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Supplementary Text

S1 Modeling

The closed-loop antithetic integral feedback (AIF) circuit will achieve robust perfect adaptation, even
when the dynamics are intrinsically noisy and modeled as a continuous-time Markov chain (CTMC)
(see Section S2.1.1). However direct analysis and extensive simulations of this stochastic model, using
Gillespie’s stochastic simulation algorithm [34] for example, is quite challenging and computationally
demanding. To circumvent this issue, we appeal to the well-known limit theorem of Kurtz [35] which
proves that when species constituting a reaction network are present in large copy-numbers, then the
CTMC dynamics is well-approximated by the corresponding ODE dynamics. Even though this classical
result only holds over finite time-intervals, it can be extended to the infinite time-interval [0, co) in situa-
tions where the limiting ODE dynamics has a unique globally attracting fixed point (see Theorem 2.7 in
[36]). In our engineered biological system we are comfortably in the region of high copy-numbers, a re-
quirement to ensure that the fluorescent levels remain detectable. Therefore, to analyze the closed-loop
antithetic integral feedback (AIF) circuit, we use a 3-dimensional ODE model of the circuit depicted in
Fig. 1c. The circuit regulates a single gene that produces an output protein of interest X . In the antithetic
topology, the regulation is carried out by two controller species, namely an actuator species (denoted
Z1) and a sensor species (denoted Z»). A key feature of AIF is that Z; and Zs must annihilate, i.e. abol-
ish each other’s biological activity upon reacting, for example by forming a high-affinity, biologically
inert dimer. This is also known as molecular sequestration.

The perfect adaptation property of the AIF circuit requires that the two controller species are lost
in equal quantities only due to the annihilation reaction. This condition is not met in live growing
cells, since the cell growth will introduce an additional degradation term of the form —9J X, where § is
the growth rate and X is the concentration of the chemical species being considered. We refer to this
degradation mechanism as dilution. Dilution becomes a particular concern in fast-growing cells, such
as Escherichia coli (E. coli), which double in size and divide every 20-30 minutes when in exponential
growth phase.

In the ideal AIF circuit it is also assumed that there are no limitations in the production rates of
circuit components. However, it is likely that the promoters used to drive the expression of the genes
that code for the proteins involved in the circuit will not have infinite transcriptional capacity. This may
reduce the space of achievable set-points, and affect the disturbance rejection properties of AIF.

We investigate these issues by analyzing dynamical models of non-ideal AIF circuits that account
for dilution and saturation. We elucidate the parameters that are important to the circuit’s performance
and we characterize the regions of the parameter space in which the performance is not far from that of
an ideal AIF-controlled system. In the ideal case in which no dilution is present, the actuator species is
produced constitutively and lost only through the annihilation reaction. The sensor species is produced
proportionally to X and also lost only due to annihilation. The output is produced proportionally to the
actuator and degraded according to some rate . These reactions can be summarized in the following
equations:

Zy = p—nZ12s
ZQ = 9X —T]Z1Z2 (S])
X =kZ, — X,

where all parameters are assumed strictly positive and all state variables are assumed non-negative. It is
easy to see that the steady-state of X in (S1) is given by:

- _ M
X == S2
7 (S2)
We note that (S2) defines the controller parameters regulating the set-point: the output steady state is

robust to variations in any other parameters.



To study how the presence of dilution affects the disturbance rejection properties of the circuit, we
add a degradation term with rate ¢ to all the 3 species in the model. We will further add a negative dis-
turbance in the form of an additional degradation term for X: this simulates the effect of an orthogonal
protease targeting X.

S1.1 AIF circuit with dilution and negative disturbance
For an AIF circuit with dilution subject to a negative disturbance we consider the following model:
Zy = —nZ1Zs— 67

Zo =0X —nZ1Zy — 62 (83)
X=kZ —(v+w+0)X.

