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I. GENERAL DEFINITIONS
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Throughout the Supplementary Information, we work in the full generality of Hilbert spaces
which can be infinite dimensional. An operator X : H — H on a Hilbert space X is said to be
bounded if || X||e := SUP|yye, [Ilv)l<1 I X |¢)|| < oo. The expression on the left-hand side is called
the operator norm of X. The Banach space of bounded operators on a Hilbert space H will be
denoted with B(#). Its pre-dual is the Banach space of trace class operators, denoted with 7 (#).
We remind the reader that an operator T : H — H is said to be of trace class if it is bounded and

moreover Z}”:o (ej|VTTT|ej) < co converges for some — and hence for all — orthonormal bases

{lej)}jew. Here, VT'T is the unique positive square root of the positive semi-definite bounded
operator T'T, with T' being the adjoint of T. Positive semi-definite trace-class operators inside
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T (H) form a cone, indicated with 7,.(#). When normalised to have trace equal to one, operators
in 71 (H) form the set of density operators, which we will denote by D(#). Hereafter, the subscript
sa (e.g. Bsa) indicates a restriction to self-adjoint operators.

Alinear map A : T(Ha) — T (Hp), i.e. from system A to system B, is said to be:

(i) positive, if A(T(Ha)) € T+(Hp));

(ii) completely positive, if idi ® A : T(C* ® Ha) — T (C* ® Hp) is positive for all k € IN, where
idy denotes the identity channel on the space of k X k complex matrices;

(iii) trace preserving, if Tr A(X) = Tr X for all X.

We will denote the set of positive (respectively, completely positive) trace preserving maps from A
to B with PTP4_,p (respectively, CPTP4_,p). Given a bounded linear map A : 7(Ha) — T (Hp),!
we can consider its adjoint AT : B(Hp) — B(Ha), defined by the identity

Tr [XAT(Y)] = e [AX)Y], VX eT(Ha), VY eB(Hsp) (S1)
If A: T(Ha) — T (Hp) is a positive and trace preserving linear map, then it satisfies that
IAMI < Il YT eT(H). (S2)

This in particular implies that A is bounded in the Banach space sense. Its adjoint A" is positive
and unital, meaning that Af(1p) = 14, and more generally

AT, < IXllo VX €B(H). (S3)

A. Robustness measures

Let AB be a quantum system with Hilbert space Hap := Ha ® Hp. The set of separable states
on AB can be defined as the closed convex hull of all product states, in formula

Shp = cl(conv {[YXY], ® |pX Pl : [ 4 € Ha, |y € Hp, (PlP) =1=(PlPp)}).  (S4)

As mentioned in the main text, Werner, Holevo, and Shirokov [1] have shown that a state 045 is
separable if and only if it can be expressed as

Gap = / XD, ® oKl du(, 6), (5)

where 1 is a Borel probability measure on the product of the sets of local (normalised) pure states.
The cone generated by the set of separable states will be denoted with

SAp = cone (8}‘3) = {AGAB :A 20,045 € S}‘B}. (S6)

As an outer approximation to S4g, one often employs the cone of positive operators that also have
a positive partial transpose (PPT). In formula, this is given by

PPTas = {Tap € To(Hap) : Typ >0}, (S7)

and I' stands for the partial transpose. As recalled already in the main text, this is defined by the
expression

I(Xa®Yp) = (Xa®Yp) =Xa0Yy (S8)

1 Here, ‘bounded’ is intended in the Banach space sense; that is, we require that || A(T)||; < C||T||; for some constant
C<ooandallT € T(Hp).



on simple tensors, and is extended to the whole 7(H4p) by linearity and continuity. Some
subtleties related to the infinite-dimensional case are discussed in the Supplementary Note VII. It
has been long known that [2]

Sag C PPT 4B (S9)

for all bipartite systems AB. Leveraging this fact, one can introduce an easily computable entan-
glement measure known as the logarithmic negativity, given by [3, 4]

En(pag) = log, ”953”1 = log, sup {Tr Xp: ||Xr||o0 < 1} . (510)
Note. Hereafter, unless otherwise specified, K 4p will denote one of the two cones K4p = Sap or

Kap = PPT 4p defined by (S6) and (57), respectively.
All states from now are understood to be on a bipartite system AB, although we will often drop
the subscripts for the sake of readability. The (standard) IC-robustness of a state p is defined as
Ri(p) =inf{Tro: 6 e K, p+0€K}. (S11)

Here, it is understood that the variable 6 is a trace-class operator. Much of the appeal of the
expression in (S11) is that it is a convex optimisation program, and even a semi-definite program
(SDP) for the special case of K = PPT (however, it is an infinite-dimensional optimisation when
p acts on an infinite-dimensional space). Note that R;,Pr(p) < R%(p) holds for all states p, as a
simple inspection of (S11) reveals.

Note. Our definition of robustness Rj. follows the convention of Vidal and Tarrach [5]. The
robustness as constructed in Ref. [6, 7], instead, would be expressed as 1 + Rx in our current
notation.

It turns out that 1 + 2R}-(p) is nothing but the base norm of p = pap as computed in the base
norm space (Bsa (Hap), Kag, Trap). This is proved in Ref. [6, Lemma 25] for the case K = S,
and in Supplementary Note VII for the case K = PPT . Leveraging this correspondence, one can
establish the dual representation [6, Eq. (23) and Lemma 25]

1+ 2R (p) =sup{TrXp: X € [-1,1]c.} = llpllk, (512)
where

K" :={Zap € Bsa (Hap) : Tr[ZapWap]l 20 V Wap € Kap} C Bsa(Hap), (513)
[_]ll]l]IC* = {ZAB € Bsa (HAB) : |TI'[ZABWAB]| <TrWap V Wyupe€ ’CAB} C Bsa(HAB)- (814)

The notation [-1, 1];. is motivated by the fact that this set can be understood as an operator
interval with respect to the cone K, in the sense that [-1, 1],. = (1 — £*)N (-1 + K*). Combining
expressions (511) and (512) allows us to compute the robustness exactly in some cases. For instance,
for a pure state Wap = |[WXWV|4p with Schmidt decomposition |W) 45 = Z;‘;O \//\—] lej) 4 1fj) it holds

that [5-7]
RS(W) = (Z;’:O \//\7])2 1. (S15)

The special case of this formula where W = CD;Z’k is made of k copies of an entanglement bit
|Dy) = % (|00) + |11)) is especially useful. We obtain that

RS. (@?k) —ok_1. (S16)

On a different note, by combining the expression in (512) with the elementary estimate || p||x >
||0"]|, one deduces the following.

Lemma S1. For all states p, it holds that

M -1
R%(p) = Rpr(p) > %- (517)



B. Distillable entanglement and entanglement cost

We will also need some notation for the set of quantum channels that preserve separability
and PPT-ness, or — in short — K-ness. Remember that we denote with (C)PTP4_, 4+ the set of
(completely) positive and trace-preserving maps from A to A’. Since our results actually hold for
all positive transformations, even those that are not completely positive, we will drop the complete
positivity assumption from now on.

Thus, let us we define KC-preserving operations between two bipartite systems AB and A’B’ by

KP(AB — A’B’) := {A € PTP(AB — A’B’): A(Kap) € Kap'}. (S18)

When K = §, the above identity defines the set of non-entangling (or separability-preserving)
operations employed in the main text. When K = PPT, we obtain the family of PPT-preserving
operations instead. Note that the name of ‘PPT-preserving’ maps has been used in the literature
to refer to several distinct concepts; we stress that here we only impose that A(c) is PPT whenever
o is.

Let us comment briefly on this choice of transformations. As discussed in the main text, the
intention here is to be as general as possible — it would be beside the point to ask ourselves
whether all non-entangling transformations are physically implementable in any given theory; in
general this might not always be the case. In exactly the same way, not all transformations that
obey the second law of thermodynamics are physical: consider e.g. one that does not preserve
electric charge or angular momentum. The assumption of no entanglement generation is merely
a necessary condition for a transformation to be physical — any practical process used for entan-
glement manipulation should not create extra entanglement from nothing, and hence should be
in KP(AB — A’B’).

We record the following elementary yet important observation.

Lemma S2. For K =S, PPT, the K-robustnesses (S11) is monotonic under KC-preserving operations.

Proof. The proof follows standard arguments, and indeed an even stronger variant of the mono-
tonicity of the robustnesses (selective monotonicity) has been shown e.g. in Ref. [8]; we repeat
the basic argument here only for the sake of convenience. For a bipartite state psp, an arbi-
trary ¢ > 0, and some A € KP(AB — A’B’), let 64p € Kap be such that pag + 64p € Kap and
Troap < Ry(pap) + €. Then A(64p) € Kap and also A(pap) + A(6ap) = A(pap + 04B) € Karpr, 50
that

R?C (A(pa)) < Tr A(0aB) = Troap < Rfc(pAB) +e.
Since this holds for arbitrary ¢ > 0, we deduce that R?C (A(pap)) < R?C(p AB), as claimed. O

We now recall the definitions of distillable entanglement and entanglement cost of a state p4p
under K-preserving operations. We present here a slightly more general construction than in the
Methods section of the main text, namely, one which incorporates a non-zero asymptotic error.
Following e.g. Vidal and Werner [3, Eq. (43)], for an arbitrary ¢ € [0, 1) let us set

1
Ej xp(pap) = sup {R > 0: limsup inf S E‘An (P3%) —@?mn] e (S519)
n—eo A, eKP(AB AN B )
Ef = inf{R > 0: li i A, (@2tE) — penll < 520
¢ xp(paB) = in > 0: limsup in 5 [0 |2 paell <ep.  (S20)
n—eo A, eKP(ALBE" A 1

For a {ilxed p, the function E}; , ,(p) is non-decreasing in ¢, while E{ ;,(p) is non-increasing. Also,
note that

Eq,xp(paB) = ES,KP(PAB) , Ecxp(pag) = EY «p(pan), (521)



coincide with the quantities discussed in the Methods section of the main text.

A variation on the notions of distillable entanglement and entanglement cost can be obtained
by looking only at exact transformations. The corresponding modified entanglement measures
read

ESh(pan) = sup {R > 0: 3mo: ¥ > m 3 A, € KP(A"B" — Al BI) 0 A, (p5y) = @571,
(522)

ESSi(pa) = inf R >0 Fng: V2 ng 3A, € KP (4B - anpr): 4, (@51) = piut.
(523)

Although less operationally meaningful than their error-tolerant counterparts (519)-(S20), the
exact distillable entanglement and the exact entanglement cost are nevertheless useful sometimes.
For instance, they can come in handy in establishing bounds, thanks to the simple inequalities

ESSS(p) < Eaxe(p) < Ec xe(p) < ESZH(p) (S24)

which hold for all bipartite states p. We now introduce formally the notion of reversibility for the
theory of entanglement manipulation under K-preserving transformations.

Definition S3. The theory of entanglement manipulation is said to be reversible under /C-preserving
operations if E; xp(pap) = Ec,xp(pag) holds for all bipartite states pap. Otherwise it is said to be
irreversible under /C-preserving operations.

It is not difficult to realise that neither of the two families of K-preserving operations, for K = S
and K = PPT, is a subset of the other. Hence, one would be tempted to deduce that the distillable
entanglement and the entanglement cost under non-entangling and PPT-preserving operations do
not obey any general inequality. This is however not the case, and the reason must be traced back
to the very high degree of symmetry exhibited by the maximally entangled state, and — more
precisely — to the fact that for isotropic states the ‘PPT criterion’ [2] is necessary and sufficient
for separability [9]. The operational relation between the two classes can be inferred from [10,
Remark on pp. 843-844] already, and we can formalise this observation as follows.

