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S1. GURVITS’S ALGORITHM WITH REPEATED ROWS AND COLUMNS

We first present the original Gurvits’s algorithm and generalize the algorithm to improve the bound when rows and
columns are repeated. Gurvits’s algorithm exploits the following equality [IL 2]:

Per(X) = Eme{—l,l}" H inXij(Ej . (Sl)

i=1 \j=1

Thus, by sampling the random variable with uniform x € {—1,1}", the randomized algorithm gives an estimate p of
permanent of an n X n matrix X such that

[Per(X) — uf < e[| X", (S2)

with high probability 1—¢ with running time 7' = O(poly(n, 1/¢,log6~1)). When we consider a submatrix of a unitary
matrix, this expression is sufficient because the submatrix’s norm is bounded by 1. However, when we have repeated
rows and columns in X from a unitary matrix, which is the case when we have multiphoton inputs, the norm || X|| is
not generally bounded by 1. Therefore, the upper bound of the error can increase as || X||™, i.e., exponentially in n.
To deal with multiphoton cases with a reduced error, we need to generalize Gurvits’s algorithm. Note that although
Ref. [3] generalizes Gurvits’s algorithm for multiphoton outputs, i.e., Per(V, m) = (n|V|m), where n € {0,1}" and
m is a nonnegative integer vector, it is not sufficient for our purpose where we have multiphoton input and output,
ie., (n|V|n) = Per(V, ).
Consider a case where the goal is to approximate a quantity

Per(A)
n!

; (S3)

where A € C™ "™ which is obtained by repeating ith row and column of a matrix B € C¥*¥ for n; times. Here,
n € Z%, with Zle n; = n. Following the method in Ref. [3], let us define a random variable

n;
1M =1 i=1 i=1

k k _ n;
_ 1 n, s Ui(By)i\ "

1=

where y; = n}mxi. Here, x € R[ny + 1] X -+ - X R[ny + 1] = X, where R[j] is the set of jth roots of unity. Then, its

absolute value is given as
5 —1/2
i=1

k
|GenGly, (4)] = (H n>
i=1

where ¢; = y1B;,1 + -+ - + yrBir. Now, let us find its upper bound, which determines the error of the corresponding
randomized algorithm by Chernoff bound. First, we have a constraint

-1/2 )

H(y1b¢,1 + o yrbig)™
=1

k

n;
11

=1

: (S5)

k k
D lal? =Y 1By)il® < [BIPllyl* = |l BI*. (S6)
i=1

i=1

We then consider
k k
log [ leil™ = nilog|ei. (S7)
=1 =1

Using lagrange multiplier, with a constraint Zle lci]? = e,

k k
ZEZni10g|Ci_)\<Z|0i|2—C>, (S8)
i=1

i=1
we obtain

= =L _2)\|¢| =0, Vi 59
alel Tl |ci (S9)



Using the constraint Eq. ,

n; n
Zlil2 Z =y =6 (S10)

n; Ccn;
. — ) 11
el = /51 =\ (s11)

Therefore, using the solution, we have an upper bound as

ﬁM<m«me¢%>ﬁ?”() ﬁ L (12)

=1 i=1 =1

the solution is obtained as

Hence, we have an upper bound of the absolute value of the random variable,

A —1/2
|GenGly, (A)| = (H nf)
i=1

Now, we prove that the average of the random variables gives an unbiased estimator of Per(A)/n!, i.e.,

k
n;
11

i=1

< [IB[I"- (S13)

Per(A)
n!

Exex[GenGly, (4)] = (S14)

First, we have

Exex m Hy H yiBii+ -+ yBik)™

(S15)
Hz 17y =1 =1

k
= i . PN . ng
- /l'7 ’
H m Exex [H (y1Bia+ - +yrBik)
i=1 "

i=1
k

1 k . n
= W Z (H Bi70'i> EXEX [11 gi ¢ l_llyai] ,

i=1" 5y, onelk] \i=1
(S16)
where by the symmetry over the roots of unity,
k n
Excx lH g Hy} =0, (S17)
=1  i=1
unless the product insides is equal to Hle ly;i|?™, in which case we have

k
EQWWH%LHW' (S18)
i=1 i=1

Hence,

Exex[GenGly, (A)] = > HBZ = Per( A), (S19)

ti1. te €[kl {iti=4}|=n; Vjielk]i=1

where n! appears to take into account the fact that each produce Hle b; 1, appears n! times.

Therefore, GenGly,(A) gives us an unbiased estimator of Per(A4)/n!, and the random variables are bounded by
|B||*. Due to the Chernoff bound, the randomized algorithm with number of samples N = O(1/¢?) provides an
estimate p with high probability 1 — § such that

Per(A)
n!

—-u‘<16HBH”~ (520)



S2. SPARSE FAST FOURIER TRANSFORMATION FOR LARGE WEIGHT VECTOR

In the main text, we showed that we can efficiently solve the problem where Q. = O(poly(M)) due to the
assumption that w; = O(poly(M)) for all i’s. By lifting the assumption, we now consider the case where Qy.x =
w(poly(M)). Let d = Quax + 1 be the number of bins. In particular, we will assume that the goal is reproducing the
t = O(poly(M)) largest components G(£2) in the spectrum, namely peaks, instead of reproducing all the components to
focus on the problems that a boson sampler can solve in polynomial time. This is because estimating a superpolynomial
number of quantities inevitably takes superpolynomial time. This assumption is also practically reasonable because
the molecular vibronic spectra problem’s typical purpose is identifying the peaks. For a boson sampler to achieve
reasonable accuracy, we assume that the ¢ peaks are as large as 1/poly(M). We further assume that logw; =
O(poly(M)) for all i € [M] so that w;’s can be represented in a polynomial number of bits. Consequently, logd =

O(poly(M)).

