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S1. ROLE OF DISORDER IN THE WC FORMATION

As discussed in the main text, the WC in the investigated WSes monolayers is exceptionally stable, persisting to
large electron densities that correspond to 7 as low as 10 — 15. Based on numerous studies of electronic solids in other
platforms [S1-S3], including recent scanning tunneling microscopy (STM) experiments on TMD-based systems [S4, S5],
we attribute this WC enhancement to the effects of disorder, which can support nucleation of local crystalline order.
Such disorder pinning suppresses long-range order, markedly elevating the critical density threshold for the formation
of a WC with short-range correlations [S6, S7]. A direct consequence of this process is an increase in WC melting
temperature, consistent with the high T, ~ 30 K revealed by our experiments. Concurrently, the finite WC correlation
length €.y introduces an uncertainty in the reciprocal lattice vector kw within the optical excitation spot, which
gives rise to a broadening of excitonic umklapp resonances, as shown in Ref. [S8] and schematically illustrated in
Fig. Sla.

We find that similar disorder-driven broadening also affects the WP resonances. Fig. S1b compares theoretically
calculated spectral functions of AP and WP resonances for WCs with various €corr at e ~ 5-10'"' cm™2. To facilitate
comparison with experiment, the resonances in all calculated spectra are subject to a fixed broadening, which sets
the AP linewidth in the clean WC limit to approximately 1.5 meV. The effects of disorder are approximated by
assuming that the WC lattice constant follows a Gaussian distribution with mean awc and standard deviation oq,
corresponding to a correlation length &eorr ~ a3yo/204. The spectral function of a disordered WC is then obtained
by averaging over disorder realizations, corresponding to different lattice constants drawn from this distribution.
As expected, while the AP linewidth is barely affected by this WC disorder, the WP broadens substantially with
decreasing &corr. We note that already in the clean limit (§corr = 0), the WP is about two times broader than the
AP due to many-body effects, but its linewidth further increases by a few times for a disordered WC with &.o, of a
few WC lattice constants. Although our simplified model neglects possible interference effects between WC regions
with different lattice constants, these results demonstrate that WP signatures persist even for WCs with suppressed
long-range order.

Consistent with these theoretical predictions, the WP resonances in our experiments exhibit markedly larger
linewidth compared to their AP counterparts. To analyze this effect, we employ the TM formalism discussed in Meth-
ods Sec. 5 to extract nonradiative broadening y\VF, of the triplet WP, taking advantage of its prominent separation
from other resonances in the optical spectra. As seen in Fig. Slc, this energy is a few times larger compared to 'yigd (ne)
obtained for the corresponding APt resonance. Assuming that excessive WP broadening Avn,aq = VrYYgf)d — ’yfrgd arises
exclusively due to the WC disorder, it can be related to a local variation dkw of the reciprocal WC lattice vector
as AVnrad ~ Okw - O(ABwp. /Okw). Given that AEwp, ~ At + AEy, where AEy, = h%kd,;/2mx denotes kinetic
energy of Bragg-scattered exciton, we obtain dkw/kw ~ Avnraa/2AFEuy. In view of the existence of additional WP
broadening channels, such as those arising from many-body interactions, the inverse of this quantity provides only
an approximate lower bound for the WC correlation length &.orr/awe. As shown in Fig. S1d, this value is of the
order unity at low densities and increases for larger n., where the WC unit cell shrinks and disorder effects become
less prominent. While these observations are qualitatively consistent with our disorder-averaged Chevy calculations,
we stress that the obtained values likely provide only rough estimates of the actual WC correlation length scales,
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given the number of assumptions and simplifications in our model. Nevertheless, this analysis already supports the
influence of disorder on the WC in the investigated WSes system.

