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Supplementary Information

This supplement provides supporting derivations pertaining to the spin-nematic squeezing dynamics and the veri-
fication of entanglement, as well as supporting measurements. Section I presents matrix representations of spin-1
operators and motivates the generalized Bloch sphere for visualization of the spin-1 dynamics. Section II presents a
derivation of the metrological squeezing parameter for spin-f atoms. Section III provides an alternative determination
of the contrast used in calculating normalized variances and metrological squeezing. In Sec. IV we analytically derive
the initial dynamics of spin-nematic squeezing and discuss both technical and fundamental limits on the achievable
multimode squeezing.

I. SPIN-1 ALGEBRA AND GENERALIZED BLOCH SPHERE

The matrix forms of the spin-1 dipole operators are
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From these matrices and the definitions in Methods Sec. A, we can also readily construct the matrix representations
of the quadrupole operators ¢*% = foff 4+ f8f* — 2I35,5 and ¢° = ¢** + 113, where I3 is the identity matrix and
dqp is the Kronecker delta function. For example,
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We visualize the spin-1 dynamics in an approximate SU(2) subspace spanned by F*, QY?, and Q°, where F'® =

va f& and Q%P = va q?ﬂ denote collective observables for the system of N atoms. This visualization is motivated
by the commutation relations

[QV, Q"] = 2iF”
[Q°, F7] = 2iQ¥* (S3)
[F*, Q%] = i(Q* — Q") = 2i(Q" — D),

where D = (Q* + QYY — Q**) /4 + N/3 commutes with F'*, QY% and Q°. For a Larmor-invariant system with only a
small side-mode population, (D) = (N41 + N_1)/2 < (Q°). This justifies the use of Q°, which is directly accessible
from the atomic populations N,,, for the purpose of visualization on the generalized Bloch sphere in Figures 1b
and Sla. While these figures show the {F?, QY% Q%} sphere, identical dynamics occur in the approximate SU(2)
subspace spanned by F¥, Q*%, and Q°, as our system is Larmor invariant.

II. ENTANGLEMENT DETECTION VIA METROLOGICAL GAIN

Squeezing within a single mode can be used to directly witness entanglement when the generated states circumvent
limits on the metrological sensitivity of unentangled states. The appropriate measure of squeezing for this context is
the Wineland parameter £2 defined in the main text, which quantifies enhanced sensitivity to rotations [1, 2] — in
our case on the quadrupole spin sphere with axes {F* @Y%, Q"}. Entanglement is necessary for reaching values of
this metrological squeezing parameter that are below the standard quantum limit (SQL) &2 = 1.

As the seminal work defining the Wineland squeezing parameter focused on ensembles of spin-1/2 particles [1],
we show here how the connection between metrological gain and entanglement generalizes to systems with larger
internal spin f, including the spin-1 atoms in this work [3]. Generically, the derivation of a Wineland criterion for
entanglement follows from considering the metrological task of estimating a parameter A in a unitary transformation
of the form U = e, To derive a criterion suitable for detecting spin-nematic squeezing, we assume without loss
of generality that the squeezed quadrature is F* and consider the resulting enhancement in sensitivity to rotations
generated by H = QY~.



We first derive the standard quantum limit on the sensitivity attainable to rotations about QY% using an unentangled
state of N atoms. For any initial state specified by a density matrix p, the quantum Cramer-Rao bound limits the
precision of estimating the angle A in a single trial to
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is the quantum Fisher information [4, 5], and the inequality in Eq. (S5) is saturated by pure states. For product

states, the quantum Fisher information for detecting rotations about QQ¥# is limited to

Folp, Q¥%] < 4Var (Q¥*), =4 Var(q/*), <4N [, (S6)

where in the last inequality the single-atom spin f = 1 dictates that Var (¢?*) < f2. Thus, the minimum imprecision
of a measurement of A using an unentangled state is Asqr, = 1/(2fV'N).