Lemma S4. For all bipartite states p and all ¢ € [0, 1) it holds that

E; ne(P) 2 Ef pprp(p) E¢ ne(P) = EC pprp(p) (525)

ESRE(P) 2 ESSom(p),  ESRE(P) 2 ECprp(p) - (S26)
In particular,

Eq NE(p) 2 Eg prrr(p) , E¢ Ne(p) = E¢,prrr(p) - (527)

Proof. We prove only the first inequality, as all the others are completely analogous. Let R be an
achievable rate for E ,..(p) at error threshold ¢ € [0, 1), and let A, € PPTP be PPT-preserving

A, (p®n) _ q);?’fR’ﬂ
twirling operation 7,, on a 2" x 2™ bipartite system by [9]

operations satisfying that limsup,_, , ‘ < ¢. To proceed further, define the
1

Tn(X) : / UeU)XUeU)du

. (S28)
1- 02

gm -1’

Tr [ X" | @F™ + Tr [X (1 - ©F™)]

where dU denotes the Haar measure over the (local) unitary group. Note that 7,,, € NENPPTP —
in fact, 7, can be physically implemented with local operations and shared randomness — and



that the output states of 7, are all isotropic, that is, they are linear combinations of q)?m and the
maximally mixed state. For states of this form, it is known that the PPT criterion is necessary and
sufficient for separability [9].

We now claim that 7r,1 © A, € NE. To see why this is the case, note that for all states
0 € § C PPT it holds that A,(0) € PPT and hence (7[rn) © Au) (0) € PPT. However, since
the latter is an isotropic state, we conclude that in fact (7jru) © Ay) (0) € S, proving the claim.
Observe also that

[ (Tir © A () - @5

| o An) (0°) = Tirar (57T)|| < [JAn (0=) = @57

(529)
where the last inequality is a consequence of the contractivity of the trace norm under positive
trace preserving maps [11], or more mundanely of the triangle inequality applied to the integral
representation (528) of Tir,1. The above relation implies that the distillation rate R is achievable at
error threshold ¢ by means of the separability-preserving operations Tir,] © Ay, i.e. Eg ne(p) = R.
Taking the infimum in R we obtain the sought inequality E; Ne(p) > Eg, prrr(p)- O

1

II. TEMPERED ROBUSTNESS AND TEMPERED NEGATIVITY

The main idea is to introduce a modified version of the standard KC-robustness in (S511) by
modifying the dual program in (S12). Namely, for a pair of states p, w, let us define the w-
tempered IC-robustness by

1+2Rg(plw) =sup{TrXp: X € [-1, 1]i, [ Xl = Tr X}, (530)

RE(p) = RE(plp). (S31)

Here, the operator interval [-1, 1]. is defined by (514). Note that the constraint || X||c = Tr Xw

can be rewritten as — (Tr Xw) 1 < X < (Tr Xw) 1. Therefore, the expression in (S30) is a convex

program, and even an SDP for the special case K = PPT. What this additional constraint is trying

to tell us is that the support supp w of w lies entirely within the eigenspace of X corresponding

to the eigenvalue with the largest modulus. At this point, a little thought shows that R¢(p|w)
depends in fact only on p and supp w. Analogously, R¢(p) depends only on supp p.

We also introduce a further quantity, the w-tempered negativity, defined by

Ne(plw) =sup {Tr Xp: | X", <1, X[l = Tr Xw}, (S32)

Ne(p) = Ne(plp). (S33)

Exactly as above, it does not take long to realise that the expression in (532) is in fact an SDP,

and that N;(p|w) depends only on p and supp w, while N.(p) depends only on supp p. The
corresponding tempered logarithmic negativity is

E\(p) = log, N(p). (S34)

The main elementary properties of the tempered robustness and negativity — related to their
monotonicity, multiplicativity, and various bounds between the quantities — are gathered in the
following proposition.

Proposition S5. For KC = S, PPT and for all pairs of states p, w on a bipartite system AB, it holds that:
(@) 0 < R{(plw) < Ri(p), and R}-(p) = sup,, Ri.(pl@’);
(b) 1< Ne(plw) < [|p]

o and [|p"]; = sup,, Ne(pla;

(c) Rg is monotonic under the simultaneous action of any K-preserving map A € KP(AB — A'B’), in
formula

RE (Alp) | AM@)) < RE (plw). (S35)



(d) the inequalities

R(pla) = Ripy(plao) = 1) =1 (536)

are satisfied.

(e) N is super-multiplicative and hence EY; is super-additive, in formula

N« (p1 ® p2|w1 ® w2) = Ne(p1]w1) Ne(p2lw2), (S37)
EL (p1 ® po|wr ® wz) > EX(p1]wr) + Ef(p2lws), (S38)

for all states p1, p2, w1, w2.
Proof. We proceeed one claim at a time.

(a) Taking X = 1 in the definition of R¢ (S30) yields immediately that Rf(w|t) > 0. Also, since
we obtained (S530) by adding one more constraint to the dual program (S12) for the standard
robustness, it is clear that the value of the the supremum can only decrease, implying that

RE(plw) < Ry (p).

On the other hand, it is not difficult to verify that the operators X in the dual formulation of
Ri- (512) can always be assumed to be compact and in fact even of finite rank. Indeed, thanks
to the fact that 74 and Hp are separable Hilbert spaces, we can pick sequences of finite-
dimensional projectors (PIIX)NelN and (Pg)Ne]N such that (Pﬁ] ®P§’)pA3(PQI ®Pg]) NS PABIn
trace norm. Forany given X4p € [-1, 1]k-, the finite-rank operators Xy := (Pﬁ] ®P§’ )X 4B (PQI ®
Pé\]) satisfy that Xy € [-1, 1]k, simply because c4p (P}I ® Pg’)oAB(PQI ® Pg]) sends K into
itself and is trace non-increasing. Moreover, Tr[pXn] == Tr pX.

N —>oo
This shows that X in (512) can be taken to be of finite rank. For any such X, there will exist
a state wx such that || X[« = Tr Xwx; in fact, it suffices to have the support of wx span the
eigenspace of X corresponding to the eigenvalue with maximum modulus. Therefore,

sup Ri(plw’) = sup TrXp> sup TrXp=Ri(p).
w’ Xe[-1, 1]k, @' Xe[-1,1]kx,
[ X]loo=Tr X’ rk X <oo

(b) The lower bound N:(p|w) > 1 can be retrieved by setting X = 1 in (S32). The fact that
N:(plw) < ||pr||1 follows by comparing (S32) with the dual form of the negativity on the

rightmost side of (S10). The equality || pr”1 = sup,, N:(p|w’) is proved as for claim (a). One
starts by showing that the operator X in the rightmost side of (S10) can be assumed to have
finite rank. To see this, it suffices to observe that Xy = (Pi\l] ® Pé\] )X AB(PIIL;] ® Pg] ) defined as
before satisfies that

| _|pnN N\" T pN N\T r
||XN||00 = HPA ® (PB) XapPa ® (PB) “] < ”X ”1 :
Since Tr[pXn] =z Tr pX, considering the sequence of finite-rank operators (Xy)y instead
of X in (S10) leads to the same value of the optimisation.
(c) It suffices to write that
RE (A(p)| Aw)) = sup{TrXA(p) : X € [-1, 1], [IX]loo = Tr XA(w)}
L sup {Tr A*(X)p : X € [-1, 1], [IX]leo = Tr AT(X)w}

(ii)

<sup{TrYp: Ye[-1, 1], [Yllo =TrYw}
= Ri(plw) .

(S39)



Note that in (i) we just used the definition of adjoint map. Justifying (ii) requires a bit more
care. We start by observing that if X € [-1, 1]. then Y = AT(X) satisfies

sup |TrYo|= sup |TrXA(o)|< sup [TrXo'|<1,
oell, Tro=1 oell, Tro=1 o’el, Tro’=1

where the inequality holds because A(o) is a normalised quantum state and belongs to K.
(We remind the reader that our definition of K-preserving maps imposes that any such map
is also positive and trace preserving.) Moreover, [|Y||,, < [[X||o = Tr XA(w) = TrYw thanks
to the positivity and unitality of AT (see (53)); this is in fact an equality, because on the other
hand Tr Yo < [|Y||ell@]l1 = ||Y|lw- Since Y = At(X) satisfies that Y € [-1, 1] and moreover
|Y|leo = Tr Yw, we deduce the inequality in (ii).

(d) It is easy to see from (S30) that R¢(p|w) is monotonically decreasing with respect to the
inclusion ordering on the cone K for all fixed p and w, meaning that K1 € K, implies that
R,El(pla)) > R,Ez(pla)). Since S € PPT, the first inequality in (S36) follows.

We now move on to the second. Note that ||Xr||00 < 1 entails that X € [-1,1]s., simply
because for all ¢ € S with Tr ¢ = 1 one has that

ITe[X o]l = [Tr [XTo || < [|XT]| flo"]l, <1,
where we remembered that ¢! > 0 and hence ||ar||1 = Tro! = Tro = 1. Hence, the set on the

right-hand side of (532) is contained in that on the right-hand side of (S30), which shows that
Nz(plw) < 1+2Rg(p|w).

(e) To show the super-multiplicativity of N, it suffices to make a tensor product ansatz in-
side (532), obtaining that

N: (Pl ® P2|a)1 ® wz) =sup {Tr X12(p1 ® p2) : Hxlrz“oo <1 IXi2lleo = Tr Xi2(w1 ® a)Z)}
(i
> sup {Tr(X18X2)(p1®p2) ¢ [ X}, <1, I Xilleo = Tr Xiw;}
= N(p1|lw1) Ne(p2|w2) .
(S40)
Here, the inequality in (iii) can be proved by noting that ||XZFHOO < lentails that ||(X1 ® XZ)r”oo =
XTI X2 ||, < 1. The super-additivity of E, in (S38) follows immediately. m

In addition to the basic properties established above, our main results will rely on one more
technical property of the tempered quantities. This is a perturbative version of Proposition S5(a),
allowing us to relate the robustness R}-(p’) of a given state with the tempered robustness R{.(p) of
another state which is sufficiently close to it. The following lemma can quite rightly be regarded
as lying at the heart of our method.

Lemma S6 (The ¢-lemma). For all states p, p’ such that

(S41)

7

NI =

S . 1 ’
e=5llp=pllh <
it holds that
Ric(p’) 2 Rg(p'lp) = (1 —2€)Re(p) — € (542)
and also

N(p'lp) = (1 =2¢) N(p). (543)



Proof. The first inequality in (S42) is just an application of Proposition S5(a). As for the second,
using the definition (S30) of R¢. as well as Holder’s inequality we see that

1+2R¢(p'lp) =sup{TrXp": X € [-1, 1]k, I X[l =Tr Xp}
> sup {Tr Xp — X[l llp = p'll; : X € (-1, L], [ X]leo = Tr Xp}
=sup{(1-2¢)TrXp: X € [-1,1]x, [[X]co =TrXp}
= (1-2¢) (1+2R%(p)),

(S44)

which becomes (542) upon elementary algebraic manipulations. The proof of (543) is entirely
analogous:

N:(p’|p) = sup {Tr Xp': ”Xr”Oo <1, | X||eo = Tr Xp}
> sup {Tr Xp — | Xl llp = p'll; : X", <1 IXlleo = Tr Xp}

S45
= sup {(1—2€)TrXp: ||Xr||oo <1, ||X||oo:TrXp} (545)
=(1-2¢)N(p).
This concludes the proof. m]

III. MAIN RESULTS: IRREVERSIBILITY OF ENTANGLEMENT MANIPULATION

Here we state our main results concerning the theory of entanglement manipulation for quan-
tum states. The extension of the argument to quantum channels will be tackled in full detail
separately [12].

Theorem S7. For K = S or K = PPT, the entanglement cost under K-preserving operations satisfies
that

,inf Ecxe(p) 2 Lg(p), (S46)
where
: 1 T T
Li(p) i=limsup = log, (1+ Rg () = Ex(p), (547)

and the tempered logarithmic negativity is defined by (S34).

