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1. Derivation of the coupled mode equations under detuned modulation 
In this section we derive the linear equation of motion, in the absence of fast-gain. The linear and energy 

conserving part of the EM field equations in the rotating frame of the central mode is given by 

𝐸̇ = 𝑖
1

2
𝛽∇2𝐸 − 𝑖𝑀𝑐𝑜𝑠(𝐾𝑧 − Δ𝑡)𝐸. 

Using the modal decomposition 𝐸(𝑡, 𝑧) = ∑𝐴𝑛(𝑡)𝑒−𝑖𝑛Kz 

∑𝐴𝑛̇(𝑡)𝑒−𝑖𝑛Kz = −𝑖
1

2
𝛽𝐾2𝑛2∑𝐴𝑛(𝑡)𝑒−𝑖𝑛Kz − 𝑖

𝑀

2
(𝑒𝑖(𝐾𝑧−Δ𝑡) + 𝑒−𝑖(𝐾𝑧−Δ𝑡))∑𝐴𝑛(𝑡)𝑒−𝑖𝑛Kz 

= −𝑖𝐷𝑛2∑𝐴𝑛(𝑡)𝑒−𝑖𝑛Kz − 𝑖𝐶∑(𝐴𝑛(𝑡)𝑒−𝑖Δ𝑡−𝑖(𝑛−1)Kz + 𝐴𝑛(𝑡)𝑒Δ𝑡−𝑖(𝑛+1)Kz) 

, where we defined 𝐷 =
1

2
𝛽𝐾2 and 𝐶 =

𝑀

2
.  

Next, we derive the equation for mode 𝑚 by projecting on 𝑒−𝑖𝑚Kz and integrating over the extent of the 

cavity: 

∫ ∑𝐴𝑛̇(𝑡)𝑒−𝑖𝑛Kz𝑒𝑖𝑚Kz𝑑𝑧

= −𝑖𝐷𝑛2∫ ∑𝐴𝑛(𝑡)𝑒−𝑖𝑛Kz𝑒𝑖𝑚Kz𝑑𝑧

− 𝑖𝐶∫ ∑(𝐴𝑛(𝑡)𝑒−𝑖Δ𝑡−𝑖(𝑛−1)Kz𝑒𝑖𝑚Kz + 𝐴𝑛(𝑡)𝑒𝑖Δ𝑡−𝑖(𝑛+1)Kz𝑒𝑖𝑚Kz)𝑑𝑧 

→ 𝐴𝑚̇(𝑡) = −𝑖𝐷𝑚2𝐴𝑚(𝑡) − 𝑖𝐶(𝐴𝑚+1(𝑡)𝑒−𝑖Δ𝑡 + 𝐴𝑚−1(𝑡)𝑒𝑖Δ𝑡). 

We can further develop these equations, and use the ansatz 𝐵𝑚 = 𝐴𝑚𝑒−𝑖𝑚Δ𝑡 and substitute to have 

(𝐵𝑚̇ + 𝑖𝑚Δ𝐵𝑚)𝑒𝑖𝑚Δ𝑡 = −𝑖𝐷𝑚2𝐵𝑚𝑒𝑖𝑚Δ𝑡 − 𝑖𝐶(𝐵𝑚+1𝑒𝑖(𝑚+1)Δ𝑡𝑒−𝑖Δ𝑡 + 𝐵𝑚−1𝑒𝑖(𝑚−1)Δ𝑡𝑒𝑖Δ𝑡) 

and finally get 

𝑖𝐵𝑚̇ = (𝐷𝑚2 + Δm)𝐵𝑚 + 𝐶(𝐵𝑚+1 + 𝐵𝑚−1). 

This equation has the form of mode hopping with the stationary potential equal to 𝑉(𝑚) = 𝐷𝑚2 + Δm. 

This set of equations can be upgraded to a quantum Hamiltonian by introducing the operators 𝑎𝑚
† , 𝑎𝑚 for 

the creation and annihilation of mode 𝑚. 
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2. Eigenmode map and equal filling of the reciprocal space 
The coupled mode equations that we derived in the previous section constitute the supermodes of the 

system (Fig. 1D). Fig. S1A shows the same modes presented in Fig. 1D in the main text, but as they are 

represented in the reciprocal space, which is also the cavity space. The purple area indicates the phase 

modulation, and consequently, the band structure of the system in the absence of dispersion. The depth 

of the modulation dictates the bandwidth of the band structure. The modes of the dispersed system can 

be roughly divided into two types. The first are Hermite-Gauss like solution that are both bound in the 

frequency space and the cavity space. These do not support periodic dynamics over the Brillouin zone. 

Their energies reside below the kinetic energy limit of 4𝐶. The second type are mode that are bound to 

the dispersion energy but fluctuate around it proportionally to the kinetic energy. These modes are two-

fold degenerate, allowing for the construction of propagating modes which support semiclassical traveling 

along the Brillouin zone associated to the Bloch-oscillations. 