A. Boson-sampling case

Suppose that we have obtained N number of samples by running a boson sampler. The standard Chernoff bound
states that for each Q € [0, Qmax] with the N samples, we obtain the estimate of G(2) with accuracy e with high
probability 1 — 2e~2V e, By applying the union bound for all the ¢ peaks, we obtain the accuracy € for ¢ different €2
with probability 1 — 2te 2N = 1 — 92N +logt, Thus, we choose N such that —2Ne? +logt = O(1). Then, we need
at least N = O(logt/e?). Since our goal is to estimate G(f2) for all the ¢ peaks, we can guarantee that the estimated
peaks G} is te-close to the true peaks:

G — Gyllx < te, (S21)

where G is the distribution only for the peaks. In other words, N = O(t? logt/€?) is sufficient to guarantee with high
probability that

[G: — Gilli <. (S22)

B. Efficient classical algorithm using a sparse fast Fourier transformation

We now consider the same problem, i.e., estimating the ¢ peaks G(Q2) = Q(1/poly(M)). For our classical algorithm,
we exploit the sparse fast Fourier transformation (SFFT) [4]. For general cases, the SFFT gives the estimate G' =
G’ () such that

IG=G'll2<(1+€) min |G—Hlz+ G|, (523)
H et-sparse

in O(t/elog(d/t)log(d/d)) time with high probability. Here, the minimization is over ¢-sparse distributions H = H(f2),
i.e., only t elements are non-zero. For our case, |G|z < ||G|l1 = 1, and due to the dependence of the running time on
d, we can choose 0 = 1/exp(M). Intuitively, the multiplicative factor 1 comes from the tails, i.e., the terms that are
not peaks; thus, if we focus only on the peaks, the right-hand-side should be efficiently reduced by choosing € and ¢
to be 1/poly(M).

More rigorously, we can show that the error on the peaks can be efficiently reduced by the fact that the final round
of the algorithm in Ref. [4] gives us the estimate G’(£2) of the distribution G(Q2) (see Eq. (6) in Ref. [4]), which satisfies

|G- G2 < % (H min ||G — H||2 +d52) : (S24)

Et-sparse

Therefore, the total variation distance for the peaks is given by

1/2
|G — Gill1 < Ve (H min |G — H|)3 +d62> . (S25)

€t-sparse

Hence, choosing € = v/te (minHet_sparse IG—H|3%+ d52)1/2 with 6 = 1/\/(37 we can achieve

|G — Gl < € (526)
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in O(t2/€?log(d/t) log(d/#)) time with high probability. Hence, when we can compute the Fourier components G(k)
exactly, the SFFT gives an estimate G’ with high probability. Thus, it already suffices to show that for the molecular
vibronic spectra problem corresponding to the Gaussian boson sampling, the SFFT provides an estimate of G(f2) as
accurate as running a Gaussian boson sampler.

For the case of Fock-state boson sampling, we can only approximate the Fourier components because exactly
computing them is #P-hard. Therefore, the SFFT has to be applied to the approximated Fourier components whose
inverse Fourier transformation gives G. If we assume that the approximation of the Fourier components does not
change the position of peaks (it may change the value of the peaks but not the position of the peaks), the SFFT
applied to the approximated Fourier coefficients can still recover the peaks with error produced by the approximation.
Thus, under the assumption, we have the following inequality for the estimated spectrum Gi:

IG: = Gl < NIGe = Gl + 1Ge = Gilly < V" + ¢, (527)

where €’ comes from the SFFT, ¢ comes from the approximation of the Fourier components (See Methods C.), and
V/t factor comes from |[v]|; < v/t||v]|2 for length t vector v. Thus, by setting ¢ = ¢/(2v/t) and € = ¢/2, we obtain the
accuracy |Gy — G}|l1 < € in running time O(poly(M,1/e)).

Now, the remaining problem is to show that the approximation of the Fourier coefficients does not change the
position of the peaks. To prove this, it suffices to show that the approximation error in the Fourier basis does not
generate an error as large as o(1/poly(M)) with high probability. To this end, we make use of the Hoeffding inequality
for the sub-Gaussian distribution. This is because we approximate the permanent using the generalized Gurvits’s
algorithm. In particular, the Hoeffding inequality for the generalized Gurvits’s algorithm from Sec. gives the
following inequality:

P
oo Pl

2
> e} < 2exp (—62]\]) , (S28)

where N is the number of samples. On the other hand, the definition of the sub-Gaussian distribution is that
Pr[|X| >t <2, (S29)

for some ¢ > 0. Thus, the estimation error from the generalized Gurvits’s algorithm follows a sub-Gaussian distribution
for any N > 0.