The additional parameters ¢ and w are assumed non-negative. The steady state of X can be computed
analytically and is given by the following expression:

-1
o 2611k 1610k
X( d):(s_{_’;{'_w<\/(62+ﬂ77)2+%+52_ﬂ77> ) (S4)

where the superscript (nd) denotes the addition of the negative disturbance. Using the same formula
and substituting w = 0, one can also obtain the steady state of X when no disturbance is present, which

we denote X, (()nd). The steady-state error is then given by:

Ed) — x{rd _ x(nd), (S5)

S1.1.1 Asymptotic behavior of the steady-state error

The steady-state error must reduce to zero if there is no disturbance (w = 0) or no dilution (§ = 0). The
limit
lim B = q

w—0

holds by definition of E("% and as a sanity check we can verify the following limit:

lim £ = 0.
6—0
We now ask whether it is possible to make the error small by choosing limiting values of other

controller parameters. A natural one to consider is the sensor gain, which in our setup is the sensor
production rate 6. Does the error go to zero as this parameter becomes large? To answer this question,
we can not simply take the limit as 6 goes to infinity, because as 6 goes to infinity the steady state of X
goes to zero. So, naturally one would get E("4) = 0, simply because Xénd) and X (™ are both zero.
Instead, as # grows, we also need to increase u accordingly. We substitute . = 76, so that the ratio of
and 6 stays constant. In other words, we let § go to infinity along the line ;. = 6. We find:

EM = lim EW)’ - !
0—o00 u=ré
2(0 +~v+w) <\/17r (M‘{‘:iw —|—77r) —nr>

X (—nr(5+”y+w)—(5—|—’y+w) <\/m" (ﬂ—i—nr) _\/777“ (5_1_4;5]:_10"‘777’))

N (nr (6 + ) + 46k) (0 + v+ w) (nr (6 + v + w) + 4k)
o0+

— 4(5k3> (S6)



We find an expression that is not identically zero, suggesting that high gain alone is not sufficient to
make the error vanish. Interestingly, if the annihilation rate 7 also goes to infinity, one obtains exactly
ZETO eITor:

lim EW = 0.

n—oo

Consistent with this finding, if one takes the same sequence of limits of (S4), the expression of the steady
state in the ideal case (S2) is recovered.

Another way to make the error small is to choose & sufficiently small and the product 6k sufficiently
large. This can be for example verified by substituting 1+ = rf and § = k=2 in (S5), and then taking the
limit for £ — 0. The limit of the steady-state error is 0, and the limit of the steady state becomes 7 as in
the ideal case.

A third way is to choose 7 sufficiently large and the product 8k sufficiently large. This can be verified
similarly to the case above, for example by substituting 4 = 78 and § = 1 in (S5), and then taking the
limit for k£ — oo. Again, the limit of the steady-state error is 0, and the limit of the steady state is r.

S1.1.2 Behavior of the steady-state error for realistic parameter values

The asymptotic analysis presented above suggests that there are at least three ways of reducing the
steady-state error, and that by appropriately tuning the controller parameters one can circumvent the
loss of perfect adaptation due to dilution. We now investigate numerically the dependency of the error
on the parameters. To that end, we define the relative steady-state error as:

v(nd) _ (nd)
_ X X i" (S7)

We evaluate (S7) numerically and look for regions of the parameter space where the error is within
5%. Realistic values or ranges for the parameters were chosen as discussed in Section S1.4. To simplify
the visualization of the results, we fix §, 1 and v and w (for which realistic values could be chosen with
more confidence), and we vary pu, 6, and k within 4 orders of magnitude. For the latter parameters, we
consider a grid of 100 x 100 x 100 logarithmically spaced values (total of 10° points), and we evaluate
(S87) at each point. The results are presented in Extended Data Fig. 1 b, ¢ for two different values of
k. As it can be seen from the figure, for a fixed k the dependency of the output steady state on the
controller parameters is still well approximated by a linear function of the ratio of i and . Regarding
the disturbance rejection performance the following observations can be made: (i) for fixed 6 and k,
there is a minimum value of p required for small steady-state error; (ii) for fixed © and k, there is an
interval of 6 in which the circuit displays small steady-state error.

We then repeated the calculations for two additional values of §: In(2)/120 min~!, and In(2)/1200
min~!, corresponding to typical growth rates for yeast and mammalian cells respectively. As expected,
the region in which the system shows near-perfect adaptation expands as § becomes small (Extended
Data Fig. 1b).