S2. OPTICAL SPIN ORIENTATION OF THE WIGNER CRYSTAL

As described in the main text, the spins of the electrons forming a WC can be optically oriented even in the
absence of a magnetic field. This is achieved by illuminating the sample with circularly polarized light (Figs. 4h-j in
the main text and Fig. S2a), following an approach similar to that used in previous studies of charge-tunable WSes
monolayers [S9, S10]. In contrast to these earlier works, which relied on non-resonant excitation, here we employ a
broadband white light resonant with the main optical transitions in the WSes monolayer spectrum. Fig. S2b shows
density-dependent reflectance contrast spectra measured with such light of linear and circular polarization (using co-
polarized detection). While in the former case the two AP g resonances exhibit similar intensities, circular excitation
drastically enhances their intensity difference in the low electron-density regime. Specifically, the APt resonance
becomes considerably stronger, whereas the APg resonance is markedly weaker compared to the linearly excited
spectra, as clearly seen in the linecut in Fig. S2d. This observation provides direct evidence of optical spin orientation
of the electrons, which are pumped out of the optically driven valley under circularly polarized excitation [S9].
Crucially, we find that this optical spin orientation does not compromise the long-range charge order of the WC,
as directly revealed by the presence of exciton-umklapp resonances in the circularly-excited differentiated spectra
(Fig. S2¢). Importantly, while the Ux transitions exhibit the same intensities in both linearly and circularly excited
spectra (Figs. S2e), the singlet and triplet branches of the WPs undergo the same changes as their AP counterparts,
as highlighted in the main text.

Fig. S2f shows the spin—valley polarization degree (S,) of the optically oriented electron system as a function of
electron density for different excitation powers. As expected for optical spin pumping, (S.) at a given n, typically
increases with increasing excitation power. In parallel, higher (S.) values are achieved at lower n,, presumably due
to longer spin—valley relaxation times of the electrons in such a regime [S10].
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Figure S2. Optical spin orientation of the zero-field WC. (a) Cartoon illustrating the idea of WC spin pumping under
circularly-polarized optical excitation. (b,c) Electron-density evolutions of bare (b) and differentiated (c) reflectance contrast
spectra measured at B = 0 and 7" = 1.6 K under co-linearly (left) and co-circularly (right) polarized optical excitation
with power P = 300 nW and a broadband ~ 120-meV-wide spectrum centered around the X resonance. To suppress the
noise, a spectrally flat n.-dependent background was subtracted from the data in (b). (d,e) Linecuts through the maps in
(b,c) at ne ~ 3- 10" cm™? showing the main resonances (d) and the corresponding WP /umklapp transitions (e) under two
excitation polarization settings (same as Figs. 4i,j from the main text). The data points in (e) were binned along the energy
axis. Solid lines mark the fitted spectral profiles of the visible resonances. (f) Spin-valley polarization degree of the WC under
circularly-polarized excitation of different powers (as indicated), determined as (S.) = ( fj;if;cT / f}i‘ﬁT — f,‘&iffs / f}i‘ﬁs )/( fliiffT / f}\"ﬁT +
ff\iffs / f}{%s ), where APS'S (APH") denote oscillator strengths of the AP s resonances obtained from TM fitting of their spectral
profiles in circularly (linearly) excited reflectance spectra.



S3. DATA FOR THE DEVICE B

The results presented in the main text were reproduced in another sample (device B), which was fabricated without
a top capping hBN layer (Fig. S3a). In this device, the thicknesses of the top and bottom hBN encapsulation layers
were chosen to ensure destructive interference between the resonant light reflected from various interfaces away from
the WSes monolayer. As a consequence, the background reflectance Ry of this device is drastically smaller than that
of device A from the main text, resulting in sizably larger reflectance contrast values AR/Ry of optical resonances
in device B. For the same reason, these resonances, while still exhibiting a close-to-Lorentzian lineshape, appear as
peaks rather than dips, in contrast to device A.

Low-temperature spectroscopy measurements of device B are summarized in Figs. S3b-e. Consistent with the
main text, we observe prominent signatures of exciton-umklapp transitions as well as both singlet and triplet WP
resonances in the low-density regime, where the electrons form a WC. The energy splittings between each of these
resonances and their main counterparts (i.e., X or APg/AP~) exhibit the same behavior as for device A. In particular,
their increase with n, can be described by linear relations of the same slope but with finite offsets in the case of WPs.

