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Supplemental Information on “Time-Efficient
Constant-Space-Overhead Fault-Tolerant Quantum
Computation” is organized as follows. In Sec. A, we
present the setting of fault-tolerant quantum compu-
tation (FTQC). In Sec. B, the definition of quantum
codes used in our fault-tolerant protocol and the proof
of the non-vanishing rate of our quantum code are
presented in detail. In Sec. C, we explain how our
fault-tolerant protocol compiles the original circuit into
the fault-tolerant circuit using gadgets. In Sec. D, we
show the construction of the gadgets. In Sec. E, we
prove the existence of a threshold in our protocol. In
Sec. F, we analyze the space and time overheads of our
protocol.

Appendix A: Setting

We present the setting of fault-tolerant quantum com-
putation (FTQC) in our work. Quantum computation
aims to solve a family of computational problems using
a quantum circuit. We call this circuit the original cir-
cuit [1]. A classical input of the computational problems
is represented by an M -bit string

(i1, . . . , iM ) ∈ {0, 1}M . (A1)

The original circuit is composed of the following op-
erations: preparations, gates, measurements, and waits
performing the identity gate 1. Each operation in a cir-
cuit is called a location. The width and the depth of the
original circuit are denoted by W (M) and D(M), respec-
tively. The original circuit is assumed to have a polyno-
mial size in M ; that is, W (M) and D(M) are bounded
by

W (M) = O(poly(M)), W (M) =M, (A2)

D(M) = O(poly(M)), D(M) = 0. (A3)

The original circuit starts with the preparation of all the

W (M) qubits in |0〉⊗W (M)
. Then, we input the M -bit

string (i1, . . . , iM ) in (A1) to the original circuit, using
an M -qubit input state prepared at the initial part of the
original circuit as

M⊗

m=1

|im〉 =

(
M⊗

m=1

Xim

)
|0〉⊗M , (A4)

where X0 = 1. The part of the original circuit for prepar-
ing (A4) is called the input part. The original circuit

holds (
⊗M

m=1 |im〉)⊗ |0〉
⊗(W (M)−M)

at the end of the in-
put part. After the input part, we apply gates to the
qubits. We write the original circuit in terms of a gate
set of Clifford gates X, Y , Z, H, S, CNOT, and CZ,
and non-Clifford gates Ry(±π/4) [2]. The gates in the
original circuit can be performed on all the qubits in
parallel, within the constraint that at most one gate can
be performed on each qubit at each time step; that is,

the depth of the original circuit refers to the number of
time steps under this constraint. Two-qubit gates in the
original circuit may be performed on arbitrary pairs of
the qubits. Finally, we perform measurements of all the
W (M) qubits in the Z basis, which achieves sampling of
an W (M)-bit string that is returned as a result of quan-
tum computation. In our setting, the original circuit does
not include measurements in the middle of computation
and thus does not have feed-forward operations condi-
tioned on measurement outcomes; that is, the width of
the original circuit (i.e., the number of qubits in the orig-
inal circuit) remains constant for each time step. Except
for the input part, the original circuit is fixed, i.e., is in-
dependent of (i1, . . . , iM ) and depends only on M . Note
that in this setting, we can perform computation con-
trolled by (i1, . . . , iM ) with controlled gates, using the
initial state (A4) for the state of the control qubits. We
will show an example of original circuits in Fig. C.1 of
Sec. C.

The goal of FTQC is to simulate the original circuit
using a circuit on physical qubits that may suffer from
errors. Prior to starting the execution of quantum com-
putation, we have the O(poly(M))-size classical descrip-
tion of the original circuit. For FTQC, we compile the
original circuit into a circuit on physical qubits, which
we call a fault-tolerant circuit. The fault-tolerant circuit
is composed of the following operations: preparation of
a physical qubit in |0〉, Clifford gates X, Y , Z, H, S,
CNOT, and CZ, non-Clifford gates Ry(±π/4), measure-
ment of each physical qubit in the Z basis, and wait, i.e.,
performing the identity gate 1. Our model is as follows.

1. Local stochastic error model: We use a conven-
tional but sufficiently general error model, a local
stochastic error model [1, 3]. We say that a circuit
undergoes a local statistical error model if the faults
occurring in the circuit satisfy the following [1]: (i)
a set S of faulty locations in the circuit is chosen
randomly with probability p(S), and errors occur
at the locations in S in such a way that the op-
erations at the locations in S are replaced with an
arbitrary quantum channel E that is consistent with
the causal order of the locations in S (i.e., E may be
adversarial and correlated); (ii) each location i in
the circuit has a parameter p0,i such that for any
set R of locations, the probability Pr{S k R} of
having faults at every location in R (i.e., the prob-
ability of the randomly chosen set S including R)
is at most

∏

i∈R
p0,i. (A5)

We assume that the fault-tolerant circuit undergoes
the local stochastic error model.

2. Parallel quantum operation: The operations on
physical qubits can be performed in parallel, where
each qubit is involved in at most one operation at
a time.
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3. Faultless classical computation: Conditioned
on the outcome of measurements on physical
qubits, we can perform classical computation to
change the subsequent operations on the qubits
adaptively. For simplicity of analysis of overhead,
we assume that classical computation is faultless.
Note that our threshold analysis in Sec. E will
prove that our fault-tolerant protocol has a thresh-
old even with a polynomially large architectural
time overhead, and thus even if classical computa-
tion is performed by faulty circuits with the over-
head of using a classical error-correcting code [4, 5],
a threshold still exists.

4. Parallel classical computation but nonzero
runtime: Similar to the operations on physical
qubits, classical computation is assumed to be per-
formed in parallel so that the depth of classical
circuits determines the runtime of classical com-
putation. The number of parallel processes of
classical computation is limited to the same order
as the number of physical qubits up to a quasi-
polylogarithmic factor, as given later by (A8). In
the analysis of FTQC, it has been conventional to
ignore the runtime of classical computation, i.e., to
assume that the classical computation runs instan-
taneously in zero time that never grows on large
scales [1, 3]. However, in practice, the required
runtime of classical computation in FTQC such as
that for the decoder may become longer on larger
scales. In view of this practical requirement, we
do not ignore the runtime of classical computation;
that is, we take into account the runtime of classi-
cal computation in our analysis by performing wait
operations on physical qubits during the runtime
of classical computation. In our setting, errors may
also occur on these wait operations according to the
local stochastic error model.

5. Allocation of qubits and bits: We allocate
qubits by the preparation and deallocate the qubits
by the measurement. The measurement allocates
bits for classical computation to process the out-
come of the measurement. After using the mea-
surement outcomes, we discard the outcomes and
deallocate the bits. The number of qubits and bits
at a time is that which has already been allocated
before and is not yet deallocated at the time.

6. No geometrical constraint: Following the con-
vention of the previous works [3, 6, 7], we assume
that two-qubit gates are applicable to any pair of
physical qubits without geometrical constraint as
in photonic systems [8–12] and distributed archi-
tectures [13–15]. Classical computation can also
be performed without such geometrical constraints.
This assumption is essential for avoiding polynomi-
ally large time overhead in simulating the original
circuit; for example, if one could use only 2D local

interactions on m qubits aligned on an O(
√
m) ×

O(
√
m) square lattice, a realization of each long-

range two-qubit gate would require O(
√
m) oper-

ations to mediate, which we can avoid with our
assumption. Note that our threshold analysis in
Sec. E will prove that our fault-tolerant protocol
still has a threshold even with such polynomial time
overhead arising from the 2D nearest-neighbor in-
teractions; in such a case, we can incorporate the
techniques in Refs. [16–19] for fault-tolerant imple-
mentation of the gates within the geometrical con-
straints.

A fault-tolerant protocol aims to simulate the W (M)-
qubit D(M)-depth original circuit within any given tar-
get error ε > 0, i.e., to output an W (M)-bit string sam-
pled from a probability distribution close to the output
probability distribution of the original circuit within er-
ror in the total variational distance at most ε. To achieve
this simulation, the fault-tolerant protocol replaces the
qubits in the original circuit with logical qubits of a quan-
tum error-correcting code, to obtain the fault-tolerant
circuit using multiple physical qubits per logical qubit.
Let WFT(M) denote the maximum of the total number
of physical qubits allocated at a time, where the maxi-
mum is taken over all the time steps in the fault-tolerant
circuit. The space overhead refers to WFT(M) divided
by the number W (M) of qubits in the original circuit,
i.e.,

WFT(M)

W (M)
. (A6)

Apart from the physical qubits, for classical computa-
tion, we allow the fault-tolerant protocol to use a classical
memory with a size of

O(poly(M)) bits; (A7)

after all, just to store the classical description of the orig-
inal circuit, we may need to use O(poly(M)) bits. On the
other hand, we limit the number of parallel processes of
classical computation to be of the same order as the num-
ber W (M) of qubits up to a quasi-polylogarithmic factor,
i.e.,

W (M)× exp(O(polylog(log(M)))). (A8)

The time overhead refers to the depth DFT(M) of the
fault-tolerant circuit (including wait operations to wait
for classical computation) divided by D(M) of the origi-
nal circuit, i.e.,

DFT(M)

D(M)
. (A9)

Note that, due to the limitation (A7) of the number of
bits, it is prohibited to use an exponentially large number
of parallel processes of classical computation to classi-
cally simulate the original circuit in a polynomial time in
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terms of the circuit depth. For fixed ε, the fault-tolerant
protocol is said to achieve a constant space overhead if
the space overhead is O(1) as M →∞.

The classical process for converting the original circuit
into a fault-tolerant circuit is called compilation. We per-
form the compilation prior to starting the execution of
quantum computation, i.e., prior to knowing the input
(i1, . . . , iM ) in (A1) and allocating physical qubits. By
convention, we do not include the runtime of compila-
tion in the time overhead. Note that this setting may
potentially justify solving an NP-hard problem of cir-
cuit optimization heuristically during compilation, but
our fault-tolerant protocol will not require any process
to solve such an NP-hard problem in our compilation; in
particular, we will clarify in Secs. C and D that the com-
pilation can be performed feasibly using techniques for
converting the stabilizer circuits. Also, due to the limi-
tation (A7) of the number of bits, it is prohibited to store
the result of classical simulation of the original circuit for
all possible inputs (A1) by performing an exponentially
long-time classical computation during the compilation.

Appendix B: Concatenated code constructed from a
sequence of quantum Hamming codes

In this section, we summarize the notations on quan-
tum codes and define the quantum error-correcting code
used in our fault-tolerant protocol. For details of quan-
tum codes, see also Refs. [1, 2, 20–23].

A quantum code Q on N physical qubits is a sub-

space of (C2)
⊗N

, where C2 = span{|0〉 , |1〉} represents
a qubit. A stabilizer code Q(S) is a quantum code rep-
resented by a stabilizer S ⊂ PN , i.e., an Abelian sub-
group of the Pauli group PN on N qubits generated by
{i1, X1, Z1, . . . , XN , ZN} with −1 6∈ S, where Xn and
Zn for each n ∈ {1, . . . , N} are Pauli-X and Z operators,
respectively, acting on the nth qubit. A centralizer C(S)
of S is the set of Pauli operators in PN that commute
with all the elements in S. Suppose that S is generated
by N −K independent generators. The code space Q(S)
is the 2K-dimensional subspace of N qubits spanned by
all N -qubit states invariant under the action of S, which
defines K logical qubits. Logical operators are elements
in C(S)/S, which is isomorphic to the Pauli group PK
on K qubits [1]. In particular, for each k ∈ {1, . . . ,K},
the logical X and Z operators of the kth logical qubit
of Q(S) are defined as the elements in C(S)/S that are
identified with Xk and Zk, respectively, in PK acting on
the kth qubit, under this isomorphism. The rate of Q(S)
is K/N. The distance D of Q(S) is the minimal weight
of nontrivial logical operators, where the weight of an
N -qubit operator is the number of qubits on which the
operator acts nontrivially (rather than 1). A stabilizer
code with N physical qubits, K logical qubits, and dis-
tance D is written as an [[N,K,D]] code in double square
brackets. We may call N the size of the code block.

A Calderbank-Shor-Steane (CSS) code provides a way

of constructing a class of stabilizer codes from two clas-
sical linear codes. A classical linear code C of block
length N is a linear subspace of FN2 , where F2 = {0, 1}
is the finite field of order 2 representing a bit [24].
The linear code C is characterized by an (N − K) × N
parity-check matrix H such that the inner product of
any codeword v ∈ C and any row of H is zero, i.e.,
C = {v ∈ FN2 : HvT = 0}, where the codeword v of
C is represented as a row vector, and thus the transpose
vT of v is a column vector. Each row of H is used as
a parity check to detect and correct errors. The dimen-
sion of C is K := log2(dim C) in bits. The rate of C is
K/N. The distance D of C is the minimal Hamming dis-
tance between any distinct codewords u, v ∈ C, where the
Hamming distance of u and v is the weight, i.e., the num-
ber of 1s in the N elements, of u + v. A classical linear
code of block length N , dimension K, and distance D
is written as an [N,K,D] code in single square brackets.
To obtain a CSS code, an [N,KZ , DZ ] code CZ and an
[N,KX , DX ] code CX of the same block length N satis-

fying C⊥X j CZ are used, where C⊥X is the dual code of CX
spanned by (N −KX) rows of the parity-check matrix of

CX , i.e., C⊥X = {u ∈ FN2 : ∀v ∈ CX , 〈u | v〉 = 0}. Let HZ

and HX denote the parity-check matrices of CZ and CX ,
respectively; then, the condition C⊥X j CZ is equivalent
to HZH

T
X = 0, where HT

X is the transpose of HX . The

CSS code of CZ over C⊥X [2] is a quantum code denoted
by QCSS(CZ , CX) := span{∑w∈C⊥X |u+ w〉 : u ∈ CZ}.
The code QCSS(CZ , CX) is a class of stabilizer codes with
stabilizer generators given only in Xs or only in Zs. In
particular, for any row vector (b1, . . . , bN ) ∈ FN2 given
by a row of HZ , the stabilizer of QCSS(CZ , CX) has a

Z generator
⊗N

n=1 Z
bn
n , where Z1 = Z and Z0 = 1.

Also, for any row (b1, . . . , bN ) ∈ FN2 of HX , the stabilizer

of QCSS(C1, C2) has an X generator
⊗N

n=1X
bn
n , where

X1 = X and X0 = 1. As a whole, QCSS(CZ , CX) has
(N −KZ) stabilizer generators in Z and (N −KX) sta-

bilizer generators in X. The condition C⊥X j CZ , i.e.,
HZH

T
X = 0, requires that each pair of Z and X gener-

ators should commute with each other, so that the sta-
bilizer of QCSS(CZ , CX) should be Abelian. The CSS
code QCSS(CZ , CX) is an [[N,KZ + KX − N,D]] sta-
bilizer code, where the distance is lower bounded by
D = min{DZ , DX}.

Hamming codes (Cr : r = 2, 3, . . .) are a family of linear
classical codes such that the parity-check matrix

Hr (B1)

of Cr is an r×Nr matrix where Nr := 2r−1, and the ith
row for each i ∈ {1, . . . , r} has 1s between (2i−1+2ij)th–
(2i − 1 + 2ij)th columns for all j ∈ {0, 1, . . .} and 0s
otherwise [25]. For example, Table I gives the ith row
(bi,1, bi,2, . . . , bi,Nr ) of Hr. The code Cr has block length
Nr, dimension Nr − r, and distance 3; that is, Cr is an
[Nr, Nr − r, 3] code.

Quantum Hamming codes (Qr : r = 3, 4, . . .) are de-

fined as CSS codes of Cr over C⊥r [26]. Since Cr is weakly
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TABLE I. The parity-check matrix Hr of the Hamming codes Cr with r ∈ {2, 3, . . .}. The ith row of Hr is denoted by
(bi,1, bi,2, . . . , bi,Nr ) and given in the table, where i ∈ {1, . . . , r} and Nr = 2r − 1.

i bi,1 bi,2 bi,3 bi,4 bi,5 bi,6 bi,7 bi,8 bi,9 bi,10 bi,11 bi,12 bi,13 bi,14 bi,15 bi,16 bi,17 bi,18 bi,19 · · ·
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

2 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

3 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

4 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1
...

self-dual, i.e., HrH
T
r = 0, the condition for CSS codes is

satisfied. For each i ∈ {1, . . . , r} to specify the ith row

(bi,1, . . . , bi,Nr ) ∈ {0, 1}Nr of the parity-check matrix Hr

of Cr, the stabilizer of Qr has a Z generator and an X
generator given respectively by

Nr⊗

n=1

Zbi,nn , (B2)

Nr⊗

n=1

Xbi,n
n . (B3)

As a whole, the stabilizer of Qr has r Z generators and
r X generators. A code block of Qr has

Nr = 2r − 1 physical qubits, (B4)

Kr := Nr − 2r logical qubits, (B5)

and distance 3; that is, Qr is an [[Nr,Kr, 3]] code. For
example, Q3 is a [[7, 1, 3]] code also known as Steane’s
7-qubit code [27, 28], Q4 is [[15, 7, 3]], Q5 is [[31, 21, 3]],
Q6 is [[63, 51, 3]], Q7 is [[127, 113, 3]], Q8 is [[255, 239, 3]],
and Q9 is [[511, 493, 3]]. The rate of Qr converges to

lim
r→∞

Kr

Nr
= 1, (B6)

which is necessary for constructing a family of concate-
nated codes with a non-vanishing rate in the limit of large
concatenation levels. For each k ∈ {1, . . . ,Kr}, the kth
logical qubit of Qr has the logical Z and X operators
given respectively by

Nr⊗

n=1

Z
b(k)n
n ,

Nr⊗

n=1

X
b(k)n
n , (B7)

in terms of the same bit string (b
(k)
1 , . . . , b

(k)
Nr

) ∈ {0, 1}Nr
representing the kth logical qubit, which can be calcu-
lated by techniques in Refs. [29, 30]. Although the choice

of this bit string (b
(k)
1 , . . . , b

(k)
Nr

) for each r and k is not
unique, it is assumed here and henceforth that a fixed
choice of the bit string is adopted. We let

Gr (B8)

denote a Kr × Nr matrix where the kth row for

k ∈ {1, . . . ,Kr} is (b
(k)
1 , . . . , b

(k)
Nr

). Note that we have

GrH
T
r = 0 as with a generator matrix G and a parity-

check matrix H of a classical linear code satisfying
GHT = 0.

Note that, for a family of CSS codes, each code in
the family is called a quantum low-density parity-check
(LDPC) code if the parity-check matrices HZ and HX

of CZ and CX for the CSS codes in the family have O(1)
nonzero elements in each column and row as the code size
increases; that is, the Z and X stabilizer generators of
the quantum LDPC codes have only O(1) weights, and
only a constant number O(1) of stabilizer generators act
nontrivially on each physical qubit of the quantum LDPC
codes. By definition, quantum Hamming codes are not
quantum LDPC codes.

The following observations are essential for implement-
ing logical gates [1].

• Since Qr is a CSS code obtained from a weakly self-
dual linear code Cr, transversal CNOT and CZ
gates between all the physical qubits between two
code blocks of Qr implement logical CNOT and
CZ gates between all the logical qubits between
the code blocks. Also, transversal H gates acting
on all the Nr physical qubits of Qr, i.e., H⊗Nr ,
implement a logical operator H⊗Kr on all the Kr

logical qubits of Qr.

• Since Qr is a stabilizer code, any logical Pauli oper-
ation in the Pauli group PKr corresponds to a phys-
ical Pauli operation in the Pauli group PNr , and is
thus implemented by applying a suitable Pauli gate
(X, Z, Y , or 1) on each of the Nr physical qubits.

