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1 Pair competitions in Ay, Z, and H; categories

For two Frobenius algebras A; and A; sharing a common module M and module action
pM, the pairwise competition state

(Cijl = (Ai| + (4]

is the transition point predicted by Eq. (10). This section records the representative two-
condensate examples summarised in main-text Table 1. The corresponding algebra and
module data are collected in Appendix B.
For # = Aj41, the simple objects are {0,1,...,k}. For k > 2, the two Frobenius
algebras
Ao =0, A1=082

share the module given by the simple object 1. Equation (10) then reproduces the critical
A-series integrable lattice models, which flow to the A-series minimal CFTs with

6

C=1- k+D)(k+2)

In these examples the middle edge of the unit cell can be 0 or 2, while the common module
is 1. Hence the unit cell is two-dimensional before overall normalisation and effectively one-
dimensional after normalisation. This reduction of the effective local degrees of freedom
is the mechanism discussed in Section 4 for avoiding generic first-order transitions. These
critical points are also the usual Kramers—Wannier self-dual points, here reinterpreted as
equal-weight competitions of normalised non-commuting condensates.

For .7 = Z,, with p prime, the simple objects are the group elements {0,...,p — 1}.
The two Frobenius algebras

p—1
A =0, Am =P
1=0

describe pure electric and pure magnetic condensates in the Z(Z,) topological order. They
share the module M = A,,, since A,, is both its own module and a module of A.. Equa-
tion (10) gives the p-state Potts model at the Kramers—Wannier self-dual point. The cases
p = 2 and p = 3 are continuous and reproduce the critical Ising and critical three-state
Potts models. For prime p > 5, the same self-dual points are first-order transitions. The
p = b case is weakly first order and related to a complex CFT [1, 2]; in our RG flow the
numerical central charge slowly decays from C = 1.1, consistent with the real part of the
complex value C' = 1.138 + 0.021i. The corresponding flows are shown in Supplementary
Figure 18.

For the Haagerup category Hs, we use the algebra and module data in Appendix B.4.
The pair competition between

Ap =1, Al=1SpDap®a’p

uses the common module object My in Eq. (2). This construction is likely to produce
the Haagerup anyon chain proposed in Ref. [3]. Initial fits of the entanglement entropy



suggested a central charge close to 2, similar to Ref. [3]. However, this point has not
stabilised as a fixed point under our RG algorithm at increased bond dimensions, and its
status as a continuous transition requires further scrutiny.

A second important pair competition uses

Ag=1, As=1@ada’

Here one can choose the common module to be Ay itself. The transfer matrix generated
by Eq. (10) then yields two decoupled direct sums of critical three-state Potts models,
matching the model considered in Ref. [4].

Other pair competitions in H3 do not satisfy the sufficient condition in Section 4 for
continuous transitions and appear first-order in our RG calculations. In particular, the pair
competitions between Ao and each of the three mutually conjugate algebras A4 56 show
slowly decaying numerical central charges from C' ~ 1.3, suggesting weak first-order behav-
ior analogous to the five-state Potts model. These RG flows are shown in Supplementary
Figure 20.

2 Three-condensate competitions in the Haagerup Hj3 strange correlator

This section gives the details behind the ternary Haagerup phase diagrams summarised in
the main text. All examples use the Frobenius algebras listed in Eq. (1) and the common
underlying module object My in Eq. (2), though the corresponding module actions can
differ.

For the A;, ternary phase diagrams, all bipartite phase transitions are second order and
converge within only a few RG steps. In this case, using the fully converged numerical cen-
tral charge to characterise the phase diagram is well justified. In contrast, for Hs strange
correlators, most bipartite phase transitions are first order and typically require substan-
tially more RG steps to reach convergence. In the main text, we therefore present the
phase diagram of tripartite algebra competition in H3 using the non-converged numerical
central charge obtained at finite RG depth.

A more stringent characterisation of the phase diagram is obtained by colouring each
point according to the Frobenius algebra to which the RG tensor converges. In Supple-
mentary Figure 1, we present these two types of phase diagrams side by side for direct
comparison. The two constructions are in perfect agreement, thereby justifying the use of
the non-converged numerical central charge as a reliable indicator of phase boundaries in
the Hj strange correlators.

Competitions among A4 56

The algebras A4, As, Ag are related by conjugation with the invertible objects {1, o, a?}, so
the ternary phase diagram has a manifest Z3 permutation symmetry. Since the three mod-
ule actions differ, the pairwise transitions among A4 5 ¢ are not expected to be generically
continuous, consistent with the numerical RG results. The equal-weight tricritical point
nevertheless appears to flow to a nontrivial conformal fixed point with effective central



Supplementary Figure 1: Comparison of two types of phase diagrams for Hs strange
correlators. Left panels are greyscaled by the non-converged numerical central charge
at finite RG depth, while right panels are coloured according to the Frobenius algebras
to which the RG tensor converges. The two representations are in perfect agreement,
indicating that the non-converged numerical central charge provides an equally reliable
signature of phase transitions.

charge
C=~211.

Competitions among A 1 (456)

We next include Ay and A together with one of the three conjugate algebras Ay, As, Ag.
The three choices

(Ao, A1, As), (Ao, A1, As), (Ao, A1, Ag)

are related by the same Z3 symmetry and share the phase diagram shown in the main text.
Along the tensor-network RG flow, the numerical central charge first shows a transient
plateau near C' = 2.0 and then drifts toward a stable plateau near

C ~1.32.

We identify the tricritical point as a Haagerup-symmetric conformal fixed-point candidate.



Competitions among A 4 5.6),(5,6,.4)

There are three symmetry-related interpolations chosen from Ag 45 6:
(‘AOa‘A4a‘A5)7 (‘A07‘A55‘A6)7 (‘A07‘A67‘A4)'

Their collective phase diagram is shown in the main text. The numerical central charge
initially approaches C' =~ 1.8 before converging to a stable plateau near

C ~ 1.31.

We therefore identify the corresponding tricritical point as a second Haagerup-symmetric
CFT candidate near C' ~ 1.3.

Competitions involving Ay and A,

Finally, we consider tripartite competitions involving Ay and As. The pair competition
between Ag and As gives a decoupled direct sum of critical three-state Potts models with
C = 0.8. The tricritical points associated with (Ao, A1, A2) and (Ag, A2, A4 56) also appear
to give effective central charges close to 0.8, though with greater numerical instability. The
main text shows the phase diagram of (Ao, A2, A4 56), whose effective central charge is

C ~ 0.805.

Across all four ternary diagrams, the numerically extracted phase boundaries agree
well with the prediction of main-text Eq. (8): they align with the bisectors of the ternary
triangles and meet near tricritical points. The RG-flow diagnostics for the quoted effective
central charges are given in Supplementary Figure 20. A more precise determination of
central charges and operator spectra for these Hs CFT candidates is left for future work.

3 Condensation Tree and Determining the Amount of Symmetries Pre-
served

Anyon condensation is mathematically described by a twist-free, commutative, separable
Frobenius algebra (CSFA) in the symTO characterised by the UMTC Z(.%#). One twist-
free CSFA! A can be a sub-algebra of a bigger one Ay, i.e., A; C Ay. When this occurs,
A5 can be condensed in two steps: first condensing anyons in Aj, then condensing some
other unconfined anyons over the A; condensate to obtain the aggregate Ay condensate.
Therefore, the sub-algebra A; can be considered as a parent of As. Such considerations
produce a hierarchy of condensates [5—7] that can be conveniently arranged as a tree,
which was dubbed a Hasse diagram [7], where each node corresponds to a condensable
algebra, and an edge connects one node to a subalgebra node. Lagrangian algebras are
those twist-free CSFAs corresponding to maximal condensates — such that the resultant
phase is topologically trivial — that would appear as bottom nodes of the tree. That is,

We use a bold letter A for a CSFA in the output data Z(.#) of the HGW model, compared with the
curly letter A for a Frobenius algebra in an input UFC .%.



we start from the trivial twist-free CSFA including only the identity object, which is a
sub-algebra to all other algebras, as the top node of the tree and grow the tree downwards.

The key refinement of our condensation tree over Hasse diagrams previously considered
[7] is the inclusion of Morita equivalent Frobenius algebras in the input category .# as
physically distinguishable condensates. While these algebras correspond to the same set
of condensed anyons in the output theory, they produce physically distinguishable gapped
phases [8-10], such that non-trivial phase transitions between them can in fact occur, as is
evident in the previous discussion. They correspond to distinct symmetry breaking patterns
that arise from non-trivial internal degrees of freedom of the condensing anyons[9-11], and
such details are made explicit in the HGW model.

Meanwhile, we note that intermediate phases where some non-maximal set of anyons
condense in the output theory can be described by sub-category? K of the input category
Z19]. This is natural since a non-trivial condensate would take the bulk symTO to a child
topological order, and the corresponding degrees of freedom on the lattice are expected to
be reduced to some subset of .#. When the condensate L; in the symTO is Lagrangian,
the corresponding HGW string-net model is projected effectively down to one-dimensional,
reflecting the fact that the corresponding condensed phase is topologically trivial. In the
condensed phase, each edge is projected to the chosen Frobenius algebra A; corresponding
to L;. For instance, if we select the trivial Frobenius algebra Ag = 1, the resulting child
model has only a single physical state, where every edge is labelled by the trivial degree of
freedom 1.