S1.2 Accounting for actuator saturation

When a negative disturbance is applied to the AIF circuit, the feedback regulation results in a lower
production of the sensor species Z5. This causes a rise in the levels of the free actuator species 21,
which in turn increases the output production rate. In (S3) we assumed that such production rate is
linearly related to the actuator concentration. The output promoter, however, does not have infinite
capacity. To model this, we replace the linear function k£Z; with a Michaelis-Menten function of the

form:
- Vinaz Z1

7.) =
where V4. is the maximum allowable production rate. The choice of V,,,,,. is discussed in Section S1.4.
To set K, we require f to have a slope comparable to the one of the line in its linear range. We do that by




assuming that the linear function is the line connecting the origin with the point where f(Z1) = Vy,42/2.
This yields:
Vmax
2k -

When saturation is considered, analytical expressions for the steady states are no longer available.
Resorting to numerical simulations, we can still characterize the regions with less than 5% relative
steady-state error (Extended Data Fig. 1d). The main difference with Extended Data Fig. 1b, c is that
for each fixed 6 and k there is now an interval of p values resulting in good disturbance rejection
performance.

K=

S1.3 Dependency of adaptation region on actuator gain £

As shown in Extended Data Fig. 1b, c, increasing the actuator gain k has the effect of shifting the
near-perfect adaptation region of the AIF circuit toward smaller values of © and 6. This has important
implications in designing a circuit that has good adaptation performance around a desired set-point. To
further illustrate this effect, suppose we are interested in regulating the output around 10000 nM, and
that the actuator gain of our circuit is k¥ = 0.06 min~!. Extended Data Fig. 2 shows that it is possible to
achieve near-perfect adaptation for that output level for values of i and 6 approximately larger than 1600
nMmin~! and 0.1 min~! respectively. If the output gain is increased 10 fold to & = 0.6 min—!, the
set-point of 10000 nM moves towards the interior of the adaptation region, and near-perfect adaptation
can be achieved for smaller values of z and 6, roughly larger than 160 nM min~! and 0.015 min~!
respectively (Extended Data Fig. 2). One practical way to increase the gain k is to increase the number
of copies of the output gene: this is the motivation for using two copies of the output gene in our final
circuit design.

S1.4 Parameter values used in the computational analysis

We now discuss how values and ranges of the parameters for the numerical simulations presented above
were chosen. To interpret these, it is helpful to consider that 1 molecule in an E. coli cell of the volume
of 1 fLh will result in a concentration of approximately 1.7 nM:

1 molecule

. = 1.66 nM.
6.022 - 1023 molecules mol~' 10~15 L

S1.4.1 Dilution rates &

Dilution rates can be calculated on the basis of exponential decay processes related to cell growth. If a
cell contains an initial amount X of a chemical species X and no new X is produced, X will gradually
dilute out due to cell growth. The corresponding differential equation:

X =—-6X

has solution:
X(t) = Xoe ™.

We define the doubling time T as the average time it takes for a cell to double in size (which will
eventually lead to cell division). After time Tp, the cell will contain half of the initial amount of X.
Thus:

X(Tp) = Xoe "' = §7
which gives:
_ log(2)

4] T




The doubling times are well known for common laboratory organisms. We assumed 25 min for
bacteria, 120 min for yeast and 1200 min (20 hours) for mammalian cells, in line with standard cellular
biology knowledge. These respectively result in values of & of 0.028 min~!, 0.0058 min~! and 0.00048
min~! respectively.

S1.4.2 Native degradation rate of the output ~

We previously observed that fluorescent proteins without degradation tags are lost only due to dilution.
In our circuit design output proteins however do have degradation tags. While these are not supposed to
contribute any active degradation when the disturbance is not induced, we found that this is not actually
the case: the proteins will still be less stable compared to untagged ones, presumably due to partial
recognition of the tags by E. coli native proteases [37]. To model this effect, we set v = 0.50.

We remark that the fact that the output protein of interest degrades at a faster rate than dilution has
to do with our specific implementation. However, it should not be viewed a requirement for the system
to achieve near-perfect adaptation. In fact, within the parameter ranges we tested in our simulations, y
has little effect on the shape and size of the near-perfect adaptation region.

S1.4.3 Strength of negative disturbance w

A nominal value for this was chosen on the basis of Figure 1D of [37], where is it shown that different
mfLon protein degradation tags can take out anywhere from 10% to 90% of the initial protein amount.
Based on the simple model:

X=k—-(0+w)X,

where X is protein amount, k is the production rate, ¢ is the dilution rate and w is the active degradation
rate, one can write an equation for the relative drop due to active degradation at steady state:

b(k_ kN _w
E\6 o64+w/) 64w
So the drop is 50% when w = §, 90% when w = 96, and so on. We assume an intermediate value
of w = 54.