For example, consider the [[7, 1, 3]] code Q3. The sta-
bilizer is generated by

Z ⊗ 1⊗ Z ⊗ 1⊗ Z ⊗ 1⊗ Z, (B9)

X ⊗ 1⊗X ⊗ 1⊗X ⊗ 1⊗X, (B10)

1⊗ Z ⊗ Z ⊗ 1⊗ 1⊗ Z ⊗ Z, (B11)

1⊗X ⊗X ⊗ 1⊗ 1⊗X ⊗X, (B12)

1⊗ 1⊗ 1⊗ Z ⊗ Z ⊗ Z ⊗ Z, (B13)

1⊗ 1⊗ 1⊗X ⊗X ⊗X ⊗X. (B14)
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The logical Z and X operators on the logical qubit are,
respectively,

Z ⊗ Z ⊗ Z ⊗ 1⊗ 1⊗ 1⊗ 1, (B15)

X ⊗X ⊗X ⊗ 1⊗ 1⊗ 1⊗ 1. (B16)

The logical H on the logical qubit is given by

H ⊗H ⊗H ⊗H ⊗H ⊗H ⊗H. (B17)

Here the construction of the concatenated code Q(L)

is described in full detail. For concatenation, we use a
sequence of quantum Hamming codes (Qrl : 1, 2, . . . , L),
where we choose the parameter rl as

rl := l + 2. (B18)

Note that, due to (B4) and (B5), this choice of rl leads
to

Nrl = exp(O(l)), (B19)

Krl = exp(O(l)), (B20)

as l → ∞. For l ∈ {L,L − 1, . . . , 1, 0}, the construction
here introduces a collection of K(l) qubits called a level-l
register, where K(l) is explicitly given by

K(l) :=

l∏

l′=1

Krl′ =

l∏

l′=1

(2rl′ − 2rl′ − 1) (B21)

and K(0) := 1. Every qubit in a level-l register is distin-
guished by a label

k(l) ∈ {1, . . . ,K(l)}. (B22)

The code Q(L) is constructed recursively for l = L,L−
1, , . . . , 1 by encoding the K(l) = Krl ×K(l−1) qubits in
a level-l register into Nrl ×K(l−1) qubits in a set of Nrl
level-(l−1) registers, using K(l−1) blocks of the quantum
Hamming code Qrl . The level-L register represents the

set of logical qubits of Q(L), and a level-0 register (or a

level-0 qubit) refers to a physical qubit of Q(L). Encod-
ing into lower levels of qubits involves all the qubits in a
register, and consequently, the qubits in the register may
suffer from a common fault at the same time. In con-
trast, qubits belonging to distinct registers should have
independent statistics of their errors if physical errors at
level 0 occur independently.

To specify the assignment of each qubit in a level-l
register to a code block according to its index k(l), define
a map k(l) 7→ (k, k(l−1)) by the relation

k(l) = (k − 1)K(l−1) + k(l−1), (B23)

where k(l−1) ∈ {1, . . . ,K(l−1)} and k ∈ {1, . . . ,Krl}.
The k(l)th qubit in the level-l register is then assigned as
the kth logical qubit of the k(l−1)th block of Qrl . Each
code block encodes Krl logical qubits into Nrl . Hence,
the K(l−1) code blocks have Krl ×K(l−1) = K(l) logical

qubits in total to cover all the qubits in a level-l register,
which are encoded into Nrl ×K(l−1) qubits in the set of
Nrl level-(l− 1) registers as a whole. These qubits in the
set of Nrl level-(l− 1) registers are naturally indexed by

(n, k(l−1)) (B24)

with n ∈ {1, . . . , Nrl}, indicating the nth physical qubit
of the k(l−1)th block of Qrl . Note that the indexes of
the logical and physical qubits of Qrl used here should
follow (B7) with a fixed choice of the bit strings.

Finally, these NrlK
(l−1) qubits are sorted into Nrl

level-(l − 1) registers. This is simply done by assign-
ing the qubit indexed by (n, k(l−1)) to the k(l−1)th qubit
in the nth level-(l − 1) register. Now the whole proce-
dure of encoding a level-l register into Nrl level-(l − 1)
registers is specified, which can be recursively applied

to define the concatenated code Q(L) that encodes K(L)

qubits in a level-L register into level-0 physical qubits.
In the above rule of assignment, every physical qubit of
a code Qrl is assigned to a distinct level-(l − 1) register.
This also means that every qubit in a level-(l − 1) regis-
ter is assigned to a distinct block of Qrl . As mentioned
above, qubits in the same register may suffer from errors
simultaneously. The construction here is thus intended to
work analogously to interleaving techniques widely used
for burst error correction.

The number N (L) of physical qubits of Q(L) is com-
puted from the fact that a level-l register is encoded into
Nrl level-(l − 1) registers, and that a level-0 register is a
single physical qubit by definition; thus, it holds that

N (L) =

L∏

l=1

Nrl =

L∏

l=1

(2rl − 1). (B25)

The number of logical qubits of Q(L) is K(L) by defini-
tion, i.e.,

K(L) =

L∏

l=1

Krl =

L∏

l=1

(2rl − 2rl − 1). (B26)

Since quantum Hamming codes are distance-3 codes, the

distance of Q(L) obtained by concatenating the quan-

tum Hamming codes L times is 3L. Therefore, Q(L) is a
[[N (L),K(L), 3L]] code. Note that the ability of our code
to suppress errors is not fully characterized by the code
distance since our protocol suppresses error by increasing
the concatenation level L, unlike quantum LDPC codes
increasing distance for error suppression. For the choice
of (B18), we have

N (L) = exp(O(L2)), (B27)

K(L) = exp(O(L2)). (B28)

We here prove that Q(L) has an asymptotically non-
vanishing rate. Let

R(L) :=
K(L)

N (L)
(B29)
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denote the rate of Q(L), where K(L) and N (L) are given
by (B26) and (B25), respectively. Then, it suffices to
derive a lower bound of

K(L)

N (L)
=

L∏

l=1

Krl

Nrl
(B30)

=

L∏

l=1

2rl − 2rl − 1

2rl − 1
(B31)

=

L∏

l=1

(
1− 2(l + 2)

2l+2 − 1

)
. (B32)

Since K
(L)
/N(L) monotonically decreases as L increases, it

holds for any L that

K(L)

N (L)
=
∞∏

l=1

Krl

Nrl
=

∞∏

l=1

(
1− 2(l + 2)

2l+2 − 1

)
. (B33)

Here, an infinite sum

∞∑

l=1

∣∣∣∣
Nrl −Krl

Nrl

∣∣∣∣ =

∞∑

l=1

∣∣∣∣
2(l + 2)

2l+2 − 1

∣∣∣∣ (B34)

converges to a finite constant, which proves that the in-
finite product on the right-hand side of (B33) converges
to a positive constant [31]. Therefore, for any L, the rate

R(L) of Q(L) is lower bounded by a positive constant,
i.e.,

R(L) =
K(L)

N (L)
= lim
l→∞

K(l)

N (l)
=

1

η∞
> 0, (B35)

where η∞ is given by

η∞ := lim
l→∞

N (l)

K(l)
, (B36)

and called an asymptotic overhead factor. The value of

the asymptotic overhead factor η∞ of Q(L) can be ob-
tained by evaluating (B32) numerically. In particular,
the numerical evaluation yields

η∞ < 36, (B37)

which contrasts with the fact that such overhead fac-
tors of conventional concatenated and topological codes
would diverge to infinity.

We remark that the above proof of non-vanishing rate
for concatenated codes is also applicable to other se-
quences of codes as long as the sequence of the codes
satisfies the condition in (B34). In particular, the above
argument leads to the following theorem.

Theorem 1 (Concatenated code with non-vanishing
rate). For any sequence of [[nl, kl, d]] quantum codes
(l ∈ {1, . . . , L}), the above construction leads to a

[[
∏L
l=1 nl,

∏L
l=1 kl, d

L]] concatenated code, and if it holds
that

∞∑

l=1

∣∣∣∣
nl − kl
nl

∣∣∣∣ <∞, (B38)

then the concatenated code has a non-vanishing rate

∏L
l=1 kl∏L
l=1 nl

>

∞∏

l=1

kl
nl

> 0. (B39)

For example, as we will discuss later in (F41), con-
catenation of quantum Hamming codes with parameter
rl = dβ log2(l)e for β > 1 in place of (B18) still achieves
a non-vanishing rate and can be used for constant-space-
overhead FTQC. In the same way, concatenation of a
growing sequence of, e.g., [[2rl − 1, 2rl − 1− 2trl, 2t+ 1]]
quantum Bose-Chaudhuri-Hocquenghem (BCH) codes
(t = 1) [26] can also provide a family of concatenated
codes with non-vanishing rate using the same rl as (B18).
This code family has a larger distance than a quantum
Hamming code of the same size and thus may have a
potential advantage in faster error suppression as L in-
creases. Nevertheless, our analysis in the following sec-
tions focuses on an explicit construction of the fault-

tolerant protocol for Q(L). We leave construction and
analysis of general fault-tolerant protocols for other code
families for future work, but our explicit construction of

the fault-tolerant protocol for Q(L) clarifies a fundamen-
tal design principle for such protocols.

Appendix C: Compilation of original circuit into
fault-tolerant circuit

In this section, we present our fault-tolerant protocol
that compiles the W (M)-qubit D(M)-depth original cir-
cuit into the fault-tolerant circuit to achieve the target
error ε. In place of the W (M) qubits of the original cir-
cuit, we will use the qubits in level-L registers of the

quantum error-correcting code Q(L), where L is the re-
quired concatenation level depending on M and ε. In
particular, for given M and ε, L will be given by (F10) in
Sec. E. We here compile the original circuit on the W (M)
qubits into a level-L circuit using O(W (M)/K(L)) level-L
registers. As in the conventional fault-tolerant protocol
for concatenated codes in Ref. [1], the actual implemen-
tation of the intended level-L circuit by a level-0 circuit,
i.e., the fault-tolerant circuit, is derived by recursively
constructing the corresponding level-(l − 1) circuit from
that at level l (l = L,L− 1, . . . , 1). But the construction
here is different from that of Ref. [1] in that the circuits
here are composed of elementary operations acting on
registers rather than qubits, and that the procedure of
converting a level-l circuit to a level-(l − 1) circuit de-
pends on l.

More concretely, for each level l = 0, . . . , L, we will de-
fine a set of elementary operations (preparations, gates,
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a measurement, and wait) acting on level-l registers. We
require that a level-l circuit should be written in terms
only of the level-l elementary operations in the set. In a
level-l circuit that satisfies this requirement, each of the
level-l elementary operations is called a level-l location.
For each level-l elementary operation, a corresponding
level-l gadget will be defined, which is a level-(l − 1) cir-
cuit intended to carry out the logical elementary opera-
tion on the encoded level-l registers. We will also define a
level-l error-correction gadget, which is a level-(l−1) cir-
cuit intended to carry out quantum error correction for
an encoded level-l register. To implement some of the
gates required for universal quantum computation, our
protocol may use gate teleportation that combines mul-
tiple level-l elementary operations to implement a gate.
For simplicity of presentation, we may represent these
multiple level-l elementary operations collectively as a
level-l abbreviation, which is a level-l circuit intended to
carry out the gate on the level-l registers. A level-l circuit
that includes level-l abbreviations is identified with that
composed only of level-l elementary operations obtained
by expanding all the level-l abbreviations. In the follow-
ing, we list up the set of level-l elementary operations,
gadgets, and abbreviations, while the precise definitions
will be given later in Sec. D.

We use the following set of level-l elementary opera-
tions:

measurement:

level-l register

Z
K

(
l)
m
ea
su
rem

en
t

K(l) bits

, (C1)

H gate:

level-l register
H⊗K(l)

, (C2)

CNOT gate:

level-l register

level-l register
X⊗K(l)

, (C3)

CZ gate:

level-l register

level-l register
Z⊗K(l)

, (C4)

Pauli gate:

level-l register ⊗K(l)

k(l)=1 Pk(l)
, (C5)

initial-state preparation:

level-l register

level-l register

|0〉⊗K(l)

, (C6)

Clifford-state preparation:

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

(
1
⊗
U
C

) ∣∣Φ
(l) 〉

, (C7)

magic-state preparation:

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

((R
y (
π/

4)|0〉) ⊗
K

(
l)) ⊗

2

, (C8)

wait:

level-l register

.
(C9)

In these notations, a dashed input wire turning into a
solid output wire implies the allocation of a level-l regis-
ter. A solid wire turning into a dashed one implies deal-
location. When an input wire and an output wire are
both dashed, the corresponding level-l register is used
as a workspace in implementing the elementary opera-
tion. Double-line wires represent K(l) bits. The level-l
measurement operation performs measurements in Z ba-
sis {|0〉 , |1〉} of all the K(l) qubits in a level-l register,
deallocating the level-l register and outputting the K(l)-
bit measurement outcome, where we let ZK(l) denote
a label for representing this measurement. The level-l

H-, CNOT-, and CZ-gate operations perform H⊗K
(l)

,

CNOT⊗K
(l)

, and CZ⊗K
(l)

gates acting on all the qubits
in level-l registers. The level-l Pauli-gate operation per-
forms a tensor product of arbitrary Pauli gates

K(l)⊗

k(l)=1

Pk(l) , (C10)

where Pk(l) ∈ {X,Z, Y,1} is a single-qubit Pauli (or iden-
tity) gate acting on the k(l)th qubit with labeling (B23),
and the global phase is ignored. The level-l initial-
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state preparation operation allocates two level-l registers

B1, B2 and prepares a state |0〉⊗K
(l)

of K(l) qubits in B1,
followed by deallocating the level-l register B2 used as a
workspace. The level-l Clifford-state preparation oper-
ation allocates six level-l registers B1, B2, B3, B4, B5, B6

aligned from top to bottom in (C7) and prepares a state(
1
B1B2 ⊗ UB3B4

C

)
|Φ(l)〉B1B2B3B4

, where UB3B4

C is an ar-

bitrary Clifford unitary operator acting on qubits in B3

and B4,

|Φ(l)〉B1B2B3B4
= |Φ〉B1B3 ⊗ |Φ〉B2B4 , (C11)

and

|Φ〉BjBj′ =
1√

2K(l)

2K
(l)−1∑

m=0

|m〉Bj ⊗ |m〉Bj′ ,

(j, j′) ∈ {(1, 3), (2, 4)}. (C12)

Here, the superscripts represent the registers to which
states and operators belong. The two auxiliary
level-l registers B5 and B6 are deallocated at the
end of the implementation. The level-l magic-state
preparation operation allocates eight level-l registers
B1, B2, B3, B4, B5, B6, B7, B8 aligned from top to bot-

tom in (C8), prepares a state (Ry(π/4) |0〉)⊗K
(l)

of

K(l) qubits in each of B1 and B2, and deallocates
B3, B4, B5, B6, B7, B8 at the end of the implementa-
tion. To avoid potential confusion, in our presentation,
we always write the registers B1, B2, . . . in (C6), (C7),
and (C8) from top to bottom in a circuit. However, un-
der our assumption of no geometrical constraint, we can
arbitrarily bend, cross, and permute the wires, which we
do not consider as elementary operations. The level-l
wait operation performs the identity operator on a level-
l register, which will be regarded as a special case of Pauli
gates henceforth and will not be explained explicitly.

We may omit dashed wires output from the operations
while we do not omit those input into the operations.
It is then possible to determine the number of omitted
output wires by comparing the total numbers of the input
and the explicitly shown output wires. For example, the
measurement operation (C1) with omitting the output
dashed wire may be denoted by

measurement:

level-l register ZK(l)
. (C13)

The notations on elementary operations may also be used
to show the corresponding gadgets; in particular, when-
ever a level-l elementary operation is depicted as the one
acting on Nrl level-(l−1) registers instead of each level-l
register, this notation represents the corresponding level-
l gadget.

Apart from these elementary operations and the cor-
responding gadgets, the level-l error-correction gadget is
denoted by

error correction:

Nrl
level-(l − 1) registers

Nrl
level-(l − 1) registers

Nrl
level-(l − 1) registers

level-(l − 1) register

level-(l − 1) register

error
co
rrection

.
(C14)

The level-l error-correction gadget performs quantum er-
ror correction on an encoded level-l register for the first
set of Nrl level-(l − 1) registers (solid wire), temporarily
using the other 2(Nrl + 1) level-(l − 1) registers (dashed
wires). In addition, the following level-l abbreviations
are used:

two-register Clifford gate:

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

UC

, (C15)

Ry(±π/4) gate:

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

URy(±π/4)

, (C16)

which are abbreviated notations of combinations of level-
l elementary operations with functions described as fol-
lows. The level-l two-register Clifford-gate abbreviation
applies an arbitrary Clifford unitary UC on the first two
level-l registers (solid wires), temporarily using the other
six auxiliary level-l registers (dashed wires) during its
implementation. The level-l Ry(±π/4)-gate abbrevia-
tion applies URy(±π/4) gates on the first level-l register
(solid wire), temporarily using the other eight auxiliary
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level-l registers (dashed wires) during its implementation,
where URy(±π/4) is an arbitrary tensor product of Ry(π/4),
Ry(−π/4), and 1. Similar to the elementary operations,
the output dashed wires in these notations may be omit-
ted.

Using these elementary operations and abbreviations,
we compile the original circuit into a level-L circuit as
shown in Fig. C.1. In particular, we use dW (M)/K(L)e
level-L registers and represent the W (M) qubits in the
original circuit as the qubits in these level-L registers,
where

dxe (C17)

is the ceiling function representing the smallest integer
larger than or equal to x. Additionally, for each of these
level-L registers, we allocate 8 + 2 = 10 auxiliary level-L
registers. Among these ten, eight auxiliary level-L regis-
ters are used for the level-L abbreviations and the level-L
elementary operations as explained in the following. The
other two, which we call level-L dormant registers, are
never used explicitly in the level-L circuit. The level-L
dormant registers are used to secure a workspace for the
level-L error-correction gadgets appearing in the level-
(L− 1) circuit, as will be explained later. To obtain the
level-L circuit, we replace the Pauli gates in the input
part (A4) of the original circuit with the corresponding
level-L Pauli-gate operations, and then replace the Clif-
ford and Ry(±π/4) gates in the original circuit with the
corresponding level-L Clifford- and Ry(±π/4)-gate abbre-
viations, respectively; in this replacement, the dashed
wires in the level-L abbreviations (C15) and (C16) are
always selected from the eight out of the ten auxiliary
level-L registers added to the level-L registers on which
the abbreviations act. We also replace preparations of
|0〉 and measurements in the Z basis in the original cir-
cuit with the corresponding level-L preparation and mea-
surement operations, respectively, in the level-L circuit,
where each level-L preparation operation uses, as the
dashed wire in (C6), one of the eight auxiliary level-L
registers added to the level-L register on which the oper-
ation acts.

Since the eight auxiliary level-L registers per level-
L register are sufficient for performing each level-L ab-
breviation (and preparation operation), we attain com-
plete parallelizability; that is, we can perform the level-
L abbreviations (and preparation operations) acting on
all dM/K(L)e level-L registers in parallel to reduce the
time overhead (see Fig. C.1). Note that Ry(±π/4) gates,
preparations, and measurements in a level-L register can
be collectively replaced with a single use of the corre-
sponding level-L abbreviation and operations. Similarly,
multiple Clifford gates acting on qubits in the same pair
of level-L registers can be collectively replaced with a sin-
gle use of level-L two-register Clifford-gate abbreviation
since the level-L Clifford-gate abbreviation can imple-
ment an arbitrarily long sequence of Clifford gates in the
pair of level-L registers. On the other hand, if a one-
depth part of the original circuit includes multiple Clif-

ford gates acting on qubits in different pairs of level-L
registers, this part requires multiple level-L two-register
Clifford-gate abbreviations, as we will explain in Sec. F.

Then, for each l = L,L− 1, . . . , 1, we perform a recur-
sive procedure to compile the level-l circuit into a level-
(l − 1) circuit, as shown in Fig. C.2. For each level-l
register in the level-l circuit, we use, in the correspond-
ing level-(l− 1) circuit, a set of Nrl level-(l− 1) registers
and further add 8 + 2 = 10 auxiliary level-(l − 1) reg-
isters per set. Similar to the level-L case, among these
ten, eight auxiliary level-(l− 1) registers are used for the
level-(l − 1) abbreviations and the level-(l − 1) elemen-
tary operations in the level-l gadgets. The other two, the
level-(l − 1) dormant registers, are never used explicitly
in the level-(l− 1) circuit and are used as the workspace
for the level-(l − 1) error-correction gadgets. The corre-
sponding level-(l − 1) circuit is given by replacing every
level-l location of a level-l elementary operation in the
level-l circuit with its corresponding level-l gadget and by
inserting the level-l error-correction gadgets between all
the adjacent pairs of the level-l locations (see Fig. C.2).
For deallocated level-l registers, we do not perform error
correction; that is, we insert the level-l error-correction
gadgets only on the sets of Nrl level-(l − 1) registers for
the allocated encoded level-l registers. In particular, the
dormant level-l registers never require error correction,
and we use the corresponding level-(l − 1) registers (i.e.,
(Nrl + 8) level-(l − 1) registers for each dormant level-
l register) as a workspace for the level-l error correction
gadgets. The ratio of the allocated level-l registers to the
dormant level-l registers is at most (Nrl+8)/2 for l < L
and is 9/2 for l = L. From (C14), we see that two level-l
dormant registers, which corresponds to 2(Nrl + 8) level-
(l− 1) usable registers, provide an enough workspace for
error correction of an encoded level-l register. The error
correction of the encoded level-l registers cannot be done
fully in parallel; that is, the level-l dormant registers are
time-shared in a series of error-correction gadgets. The
length of the series is bounded by Nrl + 8 for l < L and
is 9 for l = L.