We are now ready to introduce the refined condensation tree as follows. Each node is
labelled by a subcategory X of .%. Note that the identity object of a subcategory X is,
in general, a composite object in % unless X is a full subcategory. The requirement that
X possesses an identity object is precisely the requirement that there exists a separable
Frobenius algebra — after all, the defining property of a separable Frobenius algebra is
that the composite object A is strictly associative under fusion, and that “bubbles” (trivial
summands) can be freely included or removed. Thus, the identity object of X is given by
a Frobenius algebra A, and the remaining objects in X are precisely the bimodules over A.

Two nodes are connected by an edge if the identity object of X;, given by a Frobenius
algebra A;, is a subalgebra of the identity object A; of K;, and A; can be obtained from
A; as a Frobenius algebra in the subcategory X;.

The above statements are essentially rephrasing the relation between two nodes in the
original Hasse diagram — namely that a node is connected to another if the latter phase
can be obtained from the former by anyon condensation. The refined condensation tree
contains more nodes in general.

Here are a few examples. The simplest example is the symTO corresponding to the
doubled Ising model. Recall that there are three objects denoted 1,0, in the input Ising
UFC, and there are two connected Frobenius algebras Ag = 1 and A; = 1 @ ¢. The
corresponding refined condensation tree is shown in Supplementary Figure 2.

A more interesting example is the condensation tree for k = 4.

2A simple object of K may be a nonsimple object of .%.



K=F=A;3,
identity = Ag =0
Z(A3) = Doubled Ising TO

Condense 1)

K = VecZy = {0,2}
identity = Ag =0
Z(X) = Z(Z3) = toric code

Condense (00,v) = / \gondense (co,1)=m

% = {0} =1, X ={0@2} =1,
identity = Ag identity = A;
L=113yy & oo L=11&y¢ & od
electric condensate magnetic condensate
1de 1dm

Supplementary Figure 2: Condensation tree for the doubled Ising TO. Each link is
labelled with the output bulk anyons that condensed. Each node is a subcategory and also
the corresponding output condensed phase.

In the refined condensation tree for the symTO Z(As),

Lo = ®i_yit, Li=034)(004) © 222 (1)

At the bottom of Supplementary Figure 3, we express each Lagrangian algebra also as
composed of anyons in the intermediate condensed phase Z(S3). The latter has 8 different
anyons, and they are related to the anyons of Z(As) as shown in the following table.

It is evident from a refined condensation tree that there is a notion of distance between
Frobenius algebras. Down the tree, nodes denote symTO with more symmetries sponta-
neously broken by anyon condensation. The minimal amount of symmetry preserved in the
critical state (2| obtained from the competing pair of Frobenius algebras—assuming that
we managed to choose appropriate modules M to sieve out first-order phase transitions — is
determined by the first common ancestor node of the pair. The topological exci-
tations carried by the symTO of the ancestor node are the minimal set of symmetries that
are preserved by the gapless phase. The resulting CF'T may exhibit emergent symmetries
beyond those of the ancestor node but cannot have fewer.

Let us revisit the examples we have considered to illustrate these ideas.

1. Critical theory from the doubled Ising symTO In the case of the Ising spin
model (or the A3 model), the first common ancestor of Ay and A; is the node cor-
responding to Z(Zs), as shown in Supplementary Figure 2. Therefore the minimal
set of topological symmetries is characterised by the toric code order, which has 3
non-trivial topological excitations corresponding to a Zs electric charge, a magnetic
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Supplementary Figure 3: The condensation tree for the doubled As symTO. In the
second layer of arrows we indicate the intermediate condensing anyons using anyon labels
in Z(S3) to avoid clutter. In the last layer, we also include the condensate as anyons in
the Z(S3) phase. As we move down the tree, simple anyons in the partially condensed
symTO corresponding to the lower nodes are composites in the parent nodes. Hence, the
condensing anyons expressed in terms of Z(S3) anyon that label the bottom layer of arrows
are only representatives of a group of anyons in Z(S3) that are identified in the child Zy and
Z3 nodes. The second index in the bracket indicates the microscopic degrees of freedom
that take part in the condensation. The meanings of these symbols are explained in the
previous section.

flux, and their bound state. The actual symmetry of the Ising CF'T is enlarged to
the full Ising category, describable by the top node.

2. Critical theories from the A5 symTO

(a) The first common ancestor of Ay and Ag is Z(Z2). Their competition is identical
to the case of the Ising spin model and we expect the critical point to be the
Ising CFT. Similarly, the competition of Ay and Aj is also expected to be Ising.

(b) The first common ancestor of Ay and Ag is Z(Z3). As we discussed above, the
electric/magnetic competition in Z(Z3) in a unit cell produces the 3-state Potts
model. This is indeed inherited in the competition between Ao and Ags.

(c) The competition between Ay and As should preserve at least symmetries in
Z(S3), which is their common ancestor. This is indeed confirmed. The critical
point constructed by their equilibrium point is given by a free boson CFT with
C=1

(d) The competition between Ay and A4 should also preserve at least the symmetry
imposed by Z(S3). In fact, this CFT is the minimal model in the A series at



Z(RepS3) Anyon Type | Z(RepSs) Dyon Type | Z(As) Dyon Types
A (A,0) (Of), 0), (44_1, 0)
B (B,4) (04, 4), (40, 4)
C (C,2) (22,2)

B (D,0) (11,0), 3,0
(D,2) (11,2),(33,2)

i (E,2) (13,2), (31,2)
(E,4) (13,4), (31, 4)

i (F,0) (22,0
(F,4) (22, 4)

G (G, 4) (02,2), (42,2)

H (H,4) (20,2), (24,2)

Supplementary Table 1: Relation between Z(RepSs) anyons and Z(As) anyons.

k = 4, with C = 4/5. Tts complete set of topological symmetries is in fact
characterised by Z(A4s).

These examples completely confirm our expectations by means of our refined condensation
trees. Similar analysis can be applied to the refined condensation trees of Hs symTO in
Supplementary Figure 4



Z(Hs)
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Supplementary Figure 4: Condensation tree for the doubled Hs symTOQO. The right
branch abbreviates the 3 Morita equivalent branches, with the Frobenius algebras involved
given above.

4 Cutting Down Phase Space to Avoid First Order Phase Transitions

In principle, as in the golden chain and other cases considered in [12-15], the strange
correlator construction imposes (non-invertible) topological symmetries in the 2D theory.
Nonetheless, it is generally unclear how to ensure that the symmetry is not broken spon-
taneously in the quantum spin-chain by (€2, leading to gapped phases. Our strategy
has been to engineer phase transitions between different spontaneous symmetry breaking
phases (anyon condensation phases).

As mentioned in the introduction, non-commuting anyons cannot condense simulta-
neously. When two condensates are at a tie, it is expected that the resultant phase is
either gapless or degenerate. This was proved rigorously for the quantum Ising spin chain
in 141 dimensions [16]. Such degeneracy corresponds to first-order phase transitions from
the perspective of the 2D classical statistical lattice model. Usually at a first-order phase
transition between two phases, the free energies of the respective phases become equal, and
yet the phases remain distinguishable since their derivatives are different, i.e., there are
extra degrees of freedom in the partition function that can distinguish these two partition
functions, and that is the classical manifestation of degeneracies observed in the 141 D
quantum model.

In our construction of the lattice model, we focus on a unit cell with 5 edges. As
mentioned in the introduction, the “boundary” of the unit cell is chosen to be the shared
module M of the condensates, which effectively isolates the internal edge from the other
cells. This follows from the non-degenerate algebra action on the module, ensuring that
the condensate arising in a different cell does not favor a particular condensate in a given
cell. Therefore, we can focus on the physics in an individual cell.

The interpolation in Eq. (6) of the main text at first sight involves a small number of
couplings. Under RG, however, all other linear combinations of the fusion channels in the

10



unit cell could be invoked, i.e., the dimension of possible couplings is much greater than
the number of gapped phases nearby described by Frobenius algebras. In such cases, there
would be plenty of room for first-order phase transitions.

To exclude first-order phase transitions or degeneracies, the key is to reduce the di-
mension of phase space in a unit cell as much as possible. Naively, in a single unit cell, the
dimension of phase space is roughly speaking |M |*| X |, where |M| denotes the number of
simple objects in the module M, and |X| the number of objects that could appear in the
middle edge. That is an over-count since fusion rules of the input fusion category imposed
at each vertex would reduce the dimension of space. A more sensible count is the number
of different vertices allowed by the fusion rules. Recall the example of the A-series models
associated to the A1 categories discussed in the main text. To recover the A-series mod-
els, the module is chosen to be the object 1, and there are exactly two different possibilities
in the unit cell, where the middle edge is either 0 or 2. As explained in the main text, after
discarding the overall normalisation, the effective number of degrees of freedom in the unit
cell is D. = 1. Meanwhile, within the two dimensional space in the cell, it can accommo-
date two different condensates, corresponding to the algebra Ag =0 and Ay = 06 2. This
means that the only coupling in the unit cell describes the relative balance between these
two condensates, and that right at the balanced point between them, there are no extra
degrees of freedom left in the cell to allow for degeneracy. In such a case, we argue that
the balanced point has to describe a continuous phase transition, which is indeed the case
for the A-models.