 

Figure S 1. The supermodes in the synthetic space, and the equal filling of the reciprocal space 𝑘𝑚. (a) The eigenmodes diagram 
in a quadratic potential induced by the dispersion, presented on a vertical energy scale; only every 4th mode is presented. Modes 
with 𝐸 > 4𝐶 become degenerate (marked with light and dark blue to differentiate the modes) but with opposite central momenta 
in the reciprocal space, taking the form of a Wannier-Stark ladder. (b) The same supermodes as in (a) represented in the reciprocal 
domain of the lattice, showing bound modes that correspond to the Hermite-Gauss like modes (red) and extended modes (blue) 
that support translation of the wavefunction over the reciprocal space, similar to the semiclassical description of the force in the 
Brillouin zone. Even when the system consists of dispersive modes and detuned modulation, the population of the reciprocal space 
stays equal. (d) The initial single mode state (gold) and the final (purple) densities of the light in the modulated fast-gain ring laser. 
The fast-gain is forcing equal population of the reciprocal space throughout the full dynamics of the system. 

The interplay between these modes under quench dynamics is set by their dispersion, the gain curvature 

and the fast-gain. The later is responsible for stabilization of the intensity on a constant value around 𝐼0 =

𝐼𝑠 (1 −
𝛼

𝑔
), with the parameters taken from Eq. 1 in the main text. The fact that the full cavity is equally 

populated, along with the description of the system in the synthetic frequency lattice of the cavity, lead to 

the fast-gain being a mechanism that sets equal population of light in the reciprocal space of the synthetic 

lattice (Fig. S1B). This mechanism is responsible for all-time coherent quench dynamics. 
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3. Energy considerations in the synthetic space under detuned modulation  
The potential we derived in the previous section, 𝑉(𝑚) = 𝐷𝑚2 + Δ𝑚, can be also written as  

𝑉(𝑚) = D [(𝑚 +
Δ

2𝐷
)

2

−
Δ2

4𝐷2
] = D(𝑚 + 𝑚0)2 − 𝐸Δ 

, which means that the 𝑚 = 0 was shifted from the minimum of the potential by 𝑚0 =
Δ

2𝐷
, and the 

minimum was reduced by  𝐸Δ =
Δ2

4𝐷
, compared to Δ = 0. 

As we expect to observe Bloch oscillations only for unbound modes, we require the shift to be larger than 

the maximum kinetic energy of the bound states, meaning 𝐸𝑘 = 4𝐶. Therefore, the minimum force for 

Bloch oscillations is given by  

Δ2

4𝐷
= 𝐸Δ > 𝐸𝑘 = 4𝐶 → |Δ| > 4√𝐶𝐷 

Moreover, in the absence of dispersion, we can find the exerted force in the synthetic space simply by 

𝐹 = −
𝑑𝑉

𝑑(𝑚𝐾)
= −2𝐷𝑚/𝐾 − Δ/K →  𝐹(𝐷 = 0) = −Δ/K. 

Similar to 𝑃̇ = 𝐹, we consider this force as the change in 𝑘𝑚, which the reciprocal coordinate to the spatial 

frequency, that carries the units of space [1]. This leads to 

𝑘𝑚̇ = −Δ/K → 𝑘𝑚𝐾 = 𝐾𝑧 − Δ𝑡 

, which exactly matches our starting point. With zero dispersion, the system is translationally symmetric in 

the frequency space. In that case, the energy of the bandstructure in reciprocal space is 𝐸(𝑘𝑚𝐾) =

2𝐶cos (𝑘𝑚𝐾), and the motion in the synthetic lattice is given by 

⟨𝑚̇⟩𝐾 ∝
𝜕𝐸

𝜕𝑘𝑚
= 2𝐶𝐾 sin(⟨𝑘𝑚⟩𝐾) 

where the period is  𝑇𝑜𝑠𝑐|𝐷=0 =
2𝜋

Δ
. However, our dispersive system is not translationally symmetric in 

frequency space, and this period will change with increasing dispersion. 
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4. Analytical solution of steady states 
We derive the steady state solution to the wave question with detuning Δ > Δ𝑐. We observe that these 

modes have almost constant intensity, non-zero phase modulation that follows the frequency of the 

modulation, and a small modulation of the intensity that follows twice the frequency of the modulation. 