S1.4.4 Annihilation rate 7

The references available include in vitro measurements of sigma factor binding affinities [38], as well as
previous modeling work [39]. Buchler and Louis summarize several previous studies in which binding
affinities of proteins that display annihilation had been measured in vitro (Supplementary Table SII of
[40]). For sigma and anti-sigma factor pairs the reported values range from 3.66 - 1072 nM~! min—"! to
5.40- 107> nM ' min~'.

The question of how well in vitro rates match the in vivo ones is not completely resolved, mostly
due to the challenges associated with measuring the latter. For a large set of E. coli enzymes it has
been shown that in vitro catalytic rates generally correlate well with the in vivo ones [41]. There are,
however, some notable exceptions, in which differences of about 20-fold have been observed depending
on the method used [42]. For the yeast galactose signaling network, Gencoglu et al. [43] report binding
affinities in vivo of up to 40-fold stronger than their in vitro counterparts.

Given this uncertainty, and the indication that in vivo binding may be stronger than in vitro binding,
we picked the value of 0.05 nM~! min~1, closer to the upper limit of the in the in vitro range given
above. Note that higher values will improve the circuit performance, so this nominal value should be
viewed as a conservative lower bound.



S1.4.5 Controller constitutive production rate

To get a realistic upper bound, we referred to [44], where it is reported that maximal production rates for
the two prototypical E. coli proteins Lacl and LacZ are in the order of 100 molecules per minute. These
rates were in turn derived from [45] and they refer to the genomic lac operon. Consistently with these,
Buchler and Louis [40] give transcription factor synthesis rates of 0.5-50 nM min~! in bacteria.

Given that our circuits operate on a high copy plasmid with a ColE1 origin of replication yielding
about 50-70 plasmid copies per cell [46], we multiplied the genomic rate by 60, to obtain 6000 molecules
per minute. Using the equivalence between number of molecules and concentration given above, we ap-
proximated this to 10* nM min~!. This maximal value was then reduced by up to 4 orders of magnitude

to obtain a search space for this parameter of 10" to 10* nM min—".

S1.4.6 Regulated production rates 6 and k

When no saturation occurs, the regulated production rates are proportional to the concentration of reg-
ulator protein. To get a lower bound for these, we assume that the maximal rate of 10* nM min~"
occurs for the maximum possible concentration of regulator protein in the cell. If the regulator were
constitutively produced from a high-copy plasmid, the maximal concentration at steady state would be:

104 nM min—!

: ~ 3.6 - 10° nM.
0.028 min—!

Rmam =

With this reasoning, one gets therefore a lower bound of:

104 nM min—!

~ 0.028 min~".
Rma.t

We used this reference value to establish a search space of 4 orders of magnitude for 6 and k of 1072 to

102 min—1.

S1.4.7 Maximal saturated production rate V,,,,,

The maximal saturated production rate for sensor and actuator was set to 10* nM min—'. This en-
sures that this values is never exceeded regardless of the amounts of the output and controller species
respectively.

S2 The universality of antithetic feedback controllers for robust perfect
adaptation of noisy biomolecular networks

S2.1 Preliminaries
S2.1.1 The stochastic model for chemical kinetics

The dynamics within cells is often very noisy and it has a random component that arises because of the
intermittent and stochastic nature of the reactions. This nature is more pronounced in reactions involving
biomolecular species with low population-counts or copy-numbers, like DNA transcripts, transcription
factors, etc [47]. The randomness in the intracellular dynamics can lead to significant cell-to-cell hetero-
geneities [48, 49], which has been implicated in important functional roles [50, 51]. We are interested
in investigating control mechanisms that can effectively operate despite the randomness in intracellu-
lar dynamics, and therefore we need to account for this randomness using stochastic models. We shall
employ the most common stochastic model which describes the intracellular dynamics as a continuous-
time Markov chain (CTMC) that keeps track of the copy-numbers of all the species as they participate
in various reactions [34, 52].