When the module comprises a single object, we thus conclude that the effective di-
mension D, in a unit cell is related to the number of possibilities in the middle edge by
D.+ 1. One can generalise the above considerations to cases where the module M consists
of more than one object. Naively, in that case, the total dimension of space in a unit cell
is the total number of distinct vertices allowed by fusion rules such that the outer edges
carry labels € M. This number is smaller than |.#|> as restricted by fusion rules, but
generically very large. We note, however, that this is a gross over-estimate of the dimension
of phase space in the unit cell. Take the A-models discussed above as an example again.
One can pick Ao = 09 2 to play the role of the module that colours the outer edges of
the unit cell. In this case, it is still true that this module is shared by Ag and As. In fact,
one can show that the choice of their common module M is immaterial: Using properties
of Frobenius algebras and modules, within one step of symmetric RG (discussed in more
detail below), (Q(M)| constructed from interpolations of normalised Frobenius algebras
with module M in each unit cell reduces to the same state (€| for all choices of M, up to
overall normalisations depending on the quantum dimension of M.

Therefore, despite an apparent increase in the dimension of phase space, there is an
“effective” dimension that is much smaller at play. To understand this reduction, we note
that a Frobenius algebra in the unit cell would quickly converge to the gapped fixed point
state in Eq. (3) of the main text under RG, i.e., a coupling turned on for a given Frobenius
algebra is essentially located within the basin of attraction under RG to a fixed point. In
such a case, new fusion channels are not generated. This implies that: 1) objects that in
principle could appear in the middle edge that belong to an algebra not sharing the module
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are not generated under RG if they were not turned on in the first place. They should
not contribute to the effective phase space dimension. 2) For each object a € A; where
A; shares the module M it is packaged with a unique non-degenerate sum over objects on
the outer edges (as expressed in Eq. (3) of the main text). This package is stable under
RG and we propose that this package should be considered as contributing a single degree
of freedom. In other words, one should count each action of a on the exterior edges as 1

T gV
independent dimension, i.e., the linear combination -, . ,en < Xl ‘ o)y ([P0 ]00)
o u v

for a fixed a where a € A; constitutes an independent degree of freedom in this reduced
phase space. N, is the number of objects in A. For the most generic case, the alge-
bra actions of A; and A; on M may differ. In such a case, any basis element in each

Frobenius algebra A; introduces an independent linear combination of the fusion channels
T

y
2y uweM <u XGU’ [par, )5y (P21, ]G,)" - For a certain basis element a € A; N Aj, when it

acts identically as an element of A; and as an element of A; on M, a single linear com-
bination of fusion channels is attached to this element a. We refer to such a shared basis
element a as a perfectly shared element, and if the common elements of all algebras are
perfectly shared on M, we term M a perfect common module for these algebras. Therefore,

we can count the dimension Dyt of the vector space in a unit cell as follows:

Dunit = ZNAZ - Z (Ngommon - 1)7 (1)
i

perfectly shared a

where NJ°™™MOM is the number of algebras A; having a perfectly shared element a. For
example, if a is perfectly shared by two algebras acting on M, NJ°™"°" = 2. In particular,
the identity object on any M is always a perfectly shared element of all Frobenius algebras of

common
identity

the state (€] is physically irrelevant in the strange correlator, Dynit — 1 gives the dimension

a UFC. So for n algebras sharing a module, = n. Since the overall normalisation of

D, of phase space — the number of independent couplings — introduced in the ansatz, i.e.,
Dc - Dunit - 1. (2)

For two competing algebras only, the number of degrees of freedom introduced in a
unit cell is reduced to

Dunit(-Ai"Aj) = NAi + NAj - Nperfectly shared a» (3)

where Nperfectly shared o directly counts the number of perfectly shared elements a € A;NA;.
There is a special case in which the D,y is reduced most drastically. That is to choose a
perfect common module M of all competing Frobenius algebras A;. This can be typically
achieved when the competing algebras are ordered as sub-algebras of one another: --- C
A; C A; C Ap. Suppose A; C Aj, they must share a common ancestor in the refined
condensation tree, where the identity object of the sub-input-category X C .# is given by
the smaller Frobenius algebra A;. In the said special case,

Dunit("' C.AZ' C.Aj C.Ak) :NAk~ (4)
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That is, the number of degrees of freedom is simply given by the number of objects in the
largest algebra among all algebras sharing the same perfect common module M.

We note that this packaged counting of degrees of freedom (4) would recover for us
D, = 1 in the case of the A-models, even if we switch our choice of the shared module
between Ay and As discussed above (which satisfies Ay C Aj), consistent with the fact
that the partition has not actually changed.

Now for a choice of perfect common module M shared only by nj, different Frobenius
algebras among all competing ones, we note that all other gapped phases corresponding to
Frobenius algebras not sharing M would not occur under RG. The RG attraction basins
would be restricted to those gapped phases that share this M. The fixed point defined by
the algebra not sharing this module is very far in phase space. This is in contrast with
an algebra that shares the module in the unit cell. The module function of an algebra, as
already mentioned, is only 1 step from an exact RG fixed point. This is an effective method
to reduce the possibilities of gapped phases showing up in the reduced phase space.

If D. = Dypnit — 1 is larger than the number nj; of algebras A; sharing the module M
(1 <i < nyy, and nyy is the number of gapped phases allowed in the reduced phase space),
there is naively still room for degeneracies and thus room for first-order phase transitions.
We thus propose the following sufficient condition for continuous phase transitions:

All phase transitions in a phase diagram are forced to be continuous if

ny > De. (5)

When (5) is satisfied, the number of competing anyon condensates is greater than the
number of independent degrees of freedom within a unit cell that can be varied. Therefore,
when a pair of condensates is tuned to be commensurate, changing the weight of any of
the D. — 1 independent coefficients corresponds to moving in a direction towards another
condensate that cannot be condensed at the same time as the pair anyway, leaving no room
for degeneracy.

One can check this condition for the A-series minimal models for all k£ discussed above.
There, D. = 1 and ny; = 2, and the critical points are all continuous, and flow to the
A-series minimal models in the thermodynamic limit. The N-state Potts models can be
constructed from the Zy string-net model. The critical point is located at the transition
point exactly as predicted in Eq. (7) of the main text, from a competition between the
Frobenius algebra A, = 0 corresponding to all electric condensate, and A,, = 06 1 &
-+ @ N — 1 corresponding to all magnetic condensate. In this case, D. = N — 1 and
ny = 2 wherever N is prime. It is well known that for N > 5, the critical point is
first order, consistent with the counting here. One can also check with the critical models
following from the Haagerup string net model discussed above, and find that indeed they
are consistent with the rule here. Note that our condition for continuous phase transition
is only sufficient, not necessary, so it is overly strong and could potentially leave out many
CFTs. For example in the case for Zy where N = 3, i.e., the 3-state Potts model, by our
counting, the commensurate state of Zg could potentially give a first-order phase transition,
but it is in fact a well-known continuous transition. This also happens in the Haagerup
models, in which continuous transitions are confirmed numerically even though we have not
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cut down the phase space sufficiently. This suggests that the present counting of effective
degrees of freedom is conservative and may admit refinements.

5 Generalised Kramers—Wannier Duality

The Kramers—Wannier duality is a duality transformation in statistical mechanics that
relates the ordered and disordered phases of a system. The phase transition point between
these two phases coincides with the self-dual point, where the system often exhibits critical
behavior. For example, in the classical Ising model, the KW duality relates the high- and
low-temperature phases. The critical temperature is found to coincide with the self-dual
point. In Zy lattice models, KW duality refers to a Fourier-type transform of couplings
[17-19]. In these cases, the KW duality is essentially the electromagnetic duality, which
exchanges the electric and magnetic charges of the global Zy symmetry of the lattice
model. (N = 2 for the Ising model.)

In our construction, it turns out that these KW dualities known in the literature
can be understood as a transformation that maps the original strange correlator on the
square-octagon lattice to a strange correlator on the dual lattice. An advantage of using
the square-octagon lattice is that its dual lattice has the same shape: The dual lattice
exchanges the squares and octagons of the original lattice. This exchange is achieved by
making an F-move on every octagon edge, as shown in Supplementary Figure 5 with the
example of Ap,q series. The F-move used here is applicable to any trivial Morita class:
for any A = X ® X* with M = X, we have

X
0 KW Vi
> ........ B Z dX '
IEX® X"
X X
X x X

There is thus a self-dual point in the interpolation between A = 0 and A = X ®
X that is invariant under KW. In the case of the A-series CFTs, the self-dual point is

X*

* (1)

o]+ dl—\/dl;< |2 |, which exactly matches the critical points obtained by the equal sum of

normalised states.

We can also apply (1) to analyze the competition between Ag =1 and A} = p® p in
the Hs with p as a perfect common module. The duality transformation maps p-squares to
p-octagons, and the double p-lines on an octagon edge is equivalent to > ;c s, \/TET%' lines.

Then we can verify that the system is self-dual when the octagon edge takes the state

1
1) + ———— (|1) + Vd|p) + Vd|ap) + Vd|a?
1)+ s (11 Vdlo) + Vdlap) + Vd|a?p))
This self-dual point again coincides precisely with the point calculated by Eq. (7) of the
main text.

This duality can even be applied to compute tricritical points, via a double-layer
construction. We consider interpolating among A2 3 in A5 with M = 2 as an example.
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Supplementary Figure 5: Generalised KW duality for the Ax1q category. The common
module is 1 and the competing Frobenius algebras are A; = 0 and As = 06 2. Under KW
duality the 1-squares are mapped to 1-octagons, and the positions of squares and octagons
are exchanged. The horizontal and vertical octagon edges are exchanged under KW. The
double 1-line on the octagon edge is equivalent to algebra Ay ending on the module M = 1.
So we see that the two gapped phases given by A; and Ay are KW dual to each other.
The self-dual point is obtained by requiring that the unit cell is invariant under an F-move,
which exactly matches the critical point obtained by the equal sum of normalised states.

