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I. DEVICE SPECIFICATIONS

The device connectivity, which represents a heavy-
hexagonal lattice on 156 qubits, is shown in Supplemen-
tary Fig. 1. The device specifications for the data col-
lection days and the chosen qubits are also detailed in
Supplementary Fig. 1.

II. EXPERIMENTAL DETAILS

At each problem size and control probability param-
eter, 50 different circuit realizations were constructed.
Each circuit realization was repeated for 1000 shots.
Supplementary Fig. 2 shows the average number of en-
tangling two-qubit operations and measurement-induced
conditional resets at various values of the control param-
eter p. In particular, we considered problem sizes L from
10 to 100 with a step size of 10 and p from 0.2 to 0.85 with
a step size of 0.05. The total number of time steps was
set to L2, and correspondingly, the two-qubit gate and
reset count increased with L. Lower values of the con-
trol parameter require denser circuits with more entan-
gling operations, with the maximum number of two-qubit
gates reached at approximately 8000 gates at p = 0.2 for
L = 100. The maximum number of resets is reached
at p = 0.5, with L = 100, using nearly 5000 resets. At
pe = 0.5, the circuit is most resource-intensive, with 5000
resets intermixed with 5000 two-qubit operations. With-
out transpilation, the number of resets should increase
linearly with p, similar to the two-qubit operations that
decrease linearly with p. However, a reset operation fol-
lowed by another one is trivial, so we merge such consec-
utive resets, shown as the diminishing trend in the num-
ber of resets beyond p = 0.5 in Supplementary Fig. 2.
Supplementary Fig. 2 shows that the circuit duration is
maximal at p = 0.5 as the duration of reset is substan-
tially longer compared to the two-qubit gate duration.

III. FINITE-SIZE SCALING ANALYSIS

With a given finite-size scaling ansatz, we can numer-
ically fit and extract the critical exponents, such that
all curves with different system sizes collapse onto a sin-
gle universal curve after proper rescaling (see insets in
Figs. 2 and 3 of the main text). For example, given a set

of data points (observations) {0? )} at a tuning param-
eter p; and system size L;, where i = {1,2,..., N} is the
number of different parameters, and j = {1,2,..., M} is
the number of different shots, the generic scaling form is

A - 1

i ~ L fl(pi = po) i), (1)
where O; = L Zjle ij). In order to find the optimal
set of parameters (8, v, p.), we define the loss function as
its reduced x2 value to quantify the goodness of the fit,

ie.,
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where ¢ is the permutation of ¢ to ensure the ascending
order of z, = (p, — pC)L}/V, and O, = L?/V@L. O, is
the linear interpolation between the nearest two points
(,-1,0,-1) and (2,41,0,+1) on both sides of (z,,0,),
namely,
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If (;UL,@L) is on the boundary, (i.e., ¢ = 1 or N), we
simply use single side linear interpolation.

The denominator in Eq. (2) &, is the corresponding
standard deviation of the interpolated O,, defined as
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We minimize the loss function in Eq. (2) using the
Levenberg-Marquardt algorithm [1, 2] provided by the
Python package 1mfit [3] to obtain the optimal value of
B, v, p. along with their error bars.

For the temporal scaling in Fig. 3(a,b) of the main text,
we can use the same procedure to collapse Eq. (1) but
for the scaling function ~ f(t/L?) (and its generalization
to finite scaling dimension). The corresponding error bar
can thus be estimated by dz = v~ 26v.

IV. NOISE ANALYSIS FOR THE
MAGNETIZATION

In this section, we discuss the noise effect on the steady
state of the magnetization, as shown in Fig. 2a of the
main text. We model noise as a single-qubit depolariz-
ing error channel ®) and two-qubit depolarizing error
channel @) i.e.,

(n)

2™ (p) = (1-p") p+ B, (5)
acting on the single-qubit rotation R,(0) (see Eq. (3)
of the Methods) and CZ gate in the unitary, respectively
(see Eq. (2) of the Methods) where p is the density matrix
for a single qubit, 1 is the maximally mixed state up
to a normalization factor, and pgl) (pﬁf)) is the single-
qubit (two-qubit) depolarizing error probability. Using
a Choi-Jamiotkowski isomorphism, the density matrix
p = > ;pij|i}j| can be encoded as a ket state in the

double Hilbert space as |p)) = > ., pij |i) [7), where the
quantum channel (™ is then described as