For random sub-Gaussian variables X, ..., X,,, the Hoeffiding inequality gives [5]
Y X } em?e? 9
Pry HZ— >e|l <2exp| —=m————— | =2exp (—Cme (S30)
m 21‘:1 HXinQ ( )

for an absolute constant ¢ > 0, and C = cm/ > " || Xi|ly, > 0. Here, we defined
| Xilly, = inf{c > 0: E[eXi/<") < 2}, (S31)

which is finite if and only if X; is sub-Gaussian. Now, recall that the error of the spectra is written as

Qmax
AG(Q) = ﬁ ; AG(k)ei*o?. (32)
The real part of the error is written as
1 o ~ ikOQ 1 ‘o 2 ~ .
Re[AG(Q)] = g kzzo Re[AG(R) ™ = 5 kZ:O [Re[AG(k)] cos(k0) — Tm[AG (k)] sm(km)} . (S33)

Here, we note that the random variables Re[AG (k)] cos(k0Q) — Im[AG (k)] sin(k#Q) are not correlated for different
k’s because both Re[AG(k)] and Im[AG (k)] are not correlated for different &’s. Meanwhile, to avoid the possibility
that the real and imaginary errors Re[AG(k)] and Im[AG (k)] of G(k) are correlated, we estimate the real part and
the imaginary part independently in the generalized Gurvits’s algorithm, which only doubles the computational cost.
Thus, when we aim to estimate the real part, Re[AG(k)], after running the generalized Gurvits’s algorithm, we keep
the real part while ignoring the imaginary part, and vice versa. By applying the Hoeffding bound on Eq. ,
we obtain

Pr[|Re[AG(Q)]| > €] < 2exp (—Crde?), (S34)



where C'r > 0 is a constant. Using the same argument for the imaginary part and applying the union bound, we
obtain

Pr[|AG(Q)| > €] < 2exp (—Crde®) + 2exp (—Crde?) < dexp (—Cde?), (S35)

where Cy is the counterpart of Cg for imaginary part and C' = min(Cg, Cy). Now we apply the union bound for all
Q, which gives us

Pr[|[AG(Q)| > € for some © € [0, Qax]] < 4dexp (—Cde?) = 4exp (—Cde® +logd) . (S36)

Here, by choosing € = 1/d"/* = o(1/poly(M)), we finally prove that the approximation error in the spectrum is upper
bounded by o(1/poly(M)) with high probability.

S3. THE POSITIVE P-REPRESENTATION

In this section, we recall the generalized (positive) P-representation introduced in Ref. [6]:

*
o= [ Plapliapiads, ifo.p =200 (537)
C2Z\/I <18 |a>

where |a) and |8*) are coherent states. The generalized P-representation is one of the quasi-probability distributions
of a bosonic state [7]. An important property of the generalized P-representation is that the distribution P(e, 3) can
always be chosen nonnegative (we call this positive P-representation.) and the expectation value of a normal-ordered
operator can be readily computed [6]. The former can be proved as follows. For simplicity, we use a simpler version,

where we assume that the Glauber-Sudarshan P-function exists [7], which is written as

p= /C 2o Pos(a)|a)(al, (538)

for a single-mode state. We note that although we assume the existence of the Glauber-Sudarshan P-function for
simplicity, the claim is true for arbitrary density matrices [6]. The claim is that the positive P-representation is
written as

1

P(OQB) = Wexp(

o — B*|?

L) s 57720000+ 2. (539)

If the claim is true, then it guarantees that the representation is positive and real. By directly substituting the
representation, we get

1 1 1
Pa.8) = 3 [ Fast)esn (~3la =P = 316" =2 ) (s10)

Meanwhile, for an analytical function f, we have
1 1 2\ o
fo) =5 | fla)exp | —gla—9]" ) d. (541)
™ Jc 2

It can be shown that for example at v = 0,

/f(a)ex (—1|a|2) d*a = 2mex <182> f(a)] =27 f(0) (S42)
c PL73 P\ 29000+ =0 ’

where the last equality holds because the function is analytic. Using this property, we obtain from Eq. (S40))

Map)P(ap)Pads = 1z [ Padsirhio,s)Past) e (~gla—oP = 515" =42) (519

Cc2

- /C aPes(a)|a)(a] = p. (544)

which proves the claim.



Now, we show by an example that the expectation value of a normal-ordered operator can be computed by averaging
over the phase-space variable. For example, when one computes for a single-mode : aa'aal := at?a2,

Te[p: aataat o] = Tr[pat2a2] = / P(a,B) Tr {A(a,ﬁ)a”a?]dadﬁ (S45)
C2
= P(a,ﬁ)mdadﬁz P(a, B) B’ dadp. (S46)
c? (B*|c) c2

Therefore, we may be able to directly integrate or estimate it by sampling (o, ) from P and averaging o232 over
the samples. The same procedure works for any normal-ordered operator f(a,a') by replacing @ — a and af — .
Especially when the operator is written as a function of 7, g(f), then the corresponding phase-variable is given by

g(aB).

When we apply a linear-optical circuit to a given input state, the quantum state transforms as
p— UpUT, (S47)
which is written for the positive P-representation as

b= /C  Pla@)(e B)dadB — = / P(a, B)A(Ua, U* B)daxd . (548)

c2M

Therefore, sampling from the positive P-representation of the output state of the linear-optical circuit is equivalent
to sampling from the positive P-representation of the input state and transform the phase variable as (a,3) —

(o, 8) = U, U"B).