The Wineland parameter compares the sensitivity of an arbitrary state to the standard quantum limit. Assuming
that the state is used to estimate A via the dependence of (F*) on the rotation about Q¥*, the uncertainty A\ is
related to the spin variance Var (F%) by
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where the rate of change d (F'*) /d\ of (F*) under the Hamiltonian H = Q¥# is given by
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The ratio of the measurement variance (AM)? to the standard quantum limit (AXgqr)? is thus

¢ = ( AN ) _ 4f2NVar (F*) B f?Var (F?) (S9)
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For our atoms with internal spin f = 1, Eq. (S9) simplifies to £ = Var (F*) /(C2N). The Wineland parameter is
related to the normalized variance ¢? plotted in the main text as £€2 = (2/C, so that the SQL is represented by a line
at (2 =C.

IIT. CALIBRATING CONTRAST AND CONFIRMING LARMOR INVARIANCE

To calculate the normalized variances presented in the main text, we determine the commutator CN from the
average populations of the Zeeman states after the readout spin rotation, as described in the Methods (Sec. F).
The ability to determine both the noise Var (Fy) and the commutator CN = |([F*, Q¥?])| /2 from the same data
set is a feature of the Larmor-invariant spin-1 system and is advantageous for minimizing sensitivity to any drifts
in experimental parameters. However, an alternative approach is to determine the contrast C' by a separate inter-
ferometric measurement, as suggested by the role of the metrological squeezing parameter in quantifying enhanced
interferometric sensitivity. Here, we present such a measurement of the contrast Crap; of a Rabi oscillation on the
{F,,Qy-,Qo} sphere, which corroborates the method used in the main text and confirms the assumption of Larmor
invariance.

We determine the contrast Cgrap; from the amplitude of a Rabi oscillation after spin-nematic squeezing. For this
measurement, we prepare the atoms in mp = 0 before driving the cavity for 50 us to induce pair-creation dynamics.
Up to this point, the sequence is the same as that used for the data in Fig. 2 of the main text. After the dynamics,
we apply a spin rotation by an angle 8 = Qgamant about an axis F* cos g + FYsin gy, in the F*—FY plane. Since
spin-nematic squeezing dynamics are symmetric under global Larmor rotations (as verified at the end of this section),
the choice of Larmor phase ¢, is arbitrary. We thus visualize the spin rotation in Fig. Sla as a Rabi oscillation about
F® on the {F* QY% Q°} sphere, with oscillation frequency 2QRaman-
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Fig. S1. Direct measurement of contrast. a, After applying the cavity drive field for 50 us to generate spin-nematic
squeezing, we perform a rotation about an arbitrary axis with Larmor phase ¢, in F* — FY plane. When ¢, = 0 this rotation
corresponds to Rabi oscillations that are visualized on the {F®,Q¥, Q°} sphere. b, Following the rotation, we measure the
normalized imbalance —Q9/N = (N} — (N%; + N’1))/N as a function of Rabi oscillation time ¢. The dashed line is a fit
of the model in Eq. (S12). From this fit, we extract the contrast Crabi = \ngoo — nggoo’/(ZN) = 0.89 £0.01. c, We
compare the contrast Crapi to the value C' = (3Q9_gq0 — 1)/(2N) computed as derived in Methods Sec. F. The percent-level
difference indicated by the average ratio Crani/C = 1.03+0.01 (black dashed line) is attributable to the dephasing of the Rabi
oscillation at rate «,which results in conservative estimates of normalized variances and squeezing parameters in the main text.
d, Measurements of population imbalance after a rotation by 6 = 90° confirm that the calibration of contrast is independent
of the choice of Larmor phase . Data shown are the average over typically 50 iterations.

In Fig. S1b we determine the Rabi oscillation amplitude by evaluating the normalized population imbalance
—QY/N = (Nj — (N'.y + N'1))/N as a function of § = Qramant. The full expression for the resulting Rabi os-

cillation in terms of the initial expectation values <QO>, (QY%), and (D) = (Q** + QYY — Q**) /A+ N/3 is

QY = cos(26) <QO> + sin(26) (QY%) + (1 — cos(26)) (D) .