We perform error correction in a synchronized way as
shown in Fig. C.2; that is, we start the level-l error-
correction gadgets only after we complete the level-l gad-
gets for elementary operations over all the allocated en-
coded level-l registers. During a time period of perform-
ing the level-l error-correction gadgets, we do not start
performing the other level-l gadgets. In our protocol,
the depths of different level-l gadgets may vary. Thus,
for the synchronization, we insert wait operations after
the level-l gadgets that finish earlier. In particular, let

G(l) (C18)

be the maximum depth of the level-(l − 1) circuit for
a level-l gadget, where the maximum is taken over all
level-l gadgets including elementary operations and er-
ror correction. Then, for each level-l gadget for a level-l
elementary operation, the sum of the depth of the gad-
get itself and that of the wait operations inserted for
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the synchronization is bounded by G(l). As will be
shown in Sec. D, we construct gadgets in such a way
that G(l) = O(poly(Nrl)). Similarly, wait operations are
filled appropriately before and after the error-correction
gadgets so that the next level-l gadgets for elementary
operations commence synchronously. The depth of the
error-correction part of the level-(l−1) circuit is thus up-
per bounded by (Nrl+1+8)G(l) for l < L and by 9G(l) for
l = L, which are O(poly(Nrl)) in both cases. Note that
to optimize the runtime further, non-synchronized time
scheduling of error correction could also be considered in-
stead of the synchronized scheduling here while we leave
such optimization for future work; for example, it may be
possible to perform multiple short-depth level-l gadgets
while waiting for another long-depth level-l gadget, but
our analysis does not consider such optimization.

By performing this procedure recursively, we obtain
the level-0 circuit. Just after performing the above re-
cursive procedure, the level-0 circuit is composed of the
level-0 abbreviations and the level-0 elementary opera-
tions, which may use auxiliary level-0 registers by defi-
nition. However, at level 0, we are allowed to perform
operations directly on physical qubits. Thus, we substi-
tute the level-0 two-register Clifford-gate abbreviations
in the level-0 circuit with direct applications of the two-
qubit Clifford gates and the level-0 Ry(±π/4)-gate ab-
breviations with the one-qubit Ry(±π/4) gates, using the
operations on physical qubits rather than performing the
gate teleportation. After this substitution for the level-
0 abbreviations, we also substitute the remaining level-0
elementary operations with the corresponding operations
on the physical qubits. As a result, we do not use the
8 + 2 = 10 auxiliary level-0 registers. Hence after these
substitutions, we remove the auxiliary level-0 registers
from the level-0 circuit, which yields the fault-tolerant
circuit on physical qubits to be executed in our fault-
tolerant protocol.

In this compilation, some of the level-l elementary op-
erations and abbreviations are assumed to be invoked
with classical arguments, i.e., classical bit strings that
dictate the action of the elementary operations and ab-
breviations. Elementary operations and abbreviations in-
voked with the classical arguments are called on-demand
elementary operations and abbreviations. In particu-
lar, the Pauli-gate operation (C5) can be invoked with
the argument of a classical description of Pauli gates⊗K(l)

k(l)=1 Pk(l) , which may not be determined during the
compilation but can be given during execution; then, in-
voked with this classical argument, the Pauli-gate opera-
tion can perform the Pauli gates designated by the argu-
ment on demand. Also, the Clifford-state preparation op-
eration (C7) and the two-register Clifford-gate abbrevia-
tion (C15) can be invoked with the argument of a classical
description of the Clifford unitary UC and can then per-
form, respectively, the corresponding state preparation
and the corresponding Clifford gate for UC designated
by this argument on demand. The level-l abbreviations
pass the classical arguments to the appropriate level-l el-

ementary operations included in the abbreviations, and
the level-l gadgets for the level-l elementary operations
are designed to be able to translate the arguments from
level l to level (l − 1) during execution, by performing
classical computation. As discussed in Sec. A, the origi-
nal circuit has the input part (A4), which is implemented
by the Pauli gates designated by the input (A1). Also,
in the level-l circuit, we may use gate teleportation and
error correction, which depend on the outcomes of mea-
surements to be obtained after starting quantum com-
putation. As a whole, on-demand elementary operations
and abbreviations are required in the following cases.

1. The level-L Pauli-gate operations used for the input
part (A4).

2. The level-l Pauli-gate operations used for correc-
tion in the level-l two-register Clifford-gate abbre-
viation in Fig. D.1 and the level-l error-correction
gadget in Fig. D.6.

3. The level-l two-register Clifford-gate abbreviations
used for correction in the level-l Ry(±π/4)-gate ab-
breviation in Fig. D.2.

4. The level-l Clifford-state preparation operations in-
voked in the level-l on-demand Clifford-gate abbre-
viations.

5. The level-(l − 1) two-register Clifford-state abbre-
viations invoked in the level-l gadgets of level-l on-
demand Clifford-state preparations in Fig. D.7.

It turns out that the above requirement is fulfilled in
our protocol if the following set of on-demand elementary
operations and abbreviations are available.

1. The level-l on-demand Pauli-gate operations in-
voked with a 2K(l)-bit binary row vector

(x1, z1, . . . , xK(l) , zK(l)) ∈ {0, 1}2K
(l)

to represent
the Pauli gates

K(l)⊗

k(l)=1

Pk(l) =

K(l)⊗

k(l)=1

Xx
k(l)Zzk(l) . (C19)

2. The level-l on-demand two-register Clifford-gate
abbreviations invoked with K(l) 4 × 4 binary ma-
trices representing

UC =

K(l)⊗

k(l)=1

U
(k(l))
C,l , (C20)

where U
(k(l))
C,l is an arbitrary two-qubit Clifford uni-

tary acting on the k(l)th qubit in each of the two

level-l registers. Here, each U
(k(l))
C,l is represented as

a 4×4 binary matrix in such a way that the conju-

gation of two-qubit Pauli operators by U
(k(l))
C,l can

be calculated via multiplication of the 4× 4 binary
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matrix representing U
(k(l))
C,l (from the right of the

4-bit binary row vector representing the two-qubit
Pauli operators), as shown in Ref. [32].

3. The level-l on-demand Clifford-state preparations
invoked with the K(l) 4× 4 binary matrices repre-
senting UC in the form of (C20).

We will construct abbreviations and gadgets in Sec. D
in such a way that the abbreviations and gadgets of-
fer the above on-demand functions and are implemented
by using only the above on-demand functions. Prior to
starting the execution of quantum computation, the com-
pilation represents these parts of the fault-tolerant cir-
cuit in terms of on-demand elementary operations to be
invoked with the classical arguments, and all the other
parts of the circuits are given by fixed circuits without
such classical arguments, referred to as fixed parts. The
fixed parts may also include the Pauli-gate operation,
the Clifford-state preparation operations, and the two-
register Clifford-gate abbreviations that are not invoked
with the classical arguments. In the fixed parts, the ac-
tions of all the elementary operations and the abbrevi-
ations are determined during the compilation so as to
reduce the time overhead of waiting for the classical com-
putation during execution.

Appendix D: Fault-tolerant gadgets and
abbreviations

In this section, after defining the conditions of fault-
tolerant gadgets, the detail of the construction of the
gadgets and the abbreviations in our fault-tolerant pro-
tocol is explained one by one, using Figs. D.1-D.9 to show
the correspondence. To show an abbreviation, the cor-
responding level-l circuit in terms of level-l elementary
operations will be given in the figures. In particular,
the two-register Clifford-gate abbreviation is given by
Fig. D.1, and theRy(±π/4)-gate abbreviation by Fig. D.2.
As for a gadget, the corresponding level-(l− 1) circuit of
the gadget will be given in the figures. In particular,
the measurement gadget is given by Fig. D.3, the H-,
CNOT-, CZ-, and Pauli-gate gadgets by Fig. D.4, the
initial-state preparation gadget by Fig. D.5, the error-
correction gadget by Fig. D.6, the Clifford-state prepara-
tion gadget by Fig D.7, and the magic-state preparation
gadget by Fig. D.9. For explicitness, level-(l− 1) circuits
of level-l gadgets are shown using Nrl = 7 and Krl = 1
as in the case of l = 1. To simplify the description of the
level-(l−1) circuits, gadgets may refer to other gadgets as
sub-gadgets; in such a case, the level-(l − 1) circuit may
include a box with the name of another level-l gadget,
which is to be replaced with the level-(l−1) circuit of the
level-l gadget of the box. In addition, the level-(l−1) cir-
cuit may include level-(l−1) abbreviations, which should
be replaced with the corresponding level-(l − 1) circuits.
Similar to sub-gadgets, gadgets may refer to a combina-
tion of other sub-gadgets as a sub-abbreviation; in such a

case, the level-(l− 1) circuit may include a box with the
name of a level-l abbreviation, which should be consid-
ered to be replaced with the level-(l− 1) circuit obtained
from the level-l circuit of the level-l abbreviation of the
box by replacing each level-l elementary operation with
the corresponding level-l gadget.

Conditions of fault-tolerant gadgets: We define
the properties of gadgets required for fault tolerance. To
define such requirements, as in Ref. [1], we introduce an
ideal decoder and r-filters for our protocol. In Ref. [1],
the conditions for fault-tolerant gadgets are given in the
form of equivalence relations between circuits including
the gadget, the r-filters, the ideal decoder, and the ideal
intended elementary operation, conditioned on the num-
ber of faulty locations in the gadget. Although Ref. [1]
provides concrete definitions for the ideal decoder and the
r-filters in the case of a [[N, 1, 2t+ 1]] code for 0 5 r 5 t,
the proof of the threshold theorem does not rely on spe-
cific definitions but on the equivalence relations alone.
Thus, to use the same argument as the proof of the
threshold theorem in Ref. [1], we will give appropriately
modified definitions of an ideal filter and r-filters so that
the gadgets proposed here should satisfy effectively the
same set of equivalence relations as those in Ref. [1].

An ideal decoder, a 0-filter, and a 1-filter in our case
(t = 1) are defined as follows. As explained in Sec. B,
a level-l register is encoded into NrlK

(l−1) qubits in Nrl
level-(l − 1) registers, and the k(l−1)th qubit of the nth
level-(l − 1) register is labeled (n, k(l−1)) with k(l−1) ∈
{1, . . . ,K(l−1)} and n ∈ {1, . . . , Nrl}. Let

Hn,k(l−1)
∼= C2 (D1)

be the Hilbert space of the qubit (n, k(l−1)) in a level-
(l − 1) register. Define

Hk(l−1) :=

Nrl⊗

n=1

Hn,k(l−1) , (D2)

H :=

K(l−1)⊗

k(l−1)=1

Hk(l−1) , (D3)

where H is the whole space of the Nrl level-(l − 1) reg-
isters. The quantum Hamming code Qrl defines a code
space for each k(l−1)

Hcode
k(l−1) ⊂ Hk(l−1) . (D4)

Then the whole code space in theNrl level-(l−1) registers
is given by

Hcode :=

K(l−1)⊗

k(l−1)=1

Hcode
k(l−1) ⊂ H. (D5)

The level-l 0-filter acting on the Nrl level-(l−1) registers
is defined as a projector

Πcode onto the subspace Hcode ⊂ H. (D6)
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Suppose that a codeword |ψk(l−1)〉 ∈ Hcode
k(l−1) suffers from

an error represented by a Pauli operator Pk(l−1) ∈ PNrl
acting onHk(l−1) . If the weight of Pk(l−1) is at most 1, the
code Qrl can correct the error. As a result, if a codeword
|ψ〉 ∈ Hcode suffers from an error represented by P =
⊗K(l−1)

k(l−1)=1 Pk(l−1) , the K(l−1) blocks of the code Qrl can
correct the error P as long as every Pk(l−1) has a weight
at most 1. Such an error P is said to be correctable here.
An ideal decoder here is defined to do this correction and
decoding; that is, the ideal decoder receives the Nrl level-
(l−1) registers in an input state P |ψ〉, corrects errors to
recover the state |ψ〉, and converts it to the non-encoded
state of a level-l register. The level-l 1-filter acting on
the Nrl level-(l − 1) registers is defined as a projector
onto the subspace spanned by all the states in the form
P |ψ〉 with P correctable and |ψ〉 ∈ Hcode. It turns out
that this subspace is the entire space H, and the 1-filter
is trivial, i.e.,

1
⊗NrlK

(l−1)

on H. (D7)

With these definitions of the ideal decoder and the r-
filters (r = 0, 1), the notations used for the condition
for a gadget to be fault-tolerant are introduced as fol-
lows. Note that the notations here are made analogous
to Ref. [1] using qubits, but are different from Ref. [1] in
that each wire represents one or multiple registers. The

ideal decoder is denoted by

ideal decoder:

Nrl
level-(l − 1) registers K(l) qubits

,
(D8)

where the thin wire after the ideal decoder represents a
level-l register composed of K(l) = KrlK

(l−1) qubits, and
each of the other wires with regular thickness represents
Nrl level-(l − 1) registers collectively. The 0-filter here
reduces to Πcode as shown in (D6), and is denoted by

0-filter:

Nrl
level-(l − 1) registers

Πcode
. (D9)

The 1-filter is not illustrated explicitly since it is trivial as
shown in (D7). The variable s placed in the upper right
of a gadget represents the number of faulty locations in
the gadget. An operation depicted using thin lines and
acting on thin wires is an ideal operation. With these
notations, every nontrivial condition for a gadget to be
fault-tolerant given in Ref. [1] is translated as follows,
where dashed wires are omitted for simplicity of presen-
tation.

The measurement gadget is fault-tolerant if it satisfies

meas: when s = 0

s

ZK(l) = ZK(l)
,

and when s = 0, 1

Πcode

s

ZK(l) = Πcode ZK(l)
. (D10)

The initial-state preparation gadget is fault-tolerant if it satisfies

prep A: when s = 0

s

|0〉⊗K(l)
=

s

|0〉⊗K(l)

Πcode

, (D11)

prep B: when s = 0, 1

s

|0〉⊗K(l)
= |0〉⊗K(l)

. (D12)

The Clifford-state preparation gadget is fault-tolerant if it satisfies

prep A: when s = 0
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s(
1
⊗
U
C

) ∣∣Φ
(l) 〉

=

s(
1
⊗
U
C

) ∣∣Φ
(l) 〉

Πcode

Πcode

Πcode

Πcode

, (D13)

prep B: when s = 0, 1

s(
1
⊗
U
C

) ∣∣Φ
(l) 〉

=

(
1
⊗
U
C

) ∣∣Φ
(l) 〉

. (D14)

The magic-state preparation gadget is fault-tolerant if it satisfies

prep A: when s = 0

s

((R
y (
π/

4)|0〉) ⊗
K

(
l)) ⊗

2

=

s

((R
y (
π/

4)|0〉) ⊗
K

(
l)) ⊗

2

Πcode

Πcode

, (D15)

prep B: when s = 0, 1

s

((R
y (
π/

4)|0〉) ⊗
K

(
l)) ⊗

2

=

((R
y (
π/

4)|0〉) ⊗
K

(
l)) ⊗

2

. (D16)

The H- or Pauli-gate gadget is fault-tolerant if it satisfies

gate A: when s = 0

Πcode

s

U = Πcode

s

U Πcode
, (D17)

gate B: when s = 0

s

U = U ,

and when s = 0, 1

Πcode

s

U = Πcode U , (D18)
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where U is the logical gate applied by the gadget. The CNOT- or CZ-gate gadget is fault-tolerant if it satisfies

gate A: when s = 0

Πcode

Πcode

s

U =
Πcode

Πcode

s

U
Πcode

Πcode
, (D19)

gate B: when s = 0

Πcode

s

U =
Πcode

U
,

Πcode

s

U =
Πcode

U
,

and when s = 0, 1

Πcode

Πcode

s

U =
Πcode

Πcode
U

, (D20)

where U is the logical gate applied by the gadget. An error-correction gadget is fault-tolerant if it satisfies

EC A: when s = 0

s
error

co
rrection

=

s

erro
r

correctio
n

Πcode

, (D21)

EC B: when s = 0

s

erro
r
correction

=

,

and when s = 0, 1

Πcode

s

error
correction

= Πcode

. (D22)

These conditions of fault tolerance are used in place of the conditions of fault tolerance in Ref. [1], where the labels
of the conditions here in the bold text show the corresponding conditions in Ref. [1] with the same labels.

Given that every gadget is fault-tolerant, the existence of a threshold can be proved for the local statistic error
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model [1]. As will be explained in Sec. E, it is possible to
apply the same argument as that in Ref. [1] to prove that
the level-l circuit at every level l = 0, 1, . . . , L follows the
local stochastic error model with a bound pl > 0 on the
logical error rate, i.e., the probability of having a fault at
a given level-l location. To determine the scaling of pl in
Sec. E, it is necessary to have a bound on G(l) defined
in (C18), i.e., the maximum depth of the level-(l − 1)
circuit for a level-l gadget, where the maximum is taken
over all level-l gadgets including elementary operations
and error correction.

In the explanation of each gadget below, we will check
that

G(l) = O(poly(Nrl)). (D23)

From (B19), it then follows that

G(l) = exp(O(l)). (D24)

The depth of each gadget may include wait operations
to wait for classical computation such as those for the
decoder and the gate teleportation. During our protocol,
the number of parallel processes for classical computation
is limited to

O(poly(N (l))), (D25)

which will turn out to satisfy the condition (A8) on the
number of parallel processes, as will be shown in Sec. F.
We will also show that the depth of the level-l circuit for
a level-l abbreviation is upper bounded by

O(log(N (l))), (D26)

including the wait operations to wait for the nonzero-
time classical computation in the gate teleportation. To
obtain these bounds, our analysis in the following uses

K(l) ≈ N (l), (D27)

Krl ≈ Nrl , (D28)

due to (B35) and (B6), and

rl ≈ log(Nrl) = O(l) (D29)

� log(N (l)) = O(l2) (D30)

� poly(Nrl) = exp(O(l)) (D31)

� poly(N (l)) = exp(O(l2)) (D32)

due to (B19) and (B27).
To bound the space overhead, it is also necessary to

have bounds on the number of registers in each level-
l gadget. As designed in Sec. C, in our protocol, the
number of level-(l − 1) registers used in a level-l gadget
is to be bounded by

Nrl + 8 + 2 = Nrl +O(1) (D33)

per encoded level-l register. The number of bits used for
each level-l gadget is to be bounded by

O(poly(N (l))). (D34)

Two-register Clifford-gate abbreviation: The
level-l two-register Clifford-gate abbreviation based on
gate teleportation [33–35] is given by Fig. D.1, where
the gate teleportation is also presented. The implemen-
tation is assisted by auxiliary level-l registers in a state

(1B1B2⊗UB3B4

C ) |Φ(l)〉B1B2B3B4
, which is prepared by the

Clifford-state preparation operation in (C7). Given the
4K(l)-bit measurement outcome, correction in quantum
teleportation [36] is given by an operator in the form of

UC




K(l)⊗

k(l)=1

PB3

k(l)
⊗

K(l)⊗

k(l)=1

PB4

k(l)


U†C, (D35)

where P
Bj
k(l)

∈ {X,Z, Y,1} for each j ∈ {3, 4} and

k(l−1) ∈ {1, . . . ,K(l−1)} is a Pauli gate acting on the
k(l)th qubit of the level-l register Bj with labeling (B23).
Since UC is Clifford, the operator in (D35) is a ten-
sor product of single-qubit Pauli operators. Condi-
tioned on the measurement outcome, the tensor prod-
uct of Pauli operators (D35) acting on the level-l reg-
isters is calculated using an efficient decoder and ap-
plied as the correction of the quantum teleportation by
the Pauli-gate operation in (C5) [34, 35]. The 4K(l)-bit
measurement outcome yields a 4K(l)-dimensional binary
row vector representing the 2K(l)-qubit Pauli operator⊗K(l)

k(l)=1 P
B3

k(l)
⊗⊗K(l)

k(l)=1 P
B4

k(l)
in (D35), and we can com-

pute its conjugation (D35) by the Clifford unitary UC

via multiplication of a 4K(l) × 4K(l) binary matrix rep-
resenting UC (from the right of the row vector), as shown
in Ref. [32]. The resulting 4K(l)-dimensional binary row
vector of (D35) is used as the classical argument in in-
voking the Pauli-gate operation for the correction.