S4. POSITIVE P-REPRESENTATION OF A SQUEEZED VACUUM STATE

In this section, we show that a positive P-representation of a squeezed vacuum state can be chosen as [§]

VIFy

™y

P(z,y) = exp (—(2? +y*) (v +1/2) +ay) (S49)
where 2 and y are real numbers. We follow the proof in Ref. [8]. We emphasize that this function is defined on the
real plane, which is a distinct property of a squeezed state, and that generally the positive P-representation is defined
on the complex-variable domain:

o= [, Plapliiapiads, ifop =200 (550)
cam (B*|ex)
where |a) and |8*) are coherent states. The claim that we now prove is that the quantum state |¢) written as
- (14" 2
w:/dxe:c with F(x) = ————— exp(—z*/7y), S51
[¥) A (@)]) (z) N (=2*/7) (S51)
is a single-mode squeezed state. Using
* 1 2 1 2
(018) = exp ("8 — Slaf* ~ 318) (552)

Eq. (S51)) leads to Eq. (S49)). Thus, it suffices to show the claim to prove that Eq. (S49) is a positive P-representation
of a squeezed vacuum state.
To show that [¢) is a squeezed vacuum state, we consider the characteristic function of |1)),

Xy (n) =Tr [I¢><¢| exp(n&T — n*é)} =/, dzdyF (x)F (y) exp [—;Inl2 +ny —ntz— %(JJ - y)Q] (S53)
_ VI Gy esp [—”"2 St T S S —y>2] ($54)
7T’Y R2 2 2
B Iy —n* (v + 2)?
= exp [— S+ 7) ] . (S55)



By changing the variable with real numbers, n = ¢ + ip, we obtain the following expression:

2 2,2
¢+ (1 +7)°p

,p) =exp|——7——|. S56
X (4, P) p[ 201 7) (S56)

Thus, it is the characteristic function of a multivariate normal distribution of a covariance matrix,
¥ — diag [ ——, 1+ (S57)

=diag (| —, .
] Gyt

Since the covariance matrix of a p-squeezed vacuum state with a squeezing parameter r is diag(e?”,e~2"), it shows
that |¢) is a p-squeezed vacuum state and the relation v + 1 = e*".

We note that the above expression holds only if » > 0. Especially when r = 0, i.e., when the state is vacuum, the
expression is not well defined, but the positive P-representation can be obtained by using Eq. :

1

Py(a,B) = o) GXP{

1
~5al +16%)]. (558)
where o and 3 are complex. Since the P-representation is still Gaussian, one may easily generalize the analytical
result of the Fourier components G(k) for the vacuum, while nonzero-squeezing-parameter cases are more generic for
molecular vibronic spectra. In addition, for the purpose of the Gaussian boson sampling setting, or the molecular
vibronic spectra, squeezing parameters r > 0 is sufficient because the rotation part can be moved to the linear-optical
circuit. Nonetheless, squeezed vacuum states in other directions can be obtained by simply rotating the state) as

p= ORI (0) = [ Plop)ac, s dads, (559)

where R(qb) = e~i'$ i3 the Totation operator. Thus, if we change the variables, the domain for the integral may not
be the real plane.

S5. EXACT SOLUTION OF FOURIER COMPONENTS OF MOLECULAR VIBRONIC SPECTRA

Here, we show the derivation of the analytic solution of Fourier components of the vibronic spectra. Let us first
write the initial positive P-representation as (see Sec. [S3|for more details.) [§]

M
T+ _
Putery) =TT | ¥ oxp (< + 52007+ 1/2) + ) (560)
i=1 ¢
=Nexp[-z. Az —yBy—z.Cy—yC a], (S61)
where we define
VI
A=diag(y; ' +1/2)M,, B=diagly '+ 1/2)M,, c=-1/2, N=]] T” (S62)
i=1 i

Here, a and 3 are real M-dimensional vectors. From the main text, we have found the expression of the Fourier
components of molecular vibronic spectra,

G(k) = (e ™), (S63)

where the expectation value is over the output state of Gaussian boson sampling. By using the relation e™7" =:
e™e =1 . [0], we can write the operators as a normal-ordered form:

G(k) = <: exp [i fi (e k0w _ 1)1 :> . (S64)



Now, we compute the expectation value,

G(k) = <: exp [Z i (el — 1)] :> = <exp lz zhyl(e — 1) > (S65)
) ;4 M \ M

= <eXp ST Do Uijas 4w (Z Ubyk + in> (e" —1) > (S66)
k=1

i=1 \j=1 p
=(explzU.y+ax+by+col)p (S67)

= j\/'/ dxdy exp {fa:.A.a: —yBy—xCy—yClax+ax+by+ co} (S68)

= N/ dgexp[—q.Q.q/2 + c.q + co], (S69)

where ¢; = —kbw;,
U=UTDU*, & =diag(e" —1,...,e"% —1), C=C-U/2, Q=2(Cf,1r g) (S70)
c= (‘;) . a=UTdy,, b=Uldzy, co=z0Pyo, (S71)

and (-)p is the average over the positive P-representation. We note that the displacement occurs after the linear-
optical unitary, which matches the displacement §/v/2 in the Doktorov transformation, i.e., g = y§ = 8/v/2 Here,
we note that @)’s real part is positive-definite. To see this, we decompose @Q as

_ 1 Iy =1y (0 UY _ 1 1y fUTdiag(eid’j)jleU*
Q=210 "+ (_1M 1y ut o) = 2L, @7 + —UTdiag(ewf)jM:lU 1y , (872)
where I' = diag(v1,...,vm). Now, we can write the real part of Q as
_ 1y L
Re(Q) =21, @' + <LAT4 1M) : (S73)

where L = Re(—UTdiag(e® )M U*). Since ||L|lop < 1, Re(Q) is positive-definite [I0]. Also, it is well known that
the Gaussian integral in Eq. converges if the real part of the complex symmetric matrix @ is positive-definite.
Therefore, the integral always converges.