The unit cell is three dimensional with basis | |i ), ¢ € {0,2,4}. The KW duality is

performed by doing an F-move on every octagon edge. This operation is represented by:

5

(10 )+ va o)+ b)),

(L) =10)).

oy =va o)+,

| =

Y5

I
1
o

As explained in Supplementary Figure 5, F-moves map the vertical edges to horizontal
edges. After doing F-moves, we have implicitly shifted the lattice by a unit cell, shifting
our focus to the vertical edges shown on the right-hand side.

In what follows, we denote the basis | |7 ) by |i). Under the normalisation where |0) has

a coefficient of 1, the parameter space is two-dimensional, with a generic point represented
as |0) + y|2) + z|4). The KW duality acts as a transformation on this parameter space,
mapping it onto itself. The KW self-dual points correspond to the fixed points of this
transformation. In this case, the self-dual points lie along a line in the parameter space,

given by the equation:
z=—V2y+1. (2)

The phase boundary between Ag and As lies entirely on the KW self-dual line and
ends at the tricritical point as in Fig. 4a of the main text. The Ag phase is centered at
the point (y = 0,z = 0), and the A, phase is centered at the point (y = v/2,z = 1). The
interpolating line connecting the two points intersects the KW self-dual line at the point
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Supplementary Figure 6: Double layer of Ising models.

(y = ?, z = %), which is exactly the critical point constructed by the equilibrium state of
Ap and As.

Next, we show how the As model is related to two copies Ising models and derive the
critical points and the tricritical point in the phase diagram. The simple object 2 in Aj
is the two dimensional irrep of Rep(S3). This fact motivates us to split the simple object
2 into two quasi-objects 2; and 29 with quantum dimensions equal to 1[9-11]. We make
two assumptions about the quasi-objects and show that under these assumptions we can
decompose the system into two Ising models and calculate precisely the critical points and
the tricritical point.

Assumption 1: as quasiobjects
2 =21 P 29, 29 ® 29 = 0, 4® 27 = 29, 41® 29 =27
Assumption 2: as states in local Hilbert space
1 1 1
— (]21) + [22)) = |2), —(]21) — |29)) = —=
\/5(’ 1)+ [22)) = [2) ﬂ(| 1) = 22)) NG
For the current strange correlator the module is 2, and up to a global constant we can
add a loop labelled by 2 in all the squares, this turns the module to 2 ® 2. Under our
assumption, the module is now 2®2 =032, ®2, 4 = (0® 22) ® (0 ® 4). For the
octagon edge, we temporarily use a new parametrisation (a and b) and later will show

(10) +14) -

how to map it to the previous one (y and z). The state on the octagon edge is set to be
(10) + al25)) (]0) + bl4)) = [0) + bl4) + al22) + abl2y).

In this way, we have rewritten the system into two layers of Ising models, see Supple-
mentary Figure 6. The Ising model has two Frobenius algebras, and we can use the perfect
common module ¢ on the square edge. We already know that the Ising model reaches the

critical point when the octagon edge is tuned to { |' |+ (v/2 — 1)( |# |. In the current

double layer system, we identify 0 as ligng, and 23 or 4 as e in each layer. The first
layer represents the competition between 0 and 29, while the second layer represents the
competition between 0 and 4. The two Ising phase transition lines correspond to the indi-
vidual critical points for each individual layer. When a = b = /2 — 1, the two layers are
both at the critical point, and the system is self-dual. The system simply stacks two critical
Ising models, so the central charge is C' = 1/2 4+ 1/2 = 1. In the original parametrisation,
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the two Ising phase transition hnes coalesce.

this point corresponds to y = and z = 7, which is exactly the tricritical point at which

6 Symmetry-Preserving RG of the Strange Correlator

Our construction of the CFT factory is based on the strange correlator formalism. In this
approach, a partition function Z is defined as the overlap between a string-net ground state
|U) and a tensor network state (2| 3(Supplementary Figure 7):

= (Q[¥). (1)

Our choice of (©] is a tensor network built from local tensors T:32¢

= > TIZa7(wi{abe}l. (2)
{A,B,C} K
The auxiliary indices A, B,C' € {1,2,...,x} (blue lines) are summed over all triangles,
while the physical indices a, b, ¢ (black lines) are labelled by simple objects and contract
with the string-net state |¥). The orientation of the fusion rules is indicated by arrows.
For convenience, we use an orthonormal basis {|{a,b,c})} to denote these open legs. The
index p denotes different triangles.
The string-net ground state admits a tensor-network representation involving tetrahe-
dron symbols [15, 20—-22]:

zfdﬂl‘”’“] ) [{a,b,e}). 3)

{i.5,k}
Here the red indices 7, j, k are summed over all simple objects in the category. The tetra-
hedron symbols are related to 6j-symbols of the UFC by

; _ b*a*e

abc _ 1 (b
ijk Vdeds !
Combining |¥) with (Q|, the partition function factorises into local weights:

7= Y %W (@
{a,b,c},{A,B,C}{i,j,k} K

abc
Zateagh(i) = didjdidadyde T (1) [ k| (5)

We adopt a gauge where tetrahedron symbols are both unitary and tetrahedrally sym-

where

metric.*. Unitarity implies

abellabel
d.d = o NG N& |
Ef: f [C df] [C d f‘| ab*Vec (6)

3We restrict to real tensors throughout. With complex tensors, conjugation of neighbouring tensors

would be required, leading to a checkerboard arrangement that ensures reality of the partition function.
4Generalisation to F-symbols without tetrahedral symmetry is possible, though the RG equations be-
come more involved.
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Supplementary Figure 7: The strange correlator (2]¥). (a) Local tensor

T;,‘)fc of state

(©2]. (b) Local tensor of state |¥), constructed from tetrahedron symbols and quantum
dimensions. (c¢) Their contraction defines the strange correlator. Blue indices are summed
within (€, red indices within |¥), while black physical indices contract between the two.

while tetrahedral symmetry gives identities such as

abe|l [a*ed|l TJeb al [afd
Ldf]_lcfd]_lfdc]_[c*eb]' (7)

With this symmetry, the pentagon equation takes the form

[a b e] la/ b e’] _ de [a b e’] [e’ x e,] lb’ x b/] . (8)
cd fl|ddf = zeb||lcdd||c fc

The essential virtue of the strange correlator is that deformations of the network (€| are
precisely the categorical F-moves guaranteed by tetrahedron symbols. Different lattice
discretisations are related by these moves, making the construction inherently symmetry-
preserving. This feature enables the following RG procedure. In each RG step, four
tensors 1" are contracted into an intermediate tensor M, which is then factorised into two

renormalised tensors T (Supplementary Figure 8).
We begin by rewriting the product of four tetrahedron symbols as follows.

Zd‘ al b1 C1 al bQ (6] a9 b3 C1 a9 b4 C2
; J 11 j kl i2 j kl 11 ] k2 Z‘2 ] k2
a1 by c1| |c1 e1 ca| |b1 e1 bo az by c1| |c1 ez ca| |b3 ez by
=> d;y d. o i . de o , .
Zj: J ; ! [61 C2 bQ] LQ 7 21] LQ kq 21] %: 2 Lz cg by| |i2 J 1] |i2 k2 01
Zd c1 el ca| |c1 ez o Z d..d, a; by 1 1?1 el 1.72 az bz c1 1.73 €2 1?4
g J i) |12 J 1)) S5, er ¢ ba| [i2 k1 i1 [e2 2 ba| [i2 k2 11
:Z\/@ 171 e 1?2 ?3 e 1?4 i ay by c1| |a2 b3 c1 . 9)
. 1o k1 11| |19 ko i1 e cog byl | e co by
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Supplementary Figure 8: RG step: four tensors 7" are combined into an intermediate
tensor M, which is then decomposed into two new tensors T’ via SVD. Red legs indicate
tetrahedron-symbol contractions and are not part of T or M.

Here, the second row is due to (8), and the fourth line is due to (6) and a sum over de,,.
We combine the factors in brackets with tensor 7' to get an intermediate tensor M:

A1,A2,C1,C2 ay by c1| |az b3 c1
MB1B2B3B4 — Z da da dc dc de
b1b2bsbye 1raz e e e co b e cb
a1,a2,C1,C2 2 2
A1B1C1nA1B2Co A B3C1 A3 B4Co
X Ta1b1c1 Ta1b202 Ta2b361 Ta2b4c2 ' (10)

A new tensor T is then obtained by applying a singular value decomposition (SVD) to
the tensor M,

Mottt = 2 T Tinth” (11)
This procedure is followed by a gradlent—descent—based loop tensor network renormalization
(TNR) [23] to search for an optimal approximation within a given bond dimension x of
the new index E. The loop tensor network used to define the loop error minimised in this
step is shown in Supplementary Figure 9.

In total, each RG step is expressed as

bl . b2 b3 . b4 A1,A2,C1,Co
-B1EBymB3sEB
\/— Th1 2753 4 — dg dg.de, d d
i ) bieb b b a1 Yag ey Yea
Z io k1 1| |i2 ko i1 v e ax GQZC; €2,]

ai by c1| (a1 b ca| |a2 b3 c1| |a2 ba C2| 1A, By CyrnALByCormAsBsCrrmAs BaC:
Ll J kl} Lz J kl] L& J kol |12 J ko Tabres Tarboca Tasboer  Tasbaca - (12)

The original form of the strange correlator is preserved after a complete RG step, with
each tensor T flowing to T'. The categorical symmetry, as imposed by the 3D bulk that is
carried throughout the RG process, is thus preserved in the RG procedure. The orientated
fusions at the new vertices are by ® e — by and bs ® e — bs. One can alternatively obtain
by @ e — by and by ® € — b3 by applying a different set of the pentagon equation in (9).