) = [0 () = [(1=p™) + 1LY 1o,
(6)
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Supplementary Figure 1 | Experimental device. Device layout showing the chosen qubits and their specifications for all
the experimental realizations on ibm_fez corresponding to the data shown in Fig. 2 of the main text. Unused and
uncharacterized qubits and couplings have been grayed out. The mean 77 and T> times, shown as dotted vertical lines in the
plot above, were 1.4 x 10?15 and 1.0 x 10?us, respectively. Single and two-qubit durations were set at 24 ns and 84 ns and the
readout duration was 1.6 x 10% ns. On average, single-qubit, two-qubit and readout errors were respectively 3.0 x 1074,

1.8 x 1072, 1.3 x 1072,

where |1)) = 27" Zia "|i)) is the maximally entangled
Einstein—Podolsky-Rosen (EPR) pair between the bra
and ket space, and n = 1,2 for the single and two-qubit
channels, respectively.

Therefore, the two-qubit density matrix, on which the
corresponding Bernoulli map acts, averaged over Haar
randomness is

Ettaar [U10)] = Etaar [0] 19) = 34 @ 00210~ (7)

where U is the Haar random unitary U in the double
Hilbert space. Here, J4 is an all-one matrix of the size
4 by 4 acting on the basis in |p)) that corresponds to

the diagonal elements of p, and 012 is a zero matrix of
the size 12 by 12 acting on those basis states |p)) asso-
ciated with the off-diagonal elements of p because the
off-diagonal element of p will be averaged to zero within
Haar randomness.

Similarly, the single-qubit density matrix, on which the
control map acts, is

Clp)) = (100)(00] + [00)11])|), (®)

where C is the control map C in the double Hilbert space,
such that it flips |1)(1| to |0)0] while leaving |0)0]| intact.

We only track the diagonal elements of the density ma-
trix because the off-diagonal elements will not mix with
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Supplementary Figure 2 | Top: the total number of
entangling two-qubit operations (lighter curves) and
measurement-induced conditional resets (darker curves).
Bottom: Estimated circuit duration as a function of control
probability for all 50 circuit realizations.

the diagonal ones. Although the mapping is not strict in
the classical model, it suffices to study the change of the
order parameter in the control-induced phase transition.
We thus evolve the bit-string probabilistically following
the transition matrix in Eq. (7) and (8) with 1 — p and
p, in analogy to a Markov process.

We apply a single-qubit depolarizing noise channel in
Eq. (6) after each measurement with ptY on the qubit
where it was acted on, and two-qubit noise channel in
Eq. (7) after the Haar random gate with pg). Finally,
we compute the magnetization averaged over different
trajectories as shown in Supplementary Figs. 3 a and b
with the insets showing the data collapse. We find that
although the ferromagnetic fixed point state deep inside
the controlled phase is suppressed, it still demonstrates a
sharp phase transition near p = 0.5, leading to a similar
critical exponent, which is consistent with the experimen-
tal findings in Fig. 2a of the main text. In Supplementary
Figs. 3 c and d, we show fitted p. and v as a function of
the depolarizing error with a fixed relation pél) = 10p£2).
We find that the depolarizing error does not affect the
critical exponents within the error bar. Experimentally,
the error rates are reported as 10™* to 10~2 for the two-
qubit gate, and 1073 to 102 for the measurement error,

which implies our noise analysis does not underestimate
the impact of errors.

V. CLASSICAL MODELS

In this work, we have considered circuits where the se-
quence of scrambling unitaries sample the Bernoulli map
B; ;11 in each application of the chaotic map that is cho-
sen randomly from the distribution D. Under the as-
sumption that this distribution over unitaries D is in-
variant under conjugation by single-qubit unitaries from
either a one-design or a two-design, we can compute up to
first-moment or second-moment quantities, respectively,
of observables linear in p. Specifically, the £’th moment
of an observable is

IEC’r\/l"j’(p) [tI‘ [(pco)®k]] ’ (9)

where pc is the output of the circuit when the sampled
unitaries are C' = (Uy,...Uy,). The state py is in gen-
eral mixed because the circuit has nonunitary channels
corresponding to the control map in addition to the uni-
tary channels coming from Uy, ... U,,. By exchanging the
trace and the expectation value, we can rewrite the k’th
moment as

tr [Ecus(p)[pe"]0%"] . (10)

In this section, we deal with classical techniques for di-
rectly accessing the average k-copy state Ec..p(p) [p%k] for
k =1 and 2, which lets us compute the first and second
moments of the observable 0. We denote the average
k-copy state by p. Also denote the partial trace of p at
a subset A by ps := traec p. It should be noted that this
technique only gives us access to averages over unitaries
from some suitable ensemble, and not the specific k’th
moment for any particular sequence of unitaries C.