Remark S8. An interesting consequence of the above result is that the tempered logarithmic
negativity is a lower bound on the standard entanglement cost under local operations and classical
communication (LOCC), denoted E.,10cc, in formula

Ec,rocc(pas) =2 EN(paB) YV pas- (548)

The entanglement cost under LOCC is a notoriously hard quantity to compute; it is given by
the regularised entanglement of formation [13], and the regularisation is known to be necessary
due to Hastings’s counterexample to the additivity conjectures [14, 15]. Previously known lower
bounds include the regularised relative entropy of entanglement [16] and the squashed entan-
glement [17-19], both of which are extremely hard to evaluate in general (albeit for different
reasons). The former can be in turn lower bounded by either Piani’s measured relative entropy
of entanglement [20], which has the advantage of doing away with regularisations, or by the E;
measure recently proposed by Wang and Duan [21], which is particularly convenient computa-
tionally because it is given by a semi-definite program (SDP). Both of these lower bounds on the
LOCC entanglement cost, that inferred by Piani’s results and that relying on E,, are quite useful,
but are known to be weaker than that given by the regularised relative entropy of entanglement.
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The tempered negativity provides us with an independent lower bound on the LOCC entan-
glement cost that can strictly improve on the regularised relative entropy one. This latter fact will
be apparent from the proof of Theorem S9. Also, since it is also given by an SDP, our bound is still
computationally friendly. We are aware of no other quantity possessing these properties.

Proof of Theorem S7. The following argument could be marginally simplified at the level of notation
by resorting to the results of Branddo and Plenio [10]. However, for the sake of readability we
prefer to give a more direct and self-contained proof.

Call AB the bipartite system where p lives. Let R be an achievable rate for the entanglement
cost ECg’ xp(p) at some error threshold ¢ € [0,1/2). Consider a sequence of operations A, €

P ALK BRI, g with Ag, By being single-qubit systems, such that

1
Ep = =

5 (549)

Ay, (@?LR”J) _ p®1’l

1

with

limsupe, < e < % (550)

n—00

For all sufficiently large 1, we then write

Ru| @ ®|Rn]
2lkd 214 Ry (05t

P1ars (A (@51574))
(iii) (551)
> (1-2¢,) (1+RE (")) + €n

> (1-2¢,) (1+RE ("))

Here, in (i) we just recalled the value of the standard robustness of maximally entangled
states (516), (ii) comes from the monotonicity of Rfc under K-preserving operations (Lemma S2),
and (iii) is an application of the ¢-lemma (Lemma S6). Taking the logarithm, dividing by #, and
computing the limit for n — oo yields

> lim sup % log, ((1=2¢,) (1+ RE (p®")))

n—00

> lim sup % log, (1 +R{ (p®")) + lim inf % log,(1 - 2¢,) (852)
n—00 n—oo

©lim sup % log, (1+ R¢ (p®"))

n—oo

= Le(p).

where (iv) is a consequence of the fact that ¢, is bounded away from 1/2, as per (550). This
completes the proof of the first inequality (546).
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As for the second inequality (547), we observe that

: 1 T n
L¢(p) = limsup - log, (1+ R{ (p®"))

n—oo

™ 1 N (p®") +1
> limsup — log, Ne(p)+1
ol 11 2

> lim sup (% log, N; (p®") - %) (S53)
(vi)
> limsup (% log, (N« (p)") - %)

n—oo
(vii)
=Ex(p).
Here, (v) is an application of the lower bound in Proposition S5(d), in (vi) we leveraged the
super-multiplicativity of the tempered negativity (Proposition S5(e)), and finally (vii) is just the
definition (S534) of tempered logarithmic negativity. m]

Before we state and prove our result on the irreversibility of entanglement, we need to recall
and discuss two well-known bounds on the distillable entanglement. Lower bounds on E; xp(p)
can be obtained by looking at smaller classes of operations included in the set of all K-preserving
ones. A typical choice is the set of local operations assisted by one-way classical communication,
say from Alice to Bob, denoted with LOCC_,. In this setting, Devetak and Winter’s hashing
inequality [22] states that

Ed,Locc.,(paB) = leon(A)B)y = S(pp) — S(pasB), (554)

where S(w) = — Tr w log, w is the von Neumann entropy, and pp = Tra pap is the reduced state
of pap on Bob’s side. Since local operations assisted by one-way classical communication are
both non-entangling and PPT-preserving, in formula LOCC_, € KP, we see that E;,1occ_,(paB) <
Eqxp(pap). In particular, the rightmost side of the hashing inequality (S54) lower bounds the
distillable entanglement under K-preserving operations, i.e.

Eg4,xp(paB) = Icon(A)B), - (555)

To establish an upper bound on E; xp(pag), instead, we can introduce a relative entropy measure
defined by [16]

E = inf D ,
r,ic(pAB) LS (paslloas) (S56)
Since Kap ® Kap € Kaapp, the function E, x is sub-additive, and then Fekete’s lemma [23]
implies that its regularisation

N 1 .
Ek(pap) = lim —E, x (p35) . (S57)

is well defined and satisfies that E j" ,C(p 4aB) < E;, k(pag). It does not take long to realise that E,  is
monotonic under K-preserving operations. This amounts to an elementary observation once one
remembers that the relative entropy is non-increasing under the simultaneous application of any
positive trace preserving map [24]. Since E, k is also asymptotically continuous [25] (see also [26,
Lemma 7]), its regularisation can be shown to be an upper bound on the distillable entanglement
under K-preserving operations [27, 28]:

Ea,xp(pas) < E7(paB). (S58)

We are now ready to make use of the above Theorem S7 to prove irreversibility of entanglement
manipulation under both non-entangling and PPT-preserving operations. To this end, according
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to Definition S3 (cf. (524)) it suffices to exhibit an example of a bipartite state psp for which
Eq xp(pap) < Ec xp(pap). Our candidate is a two-quitrit state, with Hilbert space H 4@ Hp = C3eC8.
Denote the local computational basis of the two qutrits A, B with {|j)};=1,2,3. Define the projector
onto the maximally correlated subspace and the maximally entangled state by

3 3
Pyi= UiiKijl, 1@ == Yip, @si= [sKs], (559)
\/é ]:1

=1

respectively. Then, construct the state
1
ws = wi? = 5 (P3 — @3). (S60)

We now show the following, proving and extending Theorem 1 from the main text of the paper.

Theorem S9. The two-qutrit state w3 defined by (S60) satisfies that

3
Eq,Ne(w3) = Eq,prre(w3) = log, 5 ~ 0.585 (S61)
but
E; ne(ws) = E¢ pprplws) =1 (562)

forall € € [0, 1/2). In particular, the resource theory of entanglement is irreversible under either non-
entangling or PPT-preserving operations.

Remark S10. The above result not only guarantees that the entanglement cost of the state w3
under non-entangling operations is 1. It also establishes a ‘pretty strong” converse [29] for this
value of the rate. Namely, every protocol that attempts to prepare w3 from entanglement bits at
a rate smaller than 1 must incur an asymptotic error that is not only non-vanishing, but actually
larger than a constant. This constant is 1/2 in the current formulation of Theorem S9. However,
we will see in Lemma S20 that a careful analysis actually yields a slightly larger value of 2/3. An
even stronger statement (strong converse) can be shown for distillable entanglement, where no
error smaller than 1 can improve the transformation rates whatsoever. For simplicity, we have
omitted these extensions from the statement of Theorem S9, and we instead refer the interested
reader to Supplementary Note VIB for a more in-depth discussion of (pretty) strong converses
and error-rate trade-offs.

Proof of Theorem S9. We have that

) ) V)

3 i 3
9 Ex(ws) < D (@sllPs/3) P log, 5. (S63)

t0g, 3 L on (4)B),, < Eqo(@s) S Elws) 'S
Here, (i) is an elementary computation, (ii) follows from the hashing inequality (S55), (iii) is a
consequence of the upper bound on distillable entanglement in (S58), (iv) descends from the
aforementioned sub-additivity of the relative entropy of K-ness, (v) is deduced by taking as
ansatz in (S56) the state oap = P3/3 € Sap € PPT 4p, and finally (vi) comes again from a direct
calculation. This proves (561).

As for the entanglement cost, irreversibility of entanglement under K-preserving operations
hinges on the crucial inequality E_ wp(@s) = 1. Hereafter, ¢ € [0, 1/2) is a fixed constant. Thanks
to Theorem 57, it suffices to show that N (w3) > 2. To this end, using the notation defined in (559),
let us consider the operator

X3 = 2P3 - 3(133 , (864)
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Its eigenvalues are 2 (with multiplicity 2), 0 (with multiplicity 6) and —1 (with multiplicity 1).
Since X3 is normal (i.e. it commutes with its adjoint — in fact, X3 is Hermitian), its operator norm
coincides with the maximum modulus of an eigenvalue. Therefore,

1X5]lc0 = 2. (S65)

Calling F3 = Z?,j:l |ij)ji| the swap operator, it does not take long to verify that the partial
transpose of X3 evaluates to

X3 =2P; - F;. (S66)
Since Xg has eigenvalues +1 (with multiplicity 6) and —1 (with multiplicity 3),
1. =1. (S67)
Also,
Tr Xzws =2 = || X3]|o - (568)

Thanks to (567) and (S68), we see immediately that X is a suitable ansatz for (533). Using it, we
find that N(w3) > 2. Thanks to Theorem S7, this implies that

Echp(a)g) > E;](a)g,) = 10g2 NT(C()E;) >1. (569)

This shows that the theory of entanglement manipulation is irreversible under K-preserving
operations, i.e. under either non-entangling or PPT-preserving operations.

For completeness we now show that the inequalities in (S69) are in fact all tight; this will
establish (S62) and conclude the proof. Start by observing that

ES

(vii) (viii)
¢ pprp(@s) < Ef \p(w3) < ESE(w3), (S70)

¢, NE

where (vii) follows from Lemma S4, while (viii) is an application of the elementary inequality (524).
We now argue that € (w3) < 1, by providing an explicit example of a non-entangling operation

A from a two-qubit to a two-qutrit system such that A(®;) = w3. Construct

AX) = Te[XDs]ws + Tr [X(1 - Do)] 75, (S71)

where 13 = ]l_6p3 = %Z#k ljkXjk|. Since {Tr[o®;]: 0 € SND(H)} = [0, 1/2], to show that A is
non-entangling it suffices to prove that Awz + (1 — A)13 € S forall A € [0, 1/2]. Since the claim is
trivial for A = 0, because 73 is manifestly separable, by convexity it suffices to prove it for A = 1/2.
Let us write

(@3 5) = 51+ 2Py — 103 = P )+ ® 1%, 572

where |+) = % (11) £2)), and P is the non-entangling quantum operation defined by

1 2n + d%0
P(X) = g Z (UG,R ® u—@,n) X (Ue,n ® u—@,n) W ’
7‘(653 0 n

3 (573)
Uo = ) e In()Xjl -
=1

]

with S3 denoting the symmetric group over a set of 3 elements. Note that the last equality in (572),
which can be proved by inspection using the representation in (573), amounts to the sought
separable decomposition of the state %(a)3 +13). This establishes that E{ ,pp(w3) < E{ (g(ws) <1
and concludes the proof. m]
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Remark S11. One can wonder what other types of states cannot be reversibility manipulated.
This is far from obvious, since the axiomatic classes of operations NE or PPTP are typically much
more powerful than previously employed types of transformations; in particular, several types of
states which have been used to show irreversibility in specific settings are actually reversible under
NE or PPTP transformations.