In our setup, a unit cell typically consists of two local T" tensors. The initial tensor for
the RG flow can be considered as the tensor M in (10) and (11). Consequently, an initial
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Supplementary Figure 9: Loop tensor network defining the loop-TNR error. The left
network is built from four M tensors together with the underlying tetrahedron symbols.
The right network is the corresponding truncated network, built from eight 7" tensors
with the same tetrahedron-symbol structure and with the new index E restricted to bond
dimension x. The minimised objective function is the squared norm of the difference
between these two loop tensor networks.

decomposition step of (11) is performed. Explicitly, for unit cells corresponding to Eq. (6)

of the main text, where each ( |4 | is weighted by parameter r;, the initial tensor M is

Myybobgbie = O rilpaca, Ty, (00, Jip,) (13)

(2

Here, auxiliary legs B; are omitted in M. For general initial tensors, B; and possibly also
FE account for multiplicities if a simple object b; or e appears multiple times in M, or A.
In the present cases, the multiplicity is no more than 1, so the initial tensor has trivial
auxiliary legs. During the RG procedure, the auxiliary legs’ effective bond dimensions can
increase, reflecting the growing entanglement among the local tensors.

Computing the Phase Diagram

If the initial tensor corresponds to a single Frobenius algebra, the RG flow converges in
one step to its multiplication f#, which is a fixed point tensor. General tensors in gapped
phases flow to one of these fixed points, providing an order parameter that distinguishes
phases. Phase diagrams obtained this way show excellent accuracy even at minimal bond
dimension x = 1 (Supplementary Figure 10), illustrating the efficiency of the categorical
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Supplementary Figure 10: Ternary phase diagram for the interpolation of algebras
Ao,2,3 under module 2 of the A5 category. Different colours correspond to different con-
verged fixed-point tensors, computed with y = 1. This illustrates the role of the fixed-point
tensor as an order parameter, highlighting the precision of our RG scheme even at trivial
auxiliary bond dimension.

symmetric RG. We also provide this type of diagram for other ternary phases in Section 2
and Appendix F.

At each RG step, a numerical central charge is extracted from the transfer matrices
constructed from the coarse-grained tensors, following the procedure of Ref. [24]. At con-
tinuous phase transitions, the extracted central charge exhibits a clear plateau over several
RG steps before eventually drifting due to finite bond dimension effects. The reported cen-
tral charge is obtained by averaging over an eight-step-long plateau, while the associated
uncertainty 0C is estimated as the maximal deviation within this plateau.

For continuous transitions, the numerical central charge can be used to construct
phase diagrams, providing complementary and more detailed information beyond fixed-
point identification. At first-order transitions the central charge is expected to vanish
in the thermodynamic limit. In this case, we instead use the non-converged numerical
central charge obtained at shallower RG depth, which still serves as a useful diagnostic for
locating phase boundaries. Further technical details and additional examples are presented
in Appendices E and F.

Appendices

A The HGW String-Net Model

The HGW model [9, 25, 26] can be defined on a trivalent lattice, where a tail (purple lines
in Supplementary Figure 13) is attached to a chosen edge of a plaquette, while the choice is
topologically irrelevant. The lattice shape is irrelevant in the string-net model describing
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topological orders, but it plays an important role in conformal field theories. In this
article, for convenience, we only define the HGW model on the truncated square lattice as
shown in Supplementary Figure 13, which facilitates the subsequent renormalization group
procedure. The basic configuration is established by labelling each edge and tail with a
simple object from the input unitary fusion category .% of the HGW model, subject to the
constraint on all vertices that d;;, = 1 for the three incident edges or tails meeting at this
vertex. The Hilbert space H of the model is spanned by all possible configurations of these
labels on the edges and tails. Edges and tails are oriented, but the choice of orientation
does not affect the physics.

In the HGW model, anyons reside on the plaquettes of the lattice, and their types are
labelled by the simple objects of the Drinfeld center Z(.%) of the input UFC .#. A key
feature of the HGW construction is that it explicitly manifests the internal gauge degrees of
freedom of non-Abelian anyons. Specifically, anyons are realised in the model by dyons—a
pair comnsisting of an anyon type J and its internal gauge degree of freedom p, where p
is the degree of freedom on the tail of the plaquette where the anyon resides. A given
anyon type J, as a simple object in Z(.%), may carry multiple types of internal degree of
freedom p, thereby enlarging its internal gauge space. Although these p are gauge degrees
of freedom and hence unobservable in the topological phase, they play a central role in
the construction of the CFT states, where topological invariance is broken to expose these
internal degrees of freedom, which become physical local degrees of freedom that determine
the physical phenomena that may be captured by a critical CFT.

In the HGW model, anyons are created in pairs by acting with a creation operator on
the ground state |¥). It suffices to define the action of the shortest creation operator W9,
which creates a pair of dyons (J*,p*) and (J, ¢) in the two adjacent plaquettes separated
by an edge E:

AJ

el - dy Tk
Bt = ) Z e .M ) (1)
k€L & J L
J

where J is a simple object in Z(.%#), p,q are internal gauge degrees of freedom on tails
of anyons, j is the degree of freedom on edge F, and zgqf are the coefficients called half-
braiding tensors. All other creation operators in the model can be generated by composing
such shortest creation operators.

In a companion paper[9], it is shown that the edges of the lattice carry a flat gauge
field valued in %, and the open ends of the tails host anyon excitations coupled with
the gauge field via the Gauss law and gauge connection. This finding allows one to recast
topological phases back in the Landau-Ginzburg paradigm, though in a more general sense,
where phase transitions are triggered by anyon condensation. The HGW model is a con-
venient framework for constructing any possible kind of anyon condensation in a doubled

topological phase and studying the consequent phenomenal9].
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A.1 Definitions of Frobenius Algebras and Modules

In this appendix, we quickly review the mathematical definitions of Frobenius algebras
and modules. Readers who want to construct their own CFTs via our method can use the
definitions of Frobenius algebras and modules in this section.

A unitary Frobenius algebra in .# is a (possibly composite) object in .Z, i.e.

A:@naa, a€F, ng € N, (3)

equipped with a product A ® A — A and coproduct A — A ® A, satisfying certain
properties. Here, n, are non-negative integers describing the multiplicities of object a € .#
participating in A. To avoid clutter, the discussion in this section is limited to n, < 1,
although it can be readily generalised by introducing extra indices ¢ for each anyon label

a € A whose ng, > 1. For the case where all n, < 1, the products and co-products of A are
encoded in a cyclically symmetric function f# : Li{ — C, satisfying

Y Fhefan G/ deds = fesfrems » (4)
teL g
Y faeltvaVdady = dav/d,, (5)
abELA
fﬁ)c:fl‘fﬁaﬂ fﬁzbzéab*’ fﬁ)c: ( (fib*a*)*‘ (6)

where Ly = {a € .Z : n, = 1} is the set of simple objects appearing in A, and dgq =
>acL, da 1s the quantum dimension of A. One can express this map in basis form, which
is depicted in Supplementary Figure 11.

A right module of Frobenius algebra A in a UFC % is a (possibly composite) object

My = EB My,
z€Ll &
equipped with an algebra action on M4: My ® A — My. Here, x is a collection of simple
objects of % that appear in the module, and m, € N is the multiplicity of 2 in M. For
simplicity, in this paper, we restrict to the case m, < 1, and define Ly;, = {x € Lz |
my = 1}. The algebra action is recorded in a module function pyr, : L ®L%\4A — C, which
satisfies an associativity constraint:

loasa )y a1y Gran® = faber lonalees [oaalty = (oariy)" (7)
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(b)
A A ‘./t A A A A
A A= dg A (1 p - = 2 ¢
A A A A
(d)

Supplementary Figure 11: (a) Frobenius algebras in basis form. (b) The Associativity:
Eq. (4). (c) The unitarity: Eq. (5). (d) Equations (6). Taking different graphical
bases yields different equations in Eq. (6). This equation is equivalent to the Frobenius
condition[27].

M y M
p— Z [,DMA }gy :\[ -
M €L z @ S
A z,ay € lf‘M M A
(a) (b)

Supplementary Figure 12: (a) The basis representation of right-A module M. (b) The
right-module condition: Eq. (7).

In particular, for UFC Vec(G) with a finite group G, the modules over a Frobenius algebra
A = @ ep g9 (with multiplication fﬁ}h = 0, fqn) for a subgroup H < G correspond to the
representations of H, and the function p encodes the representation matrix entries.

One can express the module function in basis form, which is depicted in Supplementary
Figure 12: The vertices connecting the edges coloured by A and the chosen module My
are weighted by the coefficients [pas,]g, that define the action of A on the module.

A.2 Anyon Condensation in the HGW Model

The HGW model provides a finer description of anyon-condensation-induced topological
phase transitions.

To describe the procedure of condensing a Lagrangian set L of anyons in the HGW
model, we can add to the HGW Hamiltonian a condensation term:

_ . v
H=Hy = lim ) Pr.

where H 4 is HGW Hamiltonian of the parent topological phase, and Pﬁ is a local projector
acting on an edge E:

, J;
PA=Y" S ah Wi = plAYAl,
JelL p,q
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Supplementary Figure 13: The HGW model.