We now describe the CTMC model in greater detail. Henceforth let Z and Ny denote the set of all
integers and all nonnegative integers respectively. Consider a reaction network with /N biomolecular
species X7,... XN that interact among each other through reactions in the set K. Each reaction
k € Ky is of the form

N N
> ukXi — Y 1 X (S8)
=1 =1

where v; and v, denote the number of molecules of species X; that are consumed and produced by re-
action k. The state at time ¢ is simply the vector of species copy-numbers X (t) = (X1 (t),..., Xn(t)) €
N)Y. The rate of firing of the k-th reaction is determined by its propensity function X\, : N)Y — [0, 00)

and this reaction displaces the state by the stoichiometric vector (j; = (Vj; —Vk1, . .., Vyy —VkN) € ZV.
When the network state is = (x1, ...,z ), reaction k fires at rate Ay, () and the state moves to (x+(y).
Letting vy = (Vg1,...,VkN) € Név, we shall assume from now on that for each k € K

Ae(z) >0 = x>, (S9)

where the vector inequality x > vy is in the component-wise sense. This assumption essentially says
that if for reaction %k the required number of reactant molecules are present then this reaction has a
positive rate of firing. Such an assumption is biologically very reasonable (see [53]) and it ensures that
the dynamics stays in the non-negative integer orthant N év . Note that this assumption is trivially satisfied
for reaction k, if its propensity function has the mass-action form [52]

| )

N
zi(z, —1) ... (x; — v + 1
Ak(ml,...,xmzwﬂ( )y,f ki 1) (S10)
i=1 v

where v, > 0 is the associated rate constant.

A common way to describe a stochastic process is via its generator which specifies the time-
evolution of the probability distribution of the process (see [54]). For our CTMC model, the generator
of the state dynamics (X (¢)):>0 is given by

Af(z) =Y M(@)(f(z+ &) — f(2)), (S11)

keln

where f is a bounded real-valued function on the set £ C Név of accessible states for the CTMC. If p; is
the probability distribution of X (¢) then its time-evolution is given by the well-known Chemical Master
Equation (CME) [52], which can be expressed as

dp

= A* S12
dt D, ( )

where A* is the adjoint of linear operator A given by

Ag(z) =D (lz = & — G) — M(@)é(2)) .-

keEX N

If we define the inner product (f, {) between a real-valued function f on £ and a probability distribution
&on€ as

(1,6 =) f@)(x)

zeE

then the operator A and its adjoint A* satisfy

(Af, &) = (f,A¢). (S13)



S2.1.2 The notion of stability

The stability of the CTMC (X (¢)):>0 is usually assessed by checking if the probability distribution p;
of the state X (¢) converges to a stationary distribution 7 as ¢ — co. We work with a strong notion of
stability, also called ergodicity (see [55]), that demands that this convergence occurs in the fotal variation
norm, irrespective of the initial state X (0), i.e.

lim sup [p:(A) —7(A)| =0 for any X(0)e€

t—=00 pce
where for any probability distribution £ on £
£(4) = ().
€A

Note that the stationary distribution 7 is a fixed point for the CME (S12) which satisfies
A'r =0. (S14)

Ergodicity implies that this fixed point exists uniquely and it is globally attracting over the space of
probability distributions over £. As the state-space £ is typically infinite, direct verification of ergod-
icity is nearly impossible. Fortunately an indirect approach exists for this purpose, which involves first
checking that the state-space £ is irreducible and then constructing a suitable Foster-Lyapunov function
over the state-space £ [56]. Computational approaches for identifying the irreducible state-spaces for
CTMC models of reaction networks and constructing a Foster-Lyapunov function are provided in [53]
and [57] respectively. For a state-space £ to be irreducible, for any two states z, y € £, there is a positive
probability for the CTMC starting at x to reach y in a finite time, i.e.

P(X(t) =y|X(0)=2)>0 for some t>0. (S15)

Due to condition (S9), reaction k has a positive probability of firing at state z if and only if z > vy.
Using this fact one can see that for (S15) there must exist a sequence of reactions ki,...,k, € Ky,
such that if we define zp = x and

J
zj:zo—i—ZCkl for j=1,...,n
=1

then we have z, = y and

Zj—1 2 Vg, for each j=1...,n.