The prime example of this is the antisymmetric state, defined on a bipartite system with Hilbert
space € ® C“ by

1-F
g -

T Add-1)’ 79

where F = Z?,j:l lijXji| is the flip operator. This state gained fame as the ‘universal counterexam-
ple” which violates many properties obeyed by other types of quantum states [30]: for example, it
is known that its manipulation is highly irreversible under LOCC — its distillable entanglement
is of order 1/d, while its entanglement cost is lower bounded by a d-independent non-zero con-
stant. [31]. Curiously, however, a; was also the first example of a mixed state whose manipulation
is reversible under all PPT operations [32] — these transformations (hereafter simply denoted
with PPT) are all maps A such that idg ® A is PPT-preserving for all ancillary systems R [33], and
are therefore a strict subset of the PPT-preserving operations considered herein. The reason why
reversibility can be achieved in this setting is that the entanglement cost of a4 can be significantly
lowered by considering PPT transformations instead of LOCC, allowing it to reach order 1/d.

However, in Ref. [21], a related class of states supported on the asymmetric subspace was used
to show the irreversibility of entanglement manipulation under PPT operations. In particular, for
the state p, := p [o1X01] + (1 = p) [02Xv2| with [o1) = (01) — [10))/V2 and |v2) = (|02) - |20))/V2,
it was shown that E;ppr(py) < 1 = Ecppr(pp). One might then wonder if these states could
serve as a similar example of irreversibility for the larger class of PPT-preserving operations.
However, this cannot be the case. To see this, we can use the fact that the quantity E,, considered
in [21] constitutes a lower bound on the distillable entanglement E; pprp, but already in [21] it was
shown that E;(p,) = 1, meaning that E;pprp(pp) = 1 and this state is actually reversible under
PPT-preserving maps.

In a way, this suggests that the state w3 is somewhat special, since its entanglement cost cannot
be brought down low enough to match its distillable entanglement, even if we allow the extended
classes of operations NE or PPTP. It would be interesting to study in more detail the special
properties of wz which induce this behaviour, and to understand exactly what types of states
exhibit irreversibility in entanglement manipulation under NE and PPTP.

Remark S12. The proof of Theorem S9 actually allows us to compute also the zero-error costs of
w3, namely

ECRE(w3) = EXpprp(ws) = 1. (575)

As it turns out, the same entanglement cost of exact preparation of 1 can be achieved by means of
a strict subset of PPT-preserving operations, namely, the aforementioned PPT operations. In fact,
already the result by Audenaert et al. [32] guarantees that Eﬁf‘ggT(a)g) = En(w3) = 1, where Ey
is the logarithmic negativity (510), because w3 has vanishing ‘binegativity’,? as a straightforward
check reveals. We can arrive at the same conclusion thanks to the complete characterisation of the

exact PPT entanglement cost recently proposed by Wang and Wilde [34].

IV. HOW MUCH ENTANGLEMENT MUST BE GENERATED TO ACHIEVE REVERSIBILITY?

We first recall the framework and the claimed results of Branddo and Plenio [10] in detail.
To begin, we need to fix some notation. For two bipartite quantum systems AB, A’B’, a given

2 This just means that |a)£|r > 0, where |X| := VXX is the operator absolute value.
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non-negative function M : D(Hap) — R4 U {+00} on the set of states on A’B’ that vanishes on
Kap N D(Hap ), and some 6 > 0, we define the set of (M, 6)-approximately K-preserving maps

by

KPM(AB — A'B’) := {A € PTP(AB — A’B’): M (A(04g)) < 6 Yoap € Kap N D(Hap)}. (S76)
Typically, M will be chosen to be an entanglement measure [16, 35]. In what follows, we will in
fact assume that M is actually a family of functions defined on each bipartite quantum system.

Given a sequence (0, )nenv With 6, > 0 for all 1, one can then define the distillable entanglement
and entanglement cost under (M, (6, ). )-approximately /C-preserving maps by setting

= i ® ®[Rn]
E¢ 4, KPM (paB) ==sup{R > 0: limsup inf o Ag) - O, 1 <e¢
(6n) n—oo A, GKPM (A”B” Ao Bo )
(S77)
- . . 1 <
E¢ " KpM (pap) =1inf{ R > 0: limsup ;nf ) _‘An (q)fl nJ) —p%n 1 <
om) n—eo 7, eKPY (A B anpn)
(S78)
We also set E; KpM = Eg KpM and E_ KpM = E0 KR - With this notation, we say that the

theory of entanglement manipulation is rever51ble under (M, (0,)n)-approximately K-preserving
operations if it holds that E KPY )(pAB) = Ee ol )(PAB) for all states p4p on all bipartite quantum
’ on ! on

systems AB. We also say that the theory of entanglement manipulation is reversible under M-
asymptotically /C-preserving operations if for all states pap there exists a sequence (0, ),ev such
that 6, ;=5 0and Ed/KPf\gIn)(pAB) = Ec,KPf‘gn)(pAB)'

To state Branddo and Plenio’s conjecture in this framework, we first need to introduce another
entanglement monotone closely related to the standard robustness. Recalling first the defini-
tion (S11) of R}, namely, Ri.(p) = inf {Tr6: 6 €K, p + 6 €K}, the generalised robustness (or global
robustness) [5, 36, 37] is defined similarly as

R{(p)=inf{Tr6: 6>0, p+56€Kk}. (579)

It is also an entanglement monotone, and many similarities between the two robustness measures
have been found; for example, for any pure state W it holds that R}.(V) = i(\y) [6,7,36,37]. The
two can, however, exhibit very different properties, as we will expl1c1tly demonstrate below (see
also Supplementary Note VI).

With this language, Brandao and Plenio’s claim is that entanglement becomes reversible under
Ri.—asymptotically S-preserving maps.> Employing the simplified notation KP?, | := = KP\

On) (0n )’
formalise their claim as follows.

Conjecture S13 (Reversibility under asymptotically non-entangling operations [10]). For any state
pAB acting on a finite-dimensional Hilbert space, there exists a sequence (8, )new such that lim 06, = 0 and

Eixes, (pas) =E; xps (pas) = E7yc(pap), (S80)

where E,. is the regularised relative entropy measure defined by (S57).

3 We bring to the reader’s attention the recently discovered technical issues underlying the proof of the main result
of [10], as detailed in [38]. For this reason, we state the result here as a ‘conjecture’, and its validity is an open
question. We nevertheless find it useful to discuss the result here in detail as we take a conceptual inspiration from
the framework of [10]. Our findings are independent of whether this result is ultimately found to be correct or not.
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Brandao and Plenio argue that the above means that entanglement can be reversibly intercon-
verted without generating macroscopic amounts of it, since the supplemented entanglement is
constrained by 6, which vanishes in the asymptotic limit. This is certainly true if one quantifies
entanglement with the generalised robustness. However, this is an a priori arbitrary choice: one
could analogously choose the standard robustness Rj- as a quantifier, and consider the (sequence

of) sets of operations KPE 5y = KPi}) defined by (576) for the special case M = R%. Alternatively,

when the negativity N(p) = %(” pr”1 — 1) is used as the entanglement measure, we can instead

look at the operations KP%H). Recalling that R.(p) > 3(]|0"]|, - 1) = N(p), this choice of definition

ensures that KP§ C KPQJ )
An extension of our result is then as follows.

Theorem S14. For any sequence (6,), such that 6, = 2°0"), the two-qutrit state w3 defined by (S60)
satisfies that

Ei g, (@3) = Eq,ppre;, (03) = Eg Ny (@3) = Eg pprpy (@3)

3 (S81)
=log, o 0.585

but

&
Ec, NE?

—_ ¢ — ¢ _ re¢
(6n)(w3) = EC,PPTPfén)(a)S) = EC,NEN (C‘)3) = EC,PPTPgn)(w3)

(on)

(S82)
=1

forall € € [0,1/2). In particular, the resource theory of entanglement is irreversible under any class of
operations which does not generate an amount of entanglement that grows exponentially in n, as quantified
by either the standard robustness R} or by the negativity N.

Here 6,, = 2°") means that 6,, has a sub-exponential behaviour in n: for any k > 0, there exists
m € N such that 6, < 2" forall n > m. Consequently, to have any hope of recovering reversibility,
one needs 0, (and hence the generated entanglement) to grow exponentially: there must exist a
choice of k > 0 such that, forall m € N, §,, > 2¥" for at least one n > m; in other words, o, is lower
bounded by 2¥" infinitely often.*

Remark. One can wonder whether Ri can be considered as a more operationally meaningful
measure of the supplemented entanglement, justifying its use over other measures such as Rj.
or N and thus substantiating the reversibility conjecture of [10] over the irreversibility result
of Theorem S14. We do not believe that there is any compelling reason to do so: although
Ri admits a very general operational interpretation as the quantifier of the advantage that a
given state provides in channel discrimination tasks [7, 41, 42], R}. has an arguably even more
relevant application, as it exactly quantifies the one-shot entanglement cost under non-entangling
operations [43]. On the technical side, both of the quantities suffer from very similar issues in the
many-copy limit, as they do not satisfy asymptotic continuity [25].

This is no coincidence, as Branddo and Plenio have shown that the choice of an asymptotically
continuous monotone to quantify the supplemented entanglement leads to the trivialisation of the
framework [10, Section V]. Note that almost all the most commonly used entanglement measures
and all of those with the strongest operational meanings are in fact asymptotically continuous.
Examples include the entanglement of formation [26, 44], the (LOCC) entanglement cost [26], the
squashed entanglement [18, 45], and the (regularised) relative entropy of entanglement [25, 26]. In
fact, among the most widely used entanglement measures, the only one that is not asymptotically

4 Following the original notation introduced by Hardy and Littlewood [39], we could denote this behaviour as

o = 220" However, the commonly used notation Q(11) actually refers to a stronger property [40], so we do not use
it here.
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continuous is the logarithmic negativity [3, 4]. For this reason, we regard the failure of asymptotic
continuity for the robustnesses as an issue of some conceptual importance, one that may cast some
doubts on the status of approximately K-preserving maps.

The choice of Ri in [10] is motivated a posteriori by the fact that it is claimed to lead to

reversibility, rather than by a prori physical considerations. We are therefore inclined to believe that
there is no unique and indisputable choice of a suitable entanglement measure, and we consider
Theorem S14 to serve as evidence that the irreversibility of entanglement revealed in our work is
very robust, and that avoiding it requires a very careful and deliberate choice of an entanglement
monotone — according to other, equally reasonable choices, the generated entanglement must be
exponentially large.
Remark. We should also note in passing that between the two sets of operations N E(S 5,) and NE&)
that we considered in Theorem S14 above, the former is perhaps more adherent to our intuitive
notion of approximately non-entangling maps. Indeed, since the standard robustness of entan-
glement R is a faithful measure, i.e. it is strictly positive on all entangled states, transformations
in NEj are in fact non-entangling. Transformations in NEY, on the contrary, map separable states
to PPT states that can very well be entangled. However, since NEj C NEé\[ , showing the irre-
versibility of entanglement under the operations NEé\] constitutes a strictly stronger result, and
indeed shows also that generating PPT entangled states is not sufficient to recover reversibility —
any reversible protocol must create highly non-PPT entanglement.

The first step in proving the Theorem is the following lemma, which establishes an approximate
monotonicity of R}. under approximately K-preserving maps, whether quantified by R itself or
by the negativity.

Lemma S15. For any A € KP{(AB — A’B’), it holds that
Ri(A(pap)) +1 < (1+26) (Ri(pap) +1). (583)

Similarly, for any A € KP(Z)\’ (AB — A’B’), it holds that

2 (IApas) T +1) < (14 28) (R pan) + 1) (584)

Proof. Let us take A € KP;(AB — A’B’) and consider any feasible decomposition for the standard
robustness of p as p = 0 — T where 0,7 € K (noting that these are in general only unnormalised

states). Since Rj}. (/%5‘;)) < 6 and Ry (%) < 6, for any ¢ > 0 there exist decompositions

Tro ! Trt !

for some o’,0”,7’,7” € K such that Trt’, Tr7”” < 6 + €. Then

Ao)_ o A (S85)

Alp) = [(Tro)o’ + (Tr7)t”] = [(Tr o)’ + (Tr7)0”] . (S86)
This constitutes a valid feasible solution for the robustness of A(p), giving

Ry (A(p) +1<TroTro’ + TrtTrt”
=(Trt+1)(Tr7" +1) + Trt Trt”
<(Trt+1)(Tr"+1)+ (Trt + 1) Tr7”
<(Tre+1)O0+e+1)+(Trt+1)(6+ ¢).