We first derive the phase and then the correction for the amplitude. 

a. Phase of steady states for Δ > Δ𝑐 

The equation is 

𝐸̇ =
1

2
[𝑔0 (1 −

𝐼

𝐼𝑠
) − 𝛼𝑤] (

𝑐

𝑛
) 𝐸 + 𝑖

1

2
𝛽∇2𝐸 +

1

2
𝑔𝑐∇2𝐸 − 𝑖𝑀𝑐𝑜𝑠(𝐾𝑧 − Δ𝑡)𝐸        

We assume FM laser state with 𝐸 = 𝐸0𝑒𝑖𝜙𝑥 (𝑥 = 𝐾𝑧 − Δ𝑡), with quasi continuous amplitude. We get 

−𝑖𝜙′Δ𝐸 = [
1

2
[𝑔 (1 −

|𝐴|2

𝐼𝑠𝑎𝑡
) − 𝛼] +

𝑖

2
𝛽(𝑖𝜙′′𝐾2 − (𝜙′𝐾)2) +

1

2
𝑔𝑐(𝑖𝜙′′𝐾2 − (𝜙′𝐾)2) − 𝑖𝑀𝑐𝑜𝑠(𝑥)] 𝐸 

The equation for the imaginary part is 

−𝜙′Δ𝐸 = −
1

2
𝛽(𝜙′𝐾)2𝐸 +

1

2
𝑔𝑐𝜙′′𝐾2𝐸 − 𝑀𝑐𝑜𝑠(𝑥)𝐸 

We assume that 𝜙′Δ ≫ −
1

2
(𝛽𝜙′2

+
1

2
𝑔𝑐𝜙′′) 𝐾2 and get 

𝜙′ =
𝑀

 Δ
𝑐𝑜𝑠(𝑥) 

𝜙 = 𝜙0 +
𝑀

 Δ
𝑠𝑖𝑛(𝑥) 

Plugging this back to see if we indeed the approximation applies, we get 

𝑀𝑐𝑜𝑠(𝑥) ≫ − (𝐷 (
𝑀

 Δ
𝑐𝑜𝑠(𝑥))

2

+ 𝐺
𝑀

 Δ
𝑠𝑖𝑛(𝑥)) 

, where 𝐺 =
1

2
𝑔𝑐𝐾2. We find the requirement Δ ≫ √𝑀𝐷 which is fulfilled when Δ ≫ Δ𝑐, and 1 ≫ 𝐺/Δ 

which is reasonable in our system because 
𝐺

Δ
<

𝐺

Δ𝑐
~0.32. 

b. Amplitude of steady states 

Assuming that the steady state carries the phase we derived in the previous section, we calculate the 

small change in amplitude that occurs in the intensity. We start again, but we assume that small changes 

in the amplitude are possible. We pre calculate the second derivative 

∇2𝐸 = 𝐾2(𝐴𝑒𝑖𝜙)′′ = 𝐾2 (𝐴′𝑒𝑖𝜙
+ 𝑖𝐴𝑒𝑖𝜙𝜙′) ′

= 𝐾2𝐴′′𝑒𝑖𝜙 + 𝑖2𝐾2𝐴′𝑒𝑖𝜙𝜙′ − 𝐾2𝐴𝑒𝑖𝜙(𝜙′)2 + 𝑖𝐾2𝐴𝑒𝑖𝜙𝜙′′ 

, and the full equation becomes 
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−𝑖𝜙′Δ𝐴𝑒𝑖𝜙 =
1

2
[𝑔 (1 −

|𝐴|2

𝐼𝑠𝑎𝑡
) − 𝛼] 𝐴𝑒𝑖𝜙

+
1

2
(𝑖𝛽 + 𝑔𝑐)(𝐾2𝐴′′𝑒𝑖𝜙 + 𝑖2𝐾2𝐴′𝑒𝑖𝜙𝜙′ − 𝐾2𝐴𝑒𝑖𝜙(𝜙′)2 + 𝑖𝐾2𝐴𝑒𝑖𝜙𝜙′′)

− 𝑖𝑀𝑐𝑜𝑠(𝑥)𝐴𝑒𝑖𝜙 

Comparing the imaginary and real parts we get the following: 

1) The extended equation for the imaginary part is 

−𝜙′Δ =
1

2
(𝛽

𝐴(𝑥)′′

𝐴(𝑥)
− 𝛽(𝜙′)2 + 2𝑔𝑐

𝐴′

𝐴
𝜙′ + 𝑔𝑐𝜙′′) 𝐾2 − 𝑀𝑐𝑜𝑠(𝑥) 

, where we already assumed that the change in the amplitude is very small compared to the 

amplitude itself. 