Supplementary Figure 14: Anyon creation operator

where W‘E];p ? are creation operators of condensed dyons, ;7 € C are coefficients to make
the sum a projector. In the limit A — oo, the projectors Pf;l ensure that the new ground
states |A), are +1 eigenstates of all Py, which are coherent states filled with arbitrarily
many condensed anyons throughout the lattice. This state can be locally represented as:

A L J
A —— q
|A>E = A = Z fjk*p*fk:q*j* k4 s
A A J7k7p7q€L./-l b ] |

where F is an edge of the lattice, while the violet lines refer to auxiliary tails in plaquettes,
which will then be contracted via topological moves and result in only one tail in each
plaquette, representing the entanglement between different edges. The global ground state
of the trivial topological order is the state where each edge and tail in the square-octagon
lattice carries Frobenius algebra object A.

In the case of the Doubled Ising model, there are two Frobenius algebras of the input
Ising UFC:

Ar=1,  [hhn=1, Ax=1@%¢,  [foJin = [foigy = 1.

These two input Frobenius algebras are Morita equivalent because they have the same full
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Supplementary Figure 15: Anyon condensation

center® L = 11 @ ¢ @ o6. The corresponding projectors are

Wéi;l,l 4 Wgw;l,l + 2Wg&,l,l s

Wéi;l,l + W}Epw;l,l + QWg&,w,w
1 JjE,0> ’

4
(8)
In our square-octagon lattice as shown in the main text, the anyon operator, the pair

Al_ A2_
PE_ PE_

creation operator should act as shown in Supplementary Figure 14. The HGW lattice is
different from the HGW string net with these extra tails. To make contact with the original
version of the strange correlator which follows from the HGW ground state wave-function,
we would like to remove these tails. One very natural way of achieving this is to connect
these lines to the square, as shown in Supplementary Figure 15, and then removing the
extra bubble by F-moves.

We note that the Ising critical state

Lol =2 (V240 1 1) (9)

is the eigenstate of Pqul + PfEQQ with the largest eigenvalue.
This story can be repeated for all pair competitions in which A; C A; in other fusion
categories. The predicted phase transition for each pair competition is

&‘A%Mﬂi%(ﬂ'ijﬂj) ’critical = <‘AZ‘MA1 - <Aj|Mﬂj (10)

One can show that this is always the eigenstate with the largest eigenvalue of the sum
of projection operators, analogously defined as the Ising case above, irrespective of the
choice of the common module between A; ;.

5Given a Frobenius algebra A in a fusion category .%, its full center Z(A) is the universal Frobenius
algebra in the Drinfeld center Z(.%) equipped with a canonical morphism ¢ : Z(A) — A, such that the
A-multiplication of two objects respectively from Z(A) and A (via morphism &) commutes with exchanging
these two objects using the half-braiding. Physically, it says the condensed anyons in Z(A) behave like
“trivial” anyons in the condensed string-net model with only degree of freedom A.

26



A.3 Lagrangian Algebra of Anyon Condensation

Now, after anyon condensation via a specific projector Pé, the resulting model is a trivial
topological phase with a one-dimensional Hilbert space spanned by |A),. The projector
Pf;l is defined as
Pp = |A) pplAl = Y S awie,
JeL pyq
Solving this equation, the coefficients 773"] encapsulate all information about the Lagrangian
algebra L associated with the anyon condensation.

More explicitly, those anyon types J with 7% # 0 are precisely the condensed anyons
appearing in the Lagrangian algebra. It can be proven[9] that all condensed anyons are
bosonic and braid trivially with each other.

There may exist multiple dyonic sectors of the same anyon type J that condense
simultaneously; these are called the condensed sectors of J. The number néond of condensed
sectors for anyon J is referred to as the multiplicity of condensed anyon J during anyon
condensation. Collect the condensation coefficients 77 for a fixed anyon type J into a

matrix:

plpl pip2

Ty Ty

§ Wz}zpl 77321)2
I’ =
ﬂpn§p1 anz}pz

J J

Then,

ng.,q = rank (7).
The corresponding Lagrangian algebra of the modular tensor category Z(F) is thus
J
L= @ NCond J.
JE€Lcond
We can further diagonalise the condensation matrix using a unitary transformation
Uj:
J
U YUY = diag{r}, 7%, ..., 7, 0,0,...,0},
where 7rf] cCand1<: < néond. The i-th condensed sector of anyon J is then given by
) 1
|J’Z>Cond = Z di [UJ]’ip|Jap>>
P P
and its corresponding creation operator is

1 J:
WE - Z d d [UJ]JzP WE’pq [UJ]qua (11)

where the sums run over the T-charges of anyon J. The condensation projector Pﬁ can
now be written as a sum of these normalised creation operators:
1 NCond ~

A _
A Condensed J i=1
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which faithfully realise the algebra basis elements of the Lagrangian algebra L. In par-
ticular, the operator product expansion coefficients of these creation operators encode the
algebra multiplication structure of L:

Jiir K My, My,
My,

B Categorical data for the examples

B.1 The Aj.; series

We collect here the categorical data for the Axyq fusion category used in the examples.
The category Api1 contains k 4 1 simple objects labelled 0,1,2,...,k, with fusion rules
given by

a®b=la—b®(la—b+2)® - ®min{a+0b, 2k —a — b}.

The quantum dimension of a simple object a is

0 sin <(“]:Zr12)ﬁ>

sin (25)
For k > 2, the first few quantum dimensions are dy = 1, d; = 2 cos kLH, and dg = d? —1. In
particular, the Ising UFC corresponds to the special case k = 2, where the simple objects
0, 1, and 2 map to 1, o, and ¥, respectively.
The string-net model with input Ai;; UFC outputs the Z(Ag11) UMTC, which con-

tains (k + 1)? anyon types, labelled by a pair ab, where 0 < a,b < k. The dyon types of
anyon ab are labelled by a pair (al_), p), where p is the internal degree of freedom, satisfying

0<p<k, la — b < p <min(a+b,2k —a—b), 2|(a+b—p).

For all £ > 2, one can check that Ag = 0 and A; = 06 2 are two Frobenius algebras
in Ap11 UFC. Specifically,

Ao =0, [folooo = 1, dg, =1,

1
A1 =00 2, [fiJooo = [filoz2 =1, [fil222 = [/ Vd2 — NS dg, = d} = do+1.
2

Both algebras admit a common right-module M = 1 containing only one simple object,
with module function

oAyl =1, [oa i1 = 1, loa, i1 = Vda.

B.2 The Zy data

The Abelian fusion category VecZy, N > 2 is the representation category of the cyclic
group Zy. Basically, we can treat Zy as the input category in the string-net model. Its
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simple objects are the group elements of Zp, and are conveniently labelled by 0,1, ..., N—1.
The fusion rule is inherited from the group multiplication of Zy:

i®j =i+j (modN), 0<i,j<N,

and every simple object has quantum dimension d; = 1. The output topological order is a
Zn quantum double.

The case of N = 2 as an example is in fact the Z; toric code model, and for generic N
they are simply the Zx quantum double/ Dijkgraaf-Witten models.

Fusion category Vec(Zy) contains at least two connected special symmetric Frobenius

algebras:
Ae =0, fovo =1, da, =1,
-1
Am = D a, fabs = dagbe da,, = N.
a=0

These two Frobenius algebras correspond to two Lagrangian condensates. Namely, they
correspond to the all-electric condensate and all-magnetic condensate respectively. Clearly,
Ae C Ay = Zpn, and their simplest common module is M = Zy:

N-1
My, =My, =M = P, dy = N,
=0
whose module functions are
0
[pMAe]Z‘y = 59[:,1/7 [pMAm]Zy - 5a®a:,y7 z,Y,a S ZN

Here 6,4 denotes the Kronecker delta. In fact, each subgroup of Zy forms a Frobenius
algebra in Zp, and they clearly are sub-algebra of the largest Frobenius algebra A,,, = Zn
itself. Therefore, M can always be chosen as a perfect common module shared by all these
Frobenius algebra.

B.3 The Modular Tensor Category Z(S3)

We would like to review here some basic data of the Z(S3) category. The symmetry group
S3 = (x,y|2® = y? = e,yzr = 2%y). The anyons of Z(S3) are labelled by a pair (W, vy ),
where W is a conjugacy class of the group Ss, and vy an irreducible representation of
the centralizer of W. There are eight kinds of anyons in Z(.S3), conventionally labelled by
letters A through H. A summary of all the anyons is listed below.
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A B (C|D E F G H
conjugacy class W {e} {y, zy, 2%y} {z,2?}
centralizer = S3 Zs Z3
irrep vy of centralizer 1 sign 7| 1 -1 1 w w*
dim () 1 1 21 1 11 1
quantum dimension d = |[W|x dim(yw) | 1 1 2| 3 3 2 2 2
twist 0 1 1 11 -1 1 i3 em2mi/3

Their fusion rules are given by

®|A B c D E F G H

A| A B c D E F G H
B|B A c E D F G H
c|C C AeBocC DoFE DoFE GO H FoH FoG
D|D FE DoFE AeCeF$GoH BasCoFaeGaeH Do FE Do FE Do FE
E|E D Do FE BaCe®FeGaeH AsCoFaGeH Do FE Do FE Do FE
F|F F GoH DoFE DoFE AeBoF CoH coG
G| G G FeH DaeE DoFE CoH AdBaoG CoFr
H|H H Fod DoFE DoFE CadG Cer A®Ba®H

There are 4 distinct Lagrangian algebras in Z(S3), labelled by the 4 different subgroups
of S3. The Lagrangian algebras corresponding to each subgroup are listed in the following
table.