(S87)

Since this holds for any feasible value of Tr 7, it must also hold that Ri.(A(p)) +1 < (1 +26 +
2¢)(R§-(p) + 1), as R} is defined precisely as the infimum of all feasible values of Tr 7. Since ¢ > 0
was arbitrary, the desired statement follows.
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The case of A € KPY' is similar. For any decomposition p = 0 — T with 0, T € K, the triangle
inequality gives

Ao)! A(T)!
r
||A(p) ||1 <Tro Tro 1+TrTH Trr || »
< (Tro)(1+206) + (Tr7)(1 +20) (588)
=(1+2Tr7)(1+29)
where we used that %(”A(G)r”1 - 1) < 6 and analogously for 7. Rearranging, we get
1 r
S (1A, +1) <0+20Tre+ Tre+1 59

< (1+26)(Trz +1).
Minimising over all feasible values of Tr 7 gives % (”A(p)r”1 + 1) < (1+26)(Ri-(p) + 1), as was to
be shown. O
Theorem S14 then relies on the following extension of Theorem S7.

Theorem S16. For K = S or K = PPT, the entanglement cost under approximately K-preserving
operations satisfies that

. & . > T > T
ety Fexmy, (P) 2 L(p) 2 EX(p) ($90)
and
inf E°¢ > E°
56%}1/2) c,KP&)(p) > Ex(p) (591)

for any sequence (5y,), such that 6, = 2°0,

Proof. In complete analogy with the proof of Theorem S7, for any feasible sequence (Ay)uenv of
maps such that A, € KP;W and ||An((D?LR"J) - p®”||1 = &, —— ¢ < 1/2, we can write

n—oo
2|_an =1 +R;C (q)fLRHJ)
> (1+20,)7" (1+ Ry (An (@51))) (892)

> (1426,)7'(1-2¢,) (1+RE (p®"))

where now we used Lemma S15 to incorporate the approximate entanglement non-generation.
Then

n—oo n

1 1 1
> limsup — log, (1 + R (p®")) + liminf = log, (1 — 2¢,,) — lim sup — log, (1 + 26,)
msup - -log, (1+Rg (p™)) + liminf .- logy(1 = 2¢,) ~ limsup  log, ) s

= Le(p) — limsup % log,(1 +26,)

n—oo
= Le(p),
where in the last line we used the fact that

lim 9820n _ (S94)

n—o0 n
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by hypothesis. The rest of the proof of the first part of the Theorem is then exactly the same as in
Theorem S7.

The second part of the proof is very similar in that it follows Theorem S7, but it goes directly
to the tempered negativity N; rather than the intermediate quantity L;.. Taking now any feasible

sequence (Ay)penw with A, € Kngn , we have
2lR) = 1+ Ry (@)

1+

T
A (@5157)
1

2 (S95)
14 N (A (@5157)] por)

2
2 7

Q) o
> (1+26,)

(i) »
> (14 206p)

(iii) 1+ N, (p®"
> (1+206,)7 11 - 25n)¢

where in (i) we used Lemma 515, in (ii) Proposition S5(b), and in (iii) the ¢-lemma (Lemma S6).
This gives

R = lim

n—oo n

1+ N, (p®"
> lim sup E log, L+ N (p™) + lim inf E log,(1 —2¢,) — limsup — logz(l +26,)
n—oo N 2 n—eo 1 n—00
1 1 1
> limsup (— log, N.(p®") — —) — limsup — log, 6, (596)
n—00 n n n—00 n
> limsu llo N()”—1
= n_mp 7 1082 NP ”
= Ex(p)
using the super-multiplicativity of the tempered negativity (Proposition S5(e)) and the assumption
that 6, = 2°0%). O

As the final ingredient that will be required in the proof of Theorem S14, we need to show
that the distillable entanglement cannot increase even if we allow sub-exponential entanglement
generation.

Lemma S17. Consider any state pap and let K = S or K = PPT. Forany ¢ € [0, 1) and any non-negative
sequence (On)y it holds that

Eaxes, (P)= KP% )(p) = E;Kpfé )(p) ~ (897)
Moreover, if 5, = 2°™) then also
i) = B, (V=B i (V=B e () (S98)

Proof. The proof will proceed in two steps. First, we establish expressions for the minimal error
achievable in distillation with (M, 6)-approximately K-preserving operations. Then, we argue
that, for sub-exponential 6,, the contributions from the parameter 6, to the performance of
the distillation task can be absorbed into the transformation rates, effectively preventing any
improvement in the asymptotic distillation error.

Consider first any operation A € KPg (A"B" — AJ'B}') for a fixed 6, where m is a generic
positive integer. We would then like to understand exactly the error in the transformation from
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p®" to the maximally entangled state at some rate R, which we will for now quantify using the
fidelity F(w, 1) := [[Vw7|[2. We have

F(AG®™), ®5") = Tr A (o) 05"

S99
~ Trp® AT (05) &

using that @; is a pure state. Notice now that, by definition of the generalised robustness, for any
0 € KN'D(H) we have A(o) < (1 + 6)0’ for some ¢’ € K N D(H). Thus, for any 0 € K N D(H),

Tr AT(P5")o < Trd5™(1 + 6)0’
1 (S100)

where in the first line we used the positivity of @,, and in the second that the maximal overlap of
@™ with a separable state is 5 [46]. Noting also that 0 < AT(®F™) < 1 due to the fact that A is
positive and trace preserving, we get

sup F (A(p®"), ®5™) = sup TrpA'(OF™)
AeKPS A€KPS

Ssup{Trp®”W :0<W<1, TriWe < (1+6)2im Vo EICOD(H)}

= (Pn,m(é) .
(S101)

The argument for operations KPY, where now negativity is the figure of merit, proceeds
analogously. We have, for any o € K N D(H) and any A € KPY, that

Tr AT (@2") 0 = Tr (02") A(0)"
< H(q’?’”)er [aco)]l; (S102)

1
< Z—m(l +20)

where in the second line we used the Cauchy-Schwarz inequality, and in the third we used that
2 (|A@)F]| = 1) < 6 and that |®5|| . = 3. This gives

sup F (A(p®"), ®3™) < sup {Tr p"W : 0<W <1, TriWo < (1+ 26)2% Yo e KN D(?—[)}
AeKPY
= Qn,m (25) ’
(5103)

exactly the same as in (5101) up to the substitution 6 — 26, which we will see to be immaterial.

For the other direction, define the separable [9] state 7, := (1 — ®5™)/(4" - 1) € K N D(H),
which satisfies also that [9] @5 + (2" - 1)7,, € K. Note that R}. (®F") = 2™ — 1 by (S16), and
therefore 7, is the state that achieves the minimum in the definition of R}. (S11) for @f’m. Take any
operator W such that0 < W < T and TrWo < (1 + 6)2%” for all o € K N D(H), where we assume
that (1 + 0)5 < 1 without loss of generality. Define the map I'y by

T (X) = (Tt WX) O™ + (Tr(1 — W)X) Ty, . (S104)

This map is explicitly completely positive and trace preserving, and we can furthermore verify
that, since 0 < TrWo < (1 + 6)2%", for any 0 € K N D(H) we have

I'w (o) € conv {Tm, 1+ 6)2% QI + (1 -1+ 6)2%) Tm} , (S105)
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where conv denotes the convex hull. Since 7, € K and @?m + (2" - )1, € K, also

1 1+6
(1+5) — QP + ( —(1+5)E;)nn+51m::—EZ-UD§”+(Z”—])Tm)ek; (S106)
The convexity of Rj. (which follows directly from the convexity of K itself) then implies that
R;(T'w(0)) < 6, and hence T'w € KP;. Noting that F(T'w(p®"), ®3™) = Tr p®"W, optimising over

all feasible W yields

sup F (A(p®"), ®S™) > sup {Tr P"W :0<W <1, TrWo <(1+ (5)— Yoe KN D(H)}
A€KPS

= @Pn,m (6) ’
(5107)
where the function @, ((5) is defined in (5101). Using the inclusion between the sets of operations
KP; ¢ KPg and KP; C KPY s » we therefore obtain that for all n, m, 6 such that (1 + 5)2m <

sup F (A(p®"), @5") = sup F (A(p®"), DF") = @u,m(0),
A€KP§ A€KP§

Pnm(0) < sup F(A(p®"), D) < @p,m(20).
AeKPY

(S108)

We now pass from the fidelity to the trace distance. We claim that for M € {R}-, Ri, N} it holds
that

. 1 ®ny _ d®m|| —1 _ ®n ®m
Ag@zwm >@2m-1A3&me>@a>. (5109)
o

To see why this is the case, it suffices to observe that we can always twirl the output of A without
loss of generality, i.e. we can substitute A +— 7, o A, where 7, is defined as in (528). Doing
so does not change the fact that A € KPQA, simply because M is convex and invariant under
local unitaries; furthermore, twirling leaves F (A(p®"), ®5™) = Tr A(p®")®S™ invariant and never

increases s ||A(p®”) <I)®m||l (see (529)). At the same time, since the output state of A is now
twirled, and hence it is a convex combination of the orthogonal states <I>®m and 7,,, we have that

1
5 1A= = @™ =1 = Tr A(p®")@5™ =1 = F (A(p®"), 5™), (S110)
completing the proof of (5109). Combining (S108) with (5109) we arrive at

1
mf—HA@@U—®?W1=A$;§HA@@U—®?W1=1—¢WA®,
o

A€KPs 2
(S111)
1= @ m(20) < mflﬂA@@w—®?w <1=@nm(d).
' AeKpY 2 ! '
The above relations imply immediately that
for all sequences (6,),. We now proceed to show that in fact also E¢ o KN (p) < KPg (p) which

(on) ®n

will complete the proof of the claim (S97). To this end, fix C > 0, and let R > E¢ 4 KN (p) C be
©n)

an achievable rate for entanglement distillation from p at error ¢ with operations from KPY (5, PY

definition, this implies that

limsup inf HA(p®”) - @?[Rﬂ
n—00 AGKP

<& (S113)
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and thus, by (5111), that liminf, e @y, [r41(204) = 1 — &. Now, since 2&;_‘1’;,1] > 1;,3%” for all

sufficiently large 1, we see by direct inspection of the definition of ¢, ,,(0) in (S101) that

O, [(R=0)n1(0n) = @ [Rn1(204) (5114)
for all sufficiently large n, thus implying that also

Hminf @y, (r-cyn1 (0n) 21— (S115)

Again by (S111), this is equivalent to stating that R — C is an achievable rate for ES 4 KPS . (p). Putting
on)
all together, we see that

E, Kbe )(p) 2R-C2E, d,KPN )(p) 2¢. (S116)
Since C > 0 was arbitrary, we conclude that indeed E° (p) = (p), as desired. This
4, KPf, d Kpgm
establishes (597).
The reasoning for (S98) is analogous. If &, = 2°0") then ;j{iﬁ’ < 2((R o for all ¢ > 0 and
all sufficiently large n. Therefore, if R is an achievable rate for E ; K (p) then R — C must be
achievable for EE, «p(p); since C > 0is arbitrary, this ensures that E ;,KP? (lp) P( p). The other

(on)
inequality follows trivially from the inclusion KP C KP‘gn for any 6,. This proves also (598). O

Proof of Theorem S14. For the entanglement cost, it holds that

@) (ii) (i)
1=E}(w3) < E¢ o KPY )(w3) < Ec kP, (w3) < E xplws) =1 (5117)
and so all inequalities must be equalities. Here, we used (i) our results in Theorem S9, (ii) Theo-
rem 516, and (iii) the inclusion KP € KP; C KPN for any 0,,.