The level-l circuit of the abbreviation has the depth
bounded by

O(log(N (l))). (D36)

The depth is dominated by the wait operations to wait
for classical computation to obtain the tensor product
of Pauli operators (D35) since the other part has a con-
stant depth. Regarding the runtime of classical com-
putation, using O(N (l)2) parallel processes, we can per-
form the multiplication of the 4K(l)×4K(l) binary matrix
for the conjugation (D35) within runtime O(log(K(l))) =
O(log(N (l))), which leads to (D36). The required num-
ber of bits is O(K(l)2) = O(N (l)2), which is dominated
by those for storing the 4K(l)×4K(l) matrix representing
UC.

As shown in (C20), the level-l two-register Clifford-
gate abbreviation can be invoked with the argument of
the classical description of UC, and we here describe its
on-demand function. In the on-demand case, the ar-
gument is passed to the level-l Clifford-state prepara-
tion operation used in the abbreviation. Since we rep-
resent UC in (C20) as K(l) 4 × 4 binary matrices, we
can compute the conjugation (D35) within O(1) run-
time, using O(N (l)) parallel processes of multiplying
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|ψ〉
|0〉
|0〉

H

X UC

↑
∝ (1⊗ UC)(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)

X

H Z

Z

UCXU
†
C UCZU

†
C

d
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rd

UC |ψ〉

Pauli if UC is Clifford

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

UC =

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

level-l register

(
1
⊗
U
C

)|Φ
(l)〉

X⊗K
(l)

X⊗K
(l)

H⊗K
(l)

H⊗K
(l)

ZK(l)

ZK(l)

ZK(l)

ZK(l)

level-l Pauli-gate operations for

UC

(⊗K(l)

k(l)=1 P
B3

k(l) ⊗
⊗K(l)

k(l)=1 P
B4

k(l)

)
U†C

d
isca

rd

O(log(N (l))) runtime to
compute the Pauli oper-

ator UC

(⊗K(l)

k(l)=1 P
B3

k(l) ⊗
⊗K(l)

k(l)=1 P
B4

k(l)

)
U†C

FIG. D.1. Gate teleportation for implementing a single-qubit Clifford gate at the top, and the level-l two-register Clifford-gate
abbreviation based on the gate teleportation for applying a Clifford gate UC on two level-l registers at the bottom. The

implementation is assisted by auxiliary level-l registers in a state (1B1B2 ⊗ UB3B4
C ) |Φ(l)〉B1B2B3B4

, which is prepared by the
Clifford-state preparation operation in (C7). In the figure, the level-l registers B1, B2, B3, B4 are shown from top to bottom.

Conditioned on the measurement outcome, a tensor product of Pauli operators UC

(⊗K(l)

k(l)=1 P
B3

k(l)
⊗
⊗K(l)

k(l)=1 P
B4

k(l)

)
U†C in (D35)

is calculated and applied as the correction in the quantum teleportation by two level-l Pauli-gate operations in (C5). If invoked
with the argument dictating UC, the abbreviation passes the argument to the Clifford-state preparation operation in the circuit.

these K(l) = O(N (l)) constant-size binary matrices in
parallel. Therefore, the part of the level-l circuit rel-
evant to processing the argument has the depth O(1),
using O(K(l)) = O(N (l)) bits. As a whole, (D36) is an
upper bound of the depth even in the on-demand case.

Ry(±π/4)-gate abbreviation: The level-l Ry(±π/4)-
gate abbreviation based on gate teleportation is given by
Fig. D.2, where the gate teleportation is also presented.
The implementation is assisted by two types of auxiliary
level-l registers A1 and A2. The register A1 works like the
auxiliary qubit in the gate teleportation of Fig. D.2 and

is initially prepared in a magic state (Ry(π/4) |0〉)⊗K
(l)

by the magic-state preparation operation in (C8). Note
that, since the magic-state preparation operation pre-

pares two registers in ((Ry(π/4) |0〉)⊗K
(l)

)
⊗2

, the circuit
in Fig. D.2 discards one of the prepared magic states
for simplicity of presentation; however, we may use the
magic state discarded in Fig. D.2 as that ofA1 for another
Ry(±π/4)-gate abbreviation to improve the efficiency.
The other register A2 is used for applying the Ry(π/4)
gates only to the selected qubits and is initially prepared

in a state |0〉⊗K
(l)

by the initial-state preparation opera-
tion in (C6). For each qubit on which URy(±π/4) acts triv-
ially as 1, a single-qubit SWAP gate is applied between
A1 and A2, so as to avoid the subsequent application of
the Ry(π/4) gate. These SWAP gates are implemented
collectively by a single use of a two-register Clifford-gate
abbreviation in Fig. D.1. For example, to implement

URy(±π/4) = (Ry(±π/4))⊗K
(l)

, no SWAP gate is applied,

and to implement URy(±π/4) = Ry(±π/4)⊗(K
(l)−1) ⊗ 1,

a SWAP gate is applied between a pair of the qubits.

Then the gate teleportation to applyRy(π/4) is performed
by the circuit at the top of Fig D.2. Conditioned on
the measurement outcome, Clifford gates for the correc-
tion, i.e., HZ gates, are applied. At this point, to the
qubits on which URy(±π/4) dictates to apply Ry(−π/4),
we have applied Ry(π/4) gates. Thus, an extra Clifford
gate Ry(−π/2) = ZH is applied to each of these qubits
in the end. Each of the corrections of HZ gates and
the application of extra Ry(−π/2) gates are implemented
by a two-register Clifford-gate abbreviation in Fig. D.1.
These gates may act nontrivially only on a single regis-
ter, but for each k(l) ∈ {1, . . . ,K(l)}, we here represent
a HZ and Ry(−π/2) (or 1) gate for the correction acting

on the k(l)th qubit in the level-l register as a two-qubit
Clifford unitary HZ ⊗ 1 and Ry(−π/2) ⊗ 1 (or 1 ⊗ 1)

acting trivially on the k(l)th qubit of another level-l reg-
ister as well (i.e., A2 in Fig. D.2). The correction of HZ
gates is applied by the on-demand two-register Clifford
gate abbreviation with (C20).

The level-l circuit for the implementation has the
depth

O(log(N (l))). (D37)

The depth is dominated by the two-register Clifford-gate
abbreviations since the other part has a constant depth.
Using the K(l)-bit outcome of the measurement, we per-
form the classical computation to decide the correction
by HZ gates as shown in Fig. D.2. Performing this clas-
sical computation for all k(l), we obtain the K(l) 4 × 4
matrices as in (C20), which we use as the argument to
invoke the two-register Clifford-gate abbreviation for per-
forming the correction. Using K(l) = O(N (l)) paral-
lel processes, the runtime of this computation is O(1),
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where, from each of the K(l) bits of the measurement
outcome, one of the K(l) processes computes each 4 × 4
(i.e., constant-size) matrix. Apart from the classical com-
putation, the depth of each two-register Clifford-gate ab-
breviation is upper bounded by O(log(N (l))) as shown
in (D36), which is dominant. The required number of
bits is O(K(l)) = O(N (l)), which is dominated by those
for storing theK(l) 4×4 matrices used for the two-register
Clifford gates.

Measurement gadget: The level-l measurement
gadget is constructed as in Fig. D.3. The gadget is imple-
mented by transversally performing level-(l−1) measure-
ment operations, followed by an efficient decoder. The
fault tolerance, i.e., (D10), follows from the transversal-
ity.

We here provide the construction of the efficient de-
coder for the quantum Hamming codes to analyze its
runtime. In particular, we provide a protocol for cal-
culating the measurement outcomes for K(l) qubits in a
level-l register from those in the Nrl level-(l−1) registers,
where the outcomes at the physical level (l − 1 = 0) are
those of the measurement in the Z basis of the physical
qubits. Let on,k(l−1) ∈ {0, 1} be the measurement out-

come of the qubit (n, k(l−1)) with (B24) in the level-(l−1)
registers (n ∈ {1, . . . , Nrl} and k(l−1) ∈ {1, . . . ,K(l−1)}),

which is determined by the level-(l−1) measurement op-
erations. For each k(l−1), we estimate the true outcome
by the following procedure. We calculate the syndrome
ei,k(l−1) ∈ {0, 1} for each i ∈ {1, . . . , rl} by

ei,k(l−1) =

Nrl∑

n=1

on,k(l−1)bi,n mod 2, (D38)

where bi,n is the element of the parity-check matrix used
in (B2) for Qrl . This calculation provides the label of
the presumably erroneous qubit written as

ñk(l−1) :=

rl∑

i=1

ei,k(l−1)2i−1, (D39)

which is the bit string stored in the memory after the
calculation of (D38). If ñk(l−1) = 0, then we estimate
that o1,k(l−1) , . . . , oNrl ,k(l−1) have no error; otherwise, we

estimate that the qubit (ñk(l−1) , k(l−1)) has an error. To
calculate the measurement outcome for the level-l reg-
ister, we use the labeling (B23), i.e., k(l) 7→ (k, k(l−1)),
for the k(l)th qubit in the level-l register, where k(l) ∈
{1, . . . ,K(l)} and k ∈ {1, . . . ,Krl}.

Under this labeling k(l) 7→ (k, k(l−1)), for each k(l), we calculate the measurement outcome ok(l) of the k(l)th qubit
in the level-l register from those of (n, k(l−1)) in the level-(l − 1) registers as

ok(l) =

{∑Nrl
n=1 on,k(l−1)b

(k)
n mod 2, if ñk(l−1) = 0,∑Nrl

n=1 on,k(l−1)b
(k)
n + b

(k)
ñ
k(l−1)

mod 2, otherwise,
(D40)

where b
(k)
n is the element of the bit string in (B7) for representing the kth logical qubit of Qrl . Then, the de-

coder outputs the level-l measurement outcomes ok(l) while all the level-(l − 1) measurement outcomes on,k(l−1) are
deallocated.

The gadget has a constant depth

O(1), (D41)

which is followed by classical computation for the de-
coder to calculate the measurement outcome for the en-
coded level-l register. We also bound the runtime of this
classical computation in the following. To calculate the
measurement outcomes with the error correction, we use
rlK

(l−1) ×Nrl processes of classical computation in par-
allel to obtain the syndromes ei,k(l−1) in (D38) for all

i ∈ {1, . . . , rl} and k(l−1) ∈ {1, . . . ,K(l−1)}. We di-
vide these rlK

(l−1) × Nrl processes into rlK
(l−1) sets

of Nrl processes. Using each set, we calculate ei,k(l−1)

by parallel classical computation with the Nrl processes
in the set. The runtime of the sum in (D38) for this
calculation is O(log(Nrl)). Therefore, using at most
rlK

(l−1) × Nrl = O(N (l) log(Nrl)) processes (where we
use K(l−1)Nrl = O(N (l−1)Nrl = N (l))), we can ob-
tain ñk(l−1) in (D39) in the memory within runtime

O(log(Nrl)). In addition, we use K(l) × Nrl processes
of classical computation in parallel to obtain the mea-
surement outcomes ok(l) in (D40) for all k(l). We divide
these K(l)×Nrl processes into K(l) sets of Nrl processes.
Using each set, we calculate the sum over n and the error

correction of b
(k)
ñ
k(l−1)

in (D40) by parallel classical com-

putation with the Nrl processes in the set, which can
be performed within the runtime of O(log(Nrl)). As a
whole, using at most K(l)×Nrl = O(N (l)Nrl) processes,
we can obtain ok(l) within runtime

O(log(Nrl)). (D42)

The classical computation uses O(N (l)) bits, which are
dominated by those for storing the measurement out-
comes for all the O(N (l)) qubits in the registers.

To use the measurement outcome in the other level-l
gadgets, it is sufficient to guarantee that we finish calcu-
lating the measurement outcome always before starting
the next level-l gadget. Indeed, our protocol performs
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level-l register ZK(l) →

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

ZK(l−1)

ZK(l−1)

ZK(l−1)

ZK(l−1)

ZK(l−1)

ZK(l−1)

ZK(l−1)

d
eco

d
er

Nrl

O(log(Nrl)) runtime

FIG. D.3. The level-l measurement gadget for performing measurements in Z basis for all the qubits in a level-l register.
The gadget is implemented by transversally performing level-(l− 1) measurement operations, followed by the efficient decoder.
Since classical computation for this decoder has O(log(Nrl)) runtime, we may need to perform O(log(Nrl)) level-(l − 1) wait
operations before using the measurement outcome.

level-l gadgets in a synchronized way by inserting wait
operations as shown in Fig. C.2. Since the runtime (D42)
of the decoder is smaller than the maximum depth G(l)
of the level-l gadgets in (D24), the measurement outcome
is always available for the next level-l gadget.

Gate gadgets: The level-l H-, CNOT-, CZ- and
Pauli-gate gadgets are constructed as in Fig. D.4. The
level-l H-, CNOT-, and CZ-gate gadgets are imple-
mented by transversal level-(l−1) H-, CNOT-, and CZ-
gate operations, respectively, on all the level-(l − 1) reg-
isters. To implement the level-l Pauli-gate gadget, each
level-l Pauli operator Pk(l) in (C10) is represented as a
logical operator in the form of a tensor product of Pauli
operators acting on the Nrl level-(l−1) registers, and the
product of these logical operators for all Pk(l) becomes a
tensor product of the Pauli operators on the Nrl level-
(l − 1) registers, i.e.,

Nrl⊗

n=1

K(l−1)⊗

k(l−1)=1

Pn,k(l−1) , (D43)

where Pn,k(l−1) ∈ {X,Z, Y,1} is a Pauli gate acting on

the k(l−1)th qubit in the nth level-(l − 1) register, and
the global phase is ignored; then, the operator in (D43)
is applied using the level-(l − 1) Pauli-gate operations
transversally for all the Nrl level-(l − 1) registers. The
fault tolerance, i.e., (D17), (D18), (D19), and (D20), fol-
lows from the transversality.

The level-l H-, CNOT-, CZ-gate gadgets have a con-
stant depth

O(1). (D44)

By contrast, for the level-l Pauli-gate gadget, we need
to obtain the Pauli operators (D43) from the K(l) Pauli
operators Pk(l) by classical computation. If we can per-
form this classical computation during the compilation,
the Pauli-gate gadget has the constant depth

O(1). (D45)

On the other hand, as stated in (C19), there are cases
where we need to compute (D43) on the fly while in-
serting wait operations in the level-l Pauli-gate gadget to
wait for the runtime of this classical computation, which
we bound in the following. As in the two-register Clifford-
gate abbreviation in Fig. D.1, we represent the input K(l)

Pauli operators as the 2K(l)-dimensional binary row vec-
tor. Since Q(l) has K(l−1) blocks of Qrl , we can compute
the corresponding logical operator (D43) by multiplying
2K(l−1) copies of the Krl×Nrl matrices Grl in (B8) (from
the right of the correspondingKrl -bit segment of this vec-
tor). Thus, using 2K(l−1)× (Krl ×Nrl) = O(K(l)Nrl) =
O(N (l)Nrl) parallel processes, we can perform this ma-
trix multiplication in time O(log(Nrl)). Therefore, the
depth of the Pauli-gate gadget including the wait opera-
tions is

O(log(Nrl)). (D46)

The required number of bits is O(N (l)), dominated by
those for storing the 2K(l)-dimensional vectors.

Initial-state preparation gadget: The level-l
initial-state preparation gadget is constructed as in
Fig. D.5. The initial part of the gadget is aimed at im-
plementing an encoding unitary Uencode to transform the
initialized Nrl level-(l−1) registers into an encoded logi-

cal state of |0〉⊗K
(l)

. Under the decomposition (D3) with
the K(l−1) code blocks of Qrl , the unitary is written in
the form

Uencode = V ⊗K
(l−1)

, (D47)

where V is an encoding unitary for the codeQrl satisfying

V (|ψ〉 ⊗ |0〉⊗(Nrl−Krl )) = |ψlogical〉 . (D48)

Here, |ψ〉 on the left-hand side is any Krl -qubit state,
and |ψlogical〉 is the state of Nrl qubits representing the
logical state |ψ〉. In the circuit of Fig. D.5, Nrl level-

(l−1) registers are initially prepared in |0〉⊗K
(l−1)

by the
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level-l register
H⊗K(l) →

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register
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H⊗K(l−1)

H⊗K(l−1)

H⊗K(l−1)

H⊗K(l−1)

H⊗K(l−1)

H⊗K(l−1)

Nrl

level-l register

level-l register
X⊗K(l)

→

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

X⊗K(l−1)

X⊗K(l−1)

X⊗K(l−1)

X⊗K(l−1)

X⊗K(l−1)

X⊗K(l−1)

X⊗K(l−1)

Nrl

Nrl

level-l register ⊗K(l)

k(l)=1 Pk(l)
→

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

level-(l − 1) register

⊗K(l−1)

k(l−1)=1 P1,k(l−1)

⊗K(l−1)

k(l−1)=1 P2,k(l−1)

⊗K(l−1)

k(l−1)=1 P3,k(l−1)

⊗K(l−1)

k(l−1)=1 P4,k(l−1)

⊗K(l−1)

k(l−1)=1 P5,k(l−1)

⊗K(l−1)

k(l−1)=1 P6,k(l−1)

⊗K(l−1)

k(l−1)=1 P7,k(l−1)

Nrl

O(log(Nrl)) runtime to compute
⊗Nrl

n=1

⊗K(l−1)

k(l−1)=1 Pn,k(l−1)

from
⊗K(l)

k(l)=1 Pk(l) if in-
voked with the argument

FIG. D.4. The level-l H-gate gadget for performing H⊗K
(l)

acting on all the K(l) qubits in a level-l register at the top, the

level-l CNOT-gate gadget for performing CNOT⊗K
(l)

acting on all the K(l) control qubits in the upper level-l register and all
the K(l) target qubits in the lower level-l register in the middle, and the level-l Pauli-gate gadget for performing an arbitrary

tensor product of Pauli gates
⊗K(l)

k(l)=1 Pk(l) for Pk(l) ∈ {X,Z, Y,1} in (C10) acting on the K(l) qubits in a level-l register at the
bottom. The level-l H- and CNOT-gate gadgets are implemented by level-(l− 1) H- and CNOT-gate operations, respectively,
acting transversally on all the level-(l − 1) registers. In the same way as the level-l CNOT-gate gadget but using CZ in place

of CNOT, the level-l CZ-gate gadget for performing CZ⊗K
(l)

acting on two level-l registers is defined. The level-l Pauli-gate

gadget can be implemented by performing Pauli gates
⊗Nrl

n=1

⊗K(l−1)

k(l−1)=1 Pn,k(l−1) in (D43), i.e., by applying level-(l− 1) Pauli-
gate operations transversally to the Nrl level-(l − 1) registers. Note that the O(log(Nrl))-time classical computation shown in
the Pauli-gate gadget can be performed during the compilation prior to starting execution of the quantum computation, except
for the cases where the gadget is invoked with the argument to specify the gate.
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level-(l − 1) initial-state preparation operations in (C6),

which Uencode transforms into logical |0〉⊗K
(l)

.

For any stabilizer code, e.g., the code used here, the
unitary Uencode for encoding is Clifford; in particular, to
implement Uencode, the analysis here uses the fact shown
in Ref. [37] that an encoding unitary V for the stabi-
lizer code with Nrl physical qubits and Krl logical qubits
can be implemented by an Nrl -qubit stabilizer circuit us-
ing O(Nrl(Nrl −Krl)) = O(Nrl log(Nrl)) one- and two-
qubit Clifford gates, which lead to the depth at most
O(Nrl log(Nrl)). Then a circuit for Uencode is constructed
by replacing each gate G in the stabilizer circuit for V

with G⊗K
(l−1)

according to (D47). The stabilizer circuit
for V constructed by the technique in Ref. [37] is com-
posed only of H, CNOT, CZ, and Z (i.e., Pauli) gates.
Thus, in the stabilizer circuit, we use the level-(l−1) gate
operations corresponding to these gates; that is, we do
not need to use the two-register Clifford-gate abbrevia-
tion in Fig. D.1. As a result, Uencode is implemented by
a level-(l − 1) circuit with depth O(Nrl log(Nrl)).

The level-(l−1) stabilizer circuit for the encoding by it-
self is non-fault-tolerant in the sense that one fault among
the level-(l−1) locations of the circuit may lead to an un-
correctable error at the end of the circuit; to remedy this,
verification is performed by measuring the logical Z oper-
ators of all the logical qubits, and all the Z generators of
the stabilizer, for each of the K(l−1) code blocks of Qrl .
To measure these operators without destroying the state
itself, another set of Nrl level-(l − 1) registers are pre-

pared in logical |0〉⊗K
(l)

by the same non-fault-tolerant
level-(l − 1) stabilizer circuit, and all the syndromes are
extracted at once by the constant-depth CNOT-gate op-
erations in the level-(l−1) circuit of Fig. D.5. We obtain
each syndrome from the measurement outcomes by clas-
sical computation using the description of the logical Z
operators and the Z stabilizer generators.