2) The amplitude equation using the known phase is then given by 

𝑔 (1 −
|𝐴|2

𝐼𝑠𝑎𝑡
) − 𝛼 = (2𝛽

𝐴′

𝐴
𝜙′ + 𝑔𝑐(𝜙′)2 + 𝛽𝜙′′ − 𝑔𝑐

𝐴′′

𝐴
) 𝐾2 

We assume the phase we found previously, and that 
𝐴′′

𝐴
,

𝐴′

𝐴
≪ 1 to find 

𝑔 (1 −
|𝐴|2

𝐼𝑠𝑎𝑡
) − 𝛼 = 2 (𝐺

𝑀

 Δ
(𝑐𝑜𝑠(𝑥))

2

− 𝐷𝑠𝑖𝑛(𝑥))
𝑀

Δ
  

We now define 𝑓(𝑥) = 2 (𝐺
𝑀

 Δ
cos2(𝑥) − 𝐷𝑠𝑖𝑛(𝑥)) and write 

𝐴 = √𝐼𝑠𝑎𝑡√1 −
𝛼

𝑔
√1 +

𝑓(𝑥)
𝑀
 Δ

𝑔 − 𝛼
≈ √𝐼𝑠𝑎𝑡√1 −

𝛼

𝑔
(1 +

𝑓(𝑥)𝑀

2Δ(𝑔 − 𝛼)
) 

The small change in the amplitude is therefore  

Δ𝐴 =
𝑀

2Δ(𝑔 − 𝛼)
√𝐼𝑠𝑎𝑡√1 −

𝛼

𝑔
𝑓(𝑥) 

In our system, for the range of parameters that we study, we find 𝑓(𝑥)~
2𝑀𝐺

 Δ
cos2(𝑥) because 

2𝐺𝑀

𝐷
=

1.347 ⋅ 109 [
𝑟𝑎𝑑

𝑠𝑒𝑐
] ≫ Δ, so that 

Δ𝐴 =
𝐺

(𝑔−𝛼)
(

𝑀

 Δ
)

2

√𝐼𝑠𝑎𝑡√1 −
𝛼

𝑔
cos2(𝑥)  . 

First, we clearly see the doubled periodicity that comes from the square of the trigonometrical function, 

which is what we also observe in simulations. Moreover, the derivative of the simulated amplitude is 

proportional to the small signal 

𝐴′

𝐴
~

𝐺

(𝑔 − 𝛼)
(

𝑀

 Δ
)

2

~10−5 

, which means that our assumption of a small intensity deviation was reasonable.  
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5. Coherence of the final states 

To retrieve the spectral phase and its coherence, we use SWIFTS measurement, a methods that 
enables phase detection with a fast photodetector [2]. [3] shows and explains the optical set-up 
and data acquisition scheme for the SWIFTS measurement. The main part of the setup is an 
interferometer designed in a folded Mach-Zehnder configuration whose purpose is to minimize 
back-reflections into the laser. The collimated laser beam of the investigated semiconductor laser 
is directed at the input port of the interferometer. At the interferometer's output, a fast Quantum 
Well Infrared Photodetector (QWIP) is used, from which both the DC and RF traces can be read 
simultaneously.  A reference laser is used to acquire the optical path delay from the moving 
mirror. The spectrally resolved RF signal of the fast detector is down-mixed to ≈ 20 MHz to fall in 
the bandwidth of the Lock-In amplifier from which are obtained the Q and I quadrature 
components, required to retrieve the phase at each frequency. The quadrature components are 
the results of 10 coherent averages. The device was operated at a temperature of -20°C and a 
current ≈ 2Ith. For the presented case, the injected RF power was +35 dBm.  

We obtain the spectral phase from the averaged quadrature components, and show the 
spectrum and spectrally resolved phase profile in Fig. S2. The phase profile of the off-resonant 
case shows the feature of an FM comb behavior with phase jumps of ≈ π/2. SWIFTS technique 
also allows the measurement of the coherence between two adjacent modes and the results 
obtained are shown in Fig. S2d. The values ~1 indicate of high degree of coherence between all 
the modes. Since the studied device has a low optical output power, a small number of modes 
suffered a poor signal-to-noise ratio thus resulting in significant uncertainty in the coherence 
measurement. The shaded area surrounding each curve indicates the standard deviation 
obtained after averaging 10 spectra.   

 

Figure S 2. Coherence of the measured state. (a) Measured averaged spectrum for a stable system for 𝛥𝑓 = 15.762𝐺𝐻𝑧 and its 

reconstruction for general parameters. (b) Retrieved instantaneous frequency 𝑓𝑖𝑛𝑠𝑡 = 𝜙̇ with an analytical estimation and a 
simulation calculation. (a) and (b) indicate that the spectrum follows a Bessel function. (c) Measured spectral phase. (d) Spectrally 
resolved coherence plots with their standard deviation computed with 10 data sets. 
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6. Experimental setup 
In this work, we specifically refer to the time resolved measurement in the falling edge of our switch that 

appears in Fig. 4 in the main text. We measured a 137ns fall time using a Mini-Circuits power detector 

ZX47-50-S+ with inverted voltage. This detector has a typical rise time of around 10ns whereas the typical 

fall time is very long, around 400ns. This indicates that the long fall time of the switching measurement is 

mainly caused by the power detector and not only by the switch, with the actual switching time being 

much shorter. To verify that the actual switching time doesn’t have substantial influence on the fast 

quenching and the final state, we performed simulation of the EM equation in the laser (Fig. S3, left). The 

simulation shows a good agreement with the results presented in Fig. 4 of the main text, implying that the 

non-vanishing switching off time doesn’t play a substantial role in the coherent decay to δ(m). To compare 

this result to linear or slow gain systems, we perform a simulation with the same conditions but after 

quenching at 𝑡0 we turn off the fast-gain, see Fig. S3, right. Without coupling or interaction, the dynamics 

are governed by dissipative mechanisms only. 