We also investigated thermal melting of the WC in device B. Fig. S4 shows the corresponding temperature-dependent
results, presented in a similar fashion as in Fig. 2 of the main text. Both Ux and WPg 1 resonances reveal similar
dependence on 1" and n,, exhibiting a characteristic dome-shaped phase diagram associated with the WC melting.
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Figure S3. Wigner crystal polaron spectroscopy in device B. (a) Optical micrograph of device B. (b, ¢) Gate-voltage
evolution of the reflectance contrast spectra (b) and their derivative with respect to gate voltage and photon energy (c) at
B =0 and T = 1.6 K, with resonances marked in the same manner as for device A described in the main text. (d) Extracted
energies of the X, AP, APs, Ux, WP, and WPg resonances at low density. (e) Density evolution of the energy splittings
between the main resonances and their corresponding umklapps. The dependencies are fitted using the same procedure as for
the device A, yielding mx ~ 0.61mo, Auy =0, Awpg =~ 6meV, and Awp, ~ 7meV.
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Figure S4. Temperature and density evolution of umklapp and WP resonances in device B. (a) Representative
differentiated reflectance contrast spectra of device B at T = 5K, 15K, 25K and 35K. (b) Energy-aligned linecuts at
ne ~ 410" em™? through the differentiated spectra in a, taken at 7' = 1.6 K-35K. Shaded regions indicate the energy
windows used to evaluate the spectral weights of the respective resonances. (¢) Temperature-density phase diagrams of the
Wigner crystal extracted based on Ux (left), WPg (middle), and WP (right) using the same procedure as for the main device.

S4. THEORY: POLARON FORMATION

To understand the formation of the Wigner crystal polaron, we consider the following model system:
HX = Z Gl)((ii(xk,
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with e) = h?k|?/(2mx) and €§ = h%|k|?/(2m] ). The electron-exciton interaction UX~¢ is taken to be attractive
and contact-like. We treat the exciton as a tightly—bound impurity, which is immersed in an electronic state. The
two electron flavors ¢ € {K*} correspond to the bottom conduction band in the K* valley. Under the assumption
that repulsive Coulomb interactions Vi~ stabilize the WC, we perform a mean-field decoupling of the electron
interactions. The resulting mean-field Hamiltonian for the electrons consequently includes a periodic potential V¢(r)
(ne(r)), whose strength scales linearly with the electron density. In other words, we model the Wigner crystal as a
spontaneously stabilized charge-density wave composed of mobile electrons subject to a mean-field periodic potential
Ve(r) generated by the remaining electrons. Concretely, we parameterize the strength of this periodic potential as

= Awg, where the WC gap Awc depends on the strength of electron-electron interactions. Since V¢ scales linearly
w1th density n., we take the ratio Awc/Fr to be constant in density, with the Fermi energy Er = wh?n,/ my .. We
use Awc as a tuning parameter in our calculation. The triangular lattice constant of the WC is also related to the



electron density a\QNC =2/(v/3n.). We solve the electronic mean-field Hamiltonian by a change to its eigenbasis
Z Ek%,\k%/\k with %,\k = Zu/\G j;k+Gv (52)
o, k,A

where k is now defined within the first Brillouin zone of the Wigner crystal, G are its reciprocal lattice vectors, and
A are mean-field band indices. In this basis, the electron-exciton interactions become
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where the form factors

Ak K) = - Zum a(KUuq-c (K), (s4)

mediate interactions between excitons and the WC quasiparticles yf. In particular, these exciton-electron interactions
allow for scattering processes of excitons with different reciprocal lattice vectors G. To describe the formation of the
WC polaron, we employ the Chevy approximation [S11], which was previously used to describe polaron formation in the
presence of charge ordering [S12, S13] and has been shown to yield consistent results with exact diagonalization [S14].
Concretely, we make a variational ansatz for the many-body wave function
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(S5)

restricted to the subspace of the exciton interacting with a single particle-hole excitation of the WC. Here |GS) is the
electronic ground state. By projecting the full Hamiltonian onto the Chevy-ansatz, we find the following equations:
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which we solve numerically to obtain the wave function |¥,). Here, we have also explicitly included a periodic
potential VX for the excitons, which they experience due to the formation of the WC. For the Chevy calculations used
to generate Fig. 3c-f we include Nyan4s = 3 bands, and Ng = 3 x 3 reciprocal lattice vectors, centered around G = 0.
The momentum sums over the first Brillouin zone contain N = 16 momenta. We use an exciton mass mx = 0.7my
and an electron mass mj, . = 0.45mq [S15, S16]. We have checked that our qualitative conclusions do not depend on
the precise value of these microscopic parameters. For the results presented in Figs. 3c-e in the main text, we fix
the electron density to ne = 5 - 10! cm~2. We determine the electron-exciton interaction strength |[UX~¢| based on
the splitting between AP and X, which we fix to 33 meV, roughly corresponding to the experimental value for the
singlet APg in the zero density limit. From bottom panel to top panel in Figs. 3c-e, the electron and exciton potential
are V¢ =0, VX =0 (e), V° = 0.01Ep, VX = 0.3Ef (d), V¢ = 1.80EF, VX = 0.3Er (c). The respective values
are representative examples for the three regimes of Wigner crystal strength discussed in the main text. The three
panels shown in Figs. 3c-e should be understood as illustrative examples in the three regimes and not as quantitative
predictions. For all periodic potentials, we assume a simple harmonic form, where Vg = const. for the first shell of
reciprocal lattice vectors and zero otherwise.

