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In this Supplementary Information, we provide detailed calculations that
support the conclusions presented in the main text. The document is or-
ganized into two parts: an initial summary section that provides a concise
overview of the theoretical results and which is accessible to readers without
knowledge of the theoretical techniques used to derive the main conclusions.
In the subsequent sections we provide the full mathematical details used to
obtain these conclusions, including the model formulation, analytical deriva-

tions, and numerical analyses.



Overview over the key arguments presented in
this supplemental theory

In this section, we summarize the main arguments and conclusions derived
from the detailed analytical calculations presented later. It provides the
conceptual framework for the results, while the full technical developments

are deferred to Sections I-VI and Reference [1].

Inference of the interaction kernel from sequencing data

To begin, we outline the key steps for the inference of the interaction ker-
nel from the time evolution of the first moment of the BS-seq experiment in
Fig. 1d of the main text. To this end, we begin with a general mathematical
ansatz for the stochastic dynamics of DNMT3 enzyme binding. This ansatz
comprises generic enzyme kinetics: 1) binding and unbinding of enzymes
to the DNA; 2) Bound enzymes can methylate the DNA. This ansatz also
comprises a priori unknown interactions between binding events. Mathemat-
ically, these interaction are represented by an interaction kernel J;; giving
the rate of binding at site ¢ given the binding state of position j.

To infer the interaction kernel, we then consider a one-dimensional lat-
tice, where each site is described by whether it is occupied by a DNMT3
enzyme and whether it is methylated. We then describe the full stochastic
dynamics of the time evolution of the probability P(D,m,t) of observing a
specific DNA methylation profile m and enzyme binding profile D at time ¢.

P(D, m,t) assigns statistical weights to all possible DNA methylation config-



urations along the genome. Mathematically, this time evolution is given by
the master equation (10) . Because, given an enzyme is bound, DNA methy-
lation is a linear process we can summarize enzyme binding and methylation
of the DNA into one process without changing any of the results.

The mathematical strategy then works as follows: by solving the master
equation for the probability P(D,m,t) we can compare our predictions to
the data and thereby infer the interaction kernel J; ;. Obtaining the solu-
tion of the master equation is only possible approximately using stochastic
simulations. Numerical methods do, however, not allow for solving the in-
verse problem of finding the kernel J; ;. We therefore use analytical methods
to compute certain properties of P(D, m,t), namely the first moment (the
average methylation over time) and the second moment (the spatial distri-
bution of DNA methylation marks encoded in correlation functions). To
this end, we make use of a formal analogy between the master equation and
the Schroedinger equation in quantum mechanics. This allows us to use a
second-quantisation formulation of the stochastic system and derive a path-
integral representation of it time evolution. The use of second-quantisations
and path-integral methods enable solving the inverse problem of finding J; ;
and are key for obtaining the analytical results in this work.

We here use the first moment to infer the in interaction kernel and use the
second moment to test the inferred model. As the master equation describes

the probability of observing any given methylation and enzyme profile in



time, we can derive the average DNA methylation level at site i, (m;(t)) as,
(mi(t)) =) _m; P(D,m,1). (1)
D,m

To obtain this quantity, we perform two steps: first, we assume that the
binding rate decreases with the distance to the nearest bound site with a
power law described by an exponent A. We also take a continuum limit,
in which the discrete distances between between CpG sites are neglected
in favour of a description of the density of bound enzymes in terms of a
continuous field ¢(s,t) (see below for a precise definition of this field). With
this, the time evolution of DNMT3 occupancy ¢(s,t) and methylation density

m(s,t) is given by a pair of coupled partial differential equations,
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The parameter k(s) denotes the methylation rate, which can depend on the
specific genomic region and the density of CpG sites.

The coupled partial differential equations can be solved analytically in the
limit that spatial variations are weak (see Ref. [1] for details). The solution of
Eq. (2) for the average DNA methylation is, (m(t)) oc t'+1/10=3 " Comparing
this results to the experimental observation where the exponent is 5/2 we
obtain that, 14+ 1/(1 — X) = 5/2 — XA = 1/3. This means that the enzyme
binding rate at a given CpG site decreases with the distance d to the nearest

bound enzymes according to a power law d~*. Specifically, if an enzyme



binds at a given site ¢, with the closest bound enzymes located at CpG sites

1 — L and i + R, respectively, the corresponding binding rate is,

1 1 3
|L|1/3 T |R|\/3° (3)

At this stage, the interaction kernel is a mathematical result with no im-
mediate biological or physical interpretation. To understand the biological
meaning of the inferred interaction kernel, we consider how the total binding
in a given genomic region centered around position ¢ scales with its size [.
To this end, we integrate the kernel over such a region and we find that the
cumulative binding rate scales as [>/3. The [*/3>-dependence is reminiscent
of the surface-to-volume ratio of any (non-fractal) three-dimensional object,
suggesting that the fraction of accessible sites for enzyme binding is propor-
tional to the surface of a region of compacted chromatin. Hence, this scaling
signifies a potential feedback mechanism between DNA methylation and local
chromatin compaction: in this picture, increased methylation locally reduces

accessibility, which in turn modulates further enzyme binding.

Transformation from sequence to physical space

To explicitly connect DNA methylation to chromatin conformation, in Sec-
tion III we mathematically derive differential equations describing the time
evolution of DNA methylation and chromatin conformation in the three-
dimensional, physical space of the cell nucleus. To this end, we develop a
geometrical, field-theoretical renormalization group framework.

The kernel derived above signifies that de novo methylation events locally



induce chromatin contraction, thereby generating a flux of DNA methylation
toward the newly compacted region. This physical picture motivates a tran-
sition from the one-dimensional sequence space (CpG coordinate s) to a one-
dimensional projection of the three-dimensional physical space (coordinate
x). In this mathematical representation, physical space is represented by
volumes, each described by the local methylation concentration. Assuming
isotropy, this new space can be seen as a one-dimensional projection which
is statistically equivalent to a full three-dimensional space. The local chro-
matin confirmation is described by a local, dynamic metric, which relates the
size of a volume in physical space to the (constant) volume of a CpG site in
sequence space.

In this representation, the stochastic dynamics of enzyme occupancy,
DNA methylation and chromatin conformation in the form of a local and
dynamic metric is again described by a master equation, Eq. (47). To quan-
tify how local variations in methylation affect chromatin conformation and
vice versa, we developed a geometrical renormalization group scheme. This
method is conceptually similar to elasticity problems in membranes or fila-
ments, where the local mechanical state depends on molecular concentrations
[2]. However, unlike those systems, where the mechanical forces are known or
imposed, here we do not enforce any specific mechanical constraint. Rather,
we compute chromatin condensation self-consistently from the behavior of
the DNMT3 interaction kernel itself.

To this end, we consider an unmethylated DNA segment. If a new binding

event locally induces chromatin compaction, a segment ¢ of initial length Az;



in physical space will contract according to,

where Ax; is a length element in volume ¢ in physical space and g; describes
the unknown metric representing the interplay between methylation and con-
formational chromatin changes. g¢; serves as the basis for the derivation of
the full dynamics in the physical coordinate x. The mathematical challenge
lies on the property that local changes in the chromatin conformation give
rise to coordinate changes in all other part of the system and thereby to a
large number of methylation fluxes, which is impossible to keep track of an-
alytically. The idea behind our geometrical renormalization group approach
is to rescale space and renormalize concentrations in such a way, that these
fluxes vanish.