All details related to the processing, mounting and measurement of our semiconductor laser device are 

given in the supplementary information of ref [3]. 

 

Figure S 3. Simulation of quenching a coupled system to a trivial lattice (uncoupled). At time 𝑡0 = 10.15𝜇𝑠 we instantly switch off 
the modulation. This left plot reproduces the measurement captured in Fig. 4a of the main text. The good agreement implies that 
the switching off time measured by the slow power detector of 137ns doesn’t play a substantial role in the coherent decay to 
𝜓(𝑚, 𝑡 → ∞) = 𝛿(𝑚). For comparison, we performed the same quench, but after 𝑡0 we removed the fast-gain mechanism, leaving 
the system to evolve with a linear non-Hermitian propagator. It is clear that without interaction nor coupling, the governing 
mechanism is the gain curvature, which prevent complicated coherent dynamics of the wavefunction.   
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7. Interplay between complex dispersion, artificial electric field and fast gain 
Our system is described well in synthetic space, and there are various elements that contribute to the 

dynamics. First, our system is RF modulated with detuning from resonance, therefore, we expect to have 

a static electric field in the synthetic space Δ, that eventually leads to oscillations.  We indeed observe 

oscillation, as our model predicts (Figs. 2C,3A,S4). Second, dispersion in the time domain translates into 

potential energy or a non-uniform constant field. This leads to the presence of bound modes in the system 

(Fig. 1D, red), which are both standing waves in the synthetic and its reciprocal space 𝑘𝑚 (which is actually 

the intracavity space 𝑧). Due to the limitation of the maximum kinetic energy 𝐸𝑘 = 4𝐶 (a direct result of 

the coupling between discrete states), the system also has modes that are bound to the onsite potential 

energy, 𝐸~𝐷𝑚2, with an extent proportional to 𝐸𝑘. These modes appear extended in the intracavity space 

with characteristic degenerate couples that are able to produce propagation in both directions (Fig. 1C in 

the main text, light and dark blue). These are the modes that we study here. We use 𝐶 = 1.23 ⋅ 108 𝑟𝑎𝑑

𝑠𝑒𝑐
 

and 𝐷𝑒𝑥𝑝 = 1.75 ⋅ 105 𝑟𝑎𝑑

𝑠𝑒𝑐
, with 𝐺 = 9.5462 ⋅ 105 𝑟𝑎𝑑

𝑠𝑒𝑐
. 

The third element is the gain curvature, which acts as a dissipative mechanism that extinguishes 

fluctuations at high frequencies. In the synthetic space analogy, each site would experience local loss, 

where the losses are spread quadratically along the synthetic lattice. In the case of the coupled system, 

the gain curvature sets different lifetimes for the supermodes, and consequentially the final mode at 

stabilization. 

The fourth is the fast gain, dictating that approximately, at all times, the signal in time should maintain a 

quasi-constant intensity. This mechanism is local in real space but induces infinitely long interactions in 

synthetic space. This is the most important and unique feature of this work, and it contributes a novel type 

of interaction that repel high occupation in the 𝑘𝑚 space, forcing the state to occupy equally the full 

reciprocal space, or in a translationally invariant system, the Brillouin zone.  

We simulate Eq. 1 of the main text with all elements mentioned above. We reproduce the measurement 

results in Fig. 3 with their detuning values with excellent agreement and thereby acquire the parameters 

of the system (Fig. S4A). We also calculate the decay rate of the oscillations for different values of detuning 

and dispersion, and find that these time are between 0.2 − 1𝜇𝑠 (Fig. S4B). 

 

Figure S 4. Bloch oscillations and decay in simulations. (A) Simulation that reproduces the oscillations and decay that were 
experimentally measured and presented in Fig. 3 of the main text for values 𝛥𝑓 = 4.12𝑀𝐻𝑧, 6.12𝑀𝐻𝑧, 8.12𝑀𝐻𝑧, respectively.(B) 
Calculated decay rate of the oscillations for different values of detuning and dispersion. 