S2.1.3 Perfect adaptation and the Poisson equation

Suppose that the CTMC (X (¢))¢>0 is ergodic with stationary distribution 7 and for a real-valued function
f on state-space £ we have

(fim) =) fla)w(z) = p
el

for some 1 € R. Usually the ergodicity of (X (¢)):>0 would imply that the convergence

lim E(f(X(¢))) = p (S16)

t—o00

holds irrespective of the initial condition X (0). Therefore this input-output system, with input given
by the initial state X (0) and output given by the steady-state expectation lim;_,~, E(f(X (¢))), exhibits
Perfect Adaptation (PA) with respect to constant input disturbances. If the input is perturbed by a

10



constant, then this perturbation is rejected and the system output returns to the pre-perturbation level p
after a transient period.

Under very general conditions, the PA condition (S16) is equivalent to the existence of a function
F : £ — R that solves the following Poisson equation (see Chapter 8 in [58])

AF(z) =p— f(z) for all xef. (S17)

This solution function F' is unique up to addition by a constant. This relationship between PA and the
Poisson equation will be useful for us later.

S2.1.4 Sensitivity and Robustness

We now assume that the reaction propensity functions \;-s depend on a scalar parameter v (like a
reaction rate constant, cell volume, temperature etc.) in addition to the current state z. Hence the rate
of firing of reaction k at state x is Ai(z, ), and we denote the corresponding y-dependent CTMC as
(X5())¢>0 and the associated generator as A, and the stationary distribution as .,. We assume that
can take any value in some feasible open set I' C R. Typically for mass-action kinetics (S10), ~ is the
reaction rate constant and I' = (0, co) is the set of all positive real numbers.

We now identify the necessary condition for PA (S16) to hold robustly with respect to parameter -,
along with the initial state X (0). This brings us to the notion of Robust Perfect Adaptation (RPA) which
demands that in addition to (S16) the following holds

tli}m aany(f(Xq,(t))) =0  forany ~yel. (S18)

According to this condition, constant perturbations in the parameter -y are rejected, and the infinitesimal
sensitivity of the output with respect to parameter -y is zero at steady-state. This relationship between
RPA and zero steady-state sensitivity has been explored in [59, 60] for deterministic models of reaction
networks (see Section S2.2.4 for more details).

Due to ergodicity of the CTMC (X (%)):>0 it can be expected that (see [61] for more details)

.0 0
JHm aE(f(Xw(t))) = aﬁtv ).
We now discuss how the steady-state sensitivity
0
a <f7 7T’Y>
can be computed, using the solution F’, of the Poisson equation (S17) for generator A,. Note that
equation (S14) implies that A7, = 0, and differentiating this relation with respect to v we obtain

« (0 9
4 (55m) = (57%) =

Taking inner production with function F’,, and using (S13) along with linearity of the derivative operator

we get
« 0 9



where the last equality holds because

(2

as the probability measure 7, sums up to 1 for any choice of . This calculation shows that the steady-
state parameter sensitivity can be computed as

2 - () o

= > Z@f(%v) (Fy(x + Ck) — Fy(2)) my (). (S19)

keKn x€€

A formal derivation of this expression for steady-state parameter sensitivity is provided in [62]. Even
though we considered y as a scalar parameter, the generalization of the results in this section to the
vector-valued case is quite straightforward.

S2.2 Main Results
S2.2.1 The biomolecular control design problem

We consider the problem of designing an in vivo biomolecular controller that can effectively regulate
an unknown or poorly characterized intracellular network, even in the presence of randomness in the
dynamics and other environmental fluctuations (see Box 1 (Main Text), Fig. a). We shall use the CTMC-
based modeling framework (see Section S2.1.1) to describe the dynamics of both the controller network
and the controlled network. The controlled network consists of N biomolecular species Xy, ... X that
can undergo reactions in the set Ky of the form (S8). Let yx = (yn,1,7n,2, - - - ) be the set of network
parameters that influence the propensity functions A-s for the reactions in K.