If no error is detected from these syndromes, i.e., in
the case of success in the verification, then the gadget

outputs the logical |0〉⊗K
(l)

prepared in this first run.
Otherwise, i.e., if the verification in this first run detects

an error, then the logical |0〉⊗K
(l)

prepared in this first
run is discarded. This ensures that a fault in a single lo-
cation leading to incorrigible multiple X errors is always
detected and discarded. Note that since |0〉 is stabilized
by Z, i.e., Z |0〉 = |0〉, detection of Z errors is unneces-
sary for verifying |0〉; that is, multiple Z errors before
the ideal decoder in (D12) may lead to a logical Z er-
ror, but do not change the decoded state. If the first run
has discarded the state, the gadget performs the same
non-fault-tolerant level-(l − 1) stabilizer circuit for the

preparation and outputs the logical |0〉⊗K
(l)

prepared in
the second run without verification. In this case, a single
fault should be present in the part of the first run, and
thus the part of the preparation in the second run has
no fault as long as the gadget has at most one faulty lo-
cation. Therefore, in any of these two cases, the gadget

satisfies the conditions (D11) and (D12) of fault toler-
ance.

The depth of the level-(l− 1) circuit for implementing
the initial-state preparation gadget is dominated by the
encoding part for implementing Uencode. The depth of
the gadget including both the first and second runs is at
most twice as long as the first run, and thus in the follow-
ing, we analyze the depth of the first run. The required
number of H-, CNOT-, CZ-, and Pauli-gate operations
in the encoding part is O (Nrl log(Nrl)), which is an up-
per bound of the depth of this part. As for the other

parts, the O(Nrl) preparations of |0〉⊗K
(l−1)

in the gad-
get have the depth O(Nrl). Since Q(l) has K(l−1) blocks
of Qrl , the classical computation for the post-selection
computes the inner product between the (Nrl ×K(l−1))-
bit measurement outcome and each row of K(l−1) copies
of Hrl and Grl in (B1) and (B8), respectively. Here,
Hrl has rl rows, and Grl has Krl rows. Thus, using
(rl+Krl)×(Nrl×K(l−1)) = O(NrlN

(l)) parallel processes
(where we use KrlK

(l−1) = K(l) = O(N (l))), we can per-
form all the inner products in runtime O(log(Nrl)). At
this point, we have the (rl + Krl) × K(l−1)-bit string
representing these inner products. By taking bitwise
OR over this bit string by parallel processes, we check
whether the bit string includes 1 within the runtime
of O(log((rl + Krl) × K(l−1))) = O(log(N (l))). Conse-
quently, the depth of the initial-state preparation gadget
is

O (Nrl log(Nrl)) . (D49)

The required number of bits is O(Nrl × K(l−1)) =
O(N (l)), dominated by those for storing and processing
the (Nrl ×K(l−1))-bit measurement outcome.

Note that in place of the stabilizer circuit for the encod-
ing unitary V in Ref. [37], Refs. [38, 39] provide more op-
timized stabilizer circuits for preparing logical |0〉, which
could also be used here. Moreover, the depth of a stabi-
lizer circuit could be shortened by parallelizing the circuit
using auxiliary qubits [40, 41], but such further optimiza-
tion is not considered here. Our analysis of the existence
of a threshold and the space and time overheads holds
without such an optimization.

Error-correction gadget: The level-l error-
correction gadget is constructed as in Fig. D.6 based on
Knill’s error correction [34, 35]. The gadget is assisted
by 2(Nrl + 1) level-(l − 1) registers. Using the same cir-
cuit as the initial-state preparation gadget in Fig. D.5 on
these 2(Nrl + 1) level-(l − 1) registers, we prepare Nrl

out of these 2(Nrl + 1) in logical |0〉⊗K
(l)

. Using this log-

ical |0〉⊗K
(l)

, the circuit in Fig. D.6 conducts quantum
teleportation of the state of the encoded logical level-l
register. The 2K(l)-bit outcome from the measurement
gadgets is fed to an efficient decoder to calculate a logical
operator used as correction in quantum teleportation [36]
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K(l)⊗

k(l)=1

Pk(l) , (D50)

where Pk(l) ∈ {X,Z, Y,1} is a Pauli gate acting on the
k(l)th qubit in the level-l register with labeling (B23).
As in the level-l measurement gadget, the measurement
in this quantum teleportation needs wait operations to
wait for the O(log(Nrl)) runtime of classical computa-
tion. This logical operator is implemented by invoking
the level-l Pauli-gate gadget in Fig. D.4 with the argu-
ment. With no fault, this gadget carries out error correc-
tion whereas the fault tolerance follows from the transver-
sality, satisfying (D21) and (D22).

The depth of the level-(l − 1) circuit is

O(Nrl log(Nrl)), (D51)

dominated by the depth (D49) of the level-l initial-state
preparation gadgets. As for the other parts, the runtime
of classical computation for decoders from the measure-
ment outcomes is O(log(Nrl)) as discussed above, and
that for the level-l Pauli-gate gadget is also O(log(Nrl)).
All the other parts have a constant depth. The required
number of bits is dominated by O(N (l)) to store and pro-
cess the measurement outcome.

Clifford-state preparation gadget: The level-l
Clifford-state preparation gadget is constructed as in
Figs. D.7 and D.8. The gadget starts with a level-
(l − 1) stabilizer circuit for preparing logical (1B1B2 ⊗
UB3B4

C ) |Φ(l)〉B1B2B3B4
, where |Φ(l)〉B1B2B3B4

is the max-
imally entangled state between B1B2 and B3B4 given
by (C11). Each of the level-l registers B1, B2, B3, B4 is
encoded in Nrl level-(l−1) registers in the level-(l−1) cir-
cuit, and theseNrl level-(l−1) registers will also be collec-
tively called B1, B2, B3, B4, respectively. After preparing

logical |Φ(l)〉B1B2B3B4
, application of logical UB3B4

C is im-
plemented by using the level-(l−1) elementary operations
in the following way. Using the Clifford unitary Uencode

in (D47), logical UC can be implemented by a Clifford
unitary

(UB3

encode ⊗ UB4

encode)×
(UC ⊗ 1⊗2(NrlK

(l−1)−K(l)))×
(UB3

encode ⊗ UB4

encode)
†
, (D52)

where UC acts on the 2K(l) qubits that hold the decoded

state of B3 and B4, and 1⊗2(NrlK
(l−1)−K(l)) is the identity

operator acting on the remaining 2(Nrl −Krl)K
(l−1) =

2(NrlK
(l−1)−K(l)) qubits in the 2Nrl level-(l−1) regis-

ters for B3 and B4. We decompose Uencode into elemen-
tary operations as discussed for the initial-state prepa-
ration gadget in Fig. D.5 and also decompose UC into
elementary operations, which we will discuss later when
we evaluate the depth of the gadget.

Similar to the encoding in the initial-state preparation
gadget of Fig. D.5, the level-(l − 1) stabilizer circuit for

preparing logical (1B1B2 ⊗ UB3B4

C ) |Φ(l)〉B1B2B3B4
by it-

self is non-fault-tolerant in the sense that one fault among
level-(l − 1) locations in the circuit may lead to an un-
correctable error at the end of the circuit, which necessi-
tates a part for performing verification. The verification
part starts with applying the level-l error-correction gad-
gets in Fig. D.6 to B1, B2, B3, and B4, so as to ensure
that the state is in the code space of Qrl regardless of
faults in the preparation part. The circuit is followed by
measurements of the logical stabilizer operators of logical
(1⊗UC) |Φ(l)〉 to detect logical errors with post-selection.
There are 4K(l) stabilizer operators of (1⊗UC) |Φ(l)〉, i.e.,

(Xj,k(l) ⊗ 1⊗(2K
(l)−1))

B1B2⊗

(UC(Xj+2,k(l) ⊗ 1⊗(2K
(l)−1))U†C)

B3B4

, (D53)

(Zj,k(l) ⊗ 1⊗(2K
(l)−1))

B1B2⊗

(UC(Zj+2,k(l) ⊗ 1⊗(2K
(l)−1))U†C)

B3B4

, (D54)

where j ∈ {1, 2}, and k(l) ∈ {1, . . . ,K(l)}. In (D53)
and (D54), Xj,k(l) and Zj,k(l) are the logical X and Z op-

erators, respectively, of the k(l)th logical qubits in Bj for

j ∈ {1, 2, 3, 4}, and 1
⊗(2K(l)−1) is the identity operator

acting on the rest of logical qubits.
To measure the 2K(l) logical operators in (D53) with-

out destroying the state itself, we extract the syndromes
with the circuit shown in Fig. D.8, using 2Krl auxil-
iary level-(l − 1) registers twice. Note that the mea-
surement of the other 2K(l) logical operators (D54) is
performed in the same way as (D53) using Z in place
of X, and hence the following explanation will focus
on (D53). The unitary gates UA1B1

X , UA1B2

X , UA1B3B4

X,C,3 ,

and UA1B3B4

X,C,4 used in the circuit of Fig. D.8 will be de-

fined later in (D63) and (D64). Among the 2Krl auxiliary
level-(l − 1) registers, the first Krl level-(l − 1) registers
are collectively denoted by A1, and the second by A2.
Each of these 2Krl auxiliary level-(l− 1) registers is pre-

pared in the state |0〉⊗K
(l−1)

by the level-(l − 1) initial-
state preparation operation in (C6). Each of A1 and A2

has Krl × K(l−1) = K(l) qubits in its Krl level-(l − 1)
registers. In each of the two uses of the Krl auxiliary
level-(l − 1) registers of A1, we measure K(l) out of the
2K(l) logical operators in (D53), where a logical error can
be detected as a bit flip of the measurement outcomes in
A1. The other Krl auxiliary level-(l − 1) registers of A2

are used as flag qubits to make these syndrome measure-
ments fault-tolerant [42], where an error on A1 that may
propagate and cause a logical error is detected as a bit
flip of the measurement outcomes in A2. The flip of each
of the 2K(l)-bit measurement outcomes can be checked
using O(N (l)) parallel processes immediately, i.e., in run-
time O(1).

If no error is detected either from the 2K(l) logical sta-
bilizer operators in (D53) and the flag qubits in this verifi-
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cation ofX⊗X, and also either from the 2K(l) logical sta-
bilizer operators in (D54) and the flag qubits in the sub-
sequent verification of Z⊗Z, then the gadget outputs the

logical (1B1B2 ⊗ UB3B4

C ) |Φ(l)〉B1B2B3B4
prepared in this

first run. Otherwise, the gadget discards the state pre-
pared in the first run and performs the same non-fault-
tolerant level-(l− 1) stabilizer circuit for the preparation

and outputs the logical (1B1B2 ⊗ UB3B4

C ) |Φ(l)〉B1B2B3B4

prepared in the second run without verification.
The Clifford-state preparation gadget becomes fault-

tolerant, that is, satisfies the conditions (D13) and (D14).
Since the case with no fault (s = 0) is obvious, here we
explain the reason why (D14) with s = 1 holds true. The
gadget can have only the first run (with the success in the
verification) or both the first and second runs. Whenever
the gadget needs to perform the second run, the single
fault should be present in the part of the first run; then,
the output state in the second run has no error. Thus,
in the following, we consider the cases where the gad-
get has only the first run without detecting any error in
the verification. The cases with s = 1 belong to either
of the following two cases: (i) a case where the single
fault occurs on one of the level-(l − 1) locations in the
part of the level-(l − 1) circuit in Fig. D.7 for preparing

logical (1B1B2 ⊗ UB3B4

C ) |Φ(l)〉B1B2B3B4
, and (ii) a case

where the single fault occurs on one of the level-(l − 1)
locations in the part of the level-(l−1) circuit in Fig. D.7
for the verification. In case (i), since the error-correction
gadgets have no fault, these gadgets leave B1 through
B4 in a state in the code space of 4K(l) logical qubits; in
addition, the measurements of the 4K(l) logical stabilizer
operators in (D53) and (D54) are also faultless, and thus
finding no logical error specifies the logical state of all the
4K(l) logical qubits as (1⊗ UC) |Φ(l)〉 in the code space.
As for case (ii), the prepared state before the verifica-

tion is the logical state (1B1B2 ⊗ UB3B4

C ) |Φ(l)〉B1B2B3B4

without any error, and the fault in the verification does
not cause any uncorrectable error at the end of the level-
(l−1) circuit. In particular, a fault in the error-correction
gadgets does not cause any uncorrectable error owing
to transversality. On the other hand, in the measure-
ment of the logical operators, an error on the registers in
A1 may propagate and spread, leading to uncorrectable
errors. Nonetheless, this fault causes no problem be-
cause such an error is always detected by the measure-
ments on the registers A2, thanks to the technique of flag
qubits [42]. Finally, there may be a question of whether a
correctable error on B1, B2, B3, B4 would be aggravated
by the subsequent faultless measurement of the logical
operators, but since the bit-flip or phase-flip error prop-
agating from B1, B2, B3, B4 to A1, A2 never propagates
back from A1, A2 to B1, B2, B3, B4 by construction, the
error remains correctable. These two cases show fault
tolerance.

The unitary gates UA1B1

X , UA1B2

X , UA1B3B4

X,C,3 , and

UA1B3B4

X,C,4 used for the measurements of the logical opera-

tors in (D53) are defined as follows, where we may omit

the identity operator 1 for simplicity of presentation. In
the following, we may use the mapping

k(l) 7→ (k, k(l−1)) (D55)

defined as (B23) for simplicity of notation. For each

k(l) ∈ {1, . . . ,K(l)}, let UB1

X,k(l)
denote an operator repre-

senting the logical operator X1,k(l) appearing in (D53) for

the k(l)th logical qubit, in the form of a tensor product of
X and 1 acting on the NrlK

(l−1) qubits of the Nrl level-
(l− 1) registers that form B1; under the mapping (D55),

we can write UB1

X,k(l)
as

UB1

X,k(l)
=

Nrl∏

n=1

PB1,n,k
(l−1)

X,k,n (D56)

where

PX,k,n ∈ {X,1} (D57)

is determined in such a way that
⊗Nrl

n=1 PX,k,n should
be the logical X operator of the kth logical qubit of Qrl ,
and the superscript of PB1,n,k

(l−1)

X,k,n shows that PB1,n,k
(l−1)

X,k,n

acts on the k(l−1)th qubit in the nth level-(l− 1) register
of B1. The unitaries UX,k(l) for all k(l) ∈ {1, . . . ,K(l)}
commute with each other since each UX,k(l) is a ten-

sor product only of X and 1. Similarly, let UB3B4

X,C,3,k(l)

denote an operator representing the logical operator

(UC(X3,k(l) ⊗ 1⊗(2K
(l)−1))U†C)

B3B4

in (D53). Since UC

is Clifford, UB3B4

X,C,3,k(l)
can be written under the map-

ping (D55) as a tensor product of Pauli operators

UB3B4

X,C,3,k(l)
=

Nrl∏

n=1

K(l−1)∏

k(l−1)′=1

(
PB3,n,k

(l−1)′

X,3,3,k(l−1),k,n,k(l−1)′⊗

PB4,n,k
(l−1)′

X,3,4,k(l−1),k,n,k(l−1)′

)
, (D58)

where

PX,3,j,k(l−1),k,n,k(l−1)′ ∈ {±X,±Z,±Y,±1} (D59)

for j ∈ {3, 4}, and P
Bj ,n,k

(l−1)′

X,3,j,k(l−1),k,n,k(l−1)′ acts on the

k(l−1)
′
th qubit in the nth level-(l−1) register of Bj . The

unitaries UX,C,3,k(l) for all k(l) ∈ {1, . . . ,K(l)} commute
with each other due to the commutativity of the logical

operators UC(X3,k(l) ⊗ 1⊗(2K
(l)−1))U†C.

Using the operators (D56) and (D58) given by the ten-
sor product of Pauli operators, controlled Pauli gates
used for measuring (D53) are defined as follows. For

a Pauli operator PBj ,n,k
(l−1)′

used in (D56) and (D58)

(where k(l−1)
′

= k(l−1) for (D56)), let

CA1,k,k
(l−1)

PBj ,n,k
(l−1)′

(D60)
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denote a controlled Pauli operator that applies

PBj ,n,k
(l−1)′

to the target qubit, i.e., the k(l−1)
′
th qubit

in the nth level-(l − 1) register of Bj , controlled by the

k(l−1)th qubit in the kth level-(l− 1) register of A1. De-

fine CUA1B1

X,k(l)
as a controlled unitary operator given under

the mapping (D55) by

CUA1B1

X,k(l)
=

Nrl∏

n=1

CA1,k,k
(l−1)

PB1,n,k
(l−1)

X,k,n . (D61)

The controlled unitaries CUX,k(l) for all k(l) ∈
{1, . . . ,K(l)} commute with each other due to the com-

mutativity of UX,k(l) . Define CUA1B3B4

X,C,3,k(l)
in the same

way as CUA1B1

X,k(l)
using UB3B4

X,C,3,k(l)
in place of UB1

X,k(l)
; that

is, CUA1B3B4

X,C,3,k(l)
is given under the mapping (D55) by

CUA1B3B4

X,C,3,k(l)
=

Nrl∏

n=1

K(l−1)∏

k(l−1)′=1

(
CA1,k,k

(l−1)

PB3,n,k
(l−1)′

X,3,3,k(l−1),k,n,k(l−1)′⊗

CA1,k,k
(l−1)

PB4,n,k
(l−1)′

X,3,4,k(l−1),k,n,k(l−1)′

)
. (D62)

The controlled unitaries CUX,C,3,k(l) for all k(l) ∈
{1, . . . ,K(l)} commute with each other due to the com-

mutativity of UX,C,3,k(l) . Define CUA1B3B4

X,C,4,k(l)
in the same

way as CUA1B3B4

X,C,3,k(l)
using X4,k(l) in place of X3,k(l) . Then,

define UA1B1

X in Fig. D.8 as the product of commuting

operators CUA1B1

X,k(l)
for all k(l) ∈ {1, . . . ,K(l)}, i.e., under

the mapping (D55),

UA1B1

X :=

K(l)∏

k(l)=1

CUA1B1

X,k(l)

=

Krl∏

k=1

Nrl∏

n=1




K(l−1)∏

k(l−1)=1

CA1,k,k
(l−1)

PB1,n,k
(l−1)

X,k,n


 ,

(D63)

and UA1B2

X in the same way as UA1B1

X using B2 in place of

B1. Due to (D57), UA1B1

X in (D63) can be implemented
by at most NrlKrl level-(l − 1) CNOT-gate operations,

and so can UA1B2

X . Similarly, define UA1B3B4

X,C,3 in Fig. D.8

as the product of commuting operators CUA1B3B4

X,C,3,k(l)
for

all k(l) ∈ {1, . . . ,K(l)}, i.e., under the mapping (D55),

UA1B3B4

X,C,3

:=

K(l)∏

k(l)=1

CUA1B3B4

X,C,3,k(l)

=

Krl∏

k=1

Nrl∏

n=1




K(l−1)∏

k(l−1)=1

K(l−1)∏

k(l−1)′=1

(
CA1,k,k

(l−1)

PB3,n,k
(l−1)′

X,3,3,k(l−1),k,n,k(l−1)′ ⊗ CA1,k,k
(l−1)

PB4,n,k
(l−1)′

X,3,4,k(l−1),k,n,k(l−1)′

)

 , (D64)

and UA1B3B4

X,C,4 as the product of CUA1B3B4

X,C,4,k(l)
for all

k(l) ∈ {1, . . . ,K(l)}. Note that in the last equal-

ity of (D64), we can reorder
∏K(l−1)

k(l−1)=1

∏Nrl
n=1 into

∏Nrl
n=1

∏K(l−1)

k(l−1)=1, since operators PB3,n,k
(l−1)′

X,3,3,k(l−1),k,n,k(l−1)′ ⊗
PB4,n,k

(l−1)′

X,3,4,k(l−1),k,n,k(l−1)′ with different n act on different

level-(l − 1) registers of B1 and B2, and thus their

controlled versions CA1,k,k
(l−1)

PB3,n,k
(l−1)′

X,3,3,k(l−1),k,n,k(l−1)′ ⊗
CA1,k,k

(l−1)

PB4,n,k
(l−1)′

X,3,4,k(l−1),k,n,k(l−1)′ for all k(l−1) and n com-

mute with each other. Due to (D59), UA1B3B4

X,C,3 in (D64)

can be implemented by at most 2NrlKrl level-(l−1) two-

register Clifford-gate abbreviations, and so can UA1B3B4

X,C,4 .