The final term arises from the fact that {F,, Q,.,Qo} form an approximate rather than exact SU(2) subspace (see
Sec. I). The contrast of the Rabi oscillation can be expressed in terms of the operators prior to the spin rotation as
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which provides an alternative measurement of the contrast C' as defined in the main text.
To extract the contrast Crapi, we fit measurements of the population imbalance Q°(¢) after a Raman pulse of
duration ¢ with a function of the form

—Q(t)=Ae™ 0 £ c08(2QRamant) + d, (S12)



where QRraman i the Rabi frequency and < is the Rabi dephasing rate. The amplitude A and offset d together
account for both the final term in Eq. (S10) and incoherent collisional spin-exchange interactions between the readout
rotation and imaging, where the latter is dominant in our system. We use the fit to extract the contrast Crap; =
|QO(t = 7/20Raman) — Q°(t = 0)] /(2]V) = 0.89(1).

The primary source of imperfect contrast is spin-changing collisions that occur in the time (20 ms) between the
Raman rotation and the fluorescence readout. These collisions permit states polarized with either all atoms in m = 0
or all atoms in m = +1 to decay into a mixture of all three states. This process reduces contrast and introduces an
offset to the Rabi oscillation, but does not directly affect the measurement of Var (F*#), since the collisions preserve the
population difference N/ ; — N’ ; from which we infer the polarization F'* in the experiment. Additionally, dephasing
from inhomogeneity in the Raman rotation and detuning due to a finite ratio QRraman/¢ reduce the measured value of
|Q3:900 . The measurement of contrast C' used for evaluating normalized variances depends only on Q9_g. and not on
Qg:oo’ and is thus more strongly impacted by these effects, leading to a 3% difference between the two measurements
as shown in Fig. Slc. This difference indicates that the normalized variances and squeezing parameters reported in
the main text are conservative estimates.

In the main text, we rely on the Larmor invariance of the states generated by spin-nematic squeezing to extract
the contrast C' from the same data as the variance of F'*. In particular, the Raman pulse used to convert F* to F*
converts Q™" to Q**, and we assume the equality (Q¥Y) = (Q*") in determining the contrast (Methods Sec. F). Directly
measuring (QYY) requires shifting the phase ¢, of the Raman pulse by 90°. We verify the equality (Q¥Y) = (Q**)
by varying the phase ¢, of the Raman pulse in the sequence of Fig. Sla with § = 7/2, i.e., in the same sequence
used for characterizing global squeezing in the main text. To controllably vary the Larmor phase, we adjust the
start time of the Raman pulse by a variable delay At < 27/w,, where w, is the Larmor frequency, while keeping the
waveform of the synthesized pulse fixed. We have verified that this procedure produces a Ramsey fringe as a function
of pr = w,At when applied to a spin-polarized state that is initialized along F, by a prior Raman pulse. When
instead the state is initialized by spin-nematic squeezing, the measurement result is independent of ¢, as seen in
Fig. S1d. The measured mean values Q)_g..(¢r = 0°) = (Q¥Y) + N/3 and QY)_g0 (¢ = 90°) = (Q**) + N/3 are
equal to within 0.1%, directly confirming the assumption (Q**) = (Q¥Y) used to determine the contrast C.

IV. SQUEEZING DYNAMICS

We present a theoretical formulation of the spin-nematic squeezing dynamics. This model provides a basis to
estimate the contributions of technical noise in our measured squeezing, as well as the effects of cavity dissipation.
Finally, we discuss fundamental limits set by the cavity cooperativity on the degree of multimode squeezing attainable
in our protocol for preparing graph states.

A. Equations of Motion

We analyze the dynamics of spin-nematic squeezing for a system initialized with all atoms in m = 0, focusing on the
experimentally relevant regime of early times where the population in states m = +1 remains small (Ny;+N_; < N).
To allow for effects of finite atomic temperature, we begin by writing down a Hamiltonian that incorporates non-
uniform coupling to the cavity mode,

X

H=2
2N

(FIF" 4+ FUF) + 2Q". (S13)
Here the collective spin F defined in the main text is replaced with a weighted collective spin F = >, w; f;, which
includes a correction for inhomogeneous cavity couplings w;  €2;, where 2; denotes the ac Stark shift per intracavity
photon experienced by the i** atom. The weights w; are normalized such that (w;) = 1.

We describe the early-time dynamics in the two dimensional subspace spanned by the weighted spin operators

F* and QY?. During these early times, commutators relevant to the dynamics are [F*, F¥Y] = 2i>  w?f7 ~ 0,
[FZ,QY*] ~ —2iN, and [Q°, F*] = 2iQY?. The Heisenberg equations dO/dt = i[H, O] for both spin observables in

this space are
d | F*| 0 —q | | F*
it (] = Lo V] (6] s

Identical dynamics occur in the subspace spanned by FY and Q*% so that state remains invariant under global spin
rotations about F'%.