The analytical details are given in Section III. As a result of this ap-
proach, we obtain the stochastic time evolution of enzyme and methylation
concentrations in physical space. Taking the continuum limit in space and
performing a mean-field approximation, we show that in this new projected
physical space the time evolution of enzyme concentration follows a partial

differential equation of the form,

Op(x,t) = d(z, )" + p(x, 1) 03d(,t) — r ¢, t)* (x,t) . (5)

The additional, anti-diffusive term —r ¢(z, t)* 92¢(x, t) counteracts the diffu-

sive term ¢(z, )3 92¢(x, t). Intuitively, because both terms scale differently



with the enzyme density ¢, there is a threshold value in the enzyme of methy-
lation density above which the anti-diffusive term dominates, leading to the
formation of condensates via a phase separation mechanism. By expand-
ing this equation around the homogeneous state (linear stability analysis),
we show that depending on the value of the parameter r, this equation may
exhibit a instability giving rise to patterns with a finite wavelength. The sys-
tematic modulation of the enzyme or methylation density in physical space
represent chromatin condensates.

From numerical simulations and parameter estimation (Methods section
of the main text), we find that this instability emerges when the average
methylation level exceeds approximately 50%, and that the resulting con-

densates have a characteristic length scale of approximately 5,000 base pairs.

Spatial correlation functions

In this section we summarize our analytical predictions of the spatial dis-
tribution of DNA methylation marks. We obtain these correlation function
from the stochastic description of the model as described in Eq. (10). We
present mathematical details in Section IV and V. The mathematical steps
follow the calculations we presented in Ref. [1]. Briefly, we make use of a
second-quantisation formulation of the stochastic systems, based on which we
develop a coherend-state path integral description of the stochastic dynam-
ics. Intuitively, in this description the probability that the system transits
from one state at a given time to any other state at a later time is given

by a sum over all possible paths that connect these states. These paths are



weighted by an action, similar to quantum field theory. We may therefore
use powerful mathematical tools from quantum field theory, such as pertur-
bation theory, Feynman diagrams or renromalisation group theory to obtain
correlation functions.

The application of renormalization group theory is complicated by the
fact that the interaction kernel naturally defines a length scale set by the
inverse of the average methylation level, 1/(m). Therefore, we cannot expect
spatial structures to be self-similar, as assumed in renormalization group the-
ory. We therefore calculated the correlation function in two different spatial
regimes which are each dominated by distinct physical processes. At short
genomic distances, the spatial structure of DNA methylation is dominated by
the active feedback between methylation and chromatin compaction. In this
regime, the connected correlation function decays according to a power-law

with an exponent of —1/3,

(m(s,t)ym(s',t))e ~ |s — s'|71/3) (6)

At larger separations, we need to consider higher-order interactions between
DNMT3 binding events such. To this end, we employ a renormalization
group technique [1] and find that correlations still decay algebraically but

with a different exponent,

(m(s,t)m(s',t))e ~ |s — s'| 710/ (7)

Although these exponents are already in good agreement with experimental



observations, they are derived from a one-dimensional theory, whereas DNA
dynamics occurs in three dimensions.

To incorporate these effects, we propose that the effective dimensionality
of the system depends on the mean methylation level, decreasing as (m) in-
creases. Intuitively, it can be understood in terms of the relationship between
DNA methylation and chromatin conformation. An increase in methylation
leads to chromatin condensation, and in the idealistic case a fully methy-
lated chromatin would imply a DNA which is highly compacted, effectively
decreasing its dimensionality.

The average DNA methylation does not change with respect to the di-
mensionality of the system, but the correlation functions does. In particular

the correlation function are modified,

14 (m)
]3—3’|_(%) , for |s—s'| <350/(m),
Cls—+5) = (8)
_ gy _y
|s — &| , for s —s'| >350/(m),

where the crossover between regimes occurs at the inverse of the mean
methylation level, 1/(m), and the numerical prefactor 350 is obtained from
dimensional arguments. The analytical form of these connected correlation
functions shows excellent quantitative agreement with experimental data.

Finally, we determine the shape of the cross-correlation function between
DNA methylation and chromatin accessibility a, as measured in our scNMT-
seq experiments. Assuming that chromatin accessibility is regulated locally

by DNA methylation, and neglecting higher-order contributions, we obtain

10



that the cross-correlation function obtains a stretched exponential shape,
(maaz) = alm) oxp (—Kali — 1) . (9)

which again matches the experimental observations. The exponent 2/3,
which enters the exponential form, is a consequence of the power-law cor-
relations of DNA methylation marks, which decay on small distances with
an exponent of —1/3. The prefactor K, in the exponent is proportional to
the typical inverse length scale of condensates. The amplitude factor a gives
the overall degree of compaction. Because the prefactor o depends linear
on average DNA methylation levels, this cross-correlation function can be
used to predict chromatin compaction from knowledge of DNA methylation

profiles.

11
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Introduction

The Supplementary Information is organized as follows. In Section I, we
define a general ansatz for the stochastic dynamics that governs the binding
kinetics of interacting enzymes. In Section II, we construct a coherent-state
path integral representation and infer the corresponding interaction kernel
from the sequencing data. In Section III, we demonstrate how an effective
description in physical space can be derived from the field theory formulated
in sequence space. Sections IV and V apply renormalization group theory
to obtain analytical expressions for spatial correlation and cross-correlation
functions. In Section V, we discuss alternative forms of the interaction kernel,

and in Section VI, we present details of the numerical simulations.

I Ansatz for enzyme—DNA kinetics

To infer the kinetics of de novo methylation from experimental sequencing
data, we begin with a general mathematical ansatz for DNMT3 enzyme ki-
netics. To this end, we first model the DNA as a one-dimensional lattice in
which each site represents a base pair. Because only a subset of sites are
cytosines in a CpG context (and thus able to be methylated), we adopt an
equivalent but more efficient description in which each lattice site corresponds
to a CpG. The genomic distances between CpGs will then later be encoded in
a position-dependent interaction parameter. At each site, DNMT3 enzymes
can bind to the DNA and, once bound, methylate that site. In Section II

we show that other processes, such as independent unbinding events and po-
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tential demethylation, do not affect the predictions derived below and are
therefore omitted from the coarse-grained description.

The emergence of a non-trivial power law in the average DNA methylation
levels (Fig. 1, main text) and the power-law decay of methylation correlations
indicate that de novo methylation is a collective process involving interactions
among DNMT3 enzymes across extended genomic domains. We therefore
assume that the binding rate of DNMT3 at position ¢ depends on the presence
of bound enzymes in its vicinity. Specifically, if the nearest bound sites are j;

and jo, we write the binding rate as J; j, +J; ;,, where the two terms quantify

J1
the contributions from the left and right bound neighbours, respectively. In
the absence of heterogeneity, J; ; depends only on the distance between sites,
Ji; = J(|j —i|). Interactions restricted to the closest occupied sites on the
left and right effectively bound the range of J have been previously studied
at the mean-field level in [3]. The time evolution of the probability of a given

DNMT3 binding and DNA methylation configuration, P(D, m, ), follows a

master equation,

OP(D.m. 1 N N /-1 i i _
% :Z Z <H Jiir1 Divj | D[ D;P(D;,m,t) — D;P(D,m,t)]

Jj=1

+ methylation and unbinding processes,

(10)

where D and m are binary vectors for DNMT3 occupancy and DNA methy-
lation, respectively (e.g., D; = 1 if site ¢ is occupied, D; = 0 otherwise). The

vector D; is obtained from D by replacing D; with 1 — D;, and D; = 1 — D;.