Henceforth let e, denote the vector of appropriate dimensions whose m-th component is one and
the rest are all zeros. We suppose that the biomolecular controller network comprises C' biomolecular
species Z1, ..., Zc that interact among each other through reactions in the set . Each reaction
k € K¢ is of the form

C C
> aniZs — Y o7 (S20)
i=1 =1

where ay; and o, denote the number of molecules of species Z; that are consumed and produced by
reaction k. For each controller state z = (21, .. ., 2¢), the rate of firing of the k-th reaction is \x(z,v¢)
and it displaces the controller state to (z + (i), where (;, = (a},; — g1,...,0)y — apy). Here
ve = (Y¢1,7¢c,2,---) is the vector of controller parameters. Apart from reactions in K U Ko we
also have interaction reactions K ; between the controller and the network and an additional reaction that
encodes the user-specified set-point p for the controller. This set-point encoding reaction (denoted by
k,,) is a reaction of the form (S20) with mass-action kinetics (S10),

rate constant <y, = p and stoichiometric vector  (y, = *eq, (S21)

i.e. this reaction only produces or consumes a single molecule of species Z;. Examples of such a
set-point encoding reaction include the zeroth-order reaction

0L 74 (S22)
or the first-order reaction

A L) 71+ 7. (523)
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The set K; consists of exactly one sensing/measurement reaction (denoted by ky), which measures the
output species Xp,. This sensing reaction kg is again of the form (S20) with mass-action kinetics (S10),

rate constant 7y, = fx;  and stoichiometric vector (j, = *e;, (S24)

for some ¢ € {1,...,C}. Such a reaction only produces or consumes a single molecule of some
controller species Z;, at a rate proportional to the copy-number x, of output species Xy,. In particular,
this sensing reaction could be catalytic production of Z;

0% 7. (S25)

or catalytic degradation of Z;
z; X5 0. (S26)

The set of interaction reactions XC; also consists of actuation reactions which can be arbitrary (in both
their number and their type), as long as they only affect the state © = (z1,...,zy) of the controlled
network and do not affect the state z = (z1,...,2¢) of the controller network. For definiteness we
assume from now on that there is only one actuation reaction of the form

Z; 5 Z; + Xy, (S27)

where Z; is one of the controller species. We assume mass-action Kinetics for reaction (S27) but the
kinetics for this reaction can be completely general.

Note that the mass-action form (S10), allows us to write the propensity functions for the set-point
encoding reaction k,, and the sensing/measurement reaction kg as iy, (2) and 0z Ay, (2) respectively.
The closed-loop reaction dynamics (X (t), Z,(t)):>0 can be described as a CTMC whose generator is
given by

Ay f(x,z) = Z Me(z, W) (f (2 4+ gy 2) — flz,2)) (S28)
keKy
+ Z Ae(z,70)(f (2,2 + G) — f(z,2))
kekco

+ 12 (f (@ + €1, 2) = f(2,2)) + A, (2)(f (2,2 £ e1) = f(2,2))
+0x g, (2)(f(z, 2 L €;) — f(z,2))

where v = (vn,7¢) is the vector of all parameters and f is any bounded real-valued function on the
state-space £ = &1 x &; of the dynamics with & C Név and & C Ng .

Objective: Note that the output being sensed by the controller is x7. Our goal here is to design a
biomolecular controller that can robustly drive this output to the steady-state value p > 0. In other
words the following perfect adaptation (PA) property (see Section S2.1.3) must hold for any initial state
(330, Zo) €&

tlggoE(eX'y,L (t)) = Eﬂq (HX%L) = K, (529)
where E denotes the expectation operator and E?H denotes expectation under the stationary distribution
7. Moreover we desire the controller to achieve robust perfect adaptation (RPA) (see Section S2.2.4)
in the sense that the PA condition (S29) should be satisfied for any choice of parameters v = (vn,7¢)
in some feasible set I' = I'y x I'c. This ensures constant disturbances in these parameters will be
rejected. Finally we would like the proposed biomolecular controller to achieve RPA for any unknown
or poorly characterized intracellular network of interest, as long as certain minimal assumptions are
satisfied which shall be elaborated later.
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The requirements we are placing on the proposed controller are inspired by synthetic biology ap-
plications where the structure, the kinetic details (for e.g. mass-action, Hill-type or Michaelis-Menten
kinetics) and parameters for the controlled network are often unknown. Therefore it is natural to de-
sire robustness with respect to these attributes. Additionally we also require robustness with respect
to all controller parameters except p and # which are associated with the set-point encoding reac-
tion (S21) and the sensing/measurement reaction (S24). Due to this strong robustness propensity the
topology of the controller that achieves RPA is severely restricted. Our aim is to show that any RPA-
achieving controller motif needs to be of the antithetic type in a certain generalized sense. Note that
even though we are considering RPA at the population-level by defining it in terms of the expectation
or the population-average of several identical single-cells, under the assumption of ergodicity for the
single-cell dynamics (see [57]), RPA will also hold for the long-term average output of a single cell
given by lim7_,oo T} (fOT X, 1(t)dt).