In the following, we will count the number of one- and
two-register gates in the part for implementing the Clif-
ford unitary (D52), which has been deferred in the above
explanations. We here prove that any Clifford unitary
acting on the 2NrlK

(l−1) qubits in 2Nrl level-(l− 1) reg-

isters, including (D52), can be implemented by a level-
(l−1) circuit composed of two-register Clifford gates with
their number bounded by

O
(
N2
rl

)
. (D65)

Note that in a special case where each level-(l − 1) reg-
ister reduces to only one qubit, Ref. [32] has shown
an improved bound O

(
N2
rl/log(Nrl )

)
that may be better

than (D65) by a logarithmic factor, but we leave as an
open problem whether such an improvement is still pos-
sible in our more general case where each level-(l − 1)
register may have more than one qubit. The depth of a
stabilizer circuit could be shortened by parallelizing the
circuit using auxiliary qubits [40, 41], but this further
optimization is not considered here.

Our proof of (D65) uses the fact that any stabilizer
circuit for implementing a Clifford unitary can be rewrit-
ten into an equivalent stabilizer circuit consisting of 11
rounds in a sequence, where each round is given by a cir-
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cuit composed only of one type of Clifford gate, i.e., H,
CNOT, S, CNOT, S, CNOT, H, S, CNOT, S, and
CNOT, in this order [32]. This decomposition of the
stabilizer circuit into one- and two-qubit gates can be
performed feasibly using Gaussian elimination as shown
in Ref. [32]. Note that Ref. [43] also provides a similar
equivalence of stabilizer circuits, which may also be used
here. Each round of H or S gates is performed with
the level-(l−1) two-register Clifford-gate abbreviation in
Fig. D.1 acting on each of the 2Nrl level-(l−1) registers at
most once. As for a round of CNOT gates, we here show
that we can implement an arbitrary 2NrlK

(l−1)-qubit
CNOT circuit by a circuit composed only of O(N2

rl
) two-

register Clifford gates on 2Nrl level-(l − 1) registers.
To analyze the round of CNOT gates, as in Ref. [44],

we represent the 2NrlK
(l−1)-qubit CNOT circuit as a

linear reversible transformation over the finite field F2,
i.e., a 2NrlK

(l−1)× 2NrlK
(l−1) binary matrix A, in such

a way that the CNOT circuit linearly transforms the
standard basis {|x〉} of these 2NrlK

(l−1) qubits as

|x〉 7→ |xA〉 , (D66)

where x = (x1, . . . , x2NrlK(l−1)) ∈ F2NrlK
(l−1)

2 is a row

binary vector that is ordered in such a way that its ith
element xi with

i = (j − 1)NrlK
(l−1) + (n− 1)K(l−1) + k(l−1) (D67)

represents the standard basis {|xi〉 : xi ∈ F2 = {0, 1}}
of the k(l−1)th qubit in the nth level-(l − 1) register of
Bj+2, for k(l−1) ∈ {1, . . . ,K(l−1)}, n ∈ {1, . . . , Nrl}, and
j ∈ {1, 2}. We will decompose A into linear reversible
transformations implementable by two-register Clifford
gates, using Gaussian elimination.

Our decomposition of A representing the round of CNOT gates is as follows. We consider A to be a 2Nrl × 2Nrl
block matrix, where each K(l−1) × K(l−1) block represents the transformation involving the qubits in one or two
level-(l − 1) registers. Any linear reversible transformation is implementable by CNOT gates as shown in Ref. [44],
but our decomposition will be different from that in Ref. [44] in that we here use the two-register Clifford gates rather
than single-qubit CNOT gates. Each two-register Clifford gate can apply an arbitrarily large number of CNOT gates
between two level-(l − 1) registers at once, implementing an arbitrary linear reversible transformation of the basis of
the qubits in the two level-(l − 1) registers. To show the decomposition, we use the lower-upper (LU) decomposition
of A, i.e.,

A = PLU, (D68)

where P is a permutation matrix, and L and U are lower and upper triangular matrices, respectively. The permutation
matrix P has 2Nrl×2Nrl blocks and is implementable with

(2Nrl
2

)
two-register Clifford gates, where each two-register

Clifford gate performs SWAP gates between qubits in the two level-(l − 1) registers. The lower triangular matrix L
can be written in the form of the block matrix as

L =




L1,1 0 0 · · · 0

L2,1 L2,2 0 · · · 0

L3,1 L3,2 L3,3
. . .

...
...

...
. . .

. . . 0

L2Nrl ,1
L2Nrl ,2

· · · L2Nrl ,2Nrl−1 L2Nrl ,2Nrl



, (D69)

where each block Ln,n′ is a K(l−1)×K(l−1) matrix, and Ln,n on the diagonal is a nonsingular lower triangular matrix
since A is reversible. Then we decompose

L = DL′, (D70)

where D is a block diagonal matrix

D =




L1,1 0 0 · · · 0

0 L2,2 0 · · · 0

0 0 L3,3
. . .

...
...

...
. . .

. . . 0

0 0 · · · 0 L2Nrl ,2Nrl



, (D71)
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and L′ is a block matrix with identity matrices on the diagonal

L′ =




1 0 0 · · · 0

L′2,1 1 0 · · · 0

L′3,1 L′3,2 1
. . .

...
...

...
. . .

. . . 0

L′2Nrl ,1
L′2Nrl ,2

· · · L′2Nrl ,2Nrl−1 1



. (D72)

To implement D, we use Nrl two-register Clifford gates, where each two-register Clifford gate implements a linear
reversible transformation acting nontrivially on two blocks on the diagonal. As for L′, each off-diagonal block is
implementable with one two-register Clifford gate; for example, we can decompose




1 0 0 · · · 0

L′2,1 1 0 · · · 0

L′3,1 L′3,2 1
. . .

...
...

...
. . .

. . . 0

L′2Nrl ,1
L′2Nrl ,2

· · · L′2Nrl ,2Nrl−1 1




(D73)

=




1 0 0 · · · 0

L′2,1 1 0 · · · 0

0 0 1
. . .

...
...

...
. . .

. . . 0

0 0 · · · 0 1







1 0 0 · · · 0

0 1 0 · · · 0

L′3,1 L′3,2 1
. . .

...
...

...
. . .

. . . 0

L′2Nrl ,1
L′2Nrl ,2

· · · L′2Nrl ,2Nrl−1 1




(D74)

=




1 0 0 · · · 0

L′2,1 1 0 · · · 0

0 0 1
. . .

...
...

...
. . .

. . . 0

0 0 · · · 0 1







1 0 0 · · · 0

0 1 0 · · · 0

L′3,1 0 1
. . .

...
...

...
. . .

. . . 0

0 0 · · · 0 1







1 0 0 · · · 0

0 1 0 · · · 0

0 L′3,2 1
. . .

...
...

...
. . .

. . . 0

L′2Nrl ,1
L′2Nrl ,2

· · · L′2Nrl ,2Nrl−1 1




= · · · , (D75)

where the linear reversible transformation represented by each matrix with only one off-diagonal block, such as L′2,1
and L′3,1 in the last line, is implementable with one two-register Clifford gate. By repeating this decomposition from
left to right and from up to bottom as in the Gaussian elimination [44], we can implement all the 2Nrl (2Nrl−1)/2
off-diagonal blocks of L′ with 2Nrl (2Nrl−1)/2 two-register Clifford gates. We can decompose U in the same way as L
using the upper triangular matrices in place of the lower triangular matrices. As a result, the required number of
two-register Clifford gates for implementing A is bounded by

(
2Nrl

2

)
+ 2×

(
Nrl +

2Nrl(2Nrl − 1)

2

)
= O(N2

rl
). (D76)

That is, the required number of two-register Clifford gates for implementing each round of CNOT gates is bounded
by O(N2

rl
).

Therefore, the number of one- and two-register gates
in the part for implementing the Clifford unitary (D52)
is bounded by O(N2

rl
) as claimed in (D65), dominated

by those for the rounds of CNOT gates. Since each two-
register Clifford-gate abbreviation may have runtime at
most O(log(N (l−1))) = O(log(N (l))) as shown in (D36),
the depth of the part for implementing the Clifford uni-

tary (D52) is

O(N2
rl

log(N (l))). (D77)

The part of UA1B1

X , UA1B2

X , U
(3)A1B3B4

X,C , and

U
(4)A1B3B4

X,C in the verification have O(NrlKrl) = O(N2
rl

)

two-register Clifford gates as can be seen from (D63)
and (D64). Due to the O(log(N (l))) runtime of a two-
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register Clifford-gate abbreviation, the required depth for
implementing all these gates is also

O(N2
rl

log(N (l))). (D78)

As for other non-dominant parts, due to (D49),
each level-l initial-state preparation gadget has the
O(Nrl log(Nrl)) depth. Due to (D51), each level-l error-
correction gadget has the O(Nrl log(Nrl)) depth. The
other parts are implementable within a constant depth.
Finally, the depth of the second run of the gadget is
smaller than that of the first run; thus, the depth of
the gadget including the first and second runs is at most
twice as long as the first run.

Consequently, the depth of the level-(l − 1) circuit in
Fig. D.7 is

O(N2
rl

log(N (l))), (D79)

dominated by (D77) and (D78). The required number of
bits for classical computation is O(N (l)2), dominated by
those for storing the O(N (l))×O(N (l)) matrix.

As in (C20), the Clifford-state preparation operation
can be invoked with an argument for representing UC,
and below we discuss the on-demand function of the cor-
responding gadget. Note that, as a special case, UC

in the form of (C20) covers the implementation of the
single-qubit HZ gates on a level-l register (while act-
ing trivially on the other) used for the correction in the
level-l R(±π/4)-gate abbreviation. The required function
for the on-demand gadget is to implement a logical two-
register Clifford unitary UC acting on the two encoded
level-l registers in the tensor-product form of (C20), i.e.,

UC =
⊗K(l)

k(l)=1 U
(k(l))
C,l , where U

(k(l))
C,l is a two-qubit Clif-

ford unitary acting on the k(l)th qubit in each of the
two level-l registers. In the on-demand case, several
parts of the level-(l− 1) circuit of the gadget in Fig. D.7
change depending on UC. The parts that may change
are the Clifford unitary (D52) for implementing logical

UC and the control unitaries UA1B1

X , UA1B2

X , UA1B3B4

X,C,3 ,

and UA1B3B4

X,C,4 in (D63) and (D64) in the verification for

measuring the logical X operators in (D53) (as well as
those of Z in (D54)). In this case, all the level-(l − 1)
two-register Clifford-gate abbreviations that depend on
UC in Fig. D.7 must be on-demand ones. In particular,
the level-(l−1) on-demand two-register Clifford-gate ab-
breviations are used for the Clifford unitary (D52) and

the control unitaries UA1B3B4

X,C,3 and UA1B3B4

X,C,4 of (D64) (as

well as those of Z), as shown in Fig. D.7. In the following,
we show that these level-(l−1) on-demand abbreviations
are available.

To show the availability of the level-(l− 1) on-demand
abbreviations in implementing logical UC in the tensor-
product form (C20), we here show that the unitaries of
these level-(l − 1) on-demand abbreviations are always
written in a tensor-product form

K(l−1)⊗

k(l−1)=1

U
(k(l−1))
C,l−1 , (D80)

as required at level (l − 1). To show this, under the
mapping k(l) 7→ (k, k(l−1)) of (B23), we write UC =
⊗K(l)

k(l)=1 U
(k(l))
C,l as

UC =

K(l−1)⊗

k(l−1)=1



Krl⊗

k=1

U
(k,k(l−1))
C,l


 , (D81)

where U
(k,k(l−1))
C,l := U

(k(l))
C,l acts on the kth logical qubits

of the k(l−1)th code blocks of Qrl for the two level-l regis-

ters. Moreover, the Clifford unitary Uencode = V ⊗K
(l−1)

for the encoding in (D47) is also a tensor product of the
Clifford unitary V for the encoding of Qrl . Thus, the
Clifford unitary (D52) to implement logical UC in the
tensor-product form (C20) has a tensor-product form

K(l−1)⊗

k(l−1)=1

[
(V ⊗ V )





Krl⊗

k=1

U
(k,k(l−1))
C,l


⊗ 1⊗2(Nrl−Krl )


 (V ⊗ V )

†
]
.

(D82)

Then, by performing gate decomposition of each Clifford
unitary

(V ⊗ V )





Krl⊗

k=1

U
(k,k(l−1))
C,l


⊗ 1⊗2(Nrl−Krl )


 (V ⊗ V )

†

(D83)
acting on the k(l−1)th code blocks of Qrl , we see that
each two-register Clifford gate in the level-(l − 1) circuit
also has the tensor-product form (D80) on level-(l − 1)
registers, as required.

As for the availability of the level-(l−1) on-demand ab-

breviations in implementing the control unitary UA1B3B4

X,C,3

of (D64) for the verification, we here show that the
unitaries of these level-(l − 1) on-demand abbrevia-
tions are also written in a tensor-product form (D80).

In the on-demand case, due to UC =
⊗K(l)

k(l)=1 U
(k(l))
C,l

in (C20) as in the above analysis, the stabilizer oper-

ator (UC(X3,k(l) ⊗ 1⊗(2K
(l)−1))U†C)

B3B4

in (D53) to be
measured in the verification has the form of

(P3,k(l) ⊗ P4,k(l))⊗ 1⊗(2K
(l)−2), (D84)

where P3,k(l) and P4,k(l) are Pauli operators acting on

the k(l)th qubit in the level-l register of B3 and B4, re-

spectively, and 1
⊗(2K(l)−2) acts on the rest of the qubits.

Then, UB3B4

X,C,3,k(l)
in (D58) for representing the logical op-

erator in the form of (D84) reduces to

UB3B4

X,C,3,k(l)
=

Nrl∏

n=1

PB3,n,k
(l−1)

X,3,3,k(l−1),k,n,k(l−1) ⊗ PB4,n,k
(l−1)

X,3,4,k(l−1),k,n,k(l−1) .

(D85)
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Substituting UB3B4

X,C,3,k(l)
in (D58) with (D85) in the con-

struction of UA1B3B4

X,C,3 in (D64), we see that each of the

2NrlKrl level-(l − 1) two-register Clifford gates for im-

plementing UA1B3B4

X,C,3 is in the form of

K(l−1)∏

k(l−1)=1

CA1,k,k
(l−1)

PB3,n,k
(l−1)

X,3,3,k(l−1),k,n,k(l−1)

=

K(l−1)⊗

k(l−1)=1

CA1,k,k
(l−1)

PB3,n,k
(l−1)

X,3,3,k(l−1),k,n,k(l−1) (D86)

or

K(l−1)∏

k(l−1)=1

CA1,k,k
(l−1)

PB4,n,k
(l−1)

X,3,4,k(l−1),k,n,k(l−1)

=

K(l−1)⊗

k(l−1)=1

CA1,k,k
(l−1)

PB4,n,k
(l−1)

X,3,4,k(l−1),k,n,k(l−1) , (D87)

where
∏

becomes
⊗

since the controlled Pauli gates act

on different qubits. Therefore, UA1B3B4

X,C,3 for the verifica-
tion is composed of the two-register Clifford gates in the
tensor-product form (D80) on level-(l − 1) registers, as
required.

For this on-demand function, the runtime of classical
computation for the gate decomposition is bounded as
follows. To decompose the Clifford unitary into a stabi-
lizer circuit in the rounds composed of one of the H, S,
and CNOT gates, we use Gaussian elimination to con-
vert the binary matrices into a canonical form as shown
in Ref. [32]. As discussed with (C20), UC in the tensor-
product form is represented by K(l) 4 × 4 binary matri-

ces. To obtain each U
(k(l−1))
C,l−1 in (D80) from U

(k(l))
C,l for

all k(l), we use the encoding unitary V for each code
block Qrl rather than Uencode in (D47). By represent-
ing the Clifford unitary V as the O(Nrl) × O(Nrl) bi-
nary matrices, we perform the Gaussian elimination of
the O(Nrl) × O(Nrl) matrices. As a whole, the Gaus-
sian elimination of the O(Nrl)×O(Nrl) matrix requires
O(N3

rl
) arithmetic operations, and using O(N2

rl
) parallel

processes, we can run the Gaussian elimination within
runtime O(Nrl), which is dominant here. Therefore, for
the part of preparing logical (1 ⊗ UC) |Φ(l)〉, we obtain
the level-(l− 1) circuit composed of the rounds of the H,
S, or CNOT gates within runtime O(Nrl). As for the
runtime of classical computation for the gate decompo-
sition of the part for the verification, we obtain (D84)
by calculating the conjugation of the single-qubit Pauli
operator (and the single-qubit identity operator) by the
two-qubit Clifford gate. The logical operator of (D84)
is given by the tensor product of logical operators for at
most one logical qubit in each of a pair of code blocks of
Qrl . Thus in the on-demand case, the controlled Pauli
gates of (D86) and (D87) (as well as (D63)) for the verifi-
cation can be obtained from logical operators of a pair of
logical qubits of Qrl that appear in these controlled Pauli

gates. The logical operator for each logical qubit of Qrl
has been calculated during compilation, and in the same
way, each pair of logical operators that may appear in
these controlled Pauli gates in the on-demand case can
be calculated and stored during compilation, which we
here read from the classical memory during execution.
As a whole, the runtime for the classical computation
during the on-demand Clifford-state preparation gadget
is

O(Nrl), (D88)

which is included in the time overhead in our setting via
the insertion of the wait operations in Fig. D.7. Neverthe-
less, the runtime of this classical computation is smaller
than the depth of the other dominant parts, i.e., (D77)
and (D78). Thus, even for the on-demand Clifford-state
preparation operation, the bound of the depth of the cor-
responding Clifford-state preparation gadget remains the
same as (D79).

Magic-state preparation gadget: The level-l
magic-state preparation gadget is constructed as in
Fig. D.9. The gadget starts with a level-(l − 1) sta-
bilizer circuit for encoding two sets of Nrl level-(l − 1)
registers into logical magic states. For each set, we use
Uencode in (D47) to transform Krl level-(l − 1) registers

prepared in (Ry(π/4) |0〉)⊗K
(l−1)

and (Nrl − Krl) level-

(l−1) registers prepared in |0〉⊗K
(l−1)

into a logical state

(Ry(π/4) |0〉)⊗K
(l)

as a whole, in the same way as the
initial-state preparation gadget in Fig. D.5. As a result,

we have logical (Ry(π/4) |0〉)⊗K
(l)

in each of the two sets.
We call these two sets of Nrl level-(l− 1) registers A and
B, respectively, as shown in Fig. D.9.

Similar to the initial- and Clifford-state preparation
gadgets, the encoding part is non-fault-tolerant, and
hence, we need verification. In the verification, after
ensuring that the state is in the code space of Qrl ,
we measure all the logical stabilizer operators of logi-

cal (Ry(π/4) |0〉)⊗K
(l)

to detect logical errors with post-
selection. Each state Ry(π/4) |0〉 is stabilized by

H(Ry(π/4) |0〉) = Ry(π/4) |0〉 . (D89)

To specify the logical state of these two encoded regis-

ters to be (Ry(π/4) |0〉)⊗Krl ⊗ (Ry(π/4) |0〉)⊗Krl , we use a

set of the 2Krl stabilizer operators of (Ry(π/4) |0〉)⊗Krl ⊗
(Ry(π/4) |0〉)⊗Krl given by

{
(H⊗k ⊗ 1⊗(Krl−k))⊗ (1⊗k ⊗H⊗(Krl−k)),

(1⊗k ⊗H⊗(Krl−k))⊗ (H⊗k ⊗ 1⊗(Krl−k))
}
k∈{1,...,Krl}

,

(D90)

where 1⊗0 = 1 and H⊗0 = 1. To measure the logical op-
erators of these stabilizer operators in a transversal man-
ner, we here use the fact that the logical operator H⊗Krl
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acting on all the logical qubits of each code block Qrl is
given by H⊗Nrl acting on all the qubits in the level-(l−1)
registers. To measure different operators in (D90), for
k = 1, . . . ,Krl , we iteratively perform a logical SWAP
gate between the kth logical qubit of each code block Qrl
in A and B, and then measure logical H⊗Krl of each code
block Qrl . After finishing all the Krl iterations, it is to
be verified that all the logical qubits in A and B should
be in a logical state stabilized by (D90), i.e., in logical

(Ry(π/4) |0〉)⊗K
(l)

⊗ (Ry(π/4) |0〉)⊗K
(l)

.