For the distillable entanglement, Lemma 817 g1ves

3
Eaxps, (w3) =E, kP, )(w?)) =E; KPY )(CU?)) = Eg4,xp(w3) = log, ok (5118)

where the last inequality was already shown in Theorem S9. m]

V. FLUCTUATIONS IN ENTANGLEMENT MANIPULATION PROTOCOLS
AND COMPARISON WITH THERMODYNAMICS

When studying the asymptotic behaviour of quantum systems, allowing for some type of
microscopic fluctuation is arguably very natural from a thermodynamical perspective. Indeed,
thermodynamics is a theory of macroscopic states and quantities, which should be unaffected
by microscopic degrees of freedom and by the fluctuations associated with them. Although in
Supplementary Note IV we justified our framework for entanglement manipulation by demon-
strating the issues that come with enforcing only asymptotic (rather than exact) entanglement
non-generation, it is natural to wonder: Is it not more physically meaningful to allow for fluctua-
tions at the level of microscopic systems, rather than completely forbid entanglement generation?
Let us discuss the types of fluctuations that are allowed in our entanglement manipulation frame-
work, to illustrate why our setting is in fact very similar to others considered previously in the
literature, and to pinpoint the key difference with Branddo and Plenio’s approach [10, 47].

Although fluctuations are a natural component of our theory, not all fluctuations are equal:
in the context of state-to-state transformations in entanglement theory (cf. the discussion in Sec-
tion I B), and more generally in that of quantum resource theories [48], we find it useful to introduce
the following classification.
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Fluctuations at the level of microscopic transformation error. Specifically, one typically requires
that transformations of the form p — w are only realised approximately as A(p®") ~ w®"
with some non-zero error (usually measured by the trace norm), and only in the limit
n — oo does the error vanish. Such fluctuations are common to most approaches to
quantum resource theories, including quantum thermodynamics as well as entanglement
theory [48]. Crucially, without such fluctuations, even quantum thermodynamics is no
longer a reversible theory, and many state transformations become impossible [49-51].

We do note, however, that in some contexts one may in fact be interested in exact, i.e. zero-
error, entanglement distillation [52, 53] or dilution [32, 34, 54]. In the language we are using
here, such settings would explicitly rule out microscopic transformation errors (as in (522)-
(523)), or would require them to vanish exceedingly — i.e. super-exponentially — fast [55].
For these reasons, these approaches are generally regarded as less physically motivated than
the one we take here, which explicitly allows for vanishingly small transformation errors.

Fluctuations in the resources consumed by the process. For example, in quantum thermodynam-
ics, one often includes a small ancillary system to activate a desired transformation [56, 57].
This is arguably necessary to circumvent the energy super-selection rule that prohibits
the creation of coherence between different energy levels under an energy-preserving uni-
tary: without the ancilla, an energy-incoherent state would remain energy-incoherent under
thermal operations, thus preventing dilution of resources altogether [56]. Including a small
ancillary system that carries some coherence in the energy eigenbasis solves the problem,
but its small size means that its contributions to the rate will asymptotically vanish, leaving
the underlying physics unaffected.

More detailed insights on sensible physical requirements to impose on the ancillary system
can be deduced from [57]. There the authors look at transformations of the form

p®" — p®" @ n, — Ty [U (p®" @ 1,) U], (S119)

where U is required to be an energy-preserving unitary, 17, is a ‘small” and ‘not too energetic’
ancilla, and Tr, denotes partial trace over the ancillary modes. Although the setting of
that work is slightly different than the one considered here or in [56], the conclusions
are nevertheless insightful: in [57] it is found that, although fluctuations (II) are indeed
necessary to enable the reversibility of the theory, ancillae with subexponential dimension
log dimn, = O(\/n log 1) and sublinear Hamiltonian operator norm ||H || = O(n2/ 3) suffice
to established the desired result.

Since they play such a key role in thermodynamics, it is certainly meaningful to try to take
into account fluctuations of this type in entanglement theory as well. However, although it
may not be apparent at first sight, these fluctuations are already implicitly included in our
framework — and in fact, in most of the commonly encountered formulations of entangle-
ment theory. They take the form of sublinear fluctuations in the number of entanglement
bits consumed by either the distillation or the dilution process. But in the definitions of
E; (519) and E. (520) we only care about asymptotic rates, so sublinear fluctuations are
suppressed in the limit.

In other words: suppose that in our original definitions in Section I B we chose to consider a
larger class of transformations than K-preserving ones; a general transformation of this new
class would be obtained by: (a) attaching an ancilla of o(n) many qubits per party initialised
in any (possibly entangled) state, and (b) performing a K-preserving operation on the joint
system. In this way, the allowed transformations are of the form

P — p®" @1, — Ay (PP ® 1), (S120)

. . . . ALB) . .
where A, € KP is an arbitrary K-preserving operation, and 7, = 7,," " is an ancillary state
over a system A}, B;,. Our assumptions on this ancilla are as follows:
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(i) AjBj, canbe an arbitrary bipartite system, possibly dependent on 7, but it has to have
subexponential dimension, i.e. dim(A/,B},) = dim 7, = 2°™); that is, log dim(A/,B,,) =
o(n) is required to be sublinear, or in other words A;, B;, should be made of sublinearly
many qubits;

(ii) Apart from this, 7, is completely arbitrary. It could be for instance a maximally
entangled state composed of sublinearly many ebits.

Formally, the new distillable entanglement and entanglement cost now look like this:

~ _ . 1 on ®[Rn]|| _ . logdimt,
Ea,xp(pap) = sup{R>0-,}grgOAiglf<P2‘An (pip®Tn) = @ || =0, lim ——=—— =0,

(S121)
Ecxp(pap) =inf{R >0: lim inf 1‘/\ (®®LR”J®1)— 2nll —o, tim 2BLME
c,kP(paB) e 1) A n) = Pap||, =Y I n

Here dim 7, denotes the dimension of the A}, B), system of the ancilla.

We can now ask ourselves: can it be that Ed, kp(paB) > Egxp(pap) or EC,Kp(pAB) <
E. xp(paB)? In other words, can it happen that granting a sublinear number of ancillary
qubits allows for better rates in either entanglement distillation or entanglement dilution?
The answer turns out to be negative, and the fundamental reason is that ancillae made of a
sublinear number of qubits cannot change the rate. In full detail, a proof can be constructed
as follows.

Lemma S18. For any state pap, it holds that

Es xp(pas) = Ea xp(pag)  and  E.xp(pag) = Ec xp(pas) - (S123)

Proof. It is clear that Ed,KP(‘OAB) > E4 xp(pap) and EC,Kp(pAB) < E. xp(pag), so we only
need to prove the converse inequalities. To do so, assume that R is an achievable rate

for EC,Kp(p AB), so that we can find a sequence of ancillae 7, and K-preserving operations
A, € KP with the property that

(S124)

1
2

A (05" @ 7,) - %

n—o0
1

Fix 6 > 0, and take n large enough so that 2"® > dim7,,. Since any state can be prepared
from the maximally entangled state of the same dimension via LOCC, we can prepare 7,

starting from CD?[”(S] and using an LOCC E,, i.e. consuming [76] many ebits. In formula,

B, (cpffé’”) =T, (S125)

Now, consider the operation Aj, = A, o (I ®lRn] @ En), where 2R denotes the identity
channel on the first | Rn] qubits. Note that Aj, is still K-preserving, because the set of
IC-preserving operations is closed under composition, and LOCCs are K-preserving. More-
over, it satisfies that

A, (@) < A, (05K @ 5, (0517)) = A (05 @17, (5126)
Thus, thanks to (5124)

— 0. (S127)

n—oo
1

1

®(LRn]+[on])
A (q)2 o )_P%




(III)

25

Since now there is no ancilla, we obtain that the rate

S LTS P sz

n—o00

is actually achievable for E. xp(pag). Therefore,
Ecxp(pap) <R +50. (5129)

Taking the infimum over R yields that E. xp(pap) < E, ¢ kp(pag)+0. Since 6 > 0 was arbitrary,
we obtain that in fact

Ecxp(pag) < Ecxp(pag), (S130)

which is what we wanted to show.

To show that Ed, kr(paB) < Eq xp(pap), assume that R is an achievable rate for Ed, kp(pAB),
i.e. that there exists a valid choice of (7,,), and K-preserving operations A, € KP such that

|
2
Noting that 7, is a finite-dimensional system, the optimal decomposition for the standard
robustness in (S11) exists, and we can write

Au (P27 ® ;) — OSTR (S131)

n—00

Tw = (1 + Ri(1n)) 05y = Ric(n) 0, (S5132)
for some normalised states o;;, € K. Observe then that for any state o € Kanp, it holds that

An(0 ® 1) = (1 + R3(14)) Au(0 ® 05) = Ri(t0) A (0 ® 0,)

= (14 R.(14)) 0’ = Ri:(ty) 0” (S133)

for some states 0”, 0" € K due to the fact that K is closed under tensor product. This implies
that

Ri- (An(0 ® 1)) < Rj(14) < dim7, — 1, (5134)

where the last inequality is due to the fact that the value of R;C(quim 7,) = dim 7, — 1 is max-
imal among states of the same dimension. As dim 7, = 2o(n) by assumption, this entails that
each Ay (- ® 7,) is an (R}, 2°(n))-approximately K-preserving operation (cf. Supplementary
Note IV). The proof is thus concluded by recalling from Lemma S17 that such operations
cannot increase the rate of distillation compared to exactly K-preserving operations, that is,
R < E4 xp(p). m|

In the context of quantum thermodynamics, we can compare this to works which studied the
manipulation of quantum systems under so-called Gibbs-preserving operations (e.g. [58]),
defined to be all channels A such that A(y) = )’ where y, )’ are the equilibrium states
of the input and output system, respectively. Although no explicit resource fluctuations
are allowed in such a definition, the Gibbs-preserving framework recovers the exact same
asymptotic rates as frameworks that do consider fluctuations in the consumed resources [56,
57] — this is precisely because the type-II fluctuations are implicit there, as one only looks
at the rates.

Genuine fluctuations in the fundamental physical laws governing the process. These fluctuations
are excluded in most of the literature on quantum thermodynamics: for example, in Refs. [56,
57] the unitary operators acting on the joint system (including the ancilla) are required to be
exactly and not only approximately energy-preserving. This is well justified from a physical
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perspective: analogously, we would not claim that energy is only approximately preserved
in a piece of uranium because we lost track of some neutrinos; include those back into the
picture, and you will restore exact energy preservation. It should be noted at this point that
although the law of energy conservation is, to the best of our knowledge, exactly obeyed,
this fact alone does not play a decisive role for the validity of thermodynamics, which is a
macroscopic rather than microscopic theory. Still, the fact that it is conceivable that Nature
preserves energy exactly shows that a setting excluding genuine type-III fluctuations — yet
encompassing type-I and type-II fluctuations — is somewhat reasonable, if not completely
satisfactory.

Importantly, in most of the known physical theories including thermodynamics, disallow-
ing type-III fluctuations does not change the underlying physics whatsoever. Although
they can in principle be considered, as we elaborate on below, genuine fluctuations of the
physical laws governing thermodynamical processes — such as global unitarity and en-
ergy conservation [56] — are not necessary to construct a reversible theory of quantum
thermodynamics [56, 58-60].

A possible objection to shis claim could be that the maps considered in [56, 57] are in
fact not exactly but only approximately Gibbs-preserving. While this could seem prima
facie an example of a type-III fluctuation, it is only a spurious one, essentially because of
the aforementioned fact that these maps can be thought of as Gibbs-preserving operations
acting on a larger quantum system with an ancilla of sublinear size. These apparent type-III
fluctuations are thus in fact type-II fluctuations in disguise, and as such they are included
also in our original framework.