A. First moment

When k = 1, it suffices to consider the average state
after the chaotic and control maps. Contained in the av-
erage Ec.p(p) over the Bernoulli circuits lies an average
Ey,~p over random circuits, which we first tackle. Af-
ter a chaotic map at sites j, 7', the 1-copy average state
evolves as:

Pjj’ %EUiND[Uz'ﬁjj'Uf] (11)
1
e i 12

This map is operationalized by replacing the classical rep-
resentation of the state at these sites by a uniformly ran-
dom bit. On the other hand, after a control map on site
j, the state p; gets reset to |0>(()|j, which is also easy to
track using a classical bit. These two simple rules suffice
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Supplementary Figure 3 | Control transition in the presence of noise. Results are shown for statistical mechanics
model calculations (red circles; L = 16 — 128). a The magnetization density averaged over initial states, measurement
outcomes and circuits (denoted (M.)) as a function of the control probability p for various system sizes L, and single-qubit

depolarizing error pgl) = 0.01 and two-qubit depolarizing error pg) = 0.001. (Inset) Data collapse as a function of

p= LYY (p — p.) with p. = 0.498(1) and v = 1.000(2) b The magnetization density for single-qubit depolarizing error

pél) = 0.3 and two-qubit depolarizing error pt(f) = 0.03. (Inset) Data collapse as a function of p = Ll/”(p — pe) with

pe = 0.504(3) and v = 1.000(2) ¢ The fitted p. as a function of the single-qubit depolarizing error rate pe

(1), where

pg) = pgl) /10 is fixed. d The fitted v as a function of the single-qubit depolarizing error rate pS). In ¢ and d the error bar is
the Levenberg—Marquardt standard error of the fitted parameter (Sec. III), with n = 180.

to yield a classical random walk that reproduces the or-
der parameter Ec.g(p [tr pcO] as well as the features of
the shot noise seen in Figs. 2 and 3 of the main text.

We reproduce the magnetization density using the
first-moment stat-mech model as shown in Supplemen-
tary Fig. 4a similar to Fig. 2a of the main text. In Sup-
plementary Fig. 4b, we perform the finite-size scaling
analysis, which manifests the same critical behavior as
in the inset of Fig. 2a of the main text.

In Supplementary Fig. 5(a-c), we reproduce the distri-
bution of the quantum fluctuations (shot-to-shot fluctu-
ation) for the chaotic regime (Supplementary Fig. 5a),
the critical point (Supplementary Fig. 5b), and the con-
trolled regime (Supplementary Fig. 5c¢), under various
system sizes from L = 20 to 100. We find that, although
they do not quantitatively reproduce the distribution of
the shot-to-shot fluctuation (as we will show in Sec. VI
that the dephasing model is the closest classical model
to the quantum case, yet the dephasing model still fails
to capture all the features deep inside the chaotic regime
and the controlled regime)—because it is by construc-
tion only accurate up to the first-moment while the shot-
to-shot fluctuation is a second-moment quantity, it does
capture the distribution near the critical points, and re-
produces the same scaling dimension 5 = 1, as shown in
Supplementary Fig. 5(d,e).

B. Second moment

We can also generalize the previous calculation to the
second moment. For both unitary [4-7] and nonunitary
random circuits [8-10], there is prior work computing sev-
eral second-moment quantities such as expected purity,
fidelity with a target state, the cross-entropy benchmark,
and the variance of local observables. In these settings,

1.0 1.0

0.5 A

0.0

I T
0.0 0.5 1.0 —10 0 10
Supplementary Figure 4 | Magnetization in the
first-moment stat-mech model. a Magnetization density
as a function of p for different system sizes. (L = 20 — 100
from light to dark curves.) b Finite-size scaling of a. The
fitted critical exponents are p. = 0.4970(1) and
v = 1.0000(1) with a fitting range of p € [0.4,0.6].

the calculation is greatly simplified by virtue of some as-
sumptions on the ensemble of random circuits, which do
not hold in our case. We show how to overcome this hur-
dle by relaxing two fundamental assumptions underlying
these calculations.