More specifically, for each k ∈ {1, . . . ,Krl}, the circuit
in Fig. D.9 iteratively performs a logical SWAP gate be-
tween a pair of the kth logical qubits in each code block
Qrl of A and B, so that the first k logical qubits of Qrl
that were initially in B are brought to A after the kth
logical SWAP gate. Each of the logical SWAP gates is
implemented by the level-l two-register Clifford-gate ab-
breviation in Fig. D.1. The first SWAP gate also serves
the purpose of ensuring that the state is in the code space
of Qrl . In each iteration, the circuit in Fig. D.9 performs
a measurement of logical H⊗Krl of each code block Qrl
in A and B. This measurement is assisted by two auxil-

iary level-(l − 1) registers prepared in |0〉⊗K
(l−1)

, where
one is used for extracting the measurement outcomes,
and the other is used as the flag qubits [42]. This mea-
surement can be performed via controlled H gates on the
target in A and B controlled by the auxiliary level-(l−1)
register for the extraction, as in Refs. [8, 45, 46]. By de-
composing H = Ry(π/4)ZRy(−π/4), we implement these
controlled H gates using Ry(±π/4) gates in Fig. D.2 and
also using the X basis as the basis of the control qubits,
which leads to the Ry(±π/4) and CNOT part of the cir-

cuit in Fig. D.9. For each k(l−1) ∈ {1, . . . ,K(l−1)}, the
outcome of measuring the operator H⊗Nrl on the Nrl
qubits forming the k(l−1)th code block Qrl is extracted
as that on the k(l−1)th qubit in the first auxiliary level-
(l − 1) register. Given that the measured state is in the
code space, this outcome coincides with that of measur-
ing logical H⊗Krl in each code block Qrl . In addition,
an error on this auxiliary level-(l − 1) register that may
propagate and cause an uncorrectable error is detected
as a bit flip of the measurement outcomes on the flag
qubits. Consequently, after the Krl iterations without
detecting any error, it is to be verified that A and B

should be in logical (Ry(π/4) |0〉)⊗K
(l)

⊗(Ry(π/4) |0〉)⊗K
(l)

stabilized by (D90), as long as the state of A and B is
in the code space. As in the Clifford-state preparation
gadget, the flip of each of these O(N (l))-bit measurement
outcomes can be checked using O(N (l)) parallel processes
immediately, i.e., in runtime O(1).

If no error is detected either from the logical stabilizer
operators (D90) and the flag qubits in these iterations,

then the gadget outputs the logical (Ry(π/4) |0〉)⊗K
(l)

⊗
(Ry(π/4) |0〉)⊗K

(l)

prepared in this first run. Otherwise,
the gadget discards the state prepared in the first run and
performs the same non-fault-tolerant level-(l − 1) stabi-

lizer circuit for the preparation and outputs the logical

(Ry(π/4) |0〉)⊗K
(l)

⊗(Ry(π/4) |0〉)⊗K
(l)

prepared in the sec-
ond run without verification.

The magic-state preparation gadget is fault-tolerant,
that is, satisfies the conditions (D15) and (D16). The
gadget can have only the first run (with the success in
the verification) or both the first and second runs. but
in the same way as the analysis of the fault tolerance of
the Clifford-state preparation gadgets, we here explain
the cases where the gadget has only the first run with
s = 1. In particular, the analysis reduces to the fol-
lowing three cases: (i) a case where a fault occurs on
one of the level-(l − 1) locations on A in the part of
the level-(l − 1) circuit in Fig. D.9 for preparing logical

(Ry(π/4) |0〉)⊗K
(l)

, (ii) a case where a fault occurs on one
of the level-(l−1) locations on B in the part for preparing

logical (Ry(π/4) |0〉)⊗K
(l)

, and (iii) a case where a fault
occurs on one of the level-(l− 1) locations in the part of
the level-(l − 1) circuit in Fig. D.9 for the verification.
In case (i), since the single fault occurs at a location on

A, the register B is prepared in logical (Ry(π/4) |0〉)⊗K
(l)

with no error after the preparation part. In addition, the
level-l two-register Clifford-gate abbreviation in Fig. D.1
for the logical SWAP gate ensures that the state in A
and B is in the code space of Qrl since this Clifford-gate
part has no fault. Then the measurements of the 2Krl

logical stabilizer operators (D90) in each of the K(l−1)

code space Qrl are faultlessly carried out. Conditioned
on the success of post-selection, it is guaranteed that the
logical state of all the 2Krl×K(l−1) = K(l) logical qubits

should be (Ry(π/4) |0〉)⊗K
(l)

⊗ (Ry(π/4) |0〉)⊗K
(l)

. In case
(ii), the fault tolerance can be shown in the same way
as case (i) with reversal of A and B. As for case (iii),
each of A and B before the verification is in the logi-

cal state (Ry(π/4) |0〉)⊗K
(l)

without any error, and the
level-(l − 1) error in the verification does not cause un-
correctable errors at the end of the level-(l−1) circuit. In
particular, a fault in implementing the level-l two-register
Clifford-gate abbreviation in Fig. D.1 does not cause un-
correctable errors. To see this, if we replace level-l ele-
mentary operations in the abbreviation of Fig. D.1 with
the corresponding level-l gadgets and assume that these
gadgets satisfy the fault-tolerant properties from (D10)
to (D20), then we can confirm that the resulting level-
(l−1) circuit for the abbreviation implementing the logi-
cal two-register gate satisfies (D19) and (D20). Moreover,
conditioned on the success of the post-selection, a fault
among level-(l − 1) locations acting on auxiliary level-
(l − 1) registers in the verification does not propagate
and cause logical errors since such error propagation can
be detected due to the technique of flag qubits [42], as in
protocols in Refs. [8, 45, 46] for magic state preparation
with this technique. A correctable error before the fault-
less two-register Clifford-gate abbreviation is corrected
in the same way as level-l error-correction gadgets in
Fig. D.6 correcting such an error. Finally, a correctable
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error before the faultless measurement of the logical sta-
bilizer operators is kept correctable in the same way as
the Clifford-state preparation gadget. These cases show
the fault tolerance.

The depth of the level-(l − 1) circuit for the level-
l magic-state preparation gadget is dominated by the
level-l two-register Clifford-gate abbreviations for the log-
ical SWAP gates in the verification. The verification
part iterates the level-l two-register Clifford-gate abbre-
viation and the measurements of the logical stabilizer
operators Krl times in total. The part corresponding
to the level-l two-register Clifford-gate abbreviation in
Fig. D.1 has the depth of O(N2

rl
log(N (l))), dominated

by the level-l Clifford-state preparation gadget as shown
in (D79). As for the other parts in the verification, each
level-(l− 1) Ry(±π/4)-gate abbreviation has the depth of

O(log(N (l))) as shown in (D37), and in each iteration,
the level-(l−1) Ry(±π/4)-gate abbreviations are used se-
quentially O(Nrl) times; that is, the depth of the level-
(l − 1) Ry(±π/4)-gate abbreviations in each iteration is

O(Nrl log(N (l))). The depth of performing the CNOT-
gate operations for measuring the logical stabilizer op-
erators is O(Nrl) in each iteration. The other parts in
each iteration have a constant depth including the O(1)
runtime of classical computation for the post-selection.
Repeating Krl times, the verification part as a whole
has the depth of Krl × O(N2

rl
log(N (l))), which domi-

nate the depth of the gadget. As for other non-dominant
parts, the depth of the part for implementing Uencode is
O(Nrl log(Nrl)) as shown in (D49). The preparation op-
erations at the beginning of the gadget are performed
sequentially in the O(Nrl) depth. Finally, the depth of
the second run of the gadget is smaller than that of the
first run; thus, the depth of the gadget including the first
and second runs is at most twice as long as the first run.
Consequently, the depth of the gadget is

Krl ×O(N2
rl

log(N (l))) = O(N3
rl

log(N (l))). (D91)

The required number of bits for the classical computation
is dominated byO(N (l)2) bits used for the level-l Clifford-
state preparation gadgets included in this gadget.

Appendix E: Proof of existence of threshold for
doubly exponential error suppression

In this section, we present the proof of the existence of
a threshold for doubly exponential error suppression in
the concatenation level L achieved by the fault-tolerant
protocol constructed in Secs. C and D. To prove the exis-
tence of a threshold, the existing fault-tolerant protocol
with constant space overhead in Refs. [3, 6, 7] assumes
that classical computation for the decoder for the quan-
tum LDPC codes runs instantaneously in zero time, and
it has been unknown whether constant-space-overhead
FTQC is possible if the classical computation has nonzero
runtime that grows on the large scales, as in our setting.

The problem of requiring the zero (i.e., non-growing) run-
time of classical computation is rooted even in conven-
tional protocols based on vanishing-rate quantum LDPC
codes such as the 2D surface code, where decoders must
process the stream of syndrome data at the rate it is re-
ceived even if the code distance grows [47–51]. After all,
if we need to wait for a growing runtime of the decoder
for the large-size quantum LDPC codes for sufficient er-
ror suppression, physical qubits suffer from more errors
during waiting; in this case, the assumption of having a
constant physical error rate between performing the error
corrections may be violated, and hence, the proof tech-
nique for the threshold theorem based on the quantum
LDPC codes is no longer applicable in a straightforward
way. For example, in the local stochastic error model as
considered in the analysis of the existing constant-space-
overhead protocol [3] and our work, time-correlated er-
rors at physical error rate p can occur in such a way that
each time period of time length 1/p on each physical qubit
always includes exactly one faulty location, uniformly at
random over the 1/p locations. Then, when the runtime
Tdecoder of the decoder on a large scale exceeds a constant
time

Tdecoder > 1/p, (E1)

physical qubits simultaneously suffer from errors while
waiting for the decoder with unit probability, which are
uncorrectable. To correct a general class of errors in such
a situation, a novel technique should be needed, such
as another nontrivial time scheduling of quantum error
correction and gate implementation, progressing beyond
those for the existing constant-space-overhead protocol
based on quantum LDPC codes [3, 6, 7]. By contrast, the
crucial contribution here is to develop the technique of
using the concatenated code with the non-vanishing rate,
rather than the quantum LDPC codes. Owing to this
technique, the assumption that the runtime of classical
computation should never grow on large scales can be
avoided. Our analysis proves the existence of a threshold
in the local stochastic error model even if we take into
account the growth of the nonzero runtime of classical
computation.

Note that, for the quantum expander code used for
the existing constant-space-overhead protocol [3, 6, 7],
Ref. [52] claims to construct a decoder that has O(1)
runtime on arbitrary large scales, which would avoid the
above growth of the runtime of the decoder if imple-
mented without any architectural time overhead. How-
ever, the O(1) runtime of this decoder depends on an
assumption that the decoder can receive an arbitrarily
long bit string as the input (e.g., by reading it from
a classical memory at the hardware level) and can re-
turn an arbitrarily long bit string as the output (e.g.,
by writing it into the memory) within only a constant
time on the arbitrarily large scales. In particular, the
decoder receives measurement syndromes for the large-
size code block of the quantum LDPC code as the in-
put, runs many parallel processes in such a way that
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each process runs in O(1) time, and then, from the re-
sults of these processes, returns estimation of the over-
all errors in the large-size code block as the output. If
such an input/output model of the decoder were imple-
mented naively, to meet the requirement of the constant
time in Ref. [52], the input/output speed between the
decoder and the memory would diverge to infinity on
large scales. In practice, hardware implementations of
decoders in physical experiments are challenged by ar-
chitectural overheads [53, 54], and at the hardware level,
classical input/output interface may incur a growing ar-
chitectural time overhead on large scales. It is unknown
how one can implement the input/output model of the
above decoder within a constant time at the hardware
level. Problematically, it has been difficult for the exist-
ing constant-space-overhead protocol [3, 6, 7] to tolerate
such growing architectural time overheads in implement-
ing the decoder due to (E1). By contrast, the following
analysis of the existence of a threshold shows that our
fault-tolerant protocol can tolerate polynomially growing
architectural time overheads, as discussed later in (E19).

In particular, by suitably modifying the proof of the
threshold theorem for the concatenated code [1], our
proof is done by counting the number of locations in ex-
tended rectangles (ExRecs), so as to bound a probability
of faults at a concatenation level in terms of that at a
lower level. Given a level-l circuit and the corresponding
level-(l − 1) circuit, for each level-l location of the level-
l circuit, the level-l ExRec corresponding to the level-l
location is defined as a part of the level-(l − 1) circuit
consisting of the level-l gadget corresponding to the level-
l location, all the level-l error-correction gadgets placed
between the location and the adjacent locations, and the
level-(l − 1) wait operations inserted between these gad-
gets. A difference from Ref. [1] arises from the fact that
the error correction on each set of O(Nrl) encoded level-
l registers in our fault-tolerant protocol are performed
in a synchronized way as shown in Fig. C.2, and for the
synchronization, our protocol inserts level-(l−1) wait op-
erations between the gadgets. Due to this difference, a
level-l ExRec for a level-l location in our protocol includes
the level-(l−1) wait operations between the level-l gadget
for the location and each adjacent level-l error-correction
gadget. See Fig. E.1 for an illustration of ExRecs in our
protocol.

Let A(l) be the maximum number of pairs of locations
in the level-(l − 1) circuit of a level-l ExRec, where the
maximum is taken over all the possible choices of the
level-l ExRecs. In the following, we discuss an upper
bound of A(l) in the cases of l < L while the case of l = L
will also be discussed subsequently. To bound A(l), it is
crucial to use the fact that the maximum depth G(l) of
the level-(l− 1) circuit for any level-l gadget used in our
fault-tolerant protocol is bounded polynomially in Nrl
by (D23) and (D24), i.e.,

G(l) = O(poly(Nrl)) = exp(O(l)), (E2)

which has been checked in Sec. D and is dominated

by (D91) of the magic-state preparation gadgets in the
worst case. Note that G(l) is an upper bound of the sum
of the depth of the gadget and that of wait operations
inserted for synchronizing error correction as shown in
Fig. C.2. We stress that G(l) in our analysis of Secs. C
and D includes the wait operations to wait for nonzero-
time classical computation such as those in the decoder
and the gate teleportation. A level-l elementary opera-
tion acts on at most 8 level-l registers, where 8 are used
for the level-l magic-state preparation in (C8). A level-l
gadget corresponding to a level-l elementary operation
uses (Nrl + 8) level-(l − 1) registers per encoded level-l
register. Thus, the number of level-(l−1) locations of the
level-l gadget and the wait operations inserted for syn-
chronizing error correction is at most (see also Fig. C.2)

8(Nrl + 8)G(l). (E3)

As for error correction, a level-l error-correction gadget
uses at most (3Nrl + 2) level-(l − 1) registers as shown
in (C14). Thus, the number of level-(l−1) locations used
for each level-l error-correction gadget is

(3Nrl + 2)G(l). (E4)

As shown in Fig. C.2, each time period for error correc-
tion performs at most (Nrl+1

+8) error-correction gadgets
sequentially. Each level-l elementary operation has at
most 4 adjacent level-l elementary operations, as in the
case of (C3), (C4), and (C7); that is, each level-l ExRec
has at most 4 level-l error-correction gadgets in addition
to one level-l gadget to implement a level-l elementary
operation. As a whole, the number of level-(l − 1) loca-
tions in a level-l ExRec is upper bounded by (see also
Fig. C.2)

8(Nrl + 8)G(l) + 4(Nrl+1
+ 8)(3Nrl + 2)G(l)

= [8(Nrl + 8) + 4(Nrl+1
+ 8)(3Nrl + 2)]G(l). (E5)

Therefore, in the cases of l < L, it holds that

A(l) 5
(

[8(Nrl + 8) + 4(Nrl+1
+ 8)(3Nrl + 2)]G(l)

2

)

(E6)

= O(poly(Nrl)) (E7)

= exp(O(l)). (E8)

As for the case of l = L, since the number of error-
correction gadgets sequentially used in each time period
of error correction is at most 9 (5 NrL+1

+8) as shown in
Fig. C.2, the above upper bound of A(l) holds for l = L.
Thus, to simplify the presentation, our analysis will use
a constant factor α > 0 such that

A(l) 5 2αl (E9)

for all l ∈ {1, . . . , L}. Note that these upper bounds may
not be tight but are sufficient for the following analysis.
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FIG. E.1. Extended rectangles (ExRecs) in the level-(l − 1) circuit on the right of Fig. C.2 for implementing a logical level-l
circuit. Each level-l ExRec corresponding to a level-l location is a part of the level-(l−1) circuit (colored in the figure) consisting
of the level-l gadget corresponding to a level-l location, all the level-l error-correction gadgets placed between the location and
the adjacent locations, and the level-(l− 1) wait operations inserted between these gadgets. Note that the figure does not color
the level-l ExRecs corresponding to level-l wait operations for simplicity.

To bound the error rate of a level-l circuit in terms
of those in the corresponding level-(l − 1) circuit, a con-
ventional argument in Ref. [1] under the assumption of
the local stochastic error model is applied here. In the
same way as the local stochastic error model at the phys-
ical level as in (A5), for a level-l circuit at each level
l ∈ {1, . . . , L}, we say that the circuit undergoes a local
statistical error model if the faults occurring in the circuit
satisfy the following: (i) a set S of faulty level-l locations
in the level-l circuit is chosen with probability p(l)(S),
and errors occur at the level-l locations in S in such a
way that the level-l elementary operations at the level-l
locations in S are replaced with an arbitrary quantum
channel E that is consistent with the causal order of the
locations in S; (ii) each level-l location i in the circuit
has a parameter pl,i such that for any set R of level-l
locations, the probability Pr{S k R} of having faults at
every level-l location in R is at most

∏

i∈R
pl,i. (E10)

We call the parameter pl,i a logical error rate for a level-l
location i in the level-l circuit. For simplicity of presenta-
tion, we consider a single parameter pl such that pl,i 5 pl
holds for all i. If obvious from the context, we may sim-
ply call p0 the physical error rate, and pl the logical error

rate at level l.
For each l, suppose that level-l gadgets are fault-

tolerant in the sense of the definitions of the equivalence
relations shown in Sec. C, and that the level-(l − 1) cir-
cuit undergoes a local stochastic error model. Then, the
argument in Ref. [1] proves that the level-l circuit also
undergoes a local stochastic error model. As discussed
in Sec. A with (A5), the level-0 circuit is assumed to
undergo the local stochastic error model in our setting.
Thus, using such an argument recursively, the level-l cir-
cuits at every level l ∈ {1, . . . , L} are shown to undergo
a local stochastic error model. Moreover, since no single
fault at a level-(l − 1) location in a level-l ExRec leads
to a fault of the corresponding level-l location, the argu-
ment in Ref. [1] shows that the logical error rate pl at
level l is bounded in terms of pl−1 at level (l − 1) by

pl 5 A(l)(pl−1)
2
. (E11)

Therefore, it follows from (E9) that

pl 5 2αl(pl−1)
2
; (E12)

that is, pl satisfies

2g(l)pl 5 (2g(l−1)pl−1)
2
, (E13)
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where

g(l) := α(l + 2). (E14)

Using (E13) recursively, it holds that

pL 5 2−g(L)(2g(0)p0)
2L

(E15)

=
(22αp0)

2L

2α(L+2)
. (E16)

Consequently, there exists a threshold

pth = 2−2α(> 0) (E17)

such that for any nonzero physical error rate p0 ∈ (0, pth)
below the threshold, the logical error rate pL decreases
doubly exponentially as L increases, i.e.,

pL 5
(
p0
pth

)2L

pth, (E18)

achieving the same scaling as the doubly exponential er-
ror suppression in L with the conventional concatenated
codes [1]. This conclusion is summarized as Proposition 1
in the main text.

From the argument here, 2α on the right-hand side
of (E17) is crucial for obtaining a concrete value of a
lower bound of pth while the exact evaluation of pth may
require numerical simulation. To make this lower bound
of pth larger, α should be small, and hence, it is essential
to make the size of ExRecs (or A(l) in (E9)) as small
as possible. For further optimization of the ExRecs, it
would be crucial to reduce the size of Clifford- and magic-
state preparation gadgets and also optimize the schedul-
ing of error correction rather than just performing it se-
quentially between level-l operations (as in Fig. C.2).

Note that the above proof of the doubly exponential
error suppression in L holds even in more general cases
of

A(l) = exp(O(poly(l))). (E19)

For example, suppose that classical computation for the
decoder or the gate teleportation in a gadget had a poly-
nomial runtime O(N (l)) = exp(O(l2)) in the code size

N (l) of Q(l), which would be much slower than our pro-
tocol but may be the case where the number of par-
allel processes in classical computation per level-l reg-
ister is limited. Even in such a case, we would have

A(l) = exp(O(l2)) 5 2αl
2

for some α, and with a choice
of g(l) = α(l2 + 4l + 6) in place of g in (E14), we can

prove pL 5 (26αp0)
2L

/2α(L2+4L+6) from the same argument
as the above. Then, a threshold pth = 2−6α(> 0) in place
of (E17) still exists. In summary, the above argument
leads to the following theorem.