15



Here N denotes the number of lattice sites. The interaction with the left
nearest neighbours has the same structure as the term shown and is abbrevi-
ated by “l.n.n.” In the context of de novo methylation, the nonlinear nature
of DNMT3 binding is supported by experimental evidence [4]. Since linear
and uncorrelated processes do not contribute, we can derive the marginal

distribution,

=Y P(Dm,t) P(m,1). (11)

By construction of the ansatz, P(D|m,t) = P(D,t), so that the master

equation for the marginal distribution retains the same structure as above,

aP D 2 Z Z Jisiti (H DH’J) D,[D;P(D;,t) — D;P(D,t)] 4+ lLn.mn..

i=1 [=i+1
(12)

Fragmentation analogy. As a side remark, the dynamics can be equiva-
lently formulated in terms of the creation of non-methylated domains. In this
analogy, a binding event between two already occupied sites corresponds to
a fragmentation that splits a domain into two shorter intervals. Restricting
attention to the first moment, our ansatz can be recast as the fragmentation

equation,

2t [T ay sty = oetw) — o) [Cayate -, (3

where ¢(x,t) denotes the number of domains of length = at time t. For a

kernel J(z,y) = 1/2*+1/y* and moments M, = [ dz c(z,t) 2, one obtains

16



Mairgr ~ t~(@FN/O+H) - The average occupancy (the zeroth moment) thus
scales as D ~ tV/O+D) - In what follows, we provide a rigorous derivation
of this result and of higher-order statistics (e.g., correlation functions) using

field-theoretical methods that go beyond mean-field arguments.

II Inference of de novo DNA methylation ki-
netics in sequence space

Having defined a general ansatz for the kinetics of enzyme binding, we now
infer the functional form of the interaction kernel directly from the sequenc-
ing data. To this end, we employ a coherent-state path integral formulation
of the master equation (10). By taking the semiclassical limit, we compare
the theoretical predictions for the first moment with experimental measure-
ments, and we further analyze the effects of additional processes that may
influence the dynamics of de novo DNA methylation, such as the processivity
of DNMTS3. Although the interaction kernel is inferred from the time evolu-
tion of the first moment, the same approach can be equivalently applied to

static measurements of the correlation function.

II.1 Coherent-state path integral formulation of the

master equation

We now construct a path-integral representation of the master equation that
allows us to compute the first- and higher-order moments of the dynam-

ics. Before proceeding, we introduce a Fock space in which the probability

17



distribution is expressed as a state vector,
|P(t)) =Y PD,t)al™ ... al7™|0). (14)
D

Here, aj» and a; denote the creation and annihilation operators, respectively,
associated with enzyme binding at the site ¢, and D; represents the number
of enzymes bound at that site. These operators act on the local occupation
number basis |D;) as,

al|D;) = |D; +1),

(15)

and satisfy the standard commutation relation [a;, al] = 1.
Using this notation, the master equation can be formally rewritten in

operator form as,

0| P(t)) = —H[P(t)) (16)
where the generator H is,
N N—i [1-1 A A
H=— Z (H Jiip1(1 — azﬂ-aiﬂ)) ajHaHl [CLI(;Di,O —dp,o) +lnn..
(17)
The operator 5 D, enforces a single-occupancy constraint: it equals 1 if no

enzyme is bound at the site ¢ and 0 otherwise. The expectation value of an

arbitrary observable A(D,t) can be calculated as [5],
(A(D,#)) =Y AD)P(D,1), (18)
D

18



which can equivalently be expressed in operator form as

(A(D; 1)) = (0] He‘”A(D)IP(t)% (19)

Here, we have introduced the coherent-state basis (0]e?, which is a left eigen-

state of the creation operator af,

— (0
(0le®a’ = Z %a”cﬁ = (0|e”. (20)

n=1

Within this coherent-state representation, we can write the identity as

1= /olgbclgge—‘f’@5 e®10)(0]e%® (21)

which will be used in the following to construct the field-theoretical rep-
resentation of the master equation. To account for the single-occupancy
constraint, we need to determine how the b} operators act on the coherent
states. Following the rules in [6], the expectation values of these operators

are,

(Glatdiml6) = - b (o)™ e,

ﬁ ¢ (po)™ e ; (22)

(Gp)™ 9.

<¢|a’(§ﬁ,m‘¢> =

1
m!

(B]0nm|0) =

Finally, the formal solution of the master equation can be written compactly
as,

|[P(t)) = e~[P(0)), (23)
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where | P(0)) represents the initial probability distribution of enzyme-binding
configurations at time ¢t = 0. Following Ref. [1], any observable, such as the
average DNMT3 occupancy or the mean DNA methylation level, can be

expressed as,

with the action,

7

b0 = - Yot + [0 Y (oo Hisa] . @)

and the generator H;,

N—i I-1
Hp,¢] = (1 — §;)e s [Z H Jii41(0) Giridisi(1 — Pitj) + l.n.n.] :

=1 j=1

(26)
To compute correlation functions, we first define the generating functional

of correlations, Z[h, ¢, ¢],

Z[h, ¢’ Qﬂ _ /D[h, ¢7 Qg] 6—5[¢,Q§}+f0yds fo'fdt [h(s,t)¢(s,t)+71(s,t)q§(s,t)] . (27)

Expectation values of products of observables, such as correlation functions,

can then be obtained as functional derivatives with respect to the auxiliary

20



fields h and h. As an example correlation functions are derived as,

(6. )6(y. 1)) = 0 Z:0.9]

~ Oh(s,t) Sh(y,t') heo (28)

II.2 Semiclassical limit of the field theory

We now infer the functional form of the interaction kernel for enzyme binding
from the semiclassical solution of the field theory. To this end, we consider
a general class of non-local kernels of the form J;;1; = 1/I*. Analogous
calculations can be performed for local or exponentially decaying kernels. As
a first step, we rewrite the Hamiltonian (26) in the continuum limit. We
first make use of Riemann integration, such that the spatial sum ). As is

replaced by [ds. The generator H in Eq. (26) becomes

N N—s n R
H[é’ = J(1 — é(s))e*‘f"f’ {/0 dy (s + y;sf(s +v) o Sz dst2)6(s+2)

+ /de ¢(S - y;ib(s - y) e JJdz gi;(sz)¢(sz):|
0

Y

(29)

where we have specified the binding kernel for a generic long-range process
as Ji () = liA and assumed uniform binding rates throughout the genome.
Expanding the exponential terms to first order, and retaining terms up to

second order in W

, while extending the integration limits to infinity,
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yields

9 (po)
0s?
(30)

H[d,¢] = JT(1 = A)(1 = d)e | 2(d)* + (66) (2 — 31+ \?)

Path integral over the action is dominated by the minimum of the action.

We therefore employ a saddle-point approximation and minimize the action,

sS
5¢(z)

This yields a partial differential equation that governs the time evolution of

] s)=1 = 0, enforcing probability conservation by setting (;5(:13) =1 [5].

the DNMT3 binding field ¢(s, t),

99(s)

praie ¢(s)* + D p(s)" 7 02(s) +n(s, 1), (31)

where t = 2JtT'(1 — A) and D = (273;—H2) > 0.

In the hard-boson path-integral representation used here, Eq. (29), the
exponential term exp [— Oydz q3(3+z)gz5(s+z)] can be approximated, for
slowly varying fields, by e‘y(d;(s)d’(sn, where ($(3)¢(3)> denotes the average
product of the fields. This approximation introduce an effective exponential
cutoff in the interaction range, such that correlations decay beyond a char-
acteristic length scale ~ y~*. The interpretation of the exponential term as

a screening term, justifies the expansion used above and the extension of the

integration limit.