To make comparisons with the optically measured spectra, we calculate the zero-momentum exciton spectral func-
tion

Ax(p=0,w) =D [(¥nple}0)[*5(w — Enp), (S8)



where the sum runs over all eigenstates n of Eqgs. (S6), (S7). To simplify the analysis of the theoretical model, we
assume spin-independent electron-exciton interactions, which result in a single AP resonance. As expected, we find
that the splitting between the exciton and its umklapp peak predominantly depends on the exciton mass mx and the
electron density ne, and is not sensitive to the WC gap Awc and the electron-exciton interaction UX~¢. By contrast,
the splitting between the AP and the WP sensitively depends on both the WC gap Awc and the electron-exciton
interaction UX~°. Furthermore, the oscillator strength of the exciton umklapp peak depends on the strength of the
potential experienced by the excitons VX, while the oscillator strength of the WP predominantly depends on V¢,
implying that dressing due to electron-exciton interactions plays a dominant role.

We emphasize that neither the AP nor the WP should be understood as a simple bound state between an exciton
and another electron (i.e., a trion). Instead, both AP and WP are excitons dressed by collective excitations of an
underlying electronic state, which in our case is a Wigner crystal. The “bare” AP corresponds to a dressed zero-
momentum exciton, while the “bare” WP is a dressed higher-momentum exciton with k ~ kyw. Strong electron-exciton
interactions then lead to a hybridization between the “bare” polarons, as explained below. We note that, strictly
speaking, since the AP itself is dressed by collective excitations of the Wigner crystal, one could already call it a
“Wigner crystal polaron.” But since it is continuously connected to the conventional AP in the high-density regime
(where the WC ceases to exist), we still refer to it as an attractive polaron. This is to distinguish it from the WP,
which only exists inside the WC regime.

We would also like to comment on independent theoretical [S17] and experimental [S18] works, which present an
alternative perspective of the Wigner polaron excitations as arising from dressing of excitons by phonons of the
WC. Although predicting a slightly different density evolution of the WP—AP energy splitting, AFEwp ng/ 4, this
theoretical framework is complementary to ours, and approaches the mathematically unsolvable many-body problem of
WP formation from an opposite extreme. Specifically, instead of treating the WC as a charge-density wave consisting
of mobile electrons subject to a mean-field periodic potential (which is the approach presented in our work), the WC
phonon model describes WC electrons as distinguishable particles with non-overlapping wave functions. In this limit,
the exciton forming a trion at a given WC site locally distorts the WC lattice and thus becomes dressed into a WP
by collective neutral WC phonon modes. Consequently, this approach is expected to better capture WC properties
in the low-density regime, where WC electrons are strongly localized. Since this regime is also more strongly affected
by disorder, understanding the crossover between these two approximate descriptions of Wigner polarons will likely
require incorporating more realistic excitation spectra of disorder-pinned Wigner solids, possibly through systematic
studies of samples with varying disorder levels.

S5. THEORY: HYBRIDIZATION MODEL

The experimentally observed splitting of the Wigner crystal polaron AFEwp from the AP can be explained by a
simple effective model in which electron-exciton interactions induce hybridization between “bare” AP and WP states
corresponding to polarons formed from excitons with k£ ~ 0 and k ~ kw. Because exciton-electron interactions couple
exciton states with different momenta, these “bare” states are not eigenstates of the many-body Hamiltonian, which
is the fundamental reason why they hybridize.

The above model is given by Eq. (1) of the main text, which is reproduced here:

oo Eap Vhyb(n;)
hyb = V}:‘yb(ne) FEap + %2; .

The hybridization strength V1,1, depends both on the effective contact interaction U, e)%f_e and the WC gap Awc, which
enters in the electron-exciton interactions through the form factors Aé‘;’“ o defined by Eq. (S4). We find that these
form factors Ag”G, increase with the WC gap, explaining why the WP exhibits larger spectral weight for a more

stable WC. Keeping the number of mean-field bands included in our calculation fixed implies that the form factors
are density independent, so that the only density dependence of the hybridization strength Vi1, stems from U, ﬁfe.