The linear equations of motion for F* and QY can be solved exactly. This system has eigenvalues £\ where

A = +/—q(q+ 2x). The corresponding solutions are
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In general, these two operators are not orthogonal unless x = —¢. The expectation value and variance of any observable

Fp = cosp F® —sin¢ QY% can be calculated from these operators by noting that Fy(t) = aF_x(t) + bFya(t) where
a and b are real coefficients that are independent of time and may be solved for from the expressions at time ¢ = 0.
The variance for a particular spinor angle ¢ at time ¢ is then given by

(Fs(t)?) = e 2Ma® (F_x(0)%) + ab ({F42(0), F_A(0)}) + €*b? (F1(0)%) (S16)

where the cross term proportional to ab again highlights that F_y(t) and Fy,(¢) are in general not orthogonal. At
t = 0 the system is in a coherent state with variance <]-'¢(0)2> = N at the level of projection-noise for all values of ¢.
This condition yields the constraint
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which reduces to a? + b? = 1 when y = —q.

The operator with maximal variance (the anti-squeezed quadrature) for ¢ > 1/\ is determined by maximizing
the coefficient b of the exponentially growing mode (see Eq. (S16)) subject to the constraint of Eq. (S17). This is
achieved when b = —x/\ and a = —(x + ¢)/), corresponding to an anti-squeezing (2, = |x/A|? €®* at an angle
¢ = arctan(\/q). Since the dynamics preserve phase space area, this corresponds to a minimum variance (2, = 1/(2 ..
at an angle ¢, = arctan (—g/\).

B. Technical Limitations on Squeezing

The model of the dynamics in Sec. IV A provides a foundation for estimating the effect of experimental noise on
the amount of observed squeezing. Two primary limits are fluctuations in the collective interaction strength x and
inhomogeneous coupling of the thermal distribution of atoms to the cavity, where the latter effect introduces a slight
discrepancy between the collective mode squeezed by the cavity and the observable detected in fluorescence imaging.

1. Fluctuations in Interaction Strength

The collective interaction strength x varies the angle of squeezing as ¢min = arctan(—g/)\), and so fluctuations in
x act to wash out the squeezing. We can write the variance as a function of spinor phase as

Cz(d)) = Eﬂin + Sil’l2 ((b - ¢min) ( Eﬂax - Iznin) . (818)

To find the effect of fluctuations Ay in interaction strength, we expand Eq. (S18) around the angle ¢, of optimum
squeezing and write our expression in terms of y. To leading order in Ay, we are left with the additional noise

AC2 i oraction from interaction strength fluctuations, which is given by
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This is a lower bound on the added noise, since the angle ¢, at finite times has larger fluctuations than in the
t > A~! limit. In principle, added noise from interaction strength fluctuations can be suppressed by working in the
regime of x > ¢q. However, we do not operate in this limit because setting y ~ ¢ maximizes the squeezing rate A
relative to the fundamental cavity dissipation, as we shall see in Sec. IV C.



The fluctuations in interaction strength x in our experiment arise from variations in the number of intracavity
photons 7, the number of coupled atoms N, or the detunings from the two virtual Raman processes d1 (see Eq. (8)).
These sources of noise are correlated, as the number of intracavity photons

(k/2)°
02 + (r/2)?

not only depends on the input drive strength 7;, but also depends on the detuning from cavity resonance. The
detunings . and d+ in turn depend on the atom number N due to the dispersive shift dy = 4QN of the cavity
resonance induced by the atoms. The two direct sources of fluctuations in y are then the number of input photons 7;
and the atom number N, which lead to total fluctuations
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where
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evaluates to o = 2 for our parameters. We stabilize the drive input power to ensure An;/m; < 5%, and we reduce
fluctuations in atom number by post-selecting so that AN/N < 5% within each data set. At Ax/x < 10%, and
a typical value of (2., = 10, using the values from Methods Sec. C, the additional noise from interaction strength

. . 2 ~
fluctuations is AC eraction = 0-02.