First, one major assumption in several of the above
works is that each operation in the random circuit is
chosen independently of the others. In our setting, this
assumption is invalid because after the application of ev-
ery map, the choice of the next qubit(s) to apply the
next map to depends on whether we applied the chaotic
map or the control map. In other words, the random
circuit has important spatial correlations. In fact, with-
out this feature, our class of circuits would not feature
a phase transition for a local observable. We have al-
ready accounted for this correlation in the previous sub-
section when we calculate the first moment. The tradeoff
is that we do not analytically compute expectation values
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Supplementary Figure 5 | Shot-to-shot fluctuations in the first-moment stat-mech model. Behavior of
shot-to-shot fluctuations of the order parameter from the classical stat-mech model for the first moment. The fitted critical
exponent is p. = 0.5010(1), v = 1.00(2), and S = 1.011(4) with a fitting range of p € [0.4, 0.6].

of first- or second-moment quantities but instead supply
an efficient algorithm to compute them.

Second, and more importantly, another assumption
underlying all the above works is that the ensemble of
random circuits is locally scrambling [11], i.e., is invariant
under the insertion of random single-qubit gates from a 2-
design after every operation. In our case, this assumption
is manifestly invalid, since after the control map there is
no such single-qubit operation. Indeed, if our ensemble
of circuits were locally scrambling, there would be no sig-
nal to discern in a local observable and we would have
tr [Ec[pc]O] = 0. We can nevertheless define a custom
and novel stat-mech model for this situation, which can
again be classically efficiently simulated. We illustrate
the technique by calculating the collision probability.

First, observe that it is enough to understand the
physics of the two maps and the effect they have on the
two-copy average state Ec.p(p) [p?iQ] =: p. Since we are
not considering any postselection and hence probe quan-
tities linear in p, the effect of these maps may be com-
puted by considering an input reduced density matrix
supported at the location of these maps. For example, for
a control map acting on qubit j, it is enough to consider
its action on p;, which we recall is defined as p; = trje p.
The collision probability is given by

>_pe =t a7 )2
x xT
= Ec Y pi=> trp|z®* ) z®?|.
x xT

A certain subset A of the [n] qubits have a chaotic map

(13)

last applied to them, and their complement A¢ = [n]\A
have a control map last applied to them. Since there is
a control map on this subset A¢, these qubits are in the
state pae = (]00...0%00... O|Ac)®2. The two-copy state
on the other qubits in A lies in span{I, S}/4l, where I
and S are the identity and SWAP operators. Denote the

entire two-copy state

>

zc{0,1}14l

cxS® | @ (]00...0%00...0],.)%%. (14)

]|

The expected collision probability is

Z tr ey SY ’w®2><w®2’ = 2/l ch. (15)
Y

x:x4c=00...0,y

We have seen that it suffices to keep track of the quan-
tity Zy ¢y. We compute the action of the two maps and
state some useful facts about the dynamics of the two-
copy state through the following claims.

Claim 1 (Two-copy state after chaotic map). For any
arbitrary subset A C [n], the reduced two-copy state in
the circuit dynamics after the application of a chaotic
map lies in the space span{I, S}Y®IAl where |A| is the
number of qubits in A and the operators I and S are the
identity and SWAP operators, respectively, acting on a
qubit and its copy.

This follows from the property that the chaotic map
is locally scrambling. For a locally scrambling distribu-
tion over two-qubit unitaries, the distribution is invari-
ant under insertion of random single-qubit gates from a



2-design. Let us denote these V. Averaging over these
random single-qubit gates, we project on to the sym-
metric subspace, which is spanned by {I,S}". We can
explicitly compute this projection using linearity of trace:

Ev[(VeV)p(V e V)i
:trﬁ— %trﬁS’I+ trpS — ”7‘)
3 3

S. (16)

Claim 2 (Two-copy state after control map). The re-
duced two-copy state in the circuit dynamics after the
application of a control map on qubit j is \O)(O|® .

This fact follows from the fact that the control map is
a reset operation, producing the state

1
00X00| = (11 +1Z + Z1 + 22). (17)

These two claims, together with the observation that
at every point in time, the reduced two-copy state at a
particular site is either [0%0|%* or in {, S}, suffice for
the classical simulation of the collision probability.