Next, we present simulation results in Figs. S5 and S6 and compare the impact of the contribution of 

different emulation elements separately. First, we show that in the case of slow gain, dispersion is causing 

decoherence and therefore the Bloch oscillations are lost (Fig. S5B). Moreover, in case of fast gain and gain 
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curvature, the quadratic dispersion can be neglected at high detuning regimes (Fig. S5C). When dispersion 

is present, but gain curvature is 1000 times weaker than in the experiment, the spectrum still decays to a 

single Wannier stark dates in a coherent process (Fig. S5D). Finally, Fig. S6 shows that when there is no 

dispersion and gain curvature is very weak, the oscillation of the fast gain maintain coherence (Fig. S6A), 

while the oscillation in the slow gain regime substantially loose their shape through evolution (Fig. S6B), 

implying that slow gain lasers are not in a liquid phase. This phenomenon is even clearer through the 

observation of the intracavity intensity, which is analogous to band population. The fast gain is populating 

the full band throughout the emulation (Fig. S6C), while the slow gain is condensing to specific regions of 

the band (Fig. S6D). 

 

Figure S 5. Simulations of the dynamics under the influence of the different elements. (A) A simulation that reproduces a 
measurement in our system. (B) same as (A) but with slow gain. Due to dispersion we observe decoherence and therefore the 
Bloch oscillations are lost . (C) same as (A), but without quadratic dispersion. The simulation shows a results very similar to the 
measured data, implying that at this regime where 𝛥 = 2𝜋 ⋅ 4.12𝑀𝐻𝑧 > 𝛥𝑐, the quadratic dispersion is not playing a major role 
in the dynamics. (D) same as (A) but with gain curvature 1000 times smaller than in the experiment, showing that the decay to a 
Wannier Stark state is mainly induced by complex dispersion and the fast gain that strives for flat intensity, achieved through a 
single eigenmode with flat amplitude.  
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Figure S 6. Simulations of the dynamics when dispersion is absent. (A) same as Fig. S5A, but without any dispersion and gain 
curvature 100 time smaller than the experiment. The Bloch oscillation ideally persist infinitely, occupying equally the Brillouin zone 
through the time of the simulation. (B) same as (A) but with slow gain. The gain curvature is not protected by the fast gain, leading 
the higher modes to decay, and, in practice, ruining the oscillation. (C) the amplitude of the field in the cavity as a function of time 
of the parameters in (A). We observe very small fluctuations of the amplitude, smaller than 0.002%, which translates to constant 
full population of the Brillouin zone. (D) the amplitude of the field for slow gain, showing condensation in the effective Brillouin 
zone. 
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8. Perturbation analysis 
To study the nonlinearity of the fast gain, we study perturbatively the following equation of the EM field 

in the cavity: 

𝐸̇ =
1

2
[𝑔0 (1 −

𝐼

𝐼𝑠
) − 𝛼𝑤] (

𝑐

𝑛
) 𝐸 + 𝑖

1

2
𝛽∇2𝐸 +

1

2
𝑔𝑐∇2𝐸 − 𝑖𝑀𝑐𝑜𝑠(𝐾𝑧 − Δ𝑡)𝐸        

We denote the steady state as 𝐸0 and the perturbation as 𝐹. The gain saturation term become 

[𝑔0 (1 −
|𝐸0|2 + 𝐸0𝐹∗ + 𝐸0

∗𝐹 + |𝐹|2

𝐼𝑠
) − 𝛼𝑤] (𝐸0 + 𝐹)

≈ [𝑔0 (1 −
|𝐸0|2

𝐼𝑠
) − 𝛼𝑤] 𝐸0 − 𝑔0

𝐸0
2𝐹∗

𝐼𝑠
+ [𝑔0 (1 −

2|𝐸0|2

𝐼𝑠
) − 𝛼𝑤] 𝐹 

The equation for the perturbation turns to 

𝐹̇~ −
1

2
𝑔0 (

𝑐

𝑛
)

𝐸0
2

𝐼𝑠
𝐹∗ +

1

2
[𝑔0 (1 −

2|𝐸0|2

𝐼𝑠
) − 𝛼𝑤] (

𝑐

𝑛
) 𝐹 + 𝑖

1

2
𝛽∇2𝐹 +

1

2
𝑔𝑐∇2𝐹 − 𝑖𝑀𝑐𝑜𝑠(𝑥)𝐹 

, and for fully clamped gain (𝑔0 (1 −
|𝐸0|2

𝐼𝑠
) − 𝛼𝑤 ≈ 0), we get 

𝐹̇~ −
1

2
𝑔0 (

𝑐

𝑛
)

𝐸0
2

𝐼𝑠
𝐹∗ −

1

2
𝑔0 (

𝑐

𝑛
)

|𝐸0|2

𝐼𝑠
𝐹 + 𝑖

1

2
𝛽∇2𝐹 +

1

2
𝑔𝑐∇2𝐹 − 𝑖𝑀𝑐𝑜𝑠(𝑥)𝐹 

The first term is inducing losses with coupling to the conjugate wave ∝ −𝐸0
2𝐹∗, and the second term is 

onsite loss. The rest describes a wavefunction trapped in a cosine potential with gain curvature. We 

assume the intensity of the steady state solution is 𝐼0   

𝐹̇~ −
1

2
𝑔0 (

𝑐

𝑛
)