Theorem 2 (Threshold theorem and logical error rate).
Suppose that we have a fault-tolerant protocol using
concatenation of [[nl, kl, 2t + 1]] quantum codes with

nl = exp(O(poly(l))) at each concatenation level l ∈
{1, 2, . . .}, where t = 1, the level-l gadgets are fault-
tolerant in terms of the equivalence relations translated
from Ref. [1] as those in Sec. D in the case of t = 1,
and each level-l ExRec is composed of exp(O(poly(l)))
level-(l − 1) elementary operations. Then, under the lo-
cal stochastic error model at physical error rate p0 > 0,
there exists a nonzero threshold pth > 0 such that the
level-l circuit for each l undergoes the local stochastic er-
ror model, and the logical error rate pl at concatenation
level l is bounded by

pl 5
(
p0
pth

)(t+1)l

pth. (E20)

Remarkably, a practical threshold better than pth
in (E17) is achievable with minor modifications of our
fault-tolerant protocol. Our results make it possible to
achieve such a practical threshold with constant space
overhead and parallelizability. Below we show techniques
for such improvement of the threshold.

Firstly, instead of starting concatenation as
Qr1 ,Qr2 , . . ., the 7-qubit code Q3 can be used in
the first constant times of the concatenation; in this
case, the sequence of codes in the concatenation becomes
Q3, . . . ,Q3,Qr1 ,Qr2 , . . .. That is, we can use the logical
qubit of the constant-size concatenated 7-qubit code

in place of each physical qubit of Q(L). With this
modification, even if the physical error rate p0 is larger

than the threshold pth for Q(L) itself, the concatenated
7-qubit code can reduce the logical error rate from p0 to
a rate below pth, so that the rest of the concatenation
Qr1 ,Qr2 , . . . can arbitrarily suppress the logical error
rate within the constant space overhead. In this way,
the threshold of concatenating Q3, . . . ,Q3,Qr1 ,Qr2 , . . .
reduces to that of the concatenated 7-qubit code, with
only increasing a constant factor of the space overhead
for concatenating Q3 constant times.

Secondly, we can use Q3 in this concatenation as the
error-detecting code to detect two errors, rather than
the error-correcting code to correct one error. To use
Q3 as the error-detecting code, we discard the states
whenever we detect any error in the decoder. As long
as this post-selection for error detection is performed
only during the first constant times of the concatena-
tion, the overhead of the post-selections is still constant.
The post-selection techniques combined with the con-
catenated code can conventionally achieve state-of-the-
art high thresholds [8, 34, 35], which can be even bet-
ter than other leading candidates such as the topological
codes.

Finally, we can also concatenate an arbitrary quan-

tum code and Q(L) as long as logical operations that we
use in place of physical operations for our fault-tolerant
protocol at concatenation level 0 are implementable for
such a quantum code. For example, the surface code
has well-established procedures for implementing logical
operations for universal quantum computation [55, 56];
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thus, we can use the logical qubit of a constant-size sur-

face code in place of each physical qubit ofQ(L) to achieve
the same threshold as that of the surface code, and at the
same time attain the constant overhead asymptotically.
Indeed, any quantum code with one logical qubit can be

concatenated with Q(L) by using the logical qubit of the

code in place of each physical qubit ofQ(L), as long as the
code can implement a set of logical operations that our
fault-tolerant protocol uses on physical qubits, namely,
a measurement in the Z basis, the H, S, CNOT, CZ,
Pauli, and Ry(±π/4) gates, and preparation of |0〉.

Given the fact that current quantum technology is in-
sufficient for realizing physical error rate below a thresh-
old in a scalable way, the significance of these modifica-
tions of our protocol is to provide flexibility in the pro-
tocol design from the theoretical side to reduce the tech-
nological demands in terms of the threshold while main-
taining the constant overhead. However, these modifica-
tions may increase the space and time overheads of the
fault-tolerant protocol up to a constant factor. Therefore,
depending on the physical error rate achievable in exper-
iments, the protocol with these modifications should be
optimized to balance the trade-off between the overhead
and the threshold. The optimization of the protocol may
require further assumptions on technological advances,
which we leave for future work. The techniques devel-
oped here constitute a fundamental step for further op-
timization of the fault-tolerant protocols.

Appendix F: Overhead

In this section, we prove that our fault-tolerant proto-
col achieves the constant space overhead. Furthermore,
we also clarify the time overhead of our protocol. In par-
ticular, recalling that the task of FTQC formulated in
Sec. A is to simulate the given W (M)-qubit D(M)-depth
original circuit within an error ε, we will show that the
time overhead of our protocol is quasi-polylogarithmic,
i.e.,

exp

(
O

(
log2

(
log

(
M

ε

))))
. (F1)

Subsequently, we will also discuss how we can modify our
protocol to improve the scaling of the time overhead to

exp

(
O

(
log log

(
M

ε

)
log log log

(
M

ε

)))
. (F2)

Starting from the W (M)-qubit D(M)-depth original
circuit, our protocol in Fig. C.1 uses dW (M)/K(L)e level-L
registers to represent the W (M) qubits and further adds
8+2 = 10 auxiliary level-L registers per register; in total,
the level-L circuit has

11dW (M)/K(L)e level-L registers. (F3)

The depth of the level-L circuit is bounded as follows.
The W (M)-qubit D(M)-depth original circuit consists

of D(M) one-depth parts. For each of the one-depth
parts, we perform the Clifford gates in this part using
the level-L Clifford-gate abbreviations (C15) and perform
Ry(±π/4) gates in this part by the level-L Ry(±π/4)-gate
abbreviations (C16). A single use of level-L Clifford-gate
abbreviation can apply two-qubit Clifford gates only be-
tween qubits in a pair of level-L registers on which the
abbreviation acts. To perform two-qubit Clifford gates
to qubits in different pairs of the level-L registers, we use
different level-L Clifford-gate abbreviations. To bound
the required depth of the level-L circuit for applying all
the combinations of Clifford gates in a one-depth part
of the original circuit, we consider, for each one-depth
part, a graph with dW (M)/K(L)e vertices, where each ver-
tex represents one of the level-L registers, and an edge
connects a pair of vertices if and only if a two-qubit Clif-
ford gate in this one-depth part connects the qubits in
the corresponding pair of level-L registers. Since each
level-L register has K(L) qubits, the qubits in a level-
L register may be connected with those in at most K(L)

other level-L registers by two-qubit Clifford gates in each
one-depth part. Thus, this graph has at most degree
K(L); that is, the graph is (K(L) +1)-edge colorable [57].
For all the pairs of the vertices connected by the edges
in the same color, we can in parallel perform the level-
L Clifford-gate abbreviations on the corresponding pairs
of level-L registers. Thus, we can perform any possible
combination of Clifford gates in each one-depth part of
the original circuit by at most (K(L) + 1) parallel uses
of the level-L two-register Clifford-gate abbreviations in
the level-L circuit. Furthermore, we can perform the
Ry(±π/4) gates in each one-depth part by one parallel
use of the level-L Ry(±π/4)-gate abbreviations. As a re-
sult, from the W (M)-qubit D(M)-depth original circuit,
we obtain the compiled level-L circuit on 11dW (M)/K(L)e
level-L registers composed of O(K(L)D(M)) parallel uses
of level-L abbreviations. Since each level-L abbreviation
has at most O(log(N (L))) depth due to (D36) and (D37),
the depth of the level-L circuit is bounded by

O(K(L) log(N (L))×D(M)). (F4)

The number of locations in the level-L circuit is

11dW (M)/K(L)e ×O(K(L) log(N (L))×D(M))

= O(W (M)D(M) log(N (L)))

5 CW (M)D(M)L2, for large M, (F5)

where the last line follows from N (L) = exp(O(L2))
in (B27), and C is a constant factor.

For the fixed target error ε in simulating the original
circuit, we then derive the required concatenation level
LM . On one hand, to achieve the target error ε with (F5),
the required logical error rate is

pL 5 ε

CW (M)D(M)L2
. (F6)

On the other hand, the result (E18) of our threshold
analysis shows that, to achieve (F6), it suffices to choose
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L such that

2L = logpth/p0

(
CW (M)D(M)

ε/pth

)
+ 2 logpth/p0 (L) , (F7)

i.e.,

L = Ω

(
log

(
log

(
W (M)D(M)

ε

)))
(F8)

= Ω

(
log

(
log

(
M

ε

)))
, (F9)

where the last line follows from log(W (M)D(M)) =
log(poly(M)) ≈ log(M). To keep the code Q(L) used
for our fault-tolerant protocol as small as possible, we
here choose, up to a constant factor,

LM = Θ

(
log

(
log

(
M

ε

)))
. (F10)

For later convenience, the number of physical and logical
qubits of QrLM grows, due to NrL = exp(O(L)) in (B19)

and KrL = exp(O(L)) in (B20), as

NrLM = exp

(
O

(
log

(
log

(
M

ε

))))
(F11)

= O

(
polylog

(
M

ε

))
, (F12)

KrLM
= exp

(
O

(
log

(
log

(
M

ε

))))
(F13)

= O

(
polylog

(
M

ε

))
. (F14)

On the other hand, due to N (L) = exp(O(L2)) in (B27)
and K(L) = exp(O(L2)) in (B28), each level-LM register
has a quasi-polylogarithmic size in M , i.e.,

N (LM ) = exp

(
O

(
log2

(
log

(
M

ε

))))
, (F15)

K(LM ) = exp

(
O

(
log2

(
log

(
M

ε

))))
. (F16)

With the above choice of LM , our protocol achieves
the constant space overhead as shown in the follow-
ing. Starting from the 11dW (M)/K(LM )e level-LM reg-
isters in (F3), we recursively replace each level-l register
with (Nrl + 8 + 2) = (Nrl + 10) level-(l − 1) registers as
in (D33), except that we replace a level-1 register with
Nr1 physical qubits without auxiliary ones. Thus, the
total required number of physical qubits is given by

WFT(M) = 11dW (M)/K(LM )e ×
(
Nr1

LM∏

l=2

(Nrl + 10)

)
;

(F17)

i.e., we have

WFT(M)

W (M)
(F18)

=
11dW (M)/K(LM )e × (Nr1

∏LM
l=2(Nrl + 10))

W (M)
(F19)

5 11(W (M)/K(LM ) + 1)× (Nr1
∏LM
l=2(Nrl + 10))

W (M)
(F20)

= 11

(
Nr1
Kr1

LM∏

l=2

Nrl + 10

Krl

)(
1 +

K(LM )

W (M)

)
(F21)

5 11

(
Nr1
Kr1

LM∏

l=2

Nrl + 10

Krl

)(
1 +

K(LM )

M

)
, (F22)

where the last line follows from W (M) =M in (A2). The
factor

(
1 + K(LM )

/M
)

in (F22) converges to 1 as M →
∞ since K(LM ) is quasi-polylogarithmic in M as shown
in (F16). To see that the dominant factor in (F22), i.e.,

11

(
Nr1
Kr1

LM∏

l=2

Nrl + 10

Krl

)
(F23)

is O(1) as M → ∞, recall that the crucial condition in
deriving the non-vanishing rate (B35) of Q(L) has been
the convergence of the infinite sum (B34). Since this
condition also holds in the case here, i.e.,

∞∑

l=2

∣∣∣∣
(Nrl + 10)−Krl

Krl

∣∣∣∣ <∞, (F24)

in the same way as showing (B35), it holds that

LM∏

l=2

Nrl + 10

Krl

= O(1), as M →∞. (F25)

Therefore, the space overhead (A6) is

WFT(M)

W (M)
= O(1), as M →∞, (F26)

achieving the constant space overhead.
For concreteness, in Fig. F.1, we numerically evaluate

the dominant factor (F23) of the space overhead in (F22).
The figure shows that even if we include all the auxiliary
qubits, the space overhead of our fault-tolerant proto-
col at each time step is upper bounded by the factor of
1163 as a whole on arbitrarily large scales. Note that
the significance of our work is to develop the fundamen-
tal techniques for our protocol to achieve the constant
space overhead, and we leave further optimization of the
constant factor for future research.

Regarding the number of bits, our protocol is designed
to use O(poly(N (l))) bits in a level-l gadget for any l, as
in (D34). The level-l circuits for l ∈ {LM , LM −1, . . . , 0}
in our protocol are composed of O(poly(M)) elementary
operations. Therefore, the number of bits to store all
data used in the gadgets in these circuits at all the con-
catenation levels is upper bounded by

LM∑

l=1

O(poly(N (l)))×O(poly(M)) = O(poly(M)), (F27)



43

●

●

●

●

●

●
●

● ● ● ● ● ● ● ●

1 5 10 15
LM

200

400

600

800

1000

1163

dominant factor of WFT (M) /W (M)

FIG. F.1. The dominant factor of the space overhead
(i.e., (F23)) in our fault-tolerant protocol including all the
auxiliary qubits used at a time. The space overhead at each
time step is upper bounded by the factor of 1163 for an arbi-
trarily large concatenation level LM while the doubly expo-
nential suppression of the logical error rate is achieved as LM
increases.

satisfying (A7).
As for the number of parallel processes of classical com-

putation, a level-l gadget uses at most O(poly(N (l))) pro-
cesses at a time, as in (D25). Moreover, the level-l gad-
get is implemented using at most O(Nrl) level-(l − 1)
elementary operations at a time, where each level-(l− 1)
gadget for a level-(l − 1) elementary operation uses at
most O(poly(N (l−1))) processes at a time. By repeat-
ing this counting recursively, the number of processes for
implementing each level-LM operation is

O(poly(N (LM )))+

O(NrLM )×O(poly(N (LM−1)))+

O(NrLMNrLM−1
)×O(poly(N (LM−2))) + · · ·

O(NrLMNrLM−1
· · ·Nr2)×O(poly(N (1))) (F28)

= O(poly(N (LM ))). (F29)

Since we have O(W (M)/K(LM )) level-LM registers at a
time, the number of parallel processes used at a time
is bounded by

O

(
W (M)

K(LM )
× poly(N (LM ))

)
(F30)

= W (M)× exp(O(L2
M )) (F31)

= W (M)× exp

(
O

(
log2

(
log

(
M

ε

))))
, (F32)

satisfying (A8).
As for the time overhead, for each l = LM , . . . , 1, each

level-l operation is replaced with an O(poly(Nrl))-depth
level-(l − 1) circuit, as in (D23) (see also the count-
ing in deriving (E5)). Thus, in terms of the depth,
the level-(l − 1) circuit is at most O(poly(Nrl)) times
as deep as the level-l circuit. Therefore, starting from
the O(K(LM ) log(N (LM ))D(M))-depth level-LM circuit

in (F4), we multiply O(poly(Nrl)) recursively to obtain
the depth of the resulting level-0 circuit as

DFT(M)

= O

(
K(LM ) log(N (LM ))D(M)×

LM∏

l=1

poly(Nrl)

)

(F33)

= D(M)×
(

exp(O(L2
M ))×

LM∏

l=1

exp(O(l))

)
(F34)

= D(M)× exp(O(L2
M )) (F35)

= D(M)× exp

(
O

(
log2

(
log

(
M

ε

))))
. (F36)

As a result, the time overhead (A9) is

DFT(M)

D(M)
= exp

(
O

(
log2

(
log

(
M

ε

))))
, (F37)

achieving the quasi-polylogarithmic time overhead in M .
The conclusion in (F10), (F26), and (F37) is summarized
as Proposition 2 in the main text.

We remark that the above argument on the space and
time overhead works fairly in general. In particular, the
same argument leads to the following theorem.

Theorem 3 (Space and time overhead). Under the as-
sumptions of Theorems 1 and 2, if the fault-tolerant
protocol of Theorem 2 uses at most nl + O(1) level-
(l− 1) registers per encoded level-l register, then for any
W (M) = O(poly(M)) and D(M) = O(poly(M)), there
exists a concatenation level

LM = O

(
log

(
log

(
M

ε

)))
(F38)

such that the fault-tolerant protocol can simulate any
W (M)-qubit D(M)-depth original circuit within error
ε > 0 in total variational distance with constant space
overhead

WFT(M)

W (M)
= O(1) (F39)

and quasi-polylogarithmic time overhead

DFT(M)

D(M)
= exp

(
O

(
polylog

(
log

(
M

ε

))))
. (F40)

In particular, instead of taking the parameter rl of the
code Qrl linearly in l, i.e., rl = l + 2 as we have done
in (B18), we could grow rl more slowly to make the scal-
ing of the time overhead smaller. For example, for any
constant β > 1, choose

rl = dβ log2(l)e. (F41)

With the choice (F41), the number of physical qubits of
Qrl in (B4) and that of logical qubits in (B5) are given
respectively by

Nrl = 2dβ log2(l)e − 1, (F42)
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Krl = 2dβ log2(l)e − 2dβ log2(l)e − 1. (F43)

Thus, even if we replace rl = l + 2 with rl = dβ log2(l)e,
we can still see that the infinite sum (F24) converges as

∞∑

l=2

∣∣∣∣
(Nrl + 10)−Krl

Nrl

∣∣∣∣ =

∞∑

l=2

O

(
log(l)

lβ

)
<∞, (F44)

which leads to (F25). Therefore, the choice (F41) still
achieves the constant-space-overhead FTQC, i.e.,

WFT(M)

W (M)
= O(1). (F45)

As for the time overhead, due to (B25) and (B26), the
number of physical qubits of Q(l) and that of logical
qubits scale respectively as

N (l) =

l∏

l′=1

Nrl′ = exp(O(l log(l))), (F46)

K(l) =

l∏

l′=1

Krl′ = exp(O(l log(l))). (F47)

Thus, the level-l gadgets with rl = dβ log2(l)e are smaller
than those with rl = l + 2 in terms of the scaling of the
sizes; therefore, the scaling (E18) of the logical error rate
derived in our analysis is still valid, and we can choose the
overall concatenation level LM in the same way as (F10).
Applying these scalings to (F33), we achieve the time
overhead scaling as

DFT(M)

D(M)

= exp

(
O

(
log log

(
M

ε

)
log log log

(
M

ε

)))
. (F48)

As a result, our protocol with the modification of (F41)
can achieve a time overhead that is polylogarithmic up
to the log log log (M/ε) factor in the exponent. Note that,
while improving the asymptotic scaling of the time over-
head, this modification of our protocol may increase the
constant factor of the space overhead. The overall opti-
mization of the protocol to balance the constant factor
and the asymptotic scaling is left for future work.

For comparison, the existing constant-space-overhead
fault-tolerant protocol [3, 6, 7] incurs a polynomially

large time overhead even though the existing protocol
assumes that classical computation during the protocol
can be performed instantaneously within zero time. In
particular, the existing protocol uses a concatenated code
to prepare encoded auxiliary states used for gate telepor-
tation, but due to the polylogarithmic space overhead in
using the conventional concatenated code, the encoded
auxiliary states cannot be prepared for applying the gates
on all the code blocks in parallel at a time [3]. Since the
size of each code block in the existing protocol is bounded
polynomially by O(Mα) for fixed α > 0, the gates are
applicable only to a polynomially small fraction of the
code blocks within the constant space overhead; hence,
the existing protocol incurs the polynomially large time
overhead unless one improves the analysis in Ref. [3] to
reduce the required size of code blocks for a desired error
suppression. In addition, for the fair comparison with
our protocol, the time overhead of the constant-space-
overhead protocol using quantum LDPC codes also needs
to be analyzed further by taking into account the wait
operations to wait for the nonzero runtime of classical
computation since our protocol is formulated and ana-
lyzed in this more demanding but practical setting. The
existing analysis of the constant-space-overhead proto-
col using quantum LDPC codes [3, 6, 7] does not take
into account such nonzero runtime of classical computa-
tion. As discussed in Sec. E, to prove the existence of a
threshold in the same setting as our protocol, one also
needs to develop further new techniques beyond Ref. [3]
to deal with nonzero runtime of classical computation
in the decoder of the quantum LDPC code. Despite
this more demanding setting, our analysis proves that
our fault-tolerant protocol achieves the constant space
overhead and the quasi-polylogarithmic time overhead
at the same time. Owing to the doubly exponential er-
ror suppression as the concatenation level increases, we
can keep the required code size small, and hence, our
protocol significantly improves the time overhead, from
polynomial to quasi-polylogarithmic. It would be an in-
teresting open question whether a polylogarithmic time
overhead or even a sub-polylogarithmic time overhead
is achievable within the constant space overhead under
reasonable assumptions including the nonzero runtime of
classical computation in conducting FTQC.
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