When the chaotic map is a Haar-random two-qubit
unitary, we have the following rules for the classical ran-
dom walk on {I, S}

IT—1II; SS— S5,
4 (11
18,81 - (*255) . (18)

This yields the following update rules for the collision
probability. We examine three cases. i) Both qubits are
in a pure state, ii) One qubit is pure and the other al-
ready lies in {I, S}, iii) Both qubits are in {I,S}. For
convenience, we note that if the initial state is pure, for
example in the |0) state, upon applying a single-qubit
Haar average we get:

I+ S

. (19)

|0®2 ><0®2| N
i) In this case, the input two-copy average state at sites
j,7" where the chaotic map is applied is |O>(O\?2 (al +
bS);s. In the input state, the contribution of these qubits
to the collision probability is 1 x 2(a+b). Here the factor
1 comes from the qubit j being in a pure state, while the
second factor 2(a + b) comes from the qubit j' being in
(al +bS); (see Equation (15)). After application of the
chaotic map, the output two-copy state is given by

Ta  2b 2a Tb
I =+ = — 4+ —. 2
(3O+30>+SS(30+30> (20)
This yields a contribution to the collision probability of
9a  9b 6
2 Ja  J0y _ b
2° x <30+30> 5(a—kb). (21)

Therefore, the contribution to the collision probability
has decreased from 2 — g, a factor of %

6

ii) The input two-copy average state is |00><00|?}2, since
both sites last had a control map applied to them. The
initial contribution to the collision probability is 1. After
the chaotic map, the output two-copy state is now

II
1+ 55 (22)
20
This has a contribution of 22 x 2—20 = % to the collision

probability. In this case, the reduction in collision prob-
ability is by a factor of %

iii) If the reduced two-copy state on qubits j,j’ is
in span{l,S}®% we apply the rules in Equation (18).
The classical simulation of the stat-mech model samples
“words” in {I, S}®2. If the sampled words are I (respec-
tively, S.5), the update rules keep them in I7 (resp. SS).
The collision probability is left unchanged. If the word
is either I.S or SI, we pick with probability 1/2 each
whether to update it to either IT or SS. The factor 4/5
from Equation (18) is accounted for by multiplying the
collision probability by 4/5 in this case.

Lastly, we examine what happens when we apply a
control map at site j. If the reduced two-copy state at
site j is already in [0(0|®?, the control map leaves it un-
changed. If we have p; = 41+2S (with tr p; = a+b = 1),
we effectively sample I with probability a and S with
probability b. When the sampled word is I, the contri-
bution to the collision probability prior to the control
map is 2 X 7 = 3, and the final contribution is a. Simi-
larly, when the sampled word is S, the prior contribution
to the collision probability is 2 x g = b, and the final con-
tribution is . Therefore, upon application of the control
map, if the input sampled word is I, we pick up a factor
of 2 in the collision probability. If the sampled word is
S, we leave the collision probability unchanged.

Thus, we can see that it is the control map that results
in an increase in collision probability. This is natural,
because the control map tends to reset qubits to |0), and
in the extreme case the output distribution is peaked on
bit-strings with many |0)s.

These rules, taken together, allow for a classical sim-
ulation of the expected collision probability, as shown in
Supplementary Fig. 6. At p = 0, we numerically find
that the predicted collision probability is close to the
ideal value of 2/(2™ + 1) = 2=(n=1) and at p = 1, it
approaches the value 1, which is expected for the fixed
point state |00...0), which has a peaked distribution.
We also roughly see that in the control phase p > 0.5,
the collision probability is nonzero even for large L. This
illustrates that the classical bit-string distribution in this
phase has a large peak, even though it may be formally
supported on many other bit-strings. When p < 0.5, the
collision probability is exponentially small and the stat-
mech model needs a large number of samples to precisely
predict the ideal expected collision probability. This be-
havior is also expected, since in this phase the classi-
cal distribution is supported on exponentially many bit-
strings.