subgroup K | Lagrangian algebra L
1 A® Bo2C
Zs ApCao® D
Z3 A® B@2F
Ss APDDF

B.4 Haagerup Fusion Category Hs

The Haagerup fusion category is a notably special category. It contains six types of simple

objects, labelled by

2 2
1, a, a”, s ap, a“p,

with the following quantum dimensions

dy=dy=dp2 =1,  dy=dap=dy
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The fusion rules are

1 « a? p ap a?p
@ a? 1 ap a?p p
a? 1 @ a’p P ap

p | Pp| ap | 1@pdapda®p | ?@Bpdapda’p | a®pdap®a’p

ap | p | &Pp| a®pBap®aip | 1&pDap®a’p | P DpDapdap

a’plap | p | POpDap®a’p | aGpbap®aiy | 1@ pSap®a’p

The seven Frobenius algebras used in the examples are

Ag =1, Al =pRA®@p=1Dp®ap®a’p,

Ar=16a&d’, A3 =p@Ar@p=(1@pSapda’p) ® (1@ ada?),

As=1Dpd ap, As=a@ A1 @0’ =13 ap® a?p,

As=a’? @A, 0 a=1@p® a’p. (1)
The algebras A4, As, Ag are related by conjugation with the invertible objects and hence

are permuted by the Zz symmetry.
Several of these algebras share the same underlying module object

Mg =p®ap®a’p. (2)

This common module object appears in several of the examples. Importantly, however, the
module actions associated with different algebras need not agree. Thus two interpolations
can have the same underlying module object while still activating different microscopic
couplings through different module actions.

Frobenius Algebras and Modules

The Haagerup category has seven Frobenius algebras divided into three Morita classes.
The Haagerup fusion rules are not commutative, so the left and right modules are slightly
different. We only consider the right modules here. The module function tensor component
[pﬁ]gy represents how the algebra object a € A fuses from the right with the module object
x € M and transforms it to y € M, i.e., y €  ® a. The three minimal algebras along with
their modules are listed below:

1. The trivial Frobenius algebra Ag = 1, such that f{' = 1. It has six right modules:
M, = z,pL, = 1, where x is a Haagerup simple object.

2. The Z3 Frobenius algebra As = 1 ® a @ o?, such that f2¢ = N’ the fusion rules. It
has two simple modules:

My=1®ada®,  [pf, = NJ°,

M,=pSap® a2p, [pp]gy = Nyma(—]_)éa,aQSQCvaP(sy,aQP,
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3. The special Frobenius algebra A4 = 1@ p @ ap. The algebra multiplication f2¢ is too
cumbersome to write here. It has four simple right modules:

My=1®p@ap, [pily, =[]
) fxa
Ma = ® M]_ = @ Oép @ o p, [,Oa]gy = a,a2®xy,(l .
[Fy ]x,a2®y
xra
My =a?®@ My =a*> @ p®a’p, [Poﬂ];y = . ’

2
[Fya 7a®x7a]x,a®y

Mp:peaan@ap.

The module function of M, is somewhat messy and will not be presented in the text.

The other connected Frobenius algebras can be obtained by conjugating these minimal
algebras with some simple objects. The modules of the other non-minimal Frobenius
algebras can be easily calculated from those of the minimal ones. We take As = o @ Aya?
as an illustrating example. For M; any right-A4 module, M; ® o® must be a right-As
module. The module function of M; ® a? (on As) differs from M; (on A4) only by some
F-symbols, which can be determined immediately. We summarise all the algebras and their
right-modules below.

A Right-A modules
1 Every simple object is an independent module
PR 1 ® p where ¢ is any simple object
1®ada? 12ada? p2(1Sada?)
p@1l®ada?)®p 1dada®)®p, pR(ldada®)@p
1&p®ap 1@p@ap, a@(1@pSap), >’ 1S pDap), p@ap®a?p
a®(1Dp®ap)®a? M ® o where M is any right module of 1 @ p @ ap
R (1dp&dap) @a M ® o where M is any right module of 1 ® p ® ap

C Critical Strange Correlator of the Ising Category

As an example, we explicitly write down the local transfer matrix for competing Ising
anyons. The predicted critical unit cell (9) reads

Maaoal = (\/§+ 1)/2aMUO'O'U1/1 = 1/27

which gives rise to the local transfer matrix for a unit cell

b1 e by| |bs e by
Zb1bobsbye,iviokiks = {L/dgdbldb2db3db4di1di2dk1dk2Mb152bSb4e L'Q k1 il] LQ ) il] (1)
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We omit b3 = by = bg = by = o and sum over the inner index e to

Zooll = \/§+ 1720'0'¢)w = \/§+ 1720011/) = ]-7ZUU1/11 = 17 (23)
Zllooc = \/§+ 1, Zppoo = \/§+ 1, Zlpoo = 1, Zploc = L. (2b)

If we interpret 1 and ¢ as spin up and down, each line in (2) gives one independent
copy of the local weights e?# = /2 + 1 for a classical Ising model with the critical inverse
temperature 8 = %ln(\/i + 1). The object o acts as a placeholder to keep these two copies
disentangled.

We thus conclude that the strange correlator with the critical unit cell (9) is a partition
function of two copies of critical Ising.

D The Effect of the Collection of Objects My, # My, in the interpolation
in a unit cell

We emphasised in the main text that to deconstruct the competition of condensates in
the global lattice into competitions within the unit cells, it is crucial to colour the slanted
edges in the unit cell by module My, ; such that these modules contain exactly the same
set of objects, even though generically module functions could differ.

Here, we illustrate with examples that when My, and My, contain different objects,
condensates in neighbouring unit cells would be entangled non-trivially. The equilibrium
constructed within one unit cell in (10) would be disrupted by its neighbours.

As an illustration, let us consider the Ising model. We again consider the competition
between A; = 1 and As = 1 & ¢ with however the following interpolation

%AI,U),(-AQJ@’Q[J)’ = (A1]o + r{A2]ip, (1)

where we have chosen My, = o and My, = 1 ® 1. Now consider assembling the global
|2) from this unit cell, as indicated in Fig. 1 of the main text. It is clear that for two
neighbouring unit cells connected by a slanted edge in which the module runs, when A;
appears in one unit cell, all of its neighbours must also be A1, and as a result all unit cells
are forced into Aq. Similarly when Ay appears in one unit cell, all unit cells in the global
state are simultaneously As. FEach of these corresponds to a global RG fixed point state of
a globally condensed phase.

There is thus complete correlation between all unit cells, and the equilibrium intended
for a single unit cell in equation (10) did not correspond to the phase transition point as r
is varied. Instead, it is found that the critical coupling occurs at r. = 21/4 — %. One

1

can readily check that this is equivalent to the equal-weight summation of the A; and As
condensate, with normalisation defined by the global lattice instead of the unit cell. Also,
given that the entire global lattice now plays the role of the unit cell, the dimension of
phase space is huge and, not surprisingly, the phase transition point is first-order.

When the module objects are common between My, and My, one can readily show
that every module object in one unit cell to be fed to the next neighbouring cell would be
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acted upon by every member of the condensate in the linear combination of condensates in
the next cell. Therefore each unit cell forms a common background to all the condensates
appearing in its neighbour cell. As a result, the equilibrium achieved in a unit cell is not
disrupted by its neighbour. The unit cells are essentially factorised as desired.

E Locating the tricritical point in the A5 phase diagram

In the As; phase diagram, there appears to be a discrepancy between the analytically
predicted and numerically observed locations of the tricritical point. We now resolve this
issue.

Analytically, the partition function along the KW duality line can be mapped to the
duality line of the well-known Ashkin-Teller (AT) model. The ¢ = 1 critical segment of
the AT model corresponds to the KW dual line in our model for 0 < z < %, with z = %
marking the tricritical point [28]. Beyond this point, the critical line bifurcates into two
distinct Ising-critical branches.

A magnified phase diagram is shown in Supplementary Figure 16. The separation
of the two Ising critical lines becomes visible around z =~ 0.35, below which they appear
to merge into a single critical line. The distance between the two branches under our
parametrisation is of order 1074 at z = 0.35.

Here, we also present the entanglement scaling method [29] to confirm our RG calcu-
lations. In Supplementary Figure 17, we plot the entanglement entropy versus correlation
length along the KW duality line z = —/2y+ 1. For z < %, all data fall on the same ¢ =1
line. For larger z, however, the plots exhibit varying slopes. At small bond dimension,
corresponding to less coarse-grained system sizes, the data initially suggest a CFT with

0.39
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0.37

0.36

0.35

0.34

0.33
042 043 044 045 046 047 048

y

Supplementary Figure 16: Close-up view of the As phase diagram near the tricritical
point, coloured according to the converged tensor.
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Supplementary Figure 17: Entanglement scaling for different values of z along the KW
dual line of the Aj phase diagram.

effective central charge ¢ > 1. As the bond dimension increases, the scaling crosses over to
a line with central charge ¢ = 0.5 before eventually saturating, indicating a gapped phase.
Slightly above z = %, such as at z = 0.342, the data form an almost straight line with
apparent ¢ > 1. We believe for sufficiently large bond dimensions a crossover to the ¢ = 0.5
line would appear, followed by saturation. Nevertheless, these observations indicate that
parts of the seemingly ¢ = 1 region actually arise from two closely spaced Ising CFT lines.

F RG flow of the numerical central charge

In this section, we describe how the numerical central charge flows under the tensor RG,
and how the associated numerical uncertainties are estimated.