I1.3 Inference of the interaction kernel

To infer the interaction kernel J; ;;;, we compute first- and higher-order mo-

ments of the local methylation density m(s,t), which, in the semiclassical
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limit, follows from dym(s,t) = k¢(s,t). Once we compute these moments
for a general class of interaction kernels, we can match the resulting the-
oretical predictions with experimental data to infer the functional form of
interaction kernel between enzyme binding events. Here, we focus on the
time evolution of the first moment of the global DNA methylation level,
m(t) = ~ SN m(s,t). Predictions for higher order moments will be used
later to validate our results. An equally feasible approach would be to infer
the interaction kernel directly from higher moments, such as the correlation
functions in Eq. (80), and to use predictions for the time evolution of the
first moment to verify the inference. To begin, we sum Eq. (31) over all sites
to obtain a differential equation for ¢(t) = + SV é(s,t), which is solved
by,

o(t) = /0N (32)

Taken together, the average level of DNA methylation increases according
to,

11—\
m(t) = m(t = 0) + k ;— /A=A (33)

Therefore, to match the experimentally observed exponent of 5/2, we find

that A = 1/3, and the inferred interaction kernel is,

Ji’iJrl - m . (34)

This means that the total binding rate at position i is given by 1/ li/ ‘41 / lllz/ 3,

where [;, and [r denote the distances to the left and right nearest bound

enzymes, respectively. The total binding rate in a region of size [ is then
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given by the sum,
-1

[+ =] @

s=1

which scales with the size of the genomic regions as [*/3.

II.4 Irrelevance of processive DNA methylation on large

spatial scales

In this section, we explain the origin of scaling as shown in Fig. 1D of the
main text. To this end, we show that on large spatial scales kinetic details
do not influence the statistical properties of our mode. We here derive a
renormalization argument for the case of enzyme processivity. Analogous
arguments hold for other processes. As shown in Ref. [7], in a simpler version
of our model, there exists a continuous phase transition to an absorbing state
for vanishing values of the enzyme unbinding rate, u, and for A > 1. In our
case, where A = 1/3, classical renormalisation group arguments cannot be
applied. We can, however, still investigate fluctuations around a steady-
state solution defined by a balance between binding and unbinding events, a
mathematical assumption required to avoid a trivial configuration in which
all sites are occupied. A term describing the unbinding of enzymes is of the
form H, = uzij\il(l — a;)0p,1, which results in a term inside the action,
uwd(dp — 1)e=*. From Eq. (30), dimensional analysis in momentum [k] and

time [7] yields,
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Note that we choose ¢ to be dimensionless. Moreover, the term accounting for
exclusion, e"z)‘z’, whose exponent must be dimensionless, has been implicitly
written as e~ following [8], where v = [k]~! is the discretization of the
lattice.

In spatial dimension d, we obtain from Eq. (30) a system of scaling rela-

tions,

which are self-consistent only for d = 1, yielding [J] = [k]'*"*[r]~!. This
scaling arises because the diffusion constant is not an independent parameter,
but depends on the local binding rate. We now show that the processivity
of DNMT3 enzymes becomes irrelevant under renormalisation. The term
representing processivity in the action has the form D0$8§¢, with scaling
dimensions [Do] = [k]72[7]~!. This term must be compared with the effective
diffusion term characterized by [J] = [k]'~*[r]7. Processivity is therefore
irrelevant for A < 3, which is satisfied in our case.

Although this argument is strictly valid in regimes where the binding and
unbinding of DNMT3 enzymes are approximately balanced, we do not expect

processivity to play a dominant role in determining the scaling behavior.
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IIT From sequence space to physical space

Having defined the kinetics of de novo methylation in the one-dimensional
sequence space, in this section, we derive an effective theory for the collective
dynamics in the three-dimensional space. As in our theory, DNA methylation
events do not introduce additional spatial correlations (Section I),in this
section we will use the terms DNMT3 binding profile and DNA methylation

profile interchangeably.

III.1 Derivation of the field theory in physical space

Before presenting a rigorous derivation of the effective time evolution in phys-
ical space, we first give a heuristic explanation for the structure of the re-

sulting partial differential equation.

I11.1.1 A heuristic motivation

Starting from the Langevin equation (31) in the low-noise limit, we make an
ansatz to study the flux of methylated CpGs in physical space, with coordi-
nate x. To begin, we rewrite (31) in terms of a field h(z,t) defined as the
perturbation around a global homogeneous average ¢o(t), ¢(x,t) = ¢o(t) +
h(z,t), such that, to second order in h(z,t), the corresponding Langevin

equation is simplified to,

Oh(z,t)
ot

=bh(z,t) + ¢ h(z,t)> + Do O*h(z,t) + Dy h(z,t) 9%h(z,t). (39)
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Here b, ¢=, Dy, and D; are constants from the Taylor expansion of Eq. (31),
with b = Ayt ¢ = 22022 Dy = D)%, and Dy = D(\ — 3)¢p~%.

In physical space, changes in DNA topology due to de novo methylation
kinetics lead to an additional flux term J that must conserve the total DNA

methylation,

oh

i bh(z,t)+c h(x,t)? + Do O?h(x,t) + Dy h(z,t) O?h(x,t) — 0,J . (40)

This flux can only depend on powers of h(z,t) and its spatial derivatives.
Purely algebraic terms in h(x,t) would correspond to active transport of
methylated sites in the nucleus, which we neglect. To lowest order, the flux

therefore takes the form,

where £ is Gaussian white noise with (§) = 0 and correlation ({(x,t) {(2/, 1)) =

2I'6(t — t') 6(x — 2’). Taken together, we find,

oh _ 9 2 - 2

i bh(z,t)+c™ h(x,t)*+(Do—D,) 0;h(x, t)+Dy h(zx,t) Oih(z,t)—0.&(x, ).
(12)

Therefore, according to this heuristic argument, the dynamics in physical

space is described by the Edwards—Wilkinson (EW) equation with additional

nonlinear terms, which are irrelevant under renormalisation. In the following,

we will derive rigorously the flux terms and the noise correlations.
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Figure S8: Geometrical renormalization group scheme for DNA compaction
after methylation of CpG sites (purple circles). The method consists of two
steps: first, after a methylation event the chromatin gets contracted (blue
dashed line). We then renormalise space such that the total length of the
system remain invariant (blue dashed line). With this procedure methylated
sites of neighboring domains (purple circles) effectively lead to a flux into the
contracted domain in physical space (purple arrows).

I11.1.2 Rigorous derivation of the dynamics in physical space

To systematically derive the dynamics in physical space from the inferred
kinetics in sequence space, we start from the partial differential equation de-
scribing the spatio-temporal dynamics in sequence space in the semiclassical
limit, Eq. (31). To begin, we determine how small length elements in physi-
cal space (i.e., a projected one-dimensional space) evolve in time for a given
position in sequence space. Based on this, we calculate the effective local
fluxes in DNA methylation density in physical space and employ a geomet-
ric real-space renormalisation scheme to absorb directed, non-local fluxes.
Specifically, we seek to define a function g; that describes the evolution of

length elements in a properly defined physical space with respect to changes
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in DNA methylation density,
0Az; = Az — gi(Ary), (43)

with initial condition Axz? = As. Here, As and Az denote length elements in
sequence and physical space, respectively. Let A&; be the length of a discrete
element in physical space. A DNA methylation event (coarse-grained) causes
a local compaction of the DNA. A length element after a binding event is
contracted by,

A = Ag (44)

In the absence of demethylation, continuous de novo methylation will there-
fore continuously compact the DNA locally, so that the total length of the
DNA in physical space, A = ). A¢;, decreases over time. This induces a flux
with a velocity that locally depends on the entire concentration field to the
left and right of a given position. To avoid such non-local complications, we
define a dynamical and geometrical real-space renormalisation scheme with
renormalised length elements Ax; such that the total length of the DNA,
L =", Ax;, remains constant in time. To achieve this, for a given de novo
methylation event, Ax; is first contracted according to Az, = Aa:? /3 and

then rescaled by Ax? = b Az, with a rescaling factor b > 1 given by,

Az + Ay + Az
A+ Axj,, + Az

(45)