Using the Gaussian integral formula,

(2r)2M 1
/dq exp[—q.Q.q/2 + c.q] = 1] exp (20.Q .c) , (S74)

we obtain the analytical form of the Fourier components,

~ 27)2M 1
Gk) =N ( 7|TC)2| exp (2c.Q1.c—|— Co) , (S75)
where
— 0+ 1y —U T diag(e'®7) U
©= (—UTdiag(eW.f)%lU o1 41, : (S76)

We note that for simplicity, we have assumed nonzero squeezing, which is generic for molecular vibronic spectra, while
a similar expression can be obtained when there is a zero squeezing because the positive P-function is still Gaussian

(See Eq. (S58)).



10

(a) (b)
P1 |m1> |m1>
or, |ms) |mag)
A1 |ms) |ms)
‘U)(Tllzlsv>
A ‘/@(ngasﬁ
PTy |mlﬂ> ‘U”(l“slzIS\/> |m]\[>
1)
i) In2)
|n3)
[ar)

FIG. S1. Transformation of molecular vibronic spectra (a) at finite temperature to molecular vibronic spectra at zero
temperature. (b) By introducing additional M modes and two-mode squeezing operations, one may treat the problem as
at zero temperature. For finite temperature case, the cost is only the additional M modes and we can exploit the same solution
as at zero temperature.

S6. EXACT SOLUTION FOR MOLECULAR VIBRONIC SPECTRA AT FINITE TEMPERATURE

We now show that our method is applicable for molecular vibronic spectra even at finite temperature. At finite
temperature T', the molecular vibronic spectra is written as

FCP(Q) = i p(n,m)§ (2 — (W' -m—w-n)), (S77)
where
p(n,m) = pr(n)|(n|Upe|m)[*. (S78)

Here, pr(n) = (n|pr|n) is the probability of photon number |n) from an M-mode thermal state pr at temperature
T (in general we do not need to assume the same temperature.). In Ref. [I1], it was shown that one may construct
a Gaussian boson sampling for the finite temperature case. The key idea is to add M auxiliary modes and prepare
two-mode squeezed states to simulate thermal states and detect the additional modes as well, which is depicted in
Fig. In this case, the original M modes’ output photons correspond to m and the additional M modes’ output
photons corresponds to . Therefore, we can again use the same framework to obtain the solution. We can rewrite
the FCP as

FCP(Q2) = Z |(m, n|U} o, [0)%6 (2 — (W' -m —w - n)), (S79)

m,n=0

which is the same form as the zero temperature case except for the negative part in delta function. Here, U{DOk =
UpokUrMsy is obtained by applying two-mode squeezing operators. Again, the Fourier transform of the FCP at finite
temperature is given by

G(k) = (e7 "0y, (S80)

where w” = (w’ T —wT)T. Therefore, the analytic solution for Fourier components can easily be found. Note that
without introducing additional modes, one can directly use the positive P-representation for a squeezed thermal input

state and follow the same procedure as the zero temperature case.

S7. COMPUTATION OF LOW-RANK LOOP HAFNIAN

Here, we generalize the algorithm of computing the hafnian of a low-rank symmetric matrix to loop hafnian [12].
The relevant matrix of which we compute the loop hafnian is ¥, which is obtained by replacing the diagonal elements
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of a symmetric ¥ by u vector, and we assume that the symmetric matrix ¥ has a rank r; thus, we can find G € C"*"
such that GGT = . We then introduce indeterminates 1, ..., x,, and consider the multivariate polynomial

q(z1,..., 2, H ngz]Jru] . (S81)

=1 \j=1

Note that the difference from the hafnian case is the additional term p;. We let P, ,- be the set of integer r-partitions
of 2s, i.e., tuples (p1,p2,...,pr) such that p; > 0 for all  and ), p; = 2s, and let &, be the subset of P, such that
p; is even for all 7. We then expand the polynomial and identify the coefficients A\, as

[n/2]

(@1, m) =Y > Ap pr (S82)

s=0 p=(p1,...,p25)EPas,»

where we dropped a polynomial composed of odd number of z;’s from ¢(x1,...,z,). Since

2s+1r—1 s+r—1
|P2s,r| —< r—1 ) and |525,r| —< r—1 )7 (383)

The coefficients A\, can be found in |P,, .|poly(n) running time. Meanwhile, the loop hafnian can be written as

[n/2]

haf(2) = > Y A H -, (S84)

5=0 e€&as r i=1

where a!l =1 if a < 0. For given coefficients A, the loop hafnian can be computed in |&, ,|poly(n) time. Thus, when
¥ is a rank 7 matrix, one can compute its relevant loop hafnian lhaf(¥) can be evaluated in (”jﬁ;l)poly(n).

S8. FOURIER COMPONENTS OF MOLECULAR VIBRONIC SPECTRA

In this section, we simplify the Fourier component of molecular vibronic spectra. We focus on the displaced squeezed
Fock state input D(a)S(rg)|n). In this case, the Fourier component can be written as

G(k) = (n|ST(ro) DT (a)Ute T D(a)S(ro)|n) = (n|W|n) = (n|D(€)Uin2S (1) Uiini 1), (S85)
where we have used Bloch-Messiah decomposition of the Gaussian unitary matrix w.