What our results show in this context is that Branddo and Plenio’s asymptotically non-
entangling operations [10, 47] admit fluctuations that are genuinely of type IlI (see Section IV).
Specifically, they cannot be re-absorbed into the type-II category — if this were the case,
then the entanglement cost E. ang under asymptotically non-entangling operations [10,
Definition III.2] would necessarily be equal to that under non-entangling operations, which
we denoted by E; ng. Since the former is given by the regularised relative entropy of
entanglement® [10, 61], in formula E; ang = E° NALC would deduce that the entanglement
cost under non-entangling operations must also equal E; Ng = E°5. But that this is not the
case in general is prec1sely the content of our main result (Theorem 59), whose proof reveals
that E; np(ws) =1 > 10g2 5= r,S(a)3)'

Nevertheless, one can argue that allowing type-III fluctuations is actually the sensible thing
to do in entanglement manipulation, as it allows one to achieve an even greater level of
generality and a stricter adherence to the spirit of thermodynamics. This is especially
important when discussing no-go results such as asymptotic irreversibility: if reversibility
could be restored with just an unequivocally vanishing amount of fluctuations — even ones
of type Il — then, arguably, such irreversibility would not be robust. This is precisely
the motivation for our Theorem S14, where we clarify that it is impossible to have any
reversible framework of entanglement that generates only small amounts of it: using as an
entanglement quantifier either the standard robustness of entanglement or the negativity,
we show that these ‘fluctuations’ must in fact be macroscopically large, putting into question
the physicality of any conceivable reversible theory of entanglement.

What is pivotal to understanding the consequences of our results is that thermodynamics is a
reversible theory even when fluctuations of type III are not allowed. This is addressed in works
such as Ref. [56, 59, 60], where the manipulation of quantum states under thermal operations
was considered, and extended also to quantum channels in [58] under the Gibbs-preserving

5 Here we note that, despite the issue with the proof of [10] uncovered in [38], this part of the argument by Brandao
and Plenio is not affected. The proof can also be obtained by combining the framework of [10] with the asymptotic

equipartition property of Rg, for which an alternative proof is given in [61].
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framework. That is, fluctuations of types I and II fully suffice to recover the entropy as the
unique quantity governing the thermodynamical transformations of macroscopic systems, and
the physical constraints of energy conservation can be enforced at all scales, including microscopic
ones. In fact, we stress that in the Gibbs-preserving framework — which is completely analogous
to the non-entangling operations used in our work — even fluctuations of type I are sufficient to
establish the reversibility of thermodynamics [58], but one can equivalently consider type-I and
type-1I fluctuations.

Therefore, our entanglement manipulation framework under non-entangling operations —
which does allow type-I and type-II but forbids type-III fluctuations — follows exactly the same
reasoning as the quantum thermodynamics frameworks of Refs. [56-60, 62-65], and yet it leads to
a completely opposite conclusion, as per Theorem S9. It strikes us as surprising the stark contrast
between thermodynamics, which is asymptotically reversible, and entanglement theory, which
turns out to be fundamentally irreversible under the same assumptions, no matter how much one
strives to avoid it.

That is not to say that there is something inherently wrong with the framework proposed by
Brandado and Plenio [10] — quite the contrary, there is no intrinsic reason why fluctuations of
type III cannot be allowed, even if they are not needed in thermodynamics. However, due to the
ambiguity in defining ‘small” amounts of entanglement in the asymptotic limit, even such permis-
sive fluctuations are not enough in light of our Theorem 514, unless they are made non-vanishingly
large. Our work therefore provides insight into how any potential reversible entanglement frame-
work would function and the size of “fluctuations’ it would need to allow.

In conclusion, although connections between entanglement theory and thermodynamics such
as the one conjectured in [10] can possibly be established, our work conclusively shows that
reversibility of entanglement, if at all possible, cannot play out in the same way as it does in the
theory of thermodynamics (with type-I and type-II fluctuations, but without type-III fluctuations),
or indeed not even in a similar way (with universally small type-III fluctuations). A fundamental
and inexorable difference thus exists between the two theories.

VI. FURTHER CONSIDERATIONS

A. Confessions of w;

Here we explain the intuition behind our choice of the state w3 as the counterexample to the
reversibility of entanglement manipulation (Theorems S9 and S14). It will rely on the relation
between two entanglement monotones that we have encountered in the course of this work —
the standard robustness R}. and the generalised robustness Ri. Crucially, the work of Brandao
and Plenio [10] connected each of these quantities with the operational tasks of entanglement
distillation and dilution. In particular, Ref. [10] (cf. [43]) showed that, when considering only a
single copy of a state rather than an asymptotic rate, the entanglement cost under K-preserving
operations is given exactly by the logarithm of 1 + Rj.(p). This then implies that the asymptotic
exact cost of entanglement (Eq. (523)) is given by

1 .
EC%p(p) = lim —log, (1 +Rj (p®")). (5135)

The entanglement cost E., xp also needs to account for an asymptotically vanishing transformation
errot, and it can thus be expressed by suitably ‘smoothing’” the robustness over the ¢-ball around
a given state, i.e.

E.xp(p) = lim lim 1 inf log, (1 + R?C(p’)) . (5136)

e—0t n—oo 1 P’ED(%%’; ,

2llo=p® I, <e
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On the other hand, employing a connection established between the generalised robustness R%
and the regularised relative entropy E™- [10, 61], the distillable entanglement can be tightly upper
bounded as [10, 28]

Ea xp(p) < ESc(pap) = lim lim L inf log, (1+R§(p')). (5137)

e—0tn—oon p'GD(Hfg ,

2llo=p®" [l <e

These expressions lead to a very curious fact: showing the irreversibility of entanglement ma-
nipulation under the class of K-preserving maps can be done by exhibiting a gap between the
smoothed regularisations of R}. and Ri in (S5136) and (5137).

The daunting expressions for the regularised robustness measures do not immediately make
studying reversibility any easier. Let us then start by asking a more basic question: is there a gap
between the standard and the generalised entanglement robustness, R and Ri? We stumbled
upon the state w3 precisely when looking for a way to demonstrate such a gap. Indeed, we have
already seen in the course of proving Theorem S9 that

RS (w3) = Z. (S138)

It is also not difficult to show that the decomposition w3 + %@3 = %Pg is optimal for the generalised
robustness of this state, giving

RE(ws) = 5. (5139)
We thus see an explicit gap between the two robustness measures. The direct connections between
R% and Ri on one side and, respectively, the entanglement cost and distillable entanglement on
the other then motivated us to look into w3 as a possible candidate for a state whose cost could
be strictly larger than the entanglement that can be distilled from it. This leads directly to the
considerations expounded in the main text of the paper and to the main results of this work.

B. Strong converses and error-rate trade-offs

According to Definition S3, the theory of entanglement manipulation is considered reversible
under some set of operations if the distillable entanglement and the entanglement cost coincide
for all states. As we have seen, these latter two quantities are defined in terms of asymptotic
transformations in which the allowed error is required to vanish as the number of copies of the
state grows. In information theory, classical as well as quantum, one can study also weaker notions
of transformation rates, dubbed strong converse rates. In this setting, one requires instead that the
error, as measured by half of the trace norm distance between the output and the target state, is
bounded away from its maximum value of 1. Intuitively, what this means is that attempting to
distill or dilute entanglement at a rate larger than the strong converse one necessarily incurs an
error that grows to 1, making the protocol useless. Formally, we can define the strong converse
rates of distillation and dilution, respectively, by

E;,KP(pAB) = sup Ej yp(pas), EZ,KP(pAB) = ‘infl

E;fj/ xp(pAB) - (5140)
£€[0,1) €€[0,1)

From these definitions and from the discussion that inspired them it is clear that E; KP(p) >

Eq xp(p) and EI’KP(p) < E. xp(p) for all states p.

We could thus wonder whether there is a possibility of achieving a larger distillable entan-
glement or a lower entanglement cost, perhaps even restoring a (substantially weaker) form of
reversibility, by passing to the corresponding strong converse rates. In the case of entanglement
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distillation from the state w3 defined in (560), such possibility can be ruled out by exploiting
a result of Hayashi [28, Theorem 8.7] (see also [10]), who showed that the regularised relative
entropy distance from the set of states in K defined in (S57) is also an upper bound on the strong
converse distillable entanglement, i.e. Eg, Kp(pAB) < E; KP(pAB) <EY ,C(p AB) (cf. (S58)). Our result
in Theorem S9 then implies that E; xp(w3) = d KP(C()3) Indeed coupled with Lemma S17, the
same strong converse bound holds for distillation with operat10ns that generate sub-exponential
amounts of entanglement.

As for the entanglement cost, we have not yet been able to prove that no improvement can
be obtained by considering the corresponding strong converse rate. However, we deem such a
possibility quite unlikely, and we present strong evidence against it by showing that any such
error would have to be very large, which effectively rules out this approach as a practically viable
way of improving entanglement dilution. We leave the complete solution of this problem, which
we formalise below, as an open question left for future work.

Conjecture S19. For K = S, PPT, the two-qutrit state w3 defined by (S60) satisfies that

661{5%) EC wpl@ws) = c KP(a)g) =1. (5141)

If the above conjecture is true, then we see that

3
Eq xp(w3) = EZ,KP(C%) = log, 5 < 1= EI,KP(CUS) =E. xp(w3), (5142)

i.e. the gap between distillable entanglement and entanglement cost remains even upon passing
to the strong converse exponents.
Theorem S9 already guarantees that

inf E p(ws) =1 (5143)

£€[0, emax)

holds for emax = 1/2. The problem we are faced with now is how to increase the value of emax
in (5143). In general, we would like to study more in depth the behaviour of the function E{ | ,(w3)
for values of ¢ close to 1. A partial result is as follows:

Lemma S20. Forall 6 € (0,1], it holds that

1 if1/3<6<1,

(S144)
log, 220 if0 < 6 < 1/3.

ee[%)l:llf—é) Eenel@s) 2 ee[%)l:llf—é) E; prre(@s) 2 {

Let us discuss the consequences of this result. First, we see that performing entanglement
dilution at the rate 1 — which we know is optimal for E. Ng — must incur an error of at least %
asymptotically. This means that we can in fact take emax = 2/3 in (5143), which already improves
upon the error ¢max = 1/2 that we obtained in Theorem S9. Furthermore, attempting to perform
dilution of w3 at a rate below 1 must yield an even larger error; the smaller the rate, the greater
the error. One commonly refers to such behaviour as an error-rate trade-off.

Proof of Lemma S20. Let R be an achievable rate for the entanglement cost of w3 at error threshold

¢ <1-0. Thatis, let there exist a sequence of non-entangling operations A, € NE , LR plR]_ g s

with Ap, By being single-qubit systems, such that

Q= A (0557), ey = 2 0 -

17 limsupe, <1-6. (5145)

n—oo
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For K = S, PPT, we have that

(i)
2’1 3 14 RS (Q)
D4 sup R} (Qq | QY)
(S146)
(iii) 1
> 7 sup {NT (Qn |Q’) + 1}
Q/

1
N: (Qn | 0$").

> =
2

Here, the inequality in (i) is just a rephrasing of that in step (ii) of (S51). In the subsequent lines
of (5146), the identity in (ii) and the inequality in (iii) follow from Proposition S5, items (a) and (d),
respectively.

To continue our argument, we need to lower bound N, (Qn | w?”), as usual. While in the case
of vanishing error the operator X3 defined by (S64) was the right ansatz for the optimisation (S32)
defining the tempered negativity, this time we will make a more sophisticated choice. Using the
notation defined in (S59), set

2P; — 3D, if1/3<6<1,

2 i (S147)
72 (1= 8)P3 — @3) if 0 < 6 < 1/3.