After renormalising back so that the total length is unchanged, we find that

there is an effective flux of methylated sites which arises (Fig. S8) in the
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vicinity of the contracted domain. We then obtain an update scheme for the
concentration p; of methylated sites at position ¢, during each DNA methyla-
tion event. Specifically, the updated concentration at a given position, pf, is
given by contributions from the original concentrations and symmetric fluxes
from the adjacent left and right length elements,

Ax — bAZY/3

2Ax (46)

pi = pi + (pit1 + pi-1)

We now consider the joint probability P(p,t) of finding a given concen-
tration profile p at time ¢. On time scales much larger than those associated
with microscopic DNA methylation and compaction events, we define the
rate of de novo methylation in a given length element i as W(p;) = p with
A = 1/3. In this limit, the time evolution of P(p,t) is governed by a master

equation for the redistribution of DNA methylation marks in physical space,

o P(p,t) = Z [W(Pz —rpi-1) P(pi — rpic1, pic1 +1pic1, P, t)}

+ Z [W(Pz — rpiv1) P(pi = rpit1, pis1 +Tpiv1, P, t)] (47)
where r = (Az — bAz'/?) /(2Az) is a dimensionless parameter that describes
the effective flux of DNA methylation in physical space as a result of a methy-
lation event. Here, P(p,t) is the probability of a given density profile at time

t, and we use the notation in which, e.g., P(p;41 — 1, p,t) denotes the prob-

ability of profile p under the condition that at position ¢ + 1 the density
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equals p;11 — 1. The term W (p;) accounts for the DNA methylation rate,
W (p;) = p. This master equation can be rewritten in terms of lowering and

raising operators as,

0.P(p.t) = 3 [L P L+ L L 2| W(p) Plp.t), (48)
where the operators L act on functions to their right as L**i f(m;) =
f(m; & p;). The operator L~*i can be written as L; "' = e "Pi-1%: and
expanded as L; "' =1 —rp;_10,, + O(r?).

We now proceed with a linear-noise approximation of the master equation

by splitting the observable p; into deterministic and stochastic components,

pi=N¢;+VNn. (49)

Here, N is the system size. In this form, the operators become L; "' =

1—rN"Y2p,_ 10, +O(N~1). The terms on the right-hand side of the master
equation are, to lowest order in N (O(1/v/N)),

> 7 [6i-1(=0h + D) + Gisa (<0, + 0y) W) M) . (50)

)

As fluctuations in p are given by fluctuations in 7, we have dP(p) = dIl(n),
i.e., the probability distribution of the entire process is determined solely
by its stochastic part. We now take a continuum approximation such that

Onisr = Op(z) £ a0 0,0y (1), and likewise for ¢;+1, where ay is the lattice spacing.
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After these steps, we obtain for the right-hand side of the master equation,

/ do v 0,6(x, 1) 0, [W(qﬁ(m)) ‘512—7(7’7)} | (51)

Applying the same steps to the left-hand side of the master equation we

obtain to the same order in IV,

do(x,t) 61
dt  on’

0 P(p,t) = 011 — V'N a /dx (52)

Integrating by parts on the right-hand side and matching equal orders on
both sides of the expanded master equation, we arrive at a partial differential

equation describing the time evolution of the density field ¢(z, ),

Op(x,t) = —raf W(o(z,t)) 02¢(x,t). (53)

Equation (53) describes the flux of DNA methylation density in physical
space that is the result of local, methylation-dependent DNA compaction.
In general, the procedure described above modifies the functional form of
long-range interactions once projected to physical space. However, at the
mean-field level, such interactions yield a local term and a diffusion term
with potentially different nonlinear dependencies on ¢(z,t). Following the
sequence-space calculation in Section I, the exponents controlling these non-
linearities are not independent. Because the first moment (a genome-scale
average) must coincide in sequence and physical space, the local term, and
hence the diffusive term, must have the same functional form in both spaces.

Therefore, in physical space, the time evolution of ¢(z, t) is given by the com-
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bination of the terms present in sequence space and the additional term (53)
describing topology-induced flux. Substituting W (¢(z)) = ¢(x)*, we obtain

the partial differential equation for ¢(z,t) in the renormalised physical space,

0p(x,t) = oz, )" + d(, )" o (. t) — v §a,1)* Opp(x,).  (54)

Including the next order in the system size expansion yields a noise term
which, due to methylation conservation in the renormalisation procedure, is

entirely conservative,

0@, t) = ¢a, ) + d(x, )" 0ip(x, 1) — 7 p(x,1)* 03 (x, 1) (55)

+ n(z,t) + 0u[g(o(z,1)) E(z, )] + ... .

The noise terms have correlations (£(x,t) {(2/,t')) = 2I'c §(t—t') §(z—2') and
(n(z, t)n(2', 1)) = 2l ne f(¢(x,t)) 6(t — ¢') 8(z — 2’), where the latter arises
from terms proportional to ¢(x,¢)? in the field-theoretical description (29)
[5]. As we focus on perturbations around dynamical homogeneous solutions,
the specific dependencies in g(¢) and f(¢) are not required in the remainder
of our analysis. The partial differential equation for ¢(z,t) is structurally
similar to Eq. (31) but contains a new term —r ¢(x,t)* 92¢(z,t), which is
anti-diffusive by counteracting the diffusion term. We expect, that as ¢ in-
creases, this contribution can dominate diffusion and lead to the formation of
highly methylated regions in physical space. Although higher-order spatial-
derivative terms have not been written explicitly, they must be present. In

the next section, we investigate how such terms influence the emergence of
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methylation condensates. Taking into account perturbations of the previous
equation, ¢(x,t) = ¢o + h(x,t), we recover the heuristic form derived earlier

in Eq. (42).

II1.2 Formation of condensates in physical space

Eq. (55) highlights the emergence of new physical phenomena compared to
DNA methylation dynamics in sequence space. In this section, we will sys-
tematically investigate whether spatial structures emerge in physical space.
To this end, we study when a homogeneous field in physical space becomes
linearly unstable upon perturbations, which would imply the emergence of
a characteristic length scale resembling DNA methylation condensates. To
this end we take into account the next highest order term in ¢, ed2¢, which
describes restoring forces counteracting DNA compaction at a finite length
scale. Condensation occurs if a spatial perturbation, d¢, of a homogeneous
solution, ¢, is unstable. Following standard procedures [9] we linearised
Eq. (54) and made a general ansatz for the time evolution of the field ¢(x, )

upon perturbation with wave vector k,

o(x,t) = o + "¢ . (56)

The homogeneous state is unstable if w > 0. We obtain a dispersion relation
that relates the rate of growth of the instability to the wavelength of the

perturbation of the form

w(k) = )\gbé_l — ( 8_3 — Tgb{)\) K — egb{)\k:4, (57)
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which is depicted in Fig. S1 for a fixed value of r and varying values of ¢y.
Clusters of methylated DNA can form if the maximum value of this function
is greater than zero for finite values of k. This latter condition is ensured by
the second derivative being negative. We find that the homogeneous state
becomes unstable if ¢g > r~5. The strongest growing mode at the point of
the instability is k = \/r(b%i—l / (\/@qbg/ 2) , which gives an indication of the
expected typical length scale of the resulting pattern. In summary, we expect
an instability to arise in the form of finite size methylation condensates if the
average DNA methylation concentration, ¢g, exceeds a threshold given by

r

Wl

II1.3 Order of magnitude estimate of condensate sizes

As the precise values of r and e are unknown, the linear stability analysis
cannot be used to identify the length scale of the predicted methylation
condensates. To get an order of magnitude estimate of these condensates,
we therefore resort to dimensional analysis. There are three length scales
involved in the formation of methylation condensates corresponding to the

parameters that determine the dispersion relation in the previous section:

1. The typical distance between methylated CpGs, l5,,c. For an average
CpG density of roughly 1% and an average DNAme level of 50% we

estimate that [5,,c =~ 500 bp.