Finally, we note that we can also extract similar

!
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Supplementary Figure 6 | Collision probability. Blue
dashed curves for the experimental data. Red curves for
MPS simulation using the same 49 circuits. Green curves for
the first-moment stat-mech model, and the gray curves for
the second-moment stat-mech model. The error bar is o/y/n
with n = 49 circuit realizations for the experimental and
MPS data; the shaded band for the two stat-mech models is
a 95% bootstrap percentile interval over 100 resamples.

physics from the first-moment stat-mech model, although
we do not expect it to accurately model second-moment
quantities. Formally, we predict a collision probability
from the first-moment stat-mech model by pretending
that the true state is given by [00...0), ® HJ'&A(%)’
where A is again the set of qubits that last encountered
a reset operation. This predicts a collision probability
of 2=(=14D For p = 0, since |A| = 0, this predicts a
collision probability of 27", which differs from the ideal
collision probability of ~ 271", This difference is not
detectable from the experiment because at large system
sizes (L 2 40), the number of outcomes is much larger
than the number of shots taken.

VI. DEPHASING MODEL

In this section, we introduce the details of the noise
model in the dephasing channel, which we dub the “de-
phasing model” for brevity. The motivation of the de-
phasing model is to try to find a noise channel that is
as close as possible to classically “spoofing” the observer
when trying to measure the quantum fluctuations defined
in Eq. (5) of the Methods. This is distinct from the sta-
tistical mechanics model we have investigated, which is
more akin to the depolarizing noise channel that aver-
ages over Haar unitaries to define the classical process
(see Sec. V). Instead, we can retain more classical fluctu-

ations by focusing on a “classical” circuit (i.e., without
quantum coherence) while keeping the notation of “cir-
cuit realization” sharp (i.e., without first taking the Haar
random average of the density matrix).

Therefore, the dephasing model only focuses on the
evolution of the amplitude of the wave function, which is
an Lj-normed probability mass function |¢) supported
on the computational basis states b = b1by... by =
Zle b;27%. For example, for a Haar random unitary,

U ~U(4), the transition matrix U, can be constructed as

’ (23)

[T = |Us

. . 2
such that (b|U;|y)) = ‘ (b\U|1/J>‘ .

For the control map, we simply reset the corresponding
qubit . Namely,

[N 0-sae (]

Jj=1

where the order of the basis on each site is 0 and 1.

In the end, we sample the same circuit by fixing the
realization of Ur and its spacetime position. The “quan-
tum fluctuations” are in analogy defined as

(AMz)2|C = Ew |:M22:| - (]Ew [Mz])2 (25)
where Ey, [O] = 37, pp(¥)Op , and pp(1) = (b|e)).

In numerics, since Eq. (23) and Eq. (24) are both essen-
tially Markov processes, we can simulate the time evolu-
tion of a single bit-string b under the stochastic dynamics
of transition matrix U; and C' in replacement of the full
probability mass function simulation of |¢).

VII. SYSTEM SIZE DEPENDENCE OF THE
KULLBACK-LEIBLER DIVERGENCE

The Kullback-Leibler (KL) divergence is a measure of
how one probability distribution differs from a second,
reference probability distribution. In our case, we can
use the KL divergence to quantify the difference among
the probability density function of the variance of the
magnetization obtained from the MPS simulation, the
dephasing model, and the experimental data. All results
in this section are shown without readout error (pristine
simulations), in contrast to the main-text Fig. 4 where
all MPS and dephasing simulations include readout error
(see Sec. VIII). The pristine Dky,(MPS, Deph) as a func-
tion of p for various system sizes is shown in Supplemen-
tary Fig. 7a; the corresponding comparison with readout
error included is shown in Fig. 4e of the main text. In
Supplementary Fig. 7a, we show Dky,(MPS, Deph) versus
p for various system sizes without readout error, estab-
lishing that the quantum-classical distinction grows with
system size in the chaotic phase and vanishes in the con-
trolled phase. In Supplementary Fig. 7b and ¢, we com-
pare the “experimental explainability” of the quantum



“MPS” simulation versus that of the classical dephas-
ing model, and we find that the latter KL, divergence is
always larger than the former inside the chaotic phase
for all system sizes. In the controlled phase, both KL
divergences increase to a large value because of the in-
trinsic noise in the experiments that will always prevent
the full suppression of quantum fluctuations. Supplemen-
tary Fig. 7d shows Dxkr,(Exp, MPS), Dkr(Exp, Deph),
and Dkr,(Exp,SM) as a function of p at L = 40 with-
out readout error; comparing with Fig. 4a of the main
text (which includes readout error) shows that includ-
ing readout error brings both simulations closer to the
experimental data.