Before we derive the most general case’s formula, we first consider a simpler case. First, we consider (n|S(r)|n) for
a single mode:

(0l = = [ dads(ala)alS()]5)(6ln) —

dadga5™ exp |~ (al? +197)| @IS )8). (50

Note that
(a|S(r)|8) = _ exp [ _1 <|a — Bcoshr — B* sinhr|? — tanhr(a* — $* coshr — Bsinhr)?
Veoshr 2
+ a(B” coshr + Bsinhr) — o (B coshr 4+ 8 sinh r))} (S87)
0 1/2 0 0
= e[ g™ | TR i | vte )] (59

0 0 /2 0

Here, we defined v(a, 8) = (o, @*, B, 8*)T. Therefore, Eq. (S86) can be rewritten as

1300} =~ [ dadga 5" exp |~ (a7, <a,ﬂ>], (589)

n'ﬂ'2 Vcoshr
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where we have defined

0 1 0 0 tanhr 0 1 sechr
_1_ |1 —tanhr —sechr 0 . 0 00 1
X, = 0 —sechr tanhr 1]|° Xy = 1 00 0 (590)
0 0 1 0 sechr 1 0 —tanhr
Finally, using Wick’s theorem [13], we obtain
A (a"p*) _ haf((Xs)n)
(n|S(r)|n) = = (S91)

n!vcoshr B nlvcoshr

where (X;),, is obtained by repeating the first and fourth rows and columns n times, which accounts for o and S*,
respectively.
Using the same method, we derive a more general case:

(n| D(&)Uiina S (7)) Uiini m2) (S92)

— g7 | detydwdB(n] D(©)|) alTinal) (2] (r) ) (] Uit 8) (Bl (93)
M

_ ﬁ / dadrydwds [ (o + &))"

i=1
1 * * 1 * * R
X exp {—2 (|a + €2+ |al®* + 2187+ [v|* + |w\2) + " Utinz.y + w*.Utin1.8 + 5(501 —&".a)| (7[S(r)|w)
(S94)
1

M
1
= dadydwd a; +&)B7]" ex [—aQ— 221 — a.&F + aF Ujyo. —i—w*.Uin.]
n!wwr{%l\/m/ v [ [l + 60511 exp |l = |91 = 1el* — v 27 + " Vi1 B

X exp {—;U('y,w)T.Zs_l.v(’y,w)} (S95)

M
= iy [ dectrdeda [+ 07" exp (—5lef —ag” ) exp (—gele 70" 5 ule 8| (590

1 M x 1
= ,W;W/dad‘rdwdﬁz[[l[(ai FEHC)(B+ )] exp (—Qv(a,ﬁ,%w)T-E1'v(a,ﬁ,%w)> (597)
_ lhaf(%,,)
=Tz (598)

Here, we have introduced various parameters, which are defined as follows: First, we have defined a complex vector
as

v(a, B,y,w) = (al,...,aM,a;...,a}kw,ﬁl,...?ﬁM,ﬁ’fw..,ﬁj*w,'yl,...,VM,'ﬁ,...,'y&,wl,...,wM,wik,...,w}%),
$99)

and the complex symmetric covariance matrix X as

_ Y, =W 0 UL 0 0 Uy; 0
1_ m . — linl L _ lin2
by - (—WT Zsl) ) uhnl = (0 0 ) ) uth = (Ulin2 0) ) W= ( 0 Mlinl) ) (Sloo)
tanhr 1p, O sechr
(o, ®1 0 B 1y 0 O 0
P = ( 0 o, 1) ==L 0 0 0 1y | (S101)

sechr 0 1, —tanhr

where o, is the Pauli  matrix. Here, using the equality

(A1 4 AT'B(D—CA~'B)"lCA~! —A~'B(D - CA~'B)~!

(é g) h B ( —(D-CA™'B)"tCcA™! (D—-CA 'B)! ) ; (S102)
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we obtain
Ujino tanh TUI’iTnQ 1 0 UjpasechrUinr Ugpotanhr Uppe O Ulin2 sech r
00 0 0 0 0 0
0 00 1 0 0 0 0
5 Ul?nl sech rUlrifn2 01 *UliTnl tanh Ui Ul?;ﬂ sechr 0 Ul?nl fUEnl tanh r (S103)
tanhrUL, 0 0 sech Uiy tanh r 1 0 sech r

UhTn2 00 0 1 0 0 0
00 Ulin1 0 0 0 1

sech U , 0 0 —tanhrUn sech r 0 1 —tanhr

Note that the relevant part for the loop hafnian is the ones that are related to e and 3* (for this reason, we dropped
other parts in the main text), which is
[ Ulipz tanh rUEn2 Uhing sech 7Ujing
Yap = (UEH1 sechrUl , —UL  tanhrUpy )’ (5104)

and 3, is the matrix that is obtained by replacing the diagonal element of ¥4 g« by (£ + ¢?, Cﬁ*) and repeating i¢th
row and column of each block matrix by n;. Here,

o * Ca o Ulin2 tanh TUEIQ.S*
where &7, is interpreted as an extended vector for other parts than a such as a*, 8 to be zero, i.e., £, = (£*,0,...,0),

and (€<, CB*) are restriction to the space of a and B*. Finally, the normalization factor Z can be compactly written
as

M
Z7 = (0] D(&)Uiin25 (1) Uin1 |0) = exp (;&;Z{ex> /] V/coshrs, (S106)
1=1

which gives the analytic expression for the zero temperature case as we obtained in Eq. (S75)).

