 17 and 18) leads to

1 J ]\2 h4 AM 2h2 2h2 R 0B ~
€y~ — — Ap42 T Ap;g _ 9 ha’)/ABhﬁ +dapsQr - Qe + A pim? | (2D
ca 9r r 4y,
Qr mr T
1 2h2 2 af 1 o
€ o —— {—g— R (2P P+ ApQY — g ma,h® (V) } (22)
CEg 4TmT 4
1 AT]\ThQ M g2h2 92
O - | ATATRT — L ma h ()] . 23
T CT 3\/§7"QT T2 3’]"3”T 4 A2 (FYT) ( )

The fractional length change along different directions, n, are related to these expressions

such that

AL
<L—O) ) = Z €Ny . (24)

tj

12 For the [111] direction this gives

AL 1

L_O :g [EA + 2(6T1 +en, + ETS)]
1 [dapiAdht | A pog?h?  gPh% o g 2 | ApArh? A} 3¢%h?
=- e ]
3ca e, T 7 g 3er | V3ro, Var2,
I M 2 2 [g° a1 2 3\«
— o |dapsQe - Qe + AYpim’y, | + 7— |5 ma,h® (yp +7 +97)" | - (25)
3CA 3CT 4

11
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Similar expressions are derived for the [100] and [110] directions. Each expression contains
two contributions — (1) smooth background change, and (2) sharp change generated by the metam-
agnetic transition where the pseudospin fields gain expectation values. The second contribution is
only present for the [111] field direction; thus we expect a smooth field dependence for other field
directions, which agrees with the experimental observations (Fig. 2b). The background contribu-

tion for different field directions are given by

AL 2T;
(L—) - —A1h2 - A2h4 - Tth,
0/ [111],background

AL
<_) = —Ah? — Ah* — (B — Ex)h?,
[100],background
AL
(_) _ AR — Aht — EyB? — TR, (26)
Ly [110],background

The temperature-dependent coupling constants A, As, Eq, Fs and T determine the sign of the
fractional change. AL/Lg also receives contribution from the abrupt change in both the dipole
and the quadrupole fields across the first-order metamagnetic transition, which is provided by the

following terms

) <£) = —A4N4 +2T4h Ay,
Lo [111]
AL

ol —

( Lo

AL

) (—) = — AN} — (Ey — Ty)hA 4, (27)
Ly [110]

) — AN — (B —BEs)hA,
[100]

where Ay, E4, F5 and T}, are temperature dependent LG coupling constants. For the [111] magnetic
field, 0 (Qr - Qr) = dQ% = 0 and the jump in m 4 across the transition is given by dmy = Ay
to the leading order. This contribution has two effects— (1) produce a jump at the metamagnetic
transition, and (2) a linear field dependence above the transition; both contributions are direction

dependent.

12



10s 6. Elastic moduli

The renormalized elastic moduli under a magnetic field are given by

~ g2h2AaAa
€A = €A — a8 |
mr

6ab_ . A_J2E 5 92h2<ga5~b) B 92h2(€aagba)
B\ g, ) A8F A7 ’

[ A2 21,2 (Fab 21,2 (TaaTba
e = |(or = 2 ) - TTT) ST (8)

TOr 487, , 487,

where A, £ and T are combinations of LG couplings introduced in section 3. The sound
velocity, v, and elastic constants are related by ¢ = pv?, where p is the mass density. Thus the

renormalization of the elastic moduli directly affects the sound velocity, such that

E X 6_1} 29)
c v

100 7. Low-field thermal expansion and ultrasound renormalization

10 Following Eq. 11, we calculate the renormalized elastic moduli and the strain fields as a function

11 of temperature at low fields.

Thermal behaviour of ultrasound: In the paramagnetic state, we can integrate out the pseu-

dospin fields to obtain the following renormalization of the three elastic moduli following Ref. 4

13
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and 10. Explicitly for the doublet mode, we have

i =cr — 7 [43(Qe - Q)]

- BEE (o = o7 = )y + (a2 - ) )]

4

+dg (p3(Qe - Qr) +p4(Qr - Qr)) + A% [p1 <m?4> + po(myp - mT>] . (30)

We obtain similar expressions for ¢4 and cy. Focusing on the the doublet mode, the renormaliza-

tion is given by
Acg = AcE + Ac (31)

where

2

Af = (dopa = E ) (e Q) + depnlQe- Q) ~ (0T = DrglT) (D

is the contribution from the quadrupoles and

aclf = ~CEL L4 (20m0? = P = 7))+ 3 (07 - 0n? )]
+ AY [p1(m%) + p2(my - my)] (33)

is the contribution from the dipoles.

Thermal expansion: At zero magnetic field, the analogues of Eqs. 21-23 give

L s (05(Qi - Qi) + pa(Qr - Qr)) + Y (py(m%) + polmr -mp))]  (34)

€= ——
CA

14
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- [ee [ty - @) - 2 |22
6 == = [AslQ) + 2 [P P) — (@) + 26plQ @)
- L 2R 2 - (]

1 -
e = —— [AL(QY) + & (QP QY)Y + A (mPmY)

1 — -
e? = - — A QP + & QW QY)Y + A (m{Pm!P)

1 -
e — - — A QP + &0 (QPQPY + A (m{mP)

(36)

(37)

(38)

(39)

In the paramagnetic phase, we can neglect the linear terms in (), to get the following expres-

sion for the [111] direction,

[AL

L—:| :[€A+2(€Tl +€T2 +€T3)] /3
0 1111

(40)

_ L (114 (p3(QE - QE) + p(Qr - Qr)) + AY (p1(m%) + p2(my - myp))]

3CA
2

= 2 [ [0Pal) + @Pad) + @ed)]

3CT
2

2 3 1 3 1 2
= o [A3 [Pm?) + P mP) + (P mP) ||

3CT

(41)

Similar expressions can be obtained for other directions. The form of AL/Lg has qualitative

4+ similarities with the ultrasound response— albeit with a different combination of LG couplings. The

close resemblance of the experimental data in Figs. 4c and 4d bears out this theoretical expectation.
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Figure 1: Schematic theoretical phase diagram. The blue dashed lines denote crossovers while the

black line denotes the first-order transition ending at a critical end-point.
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Table 1: Linear irreducible representations of the spins of a single up tetrahedron.

Expression in terms of the spins

Dipole Singlet

ma (s1+ 85+ 85+ 53)/2

Dipole triplet
mfy) (57 + 55— 55— 57)/2V3
mg (55 — 55+ 55 — 57)/2V/3

mg (57— 55— 55+ 59)/2V/3

Quadrupole doublet

& (57 + s + 5% + 5%)/2

QY (sV + Y+ sy + sY)/2

Quadrupole Triplet-1

QY 3/2(—st — 53 + 5§ + 57)
Q% (V35T — 3s¥ — v/3s% + 35 + /357 — 3sY — /357 + 3sY) /61/2
Qg?l) (V357 4 3s¥ — \/35% — 35y — /352 — 354 + /357 + 35Y) /6V/2

Quadrupole Triplet-2

QY (—s¥ — sy +s4+sY)/2
QY (V/3s% + s — V/3s§ — s§ + /3% + s§ — /3% — sY) /4
QY (—V/3s? + s¥ + /355 — sy + v/3st — s — V/3sy + ) /4
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