VIII. READOUT ERROR

To study the effect of readout error on quantum fluc-
tuations, we model the readout error as an independent
per-qubit classical channel that stochastically flips the
measurement. For each qubit 7, the confusion matrix is

(0) (1)
1—¢€; €;
Ci = ( 6(_o)Z 1 B (_1)) ; (26)

(2

where egb) = P(1 — b|b) is the bit-flip readout error rate

given the true bit value being b = {0, 1} during the read-
out.

Since our experiments are performed on different ar-
rangements of qubits for different circuit realizations C
and different shots m¢, we assume a simplified model
with a uniform readout error by averaging over all qubits

from the actual devices, i.e., 61(_0) = ¢© = 0.007 and
e = e =0.0166.
The  quantum  fluctuation  (AM,)?|c =

E c [<7vbmc‘Mz2W}mc>] - (]Emc [<¢mc|MZ‘7vbmc>])
averaged over readout error Ego [(AM.)?|c] can be sim-
ply derived from the pristine simulation data by noting
that the readout error is a classical stochastic process
that acts on the bit-string outcomes of the measurement,
and does not affect the underlying quantum state [¢m, ).

Here, the first moment of M, averaged over different
trajectories me and readout error is

Ero [Emc [<"/’mc|M |wmc>”
23" Eno [ WhmelZ |wmc>}]

=1

L (27)
> a (Wmel Ziltme) + 8

=1

:a]Emc [ <¢mc ‘MzW}mc” + /B’

h\H

l—|l—|

where the first equal sign follows the definition of M, =

% ) Z;, the second equal sign is because

Ero {<wmc‘ZAl|¢mc>}
= Z (—=1)" P(b}[bs) P(bs)

b, b €{0,1}

=Yy
b;
=21
b;

=« <wmc |Zl|wmc> + 5,
where o =1 — €@ — M) g =) — ¢0),

Similarly, the second moment of M, averaged over
readout error is

IERO [ [<¢mc|M2‘¢mc>H

26(bi))P(bi) (28)

bi <’¢)mc |ZAz|¢mc>
2

o (1 — 2oy L+ (1)

=Em, L2 21+Z]ERO[ '(/)mc|ZZ ‘wmc>
i i#j

=0 B [ (Yme [MZ[Yme)] +

+2af (1 - 1) Em,
+8 (1 -1),

1—a?
L
[ (Ymc |M:[¢mc)]

(29)

where the first equal sign separates M2 = % Zi,j ZZZJ
into diagonal (i = j, with Z2 = 1) and off-diagonal
(i # j) contributions, the second equal sign is because
the off-diagonal readout expectation factorizes due to the
independence of readout errors across qubits,

Ero [ <77[}mc ‘ZAlZA] |wmc>]
= 3 (a1 + B)(a(—1)% +5)
b;,b;

X P(bi7bj|¢mc)
=0* (Yme | Zi Zi [ ome) + B°
+ aﬁ ( <wmc|Zi|1/Jmc> + <wmc|2j|¢mc>) )

where we summed over readout outcomes b}, b’; using the
single-qubit marginal from above and expanded the prod-
uct. The last equal sign in Equation (29) follows from
substituting the above and using 3, W Z: Z;|y) =
L2 (Y| M2[¢) —

Combining the above,
(AM.,)?|c transforms as

the quantum fluctuation

Ero [(AM.)?|c] = o®(AM.)?|c

1—a?—-p%2 2aB (31)

+ T B TEmC [<¢mc|Mz|wmc>] .
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Supplementary Figure 7 | The system size dependence of the Kullback-Leibler divergence (without readout
error). All results in this figure are shown without readout error, in contrast to the main-text Fig. 4 where all simulations
include readout error (see Sec. VIII). a The KL divergence Dxr,(MPS, Deph) between the MPS simulation and the dephasing
model as a function of p for various system sizes L = 10, 20, 30, 40 (lightest to darkest red). b The KL divergence between
the experimental (Exp) data and matrix product state (MPS) simulation and for various system sizes. ¢ The KL divergence
between the experimental (Exp) data and dephasing model (Deph) for various system sizes. d The KL divergence

Dk (Exp, model) from the experimental data as a function of p at L = 40, without readout error. Comparing with Fig. 4a of
the main text (which includes readout error) shows that including readout error brings both simulations closer to the
experimental data. The error bar is defined as in Fig. 4 of the main text.
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