2. Inhomogeneous Atom-Cavity Coupling

Our fluorescence imaging measures a uniformly weighted collective spin F'*, while the cavity couples to the in-
homogeneously weighted collective spin F* defined in Sec. IV A. Any width in the distribution of coupling weights
w; manifests itself in reduced squeezing. Without loss of generality, we assume F* is the squeezed observable and
compute the projection of the measured observable on the squeezed observable: Tr(F*F®)/(|F*||F*|) = (w;) /+/{w?).
The excess noise is given by the magnitude of the remaining component,

(wi)* _ Var(w;)
(w?)  Var (w;) + (w;)

ACCQOupling =1- 2" (823)

The variance in couplings comes primarily from the thermal distribution of the atomic states. We parameterize the
temperature by the ratio 8 = Uy/(kpT) of the lattice depth to the atomic temperature. Assuming a harmonic trap,
the excess noise Eq. (523) for a single lattice site is given by

A (?oupling =1- 26(4 i ﬂ) . (824)

(B+2)% (exp (88~1) — 2exp (45-1) + 3)

In the low temperature limit 3 — oo, to leading order the added noise is

A goupling = 12572' (825)
For an ensemble near cavity center with an inverse temperature of 3 = 15, Eq. (S24) limits squeezing to ¢? > 0.08.
We directly measure the distribution of couplings w; via microwave spectroscopy, probing the ac Stark shift induced
by the drive field on the hyperfine clock transition |f =1,m; =0) — |2,0). The drive light, detuned from atomic
resonance by A = —27 x 9.5 GHz, induces a differential ac Stark shift that is directly proportional to the weight
w; for each atom. We measure the distribution of Stark shifts at different drive intensities, as shown in Fig. S2.
The measured spectra are well fit by a model of a thermal distribution with inverse temperature 5 = 15, exhibiting
variances and means that directly corroborate the bound established in Eqgs. (523)-(S24).

C. Cavity Dissipation

The unitary dynamics described in Sec. IV A are modified by decay channels inherent to any real cavity system.
As described in Methods Sec. C and Refs. [6, 7], spin-exchange interactions in the cavity are mediated by a virtual
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Fig. S2. Measurement of the drive-induced ac Stark shift on the |f =1,m; =0) — |2,0) transition. Red, blue, and gold
indicate increasing intracavity photon number. The measured distributions of Stark shifts (circles) are well described by a
numerical fit based on a thermal distribution of atomic positions with a ratio 5 = 15 of trap depth to temperature.

process in which atoms collectively scatter photons from a vertically polarized drive field into a horizontally polarized
cavity mode. For coherent interactions, these horizontally polarized photons are subsequently scattered back into the
vertical drive mode, allowing for unitary transfer of information among the atoms. However, in practice, photons may
also be lost before completing the unitary dynamics and thereby carry away quantum information.

A photon may be lost either due to the finite cavity lifetime or by atomic scattering into free space. In the case of
cavity decay, the loss of a photon is accompanied by creation or annihilation of a collective spin excitation. This decay
channel is described by the Lindblad operators L+ = /73 F= and has a characteristic strength Tcon = 2N (74 + 7-)
that, in analogy to the collective interaction strength y, is enhanced by the number of atoms. The ratio of the
collective decay to the collective interaction strength

el _ 2 (S26)

is determined by the detuning §_ from the dominant Raman process in our experiment.
To quantify the impact of the collective decay process on the squeezing, we write down the Lindblad equation of
motion for the squeezed quadrature F_j,

% - <i[H, 2+ Z 1/2 (Li[F2,, L) + [LE, P2, L,.)> , (S27)

with the two loss operators Ly = /4=F*. Under the simplifying assumptions of uniform couplings (F* = F¥),

X ~ —q and sufficiently early-time dynamics, the equation of motion for squeezing is

d(F2))

T —2X(F2,) + NTcon. (S28)

The steady state of this equation leads to a bound on the variance due to collective decay of
Ay = (F25) /N > Teon/(2X). (S29)

The variance exponentially decays to this bound at a rate proportional to exp(—2A). At finite times, the effect of the
bound is mathematically equivalent to mixing the ideal squeezed state achieved under unitary dynamics with vacuum
fluctuations on a beam splitter with transmission 1 — A(2 ;.