𝐼0

𝐼𝑠
(𝐹 + 𝐹∗𝑒𝑖2𝜙(𝐾𝑧−Δ𝑡)) + 𝑖

1

2
𝛽∇2𝐹 +

1

2
𝑔𝑐∇2𝐹 − 𝑖𝑀𝑐𝑜𝑠(𝐾𝑧 − ΔΩ𝑡)𝐹 

, which is a general result in our system. Now, we can substitute 𝐸0 with the analytical solution we found, 

and get to the following equation 

𝐹̇~ −
1

2
𝑔0 (

𝑐

𝑛
)

𝐼0

𝐼𝑠
(𝐹 + 𝐹∗𝑒𝑖2

𝑀
 ΔΩ

𝑠𝑖𝑛(𝐾𝑧−Δ𝑡)
) + 𝑖

1

2
𝛽∇2𝐹 +

1

2
𝑔𝑐∇2𝐹 − 𝑖𝑀𝑐𝑜𝑠(𝐾𝑧 − ΔΩ𝑡)𝐹 

,with estimated parameters from experiments, 𝑔0 = 8.55[𝑐𝑚−1], 𝑛 = 3.3, 𝐼0 = 4.4 ⋅ 1012 [
𝑉

𝑚2] , 𝐼𝑠 = 8.2 ⋅

1012 [
𝑉

𝑚2], we find that the decay time is 

𝜏𝐹 =
𝑛𝐼𝑠

𝑔0𝑐𝐼0
= 24𝑝𝑠 < 𝑇𝑐𝑦𝑐𝑙𝑒 = 63𝑝𝑠 ≪

1

𝐶
= 8𝑛𝑠 

Which is shorter than the roundtrip time, and much shorter than the tunneling time between modes, 

Indicating that this is the fastest process in our system. Additionally, the gain curvature is adding mode 

number dependent decay to the system (with 𝐾 = 1.09 ⋅ 103): 

𝜏𝑔𝑐,𝑚 = (𝑔𝑐𝑚2K2)−1 = 0.52𝜇𝑠/𝑚2 

For example, only from the 91h mode the decay time will be faster than the cycle time, i.e. 𝜏𝑔𝑐,91 =

62.8𝑝𝑠 < 𝑇𝑐𝑦𝑐𝑙𝑒 = 63𝑝𝑠.  
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To study the impact of the fast decay of intensity fluctuations on the stability of the system, we performed 

simulations where we inject white noise to the lasers and measure its variation around the solution in the 

absence of noise [4]. In Fig. S7, we present the calculated the intensity variance 𝑉𝑎𝑟(𝑡, 𝑁) =

⟨(𝐼𝑁(𝑧, 𝑡) − 𝐼𝑐(𝑧, 𝑡))
2

⟩
𝑧
, where 𝑁 is the noise level, 𝑧 is the coordinate in the corotating frame, 𝐼𝑐(𝑧, 𝑡) 

and 𝐼𝑁(𝑧, 𝑡) are the time evolution of the intensity in the absence and presence of Noise with level 𝑁, 

respectively. The amount of noise intensity added in a single cycle is 𝑁 ⋅ 𝐼0. In the two different cases of 

fast and slow gain, we observe a very different impact. The phase of the light when gain is slow does not 

support sufficient suppression of fluctuations, where noise destabilizes the system, generating large 

variations – which is especially seen when oscillations are present. With slow gain and low noise levels 

(0.01%), the largest variation occurs right after the moment of the quench ~160ns-500ns, where the state 

becomes more stable as the oscillations disappear. On the contrary, the fast gain doesn’t experience any 

significant variation arising from the dynamics state, with noise levels that follow only the injected noise. 

 

Figure S 7. Simulation of the fluctuations during a quench in the system. Calculated fluctuation variance presented as 𝑉𝑎𝑟(𝑡, 𝑁) =

⟨(𝐼𝑁(𝑧, 𝑡) − 𝐼𝑐(𝑧, 𝑡))
2

⟩
𝑧
for fast (top) and slow (bottom) gain, shown for different values of noise in percentage from the average 

intensity. It is evident that the fast gain is superior in stability, being orders of magnitude more stable. 
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9. Dispersion of perturbations 

To study the properties of the liquid of light in our system, we investigate the dispersion of the fluctuations. 