At an ideal second-order critical point, the RG flow of the tensor network is expected
to converge to a critical fixed-point tensor. In practice, however, the tensors are truncated
to finite bond dimensions, which inevitably introduces relevant perturbations and drives
the RG flow away from the critical fixed point at sufficiently large scales. The numerical
central charge is extracted from the lowest eigenvalue of the transfer matrix constructed
from the normalised RG tensors. Numerically, one observes that at criticality the RG flow
of the estimated central charge develops a plateau, where the value remains approximately
constant for several RG steps before eventually drifting away due to truncation effects.

Supplementary Figure 18 shows the RG flow of the numerical central charge C for the
critical N-state Potts models with N = 2,...,5. In all cases, a clear plateau is observed
around the exact known central charge. For each value of IV, we present results obtained
with several bond dimensions y, corresponding to the truncation of the auxiliary legs
A, B,C of the RG tensor T“}fc. Increasing y systematically extends the length of the

a
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Supplementary Figure 18: RG flow of the numerical central charge C for the critical Zy
Potts model, computed using the categorical-symmetric loop TNR algorithm with different
bond dimensions . A clear plateau develops around the exact known central charges for
Z234. Increasing x systematically extends the length and stability of the plateau, while
small y leads to an early drift and strong deviations. For Zs, C is slowly decaying even for
large y, which signals a weak first-order phase transition.

plateau. Moreover, as the complexity of the critical theory increases from Z, to Z,, larger
bond dimensions are required to maintain a plateau of comparable length. Concretely, for
the Z5 model, x = 8 already yields a plateau lasting more than 20 RG steps, whereas the
plateau length is reduced to approximately 18 steps for Z3 and 12 steps for Zj.

There is no widely accepted and reliable method to quantify the numerical uncertainty
in central charges computed using TNR-based approaches. Here, we estimate the uncer-
tainty dC by considering the maximal deviation of the central charge within a selected
plateau. Specifically, we identify a window of eight consecutive RG steps exhibiting the
smallest fluctuations prior to the onset of the RG drift (thus excluding the trivial plateau
at 0 values), and define 0C' as the maximal variation of C' within this window. The choice
of eight RG steps reflects a compromise between statistical stability and the limitations
imposed by our current computational resources. The numerical results are summarised in
Supplementary Table 2. Overall, increasing the bond dimension x systematically improves
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Supplementary Figure 19: RG flow of the numerical central charge C' for selected

critical points of the A4 and As models.
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Supplementary Figure 20: RG flow of the numerical central charge C' for selected

critical and tricritical points of the H3 model. Different flows exhibit qualitatively distinct

behaviors, including (slow) decay of (weak) first-order transitions and plateaus associated

with continuous criticality.

37



the numerical quality of the TNR results, leading to longer and more stable plateaus and
a clear reduction of short-scale fluctuations, as reflected by the decreasing values of 6C. In
most cases, this improvement is accompanied by a better agreement with the exact central
charge. Nevertheless, in a few instances (notably when increasing x from 8 to 12 in the Z3
models), the estimates obtained at the largest accessible bond dimension do not exhibit a
more accurate central charge, despite the reduced plateau fluctuations. We attribute this
behavior to residual systematic effects.

As a side remark, for the 5-state Potts model, it is known that the critical point lies
in the vicinity of a complex conformal field theory with central charge C' ~ 1.138 £ 0.021+
[30, 31]. Consistently, the numerical central charge shown in Supplementary Figure 18
exhibits a slow decay from values C' = 1.1 before eventually flowing away from the fixed-
point regime. We interpret this behavior as a numerical signature of a nearby complex
fixed point: The initial RG steps probe the real part of the complex central charge, while
the subsequent drift reflects the instability associated with the imaginary component. Note
that in such cases, the mean value of the “plateau” with the least deviation may not be
the best estimation for the real part of the complex central charge.

The RG flows of some representative critical A4 and A5 models are shown in Supple-
mentary Figure 19. Notice that, for the pair competitions (A1, As) and (Ap, As) in Ay
and (A1, Ag) in As, the RG flow of the numerical central charge does not have a stable
plateau, so they are identified as first-order phase transitions. However, it decays slowly
rather than dropping steeply. Since this shows a similar behavior to the weak first-order
phase transition of the 5-state Potts model, we propose that it is also a weak first-order
phase transition related to a complex CFT.

The RG flows of some representative Hs models are shown in Supplementary Figure 20.
The critical points between Ag 4 appear to correspond to weak first-order phase transitions,
with the real part of the central charge approximately 1.4. The tricritical points at Ag 1.4
exhibit a transient plateau C = 2.0, before drifting toward a stable second plateau at C' =~
1.32. We identify the tricritical point as a conformal fixed point with effective central charge
C ~ 1.32. The tricritical points at Ag 45 initially approach C' ~ 1.9, before converging to
a stable plateau C' ~ 1.31.

For relatively simple critical points, such as the Z 3 4 models discussed above, the TNR
algorithm readily produces central-charge plateaus that remain stable over more than 20
RG steps. In contrast, for the Haagerup model, a substantially larger fraction of numerical
resources is allocated to the categorical degrees of freedom, namely the fusion-space legs
a,b,c of the tensor T;l‘)fc. This significantly increases the effective numerical cost and
restricts the accessible bond dimension to y < 5 in our simulations. As a consequence, the
RG flows exhibit stronger finite—x effects, including increased numerical fluctuations and
shorter plateaus, which limit the attainable precision of the extracted central charges. In
addition, the tricritical point is itself located numerically, contributing further to the overall
uncertainty. We leave possible algorithmic improvements and more accurate determinations
of the central charge for future work.
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Supplementary Table 2: Numerical central charge and uncertainty for Zs 3 45

Category x C oC

2 0.493 0.011
Z 4 0.4992  0.0018

8 0.50005 0.00044

2 0.85 0.13

4 0.802 0.015

Z3
8 0.7998 0.0027
12 0.79886 0.00073
2 1.07 0.27
4 0.975 0.036
Zy
8 0.994 0.011
12 0.9942 0.0012
2 1.27 04
4 1.15 0.11
Zs

8 1.103 0.014
12 1.105 0.013

G More Complicated Boundary Conditions and Enlarging the Unit Cell

A salient question is how to generalise our construction to other lattices. Our choice of
square lattice is to ensure that there is an equal number of plaquettes and vertices, making
the equal weight summation of competing condensates a natural location of criticality. This
is because we need not to distinguish fluxons and chargeons, which supposedly reside on
vertices and in plaquettes respectively. For more generic lattices, we suspect that the equal
mixture of competing condensates may not always generate a critical state globally. The
correct relative weights may depend on the ratio of plaquettes and vertices in the given
lattice. This certainly deserves future exploration.

Another important question is how to explore the effect of enlarging the unit cell.

In this paper, we have chosen a minimal unit cell, and explored the phase space of
theories by varying couplings within the unit cell, which is obviously only a small corner of
possible theories that realise the given symmetries. Hence, two paramount questions are
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Central charge

B

Supplementary Figure 21: The ternary phase diagram of interpolating the Frobenius
algebras Ag = 0,41 = 0& 2, A3 = 0@ 3 with module 1 @ 2 in category Ay4. They are all
subalgebras of A3 =0® 1 ® 2 & 3. Each vertex is marked by one of the three normalised

states A;. The three phases are separated by the critical lines with central charge ¢ > 0.

1) what the possible systems that can be realised within this restricted phase space are,
and 2) how to systematically enlarge the space of theories that one explores.

To the first question, we observe that when the phase subspace gets smaller, the central
charge of the resultant critical point also appears to be smaller. For example, the A-series
were realised by picking a module that essentially reduces the phase space in the unit cell
to 2-dimensions. In that case, the central charge of the resultant critical point seems to be
smaller than that with the same choice of unit cell but a large phase space. The number of
degrees of freedom involved in the unit cell seems to be related to the central charge of any
realised critical point. We suspect that the “canonical” CFT for a given symTO proposed
in [32] can always be realised from models constructed in the unit cell.

This observation can be qualitatively explained by the generalised KW duality. As one
increases the dimension of the subspace, the degrees of freedom often fall into a decoupled
multi-layer system, a direct generalisation of the double-layer structure described in the
text. The CFT at the critical point of the multi-layer system is a tensor product of the
CF'Ts of each critical layer; hence, one expects the central charge to be larger.

As the chosen unit cell’s size increases, one expects that the strange correlator should
be able to describe more complicated CFTs carrying the symmetries with larger central
charges. We considered a larger unit cell as shown in Supplementary Figure 22.

We observe that generalised KW duality can effectively search for critical points here.
The KW duality exchanges squares with octagons and swaps horizontal edges with vertical
ones. On enlarging the unit cell to accommodate the anisotropic (2|, the n-dimensional
phase space is promoted to a 2n-dimensional phase space. In general, the critical self-dual
manifold in the n-dimensional phase diagram is promoted to a critical self-dual manifold
with higher dimensions in the 2n-dimensional phase diagram. The extra dimensions of the
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Supplementary Figure 22: Example of a larger unit cell. The blue region is the unit
cell of the anisotropic state (€|, of which the horizontal and vertical edges are in general
different. If (2| is isotropic, then the unit cell is the green region, which is discussed
extensively in the text above.

critical manifold are often irrelevant to the CFT. We have checked this in the case of Ising,
Fibonacci, and A categories and the results will be presented elsewhere.

Larger unit cells can be converted to an entangled (Q| state and computed by the same
numerical RG process. We have not yet looked into a more general ansatz to systemati-
cally produce critical models for (2| that carry entanglement. This and other important
questions will be discussed elsewhere.
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