Additionally, photons may be lost due to free-space scattering at a rate I'yc per atom. Free-space scattering is not
a collective process, as the scattered photons carry away information about individual atoms. On cavity resonance,

free-space scattering is thus suppressed with respect to interactions by a factor Nn/k, where N7 is the collective



cooperativity for a cycling transition and the numerical factor £ = 96 includes the strengths of the atomic transitions

in our level scheme [7]. Overall, the rate of free-space scattering in the limit §_ > x is then
e 96 0—
= ——. (S30)
X Nnw

The effect of a scattering event is to erase correlations between the atom that scatters a photon and the remaining
atoms. This erasure of correlations adds noise to the squeezed quadrature at a rate

d(F25)
dt

where a = 2 for the worst case where an atom is projected into the m = 0 state. However, while collective decay only
impacts the mode coupled to the cavity, free-space scattering continues to impact all modes that have already been
squeezed. On average each mode is impacted by scattering for a total duration 7 x M /2, where 7 is the duration of
each squeezing pulse, yielding a noise contribution

= aNT,., (S31)

AGZ = M7T.. (S32)

While free-space scattering additionally reduces the contrast by a factor of approximately e~ 7T'se/2

of strong squeezing the added noise is the dominant limitation.

The impact of the two noise contributions A¢%, and A¢% can be minimized by choosing optimal values of the
interaction strength x and detuning 6_. An interaction strength of xy = —g optimizes the speed of the coherent
dynamics A/x. Optimizing the two limits for the mode with maximal scattering, with 7\ = 1, yields a detuning of
d_ = k/Nn/(192M), balancing the impact of the two loss channels to minimize their combined effect. In practice, we
experimentally optimize squeezing, which takes into account additional noise sources, resulting in a slight deviation
from the theoretical optimum.

Having derived expressions for both collective decay and free-space scattering, we summarize the impact on the
experiments in the current work in Sec. IV D and derive fundamental limits on the scaling of the squeezing in Sec. IV E.

, in the regime

D. Summary of Noise Contributions

We summarize the impact of all noise processes limiting our squeezing in Table S1. The effects of cavity decay, free-
space scattering, and coupling variation are all mathematically equivalent to mixing the squeezed quantum state with
zero point fluctuations, as if on a beam splitter. Starting from the minimal possible variance given unitary dynamics,
1/¢2 ., each process results in a factor of (1 — A¢?) reduction in the amount by which the state is squeezed. We
calculate the combined effect of these noise sources A¢?, assuming that they are all independent, as

Alforar = 1 = (1 = AG). (S33)

Photon shot noise and interaction strength noise behave differently, since they directly add noise rather than degrading
the state toward the standard quantum limit. These terms are added at the end using standard propagation of
uncertainty. Finally, we divide by the Rabi oscillation contrast Cgrap; = 0.89 measured in Sec. III to obtain the
expected normalized variance (2.

In principle, working at larger atom number increases the collective cooperativity, decreasing the relative effects of
cavity dissipation. However, in addition to the noise sources in Table S1, different collective modes are sensitive to
technical noise in the readout procedure, as discussed in Sec. E. The example data presented in Table S1 are measured
in the 1|1) mode, which has negligible technical noise (see Extended Data Fig. 1). For Figs. 2 and 3 of the main
text we squeeze up to two collective modes, and these modes can always be mapped to the two collective modes with
minimal technical noise using local Larmor rotations. In this case we choose an atom number of N = 1.5 x 10%, which
is limited by the density of atoms in the trap, as any collisional spin exchange interactions are incoherent with the
photon-mediated interactions, reducing the effective spin length. For the square graph state all 4 collective modes
need to be squeezed, and the technical noise in our projection noise calibration becomes a relevant parameter, so we
reduce the atom number in Fig. 4 of the main text to N = 8 x 103.