We note that
_ (Uin2 0 tanhr sechr Ul?nz 0
Yagr = ( 0 Uffm) (sechr — tanh 7“) ( 0 Uim (8107)

and that the operator norm is 1 regardless of Ujj,1, Uline and 7. A more general matrix element such as <n|ﬁ(£)Uhn2 S‘(r)ﬁlinl |m)
can be similarly obtained [14].
As a remark, when r = 0, the relevant matrix becomes

0 Diin2Utin1
<U1?n2Ul?n1 0 > ' (8108)
Since for a matrix A,
0 A
haf (AT 0) = PerA (S109)

we can see that when squeezing parameters are zero, we recover the Fock-state boson sampling case.

S9. APPROXIMATION ALGORITHM OF HAFNIAN

We provide an algorithm to approximate a hafnian. First, from Lemma 1 in Ref. [I3],

n M n
R IRy _ 1 Z nff (—)Zidav (M) (1M > hiz; (S110)
M n! v vy — ’

v1=0 vpr=0
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where h; = n;/2 —v;. Using the lemma, Proposition 1 in Ref. [13] states that for z = (z1,...,2x)T ~ N(0,X), where
3 is a real symmetric matrix and z can be a complex variable vector,

M na T n/2
ni N h*Xh
haf(X E. I | E E S111
af(¥n) = “i n/2 )! (U1> (UM> ( 2 ) 7 ( )
i=1 vpr=0
where n = ny + - +ny and h = (n1/2 —v1,...,na/2 —var)T and n is even. We note that the equality between

the hafnian and the sum in Eq. (S111) holds even for general complex symmetric matrices. Especially when n; = 1
forallie {1,...,n},

n 1 1 1 . ‘ WTYh n/2 1 1 1 . on WTYh n/2
. |Jl:[1 Zi] — W Z Z (—1)211:1 Vi <2) — 27 Z Z (—1) i=1 Vi (n/2)' <2> (8112)

v1=0 vy =0 v1=0 Vyp=0

n n/2
- |0

where h = (1/2 — vy,...,1/2 —vp)T. In this case, M = n. Therefore,

('S h)nﬂ 7 (S113)

0y, 202
(_1)Ei:1vz

KTSh (S114)
g2yt )
is an unbiased estimator for the hafnian in the sense that
n 2 / n
E, [(—1)27:1“1( 72, (WTh) /2] = haf(X). (S115)
Note that
2n/2 n/2 2n/2 n - N\ 1/2 nn/2 R o\ 7/2 (n”E”)n/z
hTSh = —nT =|————— (AT2h <= 11
(n/2)! ( ) ‘(n/?)' ( ) (n/2)12n/2 ( ) ~ (n/2)!127/2 (S116)

Therefore, in general, the estimate by sampling v and using the estimator has an error bound given by Chernoff
bound as

n n/2
Pr {hﬁ ~ haf(%)] > em} < 2exp <—;3T> : (S117)

Here, ||X]| is the spectral norm, i.e., the maximum singular value.
Our goal is to estimate the Fourier components of molecular vibronic spectra, which is given by

~ haf(%,,)
G(k) = Tl (S118)
Let us recall that the operator norm of the matrix ¥4 g+ is 1 (see Eq. ) Since a matrix’s submatrix’s operator
norm is smaller than or equal to the matrix’s norm, when the vector n is composed 0 or 1, 3,,’s operator norm is
smaller than or equal to 1. In addition, when n has a component larger than 1, we compute hafnian for a matrix
obtained by repeating the row and column. Nevertheless, when repeating the row and column the operator norm does
not increase as much as n!, i.e.,

[Znll

L <[5 (S119)

Therefore, the estimate by sampling & and using the estimator has an error bound given by Chernoff bound as

_ haf(%) en/? 1,
Pr [ q I ‘ pe e\/ﬁz < 2exp 5€ T, (S120)

where Z = /[[;_, coshr; and we have used Stirling’s formula, N! ~ v2rN(N/e)" (more precisely, vV2rN(N/e)Ne TN <
N! < V2rN(N/e)New~ ). Thus, if Z > e™/2, the estimation error is smaller than e with exponentially small failure
probability if we choose the number of samples as T' = O(1/€?).
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For nonzero mean, one may again employ a similar formula for z ~ M (u, 2) [13]:

/2] (BTsh\" (. -2
) Z ( 27“!()n (—h2rl;3 ’ (S121)