2. The typical length scale over which the DNAme locally affects DNA
compaction, l.. From the cross-correlation function between DNAme

and accessibility, we findl, ~ 1000 bp, cf. Fig. S3B (Main text). We
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expect that this length scale positively affects the size of condensates.

3. A length scale describing the restoring force that counteracts DNA
compaction, .. We expect this to be of the same order of magnitude
as the persistence length of the DNA, [, &~ 100 bp, and to negatively

affect the size of condensates.

Together, in order to create another length scale reflecting the typical size
of condensates from these three length scales, we find | =~ l5,,cl./l. which is

approximately equal to 5000bp.

IV Derivation of the correlation function

In this section, we give details on the calculation of the correlation func-
tion. To illustrate the idea behind the renormalisation group procedure, we
will first, for didactic reasons, calculate the correlation function of a sim-
plified model in physical space, Eq. (42). In a second step, we will then
turn to the non-local dynamics in sequence space. The (connected) correla-
tion function for the enzyme binding profile are defines as, (¢(x,t)p(x', 1)) —
(op(x,t)){(p(2;t)), and, since the step involving the actual chemical modifi-
cation of the DNA does not introduce further spatial correlations, it is equal

to the correlation function of the DNA methylation profile.

IV.1 An instructive example in physical space

To compute scaling exponents of the correlation function, we begin by per-

forming renormalization of Eq. (42). The idea of the renormalisation group
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in momentum space is as follows: First, we transform the equation to be

renormalised to Fourier space,

k) = Golko) |elh)+ [ [ Wik hante = .0 -w) 69

with h(k,w) = [dx [dth(x,t)e™ et vertex W(k,q) = Dy (k—q)?, propa-
gator Go(k) = (iw + D0k2> B and Dy = Dy— D.. The integral over momenta
k must be taken in (0, A) (Brillouine zone), where A is the inverse of the lat-
tice spacing (1 base pair). First, we divide the interval & € (0, A) into two
different intervals, k € (0,Ae™!)) and k € (Ae™!, A), with [ < 1. The reason
for this is that integrals arising from the self-consistency equation (58) are
often divergent as k — 0 below the critical dimension. In the following, we
will discuss Wilson’s momentum-shell approach to deal with this problem
of infrared divergences. The first step is to integrate out short wavelengths
(high momenta) on the momentum shell k& € (Ae™!, A), leaving us with an
integral over (0, Ae™!). In a second step, we rescale momenta by k — ke~ to
make length scales comparable, which again implies a corresponding rescaling
of other dimensional quantities in order to leave Eq. (42) invariant. Defining

b = €!, the rescaling step gives
t=0vt, x=0x", p=0bp . (59)

In order to perform the integration on the momentum shell we perform stan-
dard renormalisation group procedures [10] by perturbatively solving Eq.

(58) for h(x,t) and quantities derived from it, such as the propagator, corre-
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lator and vertex. These perturbative solutions can be represented in terms
of Feynman diagrams as in Fig. S9. Every vertex represents an integral over
momenta, the sum of which must be equal to zero. After evaluating these
diagrams we get the following flows for the parameters (other parameters be-
come irrelevant for the exponents under renormalisation, e.g. terms in higher

order spatial derivatives),

81150 = [Z — 2] D[)
oDy =[z+x 2Dy (60)

alFCI[Z—2X—d—2]Fc,

All quantities are computed in the limit of long time scales, w — 0, and in
the following, we will drop the explicit dependence on w.

In the hydrodynamic limit, & — 0 all integrals over the momentum shell
are equal to 0 leading to an exact exponent identity in all spatial dimensions.
In particular, the correlator, Cy(k) = 2T.|Go(k)|?, scales as k? due to the
conservative nature of the noise. The correlator gets a contribution to the
one-loop order of k* as one vertex scales like W ~ k? (Fig. S9). The
same correction applies to the vertex renormalization. More interestingly,
the propagator does not get renormalized, meaning that mean field theory is
exact at any dimension [12]. We then have z = 2 and substituting this in the
renormalisation flow for the the correlator we obtain x = —%l. Given that
(p(z,t)p(x',t)) = |z — 2/|*XF(x/t?), we find that the equal time two-point

connected correlation function should scale as c(z, ') ~ |z — /|7 for d = 1.
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Figure S9: (A) Graphical representation for the bare propagator (Gy), cor-
relator (Cp) and vertex (Wp) which are the basic building blocks for the
renormalization group calculations.. (B, C, D): one loop corrections to the
propagator, correlator and vertex respectively. The corrections are equivalent
to the KPZ equation [11] and are computed as in [1, 10].
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IV.2 Renormalization group analysis of the full non-

local kinetics in sequence space

To compute correlation functions and scaling exponents in sequence space
we might try to obtain them directly from the field theory. However, such an
approach is not feasible and gives exponents that are not in agreement with
our numerical simulations (calculations not shown here). The reasons for this
are two-fold: First, the field theory is not massless and can be massless only
without de novo DNA methylation. A theory where the mass term is always
non zero is not scale invariant and so we will not be able to find critical expo-
nents as observed experimentally and in the simulation. In order to overcome
this problem we may try to do a change of variables in the action Eq.(29),
making a Hopf-Cole transformation around a dynamical mean field solution,
such that in that reference frame the theory is massless. Even though the
theory will be renormalizable, the exponent does not match our stochastic
simulations (calculation not shown here). One reason for the failure of such
an approach is that we would need to consider perturbations of any order in
the field theory and a one-loop calculation will not be sufficient. The sec-
ond and main reason of the failure is that, after expanding around a base
state integrals of the form (29) cannot be approximated without losing the
length scale, 1/(¢), associated with the effective cutoff of interactions. The
key insight to calculate the correlation function is that Eq. (29) gives rise
to two spatial regimes in sequence space: for short distances interactions are
long-range following a power law decay with exponent 1/3 while for distances

much larger than 1/({¢) interactions decay exponentially and are effectively
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local. In the following, we will therefore derive the correlation function sep-
arately for these two regimes using renormalisation group methods, and we

will confirm these results with numerical simulations.

IV.2.1 Short distance regime

The following calculations can be found in [1], here we give the connection
between the theory and the physics of DNA methylation in sequence and
physical space. We start by noticing that the local non-linearities are irrel-
evant under renormalization for conservative noise in the action (26). Im-
portantly, conservative noise is present not only in physical space, but also
in sequence space. This is due to the fact that noise can generally be de-
rived from the field theory (29) by identifying terms that are proportional to
¢22. In the expansion of the action these terms are both non-conserative, i.e.
proportional to ¢2 and conservative, i.c. proportional to ¢20%¢. In order to
develop a method capable to describe the short-distance regime we consider
the action (29) and, after taking the semiclassical approximation, we expand

it to first order in ¢, and 0,

Oro(s,t) = /S dy ¢(y)|s—y| e dwmr/ dy 0, p(y)|s—y|' e S0 =0
0 (61)
where s is the position in sequence space. For the sake of brevity, we omitted
the noise terms and integrals of the same form describing interactions with
the right nearest bound site. The interaction kernel Eq. (29) has the form
|s —y| e Ji=0 42¢()  with A = 1/3 in the case of de novo DNA methylation.