The effective interactions Ugﬁ;c can be estimated by the T-matrix that has a logarithmic divergence at low densities
in two-dimensional systems oc 1/log(no/ne) [S19], where ng = my, Ey/(7h?) is the typical density associated with
the trion binding energy Ey. Within this hybridization model, the splitting between the AP and the WP is given by

ABwp = \/<32§TZ;> + 4| Vi (116) |2 (S9)

Parameterizing the hybridization as [Viyb(ne)|> = [V}, /10g(n0/ne)|?, describes the density dependence of the split-

tings AFEwpg . for both Wigner crystal polarons with a single parameter V}?yb. We use the data for WPg to extract



Vhoyb = 16.4 meV. This value is then used to predict the density dependence of WP, in good agreement with the
experimental data (see Fig. 3g). To calculate no = mj, .Ey,/ (wh?), the respective experimental values of zero-density
binding energies of APg and APt are used. Note that in our model we assume Awc/FEr to be independent of the
electron density, which is a good approximation deep within the WC phase. As the density approaches the critical
value n., where the WC melts, Awc/Er decreases. This additional density dependence of Vi, (ne), arising from
the quantum melting of the WC, is not captured in our simple model. Nevertheless, even at high densities, the
predictions of the model remain in good agreement with the experimental data. This is because, in this regime, the
dominant contribution to the splitting AFEwp originates from the diagonal Bragg-scattering term proportional to
ne/mx, which is independent of Awc. Note that the mass determining the slope of AEwp increase with n, corre-
sponds to the translational mass of the bare exciton mx, which is consistent with the fact that WP can be understood
as a Bragg-scattered exciton dressed by collective excitations of the Wigner crystal.

S6. THEORY: MAGNETIC FIELD DEPENDENCE

To model the Zeeman splittings of the optical resonances involving umklapp-scattered excitons, we follow the ap-
proach of Ref. [S20, S21]. Concretely, we calculate the magnetic-field-induced splitting of an umklapp-scattered exciton
as a function of the sign and strength of the electron-exciton interactions. Due to electron-hole exchange interactions,

the KT and K~ valley excitons (which at zero momentum couple to o and ¢~ polarized light, respectively) are

coupled at finite momentum [S20, S22, S23]. In the spin-valley basis XI( = (xLJr, :va), the excitons are described

by the Hamiltonian H = Hy + Hpot + H,, with

Pk k|1 et
_ } : T 12 .
HO = . Xk [2 < + JK (62191‘ 1 >:| Xk,

Hyot = D D X aVE aXire, (S10)
keBZ G,G/
B
H, = gMQB zk:XLUZXk'

The first term H, describes the kinetic energy of the excitons and their coupling due to electron-hole exchange
interactions, parameterized by .J. Here, K = 47/(3ag) is the momentum of the K* valley, ap ~ 0.3 nm is the
lattice constant of WSes, and 6y = arctan(k,/k;). The second term Hpo¢ models the periodic potential felt by the
excitons due to the presence of a Wigner crystal, which in this approximation is treated as a static background.
The potential VX originates from a mean-field decoupling of electron-exciton interactions. Consequently, a positive
(negative) potential VX corresponds to repulsive (attractive) interactions. Finally, H, captures the bare Zeeman
splitting due to a finite magnetic field B. We assume a g-factor of g = 4.