Ihaf(2,) = E. [ﬁl z"‘| - i nzM: (—1)Si v <le) <TLM

v1=0 vy =0 M r=0
where n =ny +---+ny and h = (n1/2—wvy,...,np/2—vy)" and %, is obtained by replacing the diagonal elements
of ¥ by p and repeating ith row and column for n; times. Again, let n; = 1 for all i’s. In this case, M = n, and
n 1 1 [n/2] (hTTZh)’, (h . M)n72r
= = )i v
lhaf(X) = E. lH z] =D > (-nEE= Y RICEEnT (S122)
i=1 v1=0 v =0 r=0
T T
1 B v2n[n/2] (h 2Eh> (h . M)T},—QT
= E,, |(—1)Zi= v (S123)
2n[n/2] rl(n — 2r)!
Here,
T 7' ~ AT~
2"[n/2] (%) (h - p)n=2r [n/2]n"/2 (hTZh> (h - p)n=2r [n/2]nn/2H2”rHM”n72r
= , < . (S124)
rl(n — 2r)! 2rrl(n — 2r)! 2rrl(n — 2r)!
Therefore, the Chernoff bound gives us
(/2] 2|27 |l " 1,
Pr [p — lhaf(¥)| > € > — 2! < 2exp —5¢ T). (5125)
Especially when ||X]] < 1, which is the case that we are interested in,
) e L,
Pr [p — lhaf(¥)]| > € 2 ri(n — 2] < 2exp —5¢ T). (S126)

The error bound clearly depends on the mean vector p, which makes the bound more nontrivial than the hafnian
case.

S10. EMBEDDING A UNIVERSAL COMPUTING CIRCUIT INTO MOLECULAR VIBRONIC
SPECTRA PROBLEM

We first show that we can construct a BQP-complete spectra problem, which is essentially equivalent to simulating
a universal computing circuit, in discrete-variable (DV) system. To do that, we consider a quantum circuit U applied
on n qubits which consists of arbitrary single-qubit gates and CNOT gates with a polynomially large depth. Now,
we define the corresponding spectra problem as follows. For a given circuit U, € {0,..., Quax}, and w € Z%, with
w; < O(poly(n)), which are defined similarly as boson sampling cases, compute the spectra B

GOQ)= >  pm)iQ-w- m). (S127)

me{0,1}™

We can easily show that one can approximate the single-qubit marginal probabilities if we can approximate the
spectra. We first choose w as w; = 1 for ¢ = 1 and w; = 0 otherwise. Here, without loss of generality, we will compute
the first qubit’s marginal probabilities. For this choice, each component of the spectra simply represents the marginal
probability:

GQ=1)=p(1), G(Q=0)=p(0). (S128)

Hence, if we can approximate G(2), we can approximate the single-qubit marginal probabilities with the same
accuracy. Therefore, it proves that approximating the spectra within O(poly(1/e€)) error in DV system is BQP-hard.
Also, since the spectra can be approximated with error in O(poly(1/¢)) by simulating the quantum circuit, measuring
the qubits and repeating sampling, the problem is in BQP, which shows that it is BQP-complete.
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Using this property, we will construct a bosonic circuit whose spectra problem is also BQP-complete. The key idea
is to map a qubit-based circuit to a bosonic circuit using the Schwinger boson correspondence between qubit and
boson states [I5], which is similar to the one in Ref. [16]. Specifically, one can map a single-qubit state |z) as

o) = (@")*(6")'~*|0), (5129)

where |0) is vacuum state. Thus, one can map a single-qubit state to a single boson in a two-mode bosonic system,
which corresponds to the dual-rail encoding in the Knill-Laflamme-Milburn protocol [I7]. We call the two modes as
a single site. Similarly, an n-qubit state is mapped to a 2n-mode state as

&) <= (a])" (b))~ -+~ (af) ™ (B])' T 0). (S130)

Furthermore, one can map an arbitrary single-qubit gate to an interaction between @ and b by noting that any 2 x 2
matrix can be decomposed by Pauli operators and using the following mapping
~0

g

= 1, 6} = alb+ab!, 62 < i(ab —alb), &7 < ala; —blb,. (S131)
Here, it is worth emphasizing that all the operations mapped from the Pauli operators preserve the number of photons
and restrict the number of photons to a single photon for each site. Notice that the operators in bosonic system are
not unitary operators in the full Hilbert space. However, since the subspace that we need to consider is confined by
the states spanned by the single-photon states per each site, within this confined subspace, one can easily verify that
the mapped operators in bosonic systems are guaranteed to be unitary. As a remark, for single-qubit gates, instead of
directly mapping the unitary operation, one can map the Hamiltonian of the operation using the Euler decomposition,
whose unitary operator will be decomposed into beam splitters and phase shifters.

For two-qubit gates as well, we can decompose arbitrary operations using Pauli operators as
3
U= > w6l es, (S132)
w,v=0

and map this to bosonic operators as single-qubit cases. Again, all the operations mapped from the Pauli operators
preserve the number of photons and restrict the number of photons to a single photon for each site. Therefore, we
can map arbitrary input states, single-qubit gates, and two-qubit gates in an n-qubit system to a 2n-mode bosonic
system. Hence, it shows that we can construct a BQP-complete problem in bosonic system as well.

Now, we emphasize that the constructed bosonic circuit is different from Fock-state boson sampling for various
aspects. First, although the circuit preserves the number of photons, we do not expect the circuit can be simulated
by linear optics unless Fock-state boson sampling constitutes universal quantum computation. Therefore, the
implementation of the circuit requires non-linear effects that are beyond quadratic hamiltonians, i.e., beyond Gaussian
operations. Second, the constructed circuit guarantees that the number of photons in each site composed of a; and
b; is always occupied by a single photon, which is clearly not the case for Fock-state boson sampling. It implies not
only that the constructed circuit is distinct from Fock-state boson sampling but also that this is not the most general
bosonic circuit that we can consider. Therefore, general molecular vibronic spectra problems that allow non-linear
operations and multiphoton cases, which include the constructed circuit as a particular example, are BQP-hard.
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