By considering a perturbation h(s,?) around the mean field solution, ¢,(t),
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ie. @(s,t) = do(t) + h(s,t), Eq. (61) can be expressed to first order as

=Y

(9,5(25 t +ath ,t = o(t) sd Pt — A |:1 —

0( ) (S ) ‘ /0 Y O< )‘S y| /zO
—¢o(1) Sd h —/\{1 syd h ]—{—h...
e /0 yh(y)ls —y| /Z zh(z) o

dz h(z)] +

=0

(62)

The first two terms on the right hand side cancel with the first one on the

left hand side, which is the dynamical mean field solution. Together, we find

sS—

Dih(s,t) = e 90® /O dyh(y)|s — y| ™ [1 —/Z e h(z)] +ho.. (63)

=0

After a change of variables, w = z 4+ y, we obtain

Oih(s, t) —6%“)/ dy h(y)|s —y|
0

S S (64)
a0 / dy / dw h(y)|s — y] ™ h(w — y) + £(s,1)

In this expression we recognize the convolution of a fractional integral of
a function and the function itself. As discussed in the beginning of this
section, the noise, (s, t), for the perturbation h(s,t) has the same form that
we derived in the previous section. Specifically, the equation contains both
conservative and non conservative terms, (£(s,)§(s,t')) = §(t — ') (2T yo —
2I'c0?)d(s—s'). Tc and T yc are the noise strengths for conservative and non
conservative noise, respectively. As a side remark, while in the case of only
conservative noise the non-local and non-linear term becomes relevant under

renormalisation below a critical dimension d. = 2(2 — A). If we consider
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only the non conservative noise term, the critical dimension of the system

is d. = 2(3 — A). The non linear term is a fractional integral which general

form is,
1
1°f = — [ (z —y)*? 65
F= g [l =) (65)
where I'(«) is the gamma function. Upon identifying & — 1 = —\ in Fourier

space the value of this integral scales as ¢~

In order to regularise the theory we introduce an auxiliary process. The
lowest order spatial derivative consistent with the symmetries of the theory is
02¢. Taken together, taking into account interactions with the right nearest

bound site we obtain in Fourier space
ah(g,t) = (VP — @) hig,t) — ¢* e ®Oh(q,t)* + £(q, 1) . (66)

From the dynamical mean field solution of the first moment, Eq. (32), we

e[_t 1/(17>\)]

know that e=%0() = . In the frequency domain, we then obtain for

small times, t — 0 or w — o0,

iwh(q,w) = (¢ = ¢*)h(q,w) — ¢ ' hg,w)? + &(q,w) . (67)

As a side remark, the inverse free propagator is Gy ' = iw +¢* — ¢* !, which

is defined based on the linear part of Eq. (67),

(iw +¢* = ¢*") higw) = E(q.w). (68)

43



and the correlator reads
Co= (QPNC + 2F0q2) |G0‘2 . (69)

Continuing with our analysis, the general solution of Eq. (67) obtains the

form

1-A

hiq,w) = q2J (—q2 + ¢ AP+ (2 — ) Fiw — iw) . (70)

In Fourier space, the two-point correlation functions are defined as (h(q,w)h(q',w")).
In the short time and large wavelength limit we keep the lowest order in q.

Back Fourier transforming to real space and setting ¢t = ¢’ we find that

(h(s,O)h(s, 1)) = {2 (|s — )T + Tne (1 + >\)> s — /| 2 Xcos(rA) /2m)] ,

(71)
where I'(A) is the gamma function. We therefore obtain for the scaling of the
correlation function (h(s,t)h(s',t)) ~ |s — ¢/| * with A = 1/3 in the case of
de novo DNA methylation.

We expect that higher order corrections to this result will depend on the
parameters of the model, in particular on average enzyme occupancy, ¢o. In
order to understand this point, we may reason that the previous derivation is
exact at low values of the average occupancy, ¢q, whilst for larger values of ¢
we expect higher order corrections to become relevant. As explained above,
in the context of spatial correlations, we use the terms enzyme occupancy
and DNA methylation synonymously.

To understand such higher order corrections it is convenient to temporar-
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ily consider the correlation function in non-renormalised physical space, and
then transform back to sequence space. We begin by noting that in sequence
space the correlation function decays as |s — s'|~/3 for vanishing values of
average form, local DNA methylation. In non-renormalised physical space
for vanishing average DNA methylation the correlation function must scale

|=1/3. We now consider

in the same way as in sequence space, i.e. ~ [ — ¢
the effect of n DNA methylation events. According to Eq. (44), this leads
to a contraction A& = A¢~1/3" Going back to sequence space, where the
length elements scale as As ~ A&, we obtain that the correlation function

|-/ 3" n is a monotonically increasing function of the

decays as |s — ¢
local average DNA methylation level and vanishes for ¢y — 0. Expanding to
first order, we obtain approximately n ~ a¢g + ... where « is a parameter
that we determined to be approximately equal to 1 numerically. Correlation
functions then scale as (h(s,t)h(s',t)) ~ |s — /|13

From the bare propagator and correlator in Eq (69) we find that in the
short wavelength regime diffusion takes over and in case of conservative noise
we expect correlation functions to be described by other exponents. By di-
mensional argument as in the previous section it is possible to realize that
there is another value for the critical exponent, y = —(1 4 d + \)/3, which
follows from taking into account higher order non linearities and it will be the
correct exponent for the long tail of the correlation functions. In the follow-

ing, we are going to prove this simple scaling argument with renormalization

group methods.
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IV.2.2 Long distance regime

In order to calculate the exponents for the long distance regime we begin with
Eq. (61) which, as above, is regularised by including the lowest order spatial

derivative that is agreement with the model symmetries. After linearisation,

Oih(s) =0h(s) + / dyh(y)ls —y| "+
s " 1 (72)
- /O dyh(y)ls -y {h(S) = (s = y)50:h(s) | +&(s,1).

where we used f: ds f(s) ~ (b—a)(f(a)+ f(b)/2.

Before proceeding with renormalisation, we have to take into account
other possible non-linearities. We started by considering the linear order in
¢ and we obtained an equation (Eq. (72)) involving quadratic terms, ¢?, due
to the expansion of the integral. We must therefore come back to the field
theory Eq. (29) and keep quadratic terms as well. The only quadratic term

in the field theory is

(1-66)) (~ots16(s)) [ [ ay D) i
0 )
(73)
After functional minimization, it has an opposite sign, such that both terms

cancel out. This is not surprising because the symmetry of the system would

not allow a term that breaks space reversal symmetry s — —s. Together, we

find

Oih(s) = O2h(s) +/OS dyh(y)|s —y| ™ + % /OS dyh(y)|s —y|*> *0sh(s) +£(s, 1) .
(74)
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Considering interactions between right and left nearest neighbour, the ad-

vective terms cancel out. Including the next highest order terms we obtain,

0unls) = 9Eh(s) + [ duh(wls ol + 50(s) [ duh)ls = o +€(0).