E. Fundamental Scaling

Fundamental limits to the degree of squeezing attainable by global cavity-mediated interactions among N atoms
are governed by the collective cooperativity Nn [3], where n = 4¢%/(xI") is the single-atom cooperativity. In this



Figs. 2 and 3 Fig. 4
o— —27m x 1.3 MHz|—27 x 1.6 MHz
N 1.5 x 10* 8 x 10°
X —2m x 4.3 kHz | —27 x 1.5 kHz
A 2w x 3.0 kHz 2w x 1.4 kHz
T 50 us 100 ps
1/¢2 0 0.13 0.28
Photon shot noise 0.05 0.05
Coupling variation 0.08 0.08
Interaction strength noise 0.02 0.02
Cavity photon loss 0.14 0.07
Free space scattering 0.02 0.07
Measured contrast Crabi 0.89 0.89
Expected (2 0.44 0.56
Observed (2 0.52 & 0.07 0.56 £ 0.09

Table S1. Summary of noise sources contributing to the variances in Figs. 2 and 3 of the main text, along with the relevant
experimental parameters from Extended Data Table 1. The method of calculating the expected variance from the individual
noise contributions is described in Sec. IV D.

section, we derive limits on squeezing multiple collective modes which demonstrate the scalability of our graph-state
preparation protocol. We focus first on the specific case of the spin-nematic squeezing employed in this work, and
additionally comment on generalizations to other methods of cavity-mediated spin squeezing.

The fundamental limit on squeezing set by the cavity cooperativity arises from two dissipation processes: loss of
photons from the cavity mode that mediates interactions; and scattering of photons into free space. These loss pro-
cesses are parameterized by the rates I'cop and I'yc in Eq. (S30). The effect of the free-space scattering is proportional
to the number of modes M because scattering at any point during the protocol can reduce squeezing. Conversely,
collective decay does not depend on M because it acts only on the collective mode coupled to the cavity. To place
free-space scattering and cavity loss on an even footing, we imagine dividing the squeezing of each collective mode
into multiple segments interleaved with squeezing of the other collective modes, so that the scattering is interspersed
with the coherent dynamics. Any scattering loss while addressing each of the M modes should then be included as a
component of Eq. (S28). The full equation of motion for the variance of each collective mode is thus

A 2
% = _2)‘Cmin +Teon + 2MT .. (834)

The squeezing is optimized by choosing the drive-cavity detuning that minimizes the total contribution to Eq. (S34)
from scattering and cavity decay:

5-\> 1 Np
(J T2 (535)

This optimum detuning is set by the collective cooperativity per mode N7n/M and leads to an overall variance

N77 —-1/2
2 — -

While these derivations focus on variance ¢2, the same scaling applies to the Wineland squeezing parameter £2.

Equation (S36) shows that our protocol for generating arbitrary M-node graph states by squeezing M collective
modes yields fixed squeezing at constant atom number per ensemble (N/M), independent of the number of graph
nodes. The protocol requires order M squeezed modes and order M sets of rotations. However, at fixed atom number
per ensemble, with increasing M the increased collective interaction strength causes each mode to be squeezed faster,
so that the total interaction time remains fixed. The protocol can thus be scaled to larger arrays of ensembles, limited
only by the spatial extent of the cavity mode and the fidelity of local addressing.

In practice, scaling to larger numbers of ensembles requires addressing technical noise sources that scale with the
total atom number. Fractional imaging noise needs to be smaller than atom projection noise in order to observe
squeezing. Thus, technical noise must be reduced in proportion to the lower standard quantum limit for the larger
numbers of atoms. Additionally, free-space scattering can change the internal state of atoms from the f = 1 to the
f = 2 manifold and thereby shift the cavity resonance away from the optimal detuning, an effect that increases with
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higher atom number. The effect can be mitigated by squeezing on a cycling transition [9, 10] or, in our present
squeezing scheme, by increasing the atom-cavity detuning A or actively stabilizing the drive-cavity detuning 6.

The limit on squeezing &2 o« 1/+/(N/M)n set by the collective cooperativity per mode generalizes to a wide variety
of methods of cavity spin squeezing, including approaches employing either photon-mediated interactions [8, 11] or
quantum non-demolition measurements [12]. Improvements to both the numerical prefactor and the overall scaling
with cooperativity are possible, however, by a suitable choice of atomic level scheme. Notably, for squeezing on a
cycling transition, the scaling for the single-mode case improves to £2 oc 1/(Nn) [9, 10]. Optimizing the scheme for the
collective entangling operations may facilitate future work seeking the error-correction threshold of —101log ¢2 = 20.5
dB [13], or generating discrete-variable graph states in arrays of single atoms.
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