Xg(é) = {

We now verify that (a) ”X3(5)r||oo =1 and (b) || X3(0)|| = Tr X3(d)ws. Thanks to (S67)—(S68), we
can limit ourselves to the case where 0 < 6 < 1/3. As for (a), we have that

-3 3 2 5 1l.
[|X3(5) ||°<>‘2—35 36max{ 5, }_1, (S148)

1
1-6)Ps—=F =
(1-0)P3 3 5 3 3

3

[ee]

where F3 = Z?,k:l |jkXkj| is as usual the flip operator, and the second equality is elementary
because P3 and F3 commute. Concerning (b), it suffices to observe that

3 3(1-9)
2-36 2-36
where again the computation of the operator norm is elementary because P3; and @3 commute.
‘(xg,(a)@")I’H - 1 and
) 1X3(0)®"|| o, = Tr [X3(6)®"a)§9"]. This in turn ensures that X3(5)®" is a feasible ansatz for the
optimisation that defines N; (Q, | w$") (cf. (S32)). Hence,

1X3(0)|loo = max {6, 1 -6} = = Tr X3(8) w3, (5149)

From the above claims (a) and (b), we deduce immediately that also (a")

Nt (Qu | @) = Tr [X3(6)*"Qy] - (S150)

To further lower bound the right-hand side, we need to have a closer look at the spectral structure

of X3(6)®". Let us distinguish the two cases 0 < 6 < 1/3 and 1/3 < 6 < 1. In the former case,
3;1(1_6);1
2-30)"

with projector (P3 — ®3)®". The smallest eigenvalue, instead, is easily seen to be —
deduce that

according to (5149) the largest eigenvalue of this operator, corresponds to the eigenspace

31(1-6)""16
2 We

3"(1 - 5)" 31(1 - 6)"1s
X3(0)%" 2 ————=—(P3 = ®3)®" = ————— (1 — (P3 — ®3)*")
SO e s
= NPT ((P3 — ®3)®" - 61) .

The above operator inequality is valid for 0 < 6 < 1/3. When 1/3 < 6 < 1, instead, an analogous
reasoning yields more simply

X3(8)®" > 2"(P5 — @3)®" = 2" (1 — (P3 — @3)®") = 2" (3(P3 — @3)®" — 1) (S152)
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Before completing the proof, let us observe that by virtue of (5145) we have
Tr [(P3 — @3)®" Q] = 1+ Tr [(P3 — ©3)®" (Qu — 05")| 21— ¢, (S153)
Continuing from (S150), when 0 < 6 < 1/3 we infer

ivyn(1 _ Syn-1
v)3"(1 - 6)

Nt (Qn | 0$") Tr [((P3 — ©3)®" - 61) Q]

- (2-3o)m
() 3n(1 _ 6)11—1
> W (1 -0- En) (8154)

_(30-9)\" (1- )

1 2-36 1-06/"
Here, the inequality in (iv) is obtained by plugging (5151) into (5150), while that in (v) comes
from (S153). Remembering (5146), we obtain that

1(3(1-06)\" €n
[Rn] - _
2 22(2_35) (1- 7). (S155)

Computing the logarithm of both sides, dividing by 1, and using (5145) to take the limit for n — oo

yields R > log, 32(:?. The reasoning for the case where 1/3 < 6 < 1is entirely analogous, leading

to R > 1. Since the rate R was completely arbitrary, the proof is complete. m|

C. Implications for coherence theory

The resource theory of quantum coherence [66, 67] is concerned with the study of the opera-
tional manipulation of the resource represented by superposition in a fixed basis {|7) }; of a Hilbert
space — very much analogously to the way that entanglement has been studied in this work. In-
deed, one can define the asymptotic quantities such as coherence cost C, and distillable coherence
Cy in a manner completely equivalent to the entanglement-based definitions of our work [68]. It
is, in particular, known that the manipulation of coherence is asymptotically reversible under the
class of maximally incoherent operations (MIO) [68, 69], which are the coherence theory equiv-
alent of non-entangling transformations: they map any incoherent (diagonal) state into another
incoherent state. For such maps, it then holds that Cj ymio(w) = Cc mio(w) for any state.

A strong parallel between the theories of coherence and entanglement was noticed when the
latter is restricted to the so-called maximally correlated states [68], of the form

p= Z pij liiXjj (S156)
]

for some bases of H4 and Hp and coefficients p;;. Such states are separable if and only if
they are diagonal in the given basis, and their operational properties — including the values
of entanglement cost and distillable entanglement under LOCC — exactly match the values of
coherence cost and distillable coherence of the corresponding single-party state

p= pijliXjl (S157)
7

when coherence manipulation is considered under the class of incoherent operations (I0) [66, 68].

Our result, however, shows a major difference between the theories of entanglement for maxi-
mally correlated states and quantum coherence, and breaks the quantitative equivalence when the
transformations under non-entangling operations NE and maximally incoherent operations MIO
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are considered. Crucially, our counterexample w3 is a maximally correlated state. This implies
that

Ec.NE(w3) > Egne(ws) = Camio(ws) = Cevio(@s), (5158)

where the first equality is due to the fact that both E; ng(p) and Cyavio(p) are given by the relative
entropy of coherence of p [33, 68, 69] for any maximally correlated state. Intuitively, any MIO
transformation can be seen to give rise to a transformation which is non-entangling, but only
when restricted to the maximally correlated subspace; our result shows that such maps cannot
always be extended to a transformation which is non-entangling for any input state, and so NE
operations are weaker at manipulating maximally correlated states than MIO operations are at
manipulating their corresponding single-party systems.

D. More open questions

Our results motivate a number of extensions and follow-up results that would strengthen the
understanding of general entanglement manipulation. We have already remarked several of them
throughout this Supplementary Information; let us collect them here and discuss other open
questions.

First, although our bound E. ne(p) > E}(p) is good enough to establish the irreversibility of
entanglement manipulation, one could ask whether a tighter computable bound can be obtained.
For instance, does the regularised quantity L{.(p) in Theorem S7 admit a single-letter expression?
Even more ambitiously, one could ask whether an exact expression for the entanglement cost E., NE
itself can be established. Such questions are interesting not only from an axiomatic perspective,
but also because any such result would provide improved bounds on E. 1occ.

Additionally, as mentioned in Supplementary Note III, several quantum states which have
previously been used as examples of irreversibility under smaller sets of operations are actually
reversible under NE and PPTP. An understanding of what exactly makes a state such as w3
irreversibile under all non-entangling transformations, and — more generally — a complete
characterisation of all irreversible states could help shed light on the stronger type of irreversibility
that we have revealed in this work.

Another result uncovered in Supplementary Note IV of our work is that, although Brandao
and Plenio’s framework [10, 47] suggests that entanglement can be reversibly manipulated while
generating only small (asymptotically vanishing) amounts of the generalised robustness Ri, re-
quiring that the standard robustness R also be small completely breaks reversibility. It would be
very interesting to understand exactly why such a “phase transition’ in the task of entanglement
dilution occurs, and whether one can tighten our and Branddo and Plenio’s results with other
choices of monotones.

Also, the phenomenon of catalysis [70] is a remarkable feature that can significantly enhance
feasible entanglement transformations: the fact thata transformation p — w is impossible does not
necessarily mean that p® T — w®7t cannot be accomplished with the same set of allowed processes.
One could then ask about transformation rates where, instead of requiring that A(p®") — w®™",
one asks that A(p®" ® 1) — w®" ® t for some state 7, and define the distillable entanglement
E; and entanglement cost E. correspondingly. Additionally, the operations NE and PPTP are
rather curious in that they are not closed under tensor product, in the sense that A, A’ € NE
does not mean that A ® A” € NE when acting on a larger system. Such properties leave open the
possibility of significantly different behaviour when catalysis is employed, something that was
already remarked in [10, 47].

Finally, a fundamentally important question is: what is it about entanglement that makes
it irreversible? As discussed in the main text, several examples of quantum resource theories
have been shown to be reversible when all resource-non-generating operations (counterparts to
non-entangling or PPT-preserving maps) are allowed [48]. Although there is no a priori reason
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to expect reversibility to be a generic property of quantum resources, one can note that the
framework and main results of Branddo and Plenio may be adapted to more general convex
resource theories [71], suggesting [38] that reversibility can be guaranteed when asymptotically
resource-non-generating transformations are allowed and the generated resource is quantified
with a generalised robustness—type measure R% Our question then reduces to: in what types
of resources can we enforce strict resource non-generation and still maintain reversibility? Is
entanglement truly unique in its general irreversibility?

VII. SUBTLETIES RELATED TO INFINITE DIMENSION

Throughout this section we will elaborate on some issues that arise specifically in dealing with
infinite-dimensional spaces.

A. On the definition of partial transpose

The definition of the partial transposition [2] requires some further care when one deals with
infinite-dimensional spaces, the main reason being that this operation does not preserve the space
of trace class operators. We first define it on the dense subspace T(Ha) ® T(Hg) € T (Hag) of
finite linear combinations of simple tensors by the expression I'(X4 ® Yz) = (Xa ® Ya)' = Xa®Y7,
already encountered in (S8), extended by linearity.

Now, one observes that the linear map I' : 7(H ) ® T(Hg) — B(Hap) we just constructed has
operator norm

1211

||Fl|1—>oo = sup 7 =1,
0+£Z€T(HA)T (Hp) ” ||1

where [|Z]|c = sup) |IZ [¢)]]. To see this, it suffices to write the singular value decomposition
ofany Z € T(Ha) ® T(Hp) € T (Hap) as Z = X2, Ai [WiXDi|, where || Z]l; = 272, |Ail, and then
notice that ” |‘I’)(<D|rH < 1 for all pairs of pure states |V) , |P) € Hp, so that

127, < il rexelt]| <1
i=0

Finally, one may use the continuous extension theorem to lift I' to a continuous map I' : 7 (Hap) —
B(H ap)- It still holds that ||T'||,_,,, = 1.

B. Topological properties of the cone of PPT operators

An important property of the two cones of separable and of PPT operators is that they are
closed with respect to the topology induced on 7 (Hap) by its pre-dual, the Banach space of
compact operators on ‘H 4. We will refer to this topology as the weak*-topology. The fact that Sap
is weak*-closed has been established in Ref. [6, Lemma 25]. An analogous statement for PP7 4p
can be proved even more directly (cf. [72, Lemma 13]).

Lemma S21. The cone PPT ap € T (Hap) defined by (S7) is weak*-closed, i.e. closed with respect to the
topology induced on T (H ag) by its pre-dual, the Banach space of compact operators on H ap.

Proof. Note that PPT ap = T+(Hap)N(I(T+(Hap)) N T(Hap)), where the intersection with 7 (H ap)
in the second factor reminds us of the fact that T'(7:(Hap)) € B(Hag) contains operators that are
not of trace class. Since T, (Hp) is well known to be weak*-closed, it suffices to show that so is
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T(T+(Hap)) NT (Hag) as well. Pick local orthonormal bases {|#) 4 }new and {|m)g}men. Let us say
that an operator Y € T (H 4p) has a finite expansion if (n, m|Y|n’, m") # 0 only for a finite number
of quadruples (n,m,n’,m’) € IN*. If this is the case, it is simple to verify that also the partial
transpose Y! has a finite expansion; in particular, both Y and YT are compact operators.

We now claim that X € 7 (Hap) satisfies that X € I'(7.(Hag)) if and only if Tr [XYT] >0
for all Y > 0 with a finite expansion. To see why, note that a necessary and sufficient condition
for X' > 0 is that all (finite) principal minors of X! are positive. In particular, X' > 0 if and
only if Tr [X'Y] = Tr [XYT] > 0 for all Y > 0 with a finite expansion. Since any such Y'

is compact, the functionals X + Tr [X Yr] are weak*-continuous; we deduce immediately that
[(T+(Hap)) N T (Hag) is weak*-closed. This concludes the proof. m|
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