We use the following mode expansion 𝐹(𝐾𝑧 − ΔΩ𝑡) = ∑𝑓𝑛𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡) and write the equation of the 

perturbation derived in the previous section as 

∑𝑓𝑛̇𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡) + ∑𝑓𝑛𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡)(𝑖𝑛ΔΩ)

= −
1

2
𝑔0 (

𝑐

𝑛
)

𝐼0

𝐼𝑠
(∑𝑓𝑛𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡) + ∑𝑓𝑛

∗𝑒𝑖𝑛(𝐾𝑧−ΔΩ𝑡)𝑒𝑖2
𝑀

 ΔΩ
𝑠𝑖𝑛(𝐾𝑧−ΔΩ𝑡)

)

+ 𝑖
1

2
𝛽∇2∑𝑓𝑛𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡) +

1

2
𝑔𝑐∇2∑𝑓𝑛𝑒−𝑖𝑛(𝐾𝑧−ΔΩ𝑡)

− 𝑖
𝑀

2
∑𝑓𝑛(𝑒−𝑖(𝑛+1)(𝐾𝑧−ΔΩ𝑡) + 𝑒−𝑖(𝑛−1)(𝐾𝑧−ΔΩ𝑡)) 

We multiply by 𝑒𝑖𝑚(𝐾𝑧−ΔΩ𝑡) and integrate to get 

𝑓𝑚̇ + 𝑖𝑛ΔΩ𝑓𝑚 = −
1

2
𝑔0 (

𝑐

𝑛
)

𝐼0

𝐼𝑠
(𝑓𝑚 + ∑𝑓𝑛

∗∫ 𝑑𝑥𝑒
𝑖((𝑛+𝑚)𝑥+

2𝑀
 ΔΩ

𝑠𝑖𝑛(𝑥))
) − 𝑖

1

2
𝛽𝑚2𝐾2𝑓𝑚 −

1

2
𝑔𝑐𝑚2𝐾2𝑓𝑚

− 𝑖
𝑀

2
(𝑓𝑚+1 + 𝑓𝑚−1) 

The result of the last integral is simply a Bessel function,  
1

2𝜋
∫ 𝑑𝑥𝑒𝑖(𝑛𝑥+𝛼𝑠𝑖𝑛(𝑥)) = 𝐽𝑛(−𝑎), so we get 

𝑓𝑚̇ = −𝛼 (𝑓𝑚 + ∑𝑓𝑙
∗𝐽(𝑙+𝑚) (−

2𝑀

 ΔΩ
)) + (−𝑖𝐷𝑚2 − 𝑖ΔΩ𝑚 − 𝐺𝑐𝑚2)𝑓𝑚 − 𝑖

𝑀

2
(𝑓𝑚+1 + 𝑓𝑚−1) 

 

Figure S 8. The absolute value (left) and the positive part (right) of the dissipative coupling in the perturbation equation. 

Due to the coupling to the conjugate terms, we divide the equation into real and imaginary parts. 

We use the form 𝑓𝑚 = 𝑥𝑚 + 𝑖𝑦𝑚, so that 

𝑥𝑚̇ + 𝑖𝑦𝑚̇ = −𝛼 (𝑥𝑚 + 𝑖𝑦𝑚 + ∑(𝑥𝑙 − 𝑖𝑦𝑙)𝐽(𝑙+𝑚) (−
2𝑀

 ΔΩ
)) + (−𝑖𝐷𝑚2 − 𝑖ΔΩ𝑚 − 𝐺𝑐𝑚2)(𝑥𝑚 + 𝑖𝑦𝑚)

− 𝑖
𝑀

2
(𝑥𝑚+1 + 𝑖𝑦𝑚+1 + 𝑥𝑚−1 + 𝑖𝑦𝑚−1) 
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Next, we divide it to the real and imaginary parts (see Fig. S8), to find the equations of the dynamics 

𝑥𝑚̇ = −𝛼 (𝑥𝑚 + ∑𝑥𝑙𝐽(𝑙+𝑚) (−
2𝑀

 ΔΩ
)) − 𝐺𝑐𝑚2𝑥𝑚 + (𝐷𝑚2 + ΔΩ𝑚)𝑦𝑚 +

𝑀

2
(𝑦𝑚+1 + 𝑦𝑚−1) 

𝑦𝑚̇ = −𝛼 (𝑦𝑚 − ∑𝑦𝑙𝐽(𝑙+𝑚) (−
2𝑀

 ΔΩ
)) − 𝐺𝑐𝑚2𝑦𝑚 − (𝐷𝑚2 + ΔΩ𝑚)𝑥𝑚 −

𝑀

2
(𝑥𝑚+1 + 𝑥𝑚−1) 

We calculate the dispersion and eigenmodes using the parameters of our system, and present the results 

in Fig. S9. The modes of the fluctuations around the central mode decay relatively slow, with decay rates 

around 22ns, which is around 3 times slower than the coupling. This is a typical behaviors of fluctuations 

in lasers that match the lasing regime. 

 

Figure S 9. Dispersion and supermodes of the fluctuations. Using the equation for the fluctuations, we calculate the supermodes 
supported in the system. (A) shows the dispersion and losses of these modes. Some modes have very little losses, with the 
longest decay time of ~22ns. (B) supermodes of the system form a ladder similar to Wannier stark, where (C) is zooming on the 
modes with the longest lifetime.  
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