S2.2.2 Parametric characterization of all RPA-achieving controller motifs

The aim of this section is to derive the necessary and sufficient conditions that an RPA-achieving con-
troller must satisfy to regulate any intracellular network. Before we proceed with our analysis we list all
the assumptions we will be making in our analysis.

Assumption S2.1. (A) There is a set-point encoding reaction k, satisfying (S21), sens-
ing/measurement reaction kg satisfying (S24) and only one actuation reaction of the form (S27).
All these reactions have mass-action kinetics and the constants |, k and 0 are strictly positive.
All other network parameters vy and controller parameters o belong to feasible sets Iy and
T'c respectively. Furthermore, ' = 'y x I'c is an open subset of some Euclidean space R™.
The propensity function \i(-,yn) for each network reaction satisfies (S9) for every yn € I'y.
Similarly the propensity function \i(-,~vc) for each controller reaction satisfies (S9) for every
o € T'e.

(B) The state-space En C Név is irreducible (see Section S2.1.2) for the controlled network with only
the reactions in the set K. Similarly the state-space NOC is irreducible for the controller network
with reactions in the set K¢, the set-point encoding reaction and the sensing/measurement reac-
tion with a fixed output copy-number x1,. Furthermore the closed-loop CTMC dynamics described
by generator A is ergodic with irreducible state-space £ = En X Ng and a unique stationary
distribution -, (see Section §2.1.2). Finally, the first two moments of the controlled network
state X, (t) converge to their steady-state values (determined by the stationary distribution .,) as
t — oo.

(C) Each controller reaction k € K¢ of the form (S20) is elementary in the sense that the total number
of reactant molecules is strictly less than 3 (i.e. ), ap; < 3). Moreover each controller reaction’s
propensity function \,(z,yc) depends non-trivially on at least one independent parameter in the
controller parameter set y¢.

Recall the relationship between perfect adaptation (PA) (S29) and the Poisson equation from Section
S2.1.3. Define a real-valued function f over the state-space £ by

f(x,2) = 0xr.

Then PA is equivalent to the existence of another real-valued function F, : £ — R which solves the
Poisson equation

AVF (x,2) = p— f(z,2) for all (x,2) € E. (S30)

The following lemma proves that this function F’, needs to be invariant under translations by the stoi-
chiometric vectors corresponding to reactions in the set K U K¢
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Lemma S2.2. Pick a RPA-achieving controller and suppose that Assumptions S2.1 hold. Fix a feasible
parameter set vy € I" and let I, be a solution to the Poisson equation (S30). Let v, = (Vg1,...,VkN)
and o, = (1, - . ., age) for each reaction k be of the form (S8) and (S20) respectively. Then for every
(z,2) € € := En x N§ this function needs to satisfy

Fy(z+ (g, 2) = Fy(x,z) foreach ke Ky suchthat x> 1 (S31)
and Fy(z,z+ () = Fy(x,z) foreach k€ K¢ suchthat z > ay. (S32)

Furthermore, this function F., does not depend on the network state x, i.e. the map x — F.(x,z) is a
constant for any fixed z.

Proof. The proposed controller needs to achieve RPA for any parametrization of the network of inter-
est. Hence to derive the necessary conditions for I, we can assume that for each reaction k € Ky,
the propensity function depends on a single independent parameter ;. Using (S19) and writing each
propensity function as

Ae(z,7N) = (2, i)

we can express the zero-sensitivity condition (S18) as

0 o\
% <f7 7T7> = (xzz):eg 87;1: (x77k’) (F’Y(x + Cka Z) - Fﬂ,(:p,z))m,(:v,z) =0.

As the parametrization of the controlled network is completely arbitrary, we can replace y; with another
parameter -, close to it and write the propensity function for reaction & as

Ak (2, 78) = Me(@, %) exp (g, — ) p())

where p is any real-valued function on £y . Noting that

)\k(xa')’N)} , = Me(z, k)

=}

and
Ok Ok
W2 ) = 5 ) + )‘ ) )
oo @] = )+ el )p(a)

we can write the zero-sensitivity condition (S18) at fy,; =y as