To obtain the oscillator strength with respect to o® polarized light of a given state, we compute its overlap with
the zero-momentum state |k = 0,£) = xle’i\@ (see Fig. Sha,b). We then calculate the Zeeman splitting for
the optically active umklapp peak. As expected, for weak interactions, the Zeeman splitting of umklapp-scattered
excitons is very small [S8, S20]. However, we find that the magnitude of the Zeeman umklapp splitting increases with
stronger exciton-electron interaction potential |[VX| and decreases for larger electron-hole exchange J (see Fig. S5c).
Most importantly, our calculations reveal that attractive electron-exciton interactions (VX < 0) lead to a positive
Zeeman umklapp splitting, while repulsive interactions (VX > 0) lead to a negative one. This is consistent with the
experimental observation from the main text that the Zeeman splitting for the X, which is a repulsive polaron, and
its umklapp are opposite in sign. On the other hand, the AP and WP, which are dominated by attractive electron-
exciton interactions, exhibit Zeeman splittings of the same sign. We emphasize that our magnetic-field calculations
include electron-exciton interactions only on a mean-field level, which is not sufficient to capture the AP and WP
formation. As such, we do not expect to quantitatively describe the Zeeman splitting of the WP and its complex
dependency as a function of density n.. Nevertheless, we qualitatively explain the sign of the Zeeman splitting for the
WP. Understanding the details of exciton-polaron formation in a magnetic field is an interesting question for future
theoretical work.
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Figure S5. Interaction-dependent Zeeman splitting of optical resonances involving exciton-umklapp scattering.
Exciton bands for repulsive (a) and attractive (b) electron-exciton interactions in the presence of a periodically-ordered WC.
The spectral weight of each state (relative to the strongest peak) is indicated through the color scale. Left (Right): coupling
to o~ (o) polarized light. We used J = 150 meV and |V*| = 2meV at B =5 T and n. = 4-10'* ecm™2. (c) Zeeman splitting
between the main peaks |X, ) (solid lines) and between the umklapp peaks |Ux, £) (dashed lines) for various J at B =5 T as
a function of the exciton potential strength VX. Negative VX, corresponding to attractive electron-exciton interactions, leads
to positive Zeeman splitting for the umklapp peaks. Conversely, positive VX (repulsive electron-exciton interactions) imply
negative Zeeman splitting for the umklapp peaks.

S7. THEORY: DISCUSSION OF SINGLET AND TRIPLET AP

In Sec. S4, we analyzed polaron formation in the presence of a Wigner crystal, demonstrating how an AP and
the associated WP form. So far, our discussion has focused on a single AP branch and its corresponding WP
replica. However, experimentally, two distinct resonances are observed for electron-doped WSe,: the singlet and triplet
attractive polaron (APg and APt) and their associated Wigner crystal polarons (WPg and WPr). As discussed in the
main text, they form due to interactions of the exciton with electrons in the same and opposite valleys, respectively.
Here, we discuss the challenges that arise in theoretically modeling the formation of these two distinct AP and WP
branches.

To first approximation, the formation of singlet and triplet AP/WP transitions can be treated as independent
problems. Within this approximation, the model of Sec. S4 applies to both cases separately, once the experimen-
tally determined AP energies are used as input. Despite its simplicity, this approach already captures the density
dependence of the WP splitting AEwp for both singlet and triplet, in good agreement with experiment (see Fig. 3g),
thereby justifying this treatment. The independence of WP formation from the AP spin structure is also consistent
with our results on the hole-doped side (see Methods Sec. 9), where only a singlet trion is bound and only one pair
of AP and WP transitions appears in the low-density spectra, with their splitting following a similar dependence on
the carrier density.

A naive extension of the above simplistic approach is to incorporate spin-dependent electron interactions. In this
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approximation, the energy difference between the singlet and triplet AP is modeled by assuming different interaction
strengths between excitons and electrons in the same and opposite valleys. However, we find that Chevy-type cal-
culations based on this assumption fail to reproduce the experimental results even for the APs, as both the binding
energy and spectral weight of the singlet AP are strongly overestimated. Moreover, this assumption would also imply
a large influence of spin disorder on the WP formation in the case where only a singlet trion is bound, which appears
inconsistent with our experiments on the hole WC (see Methods Sec. 9). These observations indicate that introducing
spin dependence in the exciton-electron interaction alone is insufficient to explain the observed singlet and triplet AP
branches. We note that the results of Ref. [S17] suggest that this shortcoming can be overcome when the APg and
APt wave-functions are spatially separated, which restricts hybridization between them.

Importantly, recent work in Ref. [S16] highlights the significant role the internal structure of the exciton has in
accurately capturing the formation of the singlet and triplet trions. They argue that the measured energies of APg
and APt can only be explained by taking the non-trivial internal structure of exciton and trion wave functions into
account. Such a treatment is beyond our model, where we treat the exciton as a tightly-bound point-like particle,
whose wave function has s-wave character. Incorporating the internal structure of the exciton into our calculations is
a challenging theoretical task and requires a purely electronic description of the exciton formation [S13], which is an
interesting open problem for future work.

While our simplified framework cannot fully account for the singlet-triplet AP splitting, it does capture the formation
of the WP, which is the central focus of this work.
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