0 0 -
The previous calculation can be generalized to any spatial dimension, ex-
tending the previous equation with a spatial coordinate in vectorial form, s.
In Fourier space the previous equation is written in a more compact form

useful for renormalisation group calculations,

Gola) " hlq,w) = E(q.w) — v / W(aKh(qwhk - qw),  (76)

where h(q,w) = [ds [dth(s,t) e e™" Gyt = (iw + Dog® + J|g|™). We
reintroduced the dimensional parameters from the adimensional Eq. (76) be-
cause we are interested in how they scale under renormalization. In Eq. (76)

we defined the vertex, which accounts for the non linear part, as

van-d[a e

In the limit k — 0 (hydrodynamic limit) it scales as k, which implies non

renormalization of the vertex function. The renormalization group (RG) flow
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follows,

81D0:[z—2—|—AD0]D0,
ov=z+x—2+B-N)]v,
(78)
81FC:[2—2x—d—2+ApC]FC,

811“]\;0 = [Z — 2X — d—|— AFNC] FNC~

IV.3 One Loop correction

After performing standard renormalization group procedures as outlined in
the previous section, with the same diagrams as in Fig. S9, we recover the

RG flow for the parameters,

KdV2
alD(): 2—2——3[(d—2)FNc+(d—3)Fc] Do,
dD;
ov=[z+x—2+B-N)]v,
> (79)
OTo = |2 =9y —d—2— (| L q)(Tyo +Te)?| T
Lo X 2dD§FC NC C C s

O'ne =2 —2x —d] T'ne,

where Ky = S;/(27)? and S is the area of a d dimensional sphere.

From the non renormalization of the non conserved noise and of the
couplings we get the exact exponent identities y = (=1 —d+ \)/3 and
z = (=2+d+2))/3. Ind = 1 and for long distances, correlations de-
cay with an exponent 2y = — 10/9. By performing the same procedure as
for the short tail, we can estimate the lowest order correction given by finite
values of local average DNA methylation. In this case correlation functions

for the long tail would scale as |s — 3’|’(10/9)1+<m>.
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Taken together, we find that the correlation function in sequence space

decays in two algebraic regimes,

1\ 1+(m)
|s—s’|7(§> , for|s—s| < 1/(m),
C(s—4') = (80)
0)1+<m>

|s—s’\_(? , for|s—s|>1/(m).

Jun

The cross-over between these regimes stems from an effective exponential cut-
off of the long-range interactions. The position of the cross-over scales with
the only length scale in the system, the typical distance between neighboring
methylated CpGs, 1/m, and, intuitively, separates a regime dominated by
active feedback between DNA methylation and topology and a regime char-
acterised by passive, conservative fluctuations. The numerical prefactor of
proportionality between the position of the crossover and 1/(m) depends on
the statistics of distances between neighboring CpGs in base pairs. We de-
termined this prefactor using stochastic simulations of the disordered system
representing the actual CpG positions in the mouse genome (see below) and

found that the position of the crossover is approximately equal to 350/(m).

V Derivation of cross-correlation functions

To derive the cross-correlation between DNA methylation we begin with
the master equation (12) and introduce a complementary binary vector a,
a; € {0,1}, which describes whether a site 7 is accessible (a; = 1) or not

(a; = 0). We then couple this vector to the DNA methylation dynamics
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in the simplest form compatible with our model interpretation in physical
space. We begin by considering the expectation value of the product m;a;

and for notational simplicity assume ¢ < j,

P(a; = 1|m; = 1) cannot be computed directly as it implicitly depends on
other values of a and m. To proceed, we therefore in a first step “integrate

in” the random variable describing accessibility at position a;_1,
(miaz) = " Plaglaj_y,m;)P(a;_1|m:) P(m;). (82)
aj—1
Applying this step for the second factor we find

(miaj) = > Plaj=1]aj1,m; = 1) (83)

aj—1,a5-2

P(aj_1]aj_a,mi)P(aj_s|m; = 1)P(m; =1). (84)

Repeating these steps |j — i| times, for the sake of simplicity writing P(m; =

1) as P(m;)), we obtain

(mia;) = Z P(ajlaj_1,m;)P(a;—1|aj_o,m;) - ... P(a;lm;)P(m;). (85)

a,1<k<j

We are still not in a position to give physical expression for the conditional
probabilities as they have an unknown dependence on m;. For simplicity,

we for now assume that the mechanical coupling between base pairs is much
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stronger than the coupling of DNA methylation marks,
(mimi+1> < <(ll'ai+1> . (86)

Therefore, P(aj|a;—1,m;) =~ P(a;|laj_1) for i # j. We will elaborate on this
assumption in more detail below.

In the model, the probability of binding decays according to Eq. (34).
The physical interpretation of this kernel was that it reflects the binding
probability of enzymes a site being compacted. Therefore, in our model, the
probability that a site is compacted decays with the distance to the nearest
methylated site to the power of —1/3.Therefore, in order to reflect this kernel,
the conditional probability P(a;|a;_1) should decay as P(a;|a;—1) o< aj_1(1—
K,/k*) (where a;_; plays the role of a delta function). Taken together, we

then obtain

|5 —il
(miaz) = P(ma) Plasm:) [ <1 - %) | (87)

k=1

In our derivation we implicitly assumed that the conditional probabilities
P(a;laj_1) do not explicitly depend on DNA methylation values at positions
other than 7. In principle, in order to obtain simple expressions for the
conditional probabilities we would have had to not only sum over intermedi-
ary positions in the accessibility vector, {ax}, but also over all positions in
the DNA methylation vector {my}, ultimately giving a sum over exponen-
tially weighted paths between m; and a; (Fig. S10). In the limit, where the
mechanical coupling K, is much stronger than the coupling between DNA
methylation events this sum over exponentials is dominated by the path with

the highest contribution of K,, the orange path in Fig. S10.
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m;

Figure S10: Possible interactions for the epigenetic state in i (m; in this
example) to the one in j (a;), where m and a are CG and GC methylation
respectively. We highlight in orange the dominant contribution to the cross-
correlations for the state ¢. The dashed blue and green line represent different
sub-leading contributions.

With P(m;) = (m;) and defining the local coupling between DNA methy-

lation and accessibility o = P(a;|m;) we finally obtain
(mia;) = a(m) exp (—K,|i — j]2/3) . (88)

In summary, we find that the strength of cross-correlation is linearly pro-
portional to the average DNA methylation level. The prefactor a(m) is thus
a measure of the local compaction of the chromatin. Within our approxima-
tions this is linear with respect to the DNA methylation. By contrast, the
length scale of the decay, K 3/ 2, is independent of average DNA methylation.
Both results, as well as the functional form of the cross-correlation function,

are in good agreement with the experimental data, Fig. 3e of the main text.

Results for different interaction kernels

Relying on field theory and geometric arguments, our procedure can be

straight forwardly applied to different classes of interaction kernels. We here
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gave detailed calculations for the most difficult scenario involving non-local
interactions. The same steps can be applied to general enzyme-DNA kinetics
involving short-range interactions (such as processivity or oligomerization) or
only local non-linearities (cooperativity). As the corresponding calculations
involve subsets of the steps outlined here, we do not present them here and
refer for the solutions for the first moment and correlation functions to Table

1 in the main text.

VI Stochastic simulations

To test the validity of our analytical results and their dependence on disor-
der in CpG positions, we performed extensive stochastic simulations. These
simulations were performed by integration of the master equation Eq.(10)
using Gillespie’s algorithm [13]. For the reasons outlined above, linear and
uncorrelated processes do not influence the exponents. Therefore, we do not
considered unbinding and demethylation processes. We used dimensionless
units where the binding and methylation rates are set to (J, k,,) = (1, 1), re-
spectively. We performed simulations on a one dimensional lattice, where for
the distribution of distances between neighboring CpGs was sampled from
a distribution resembling the empirical distribution taken from chromosome
1 of the mouse genome. For all simulations, we set the lattice size to 10°.
The simulation of Eq. (55) (Fig. 2F of the main text) is performed with
the package xmds2 [14], which performs a pseudospectral integration of the

stochastic PDE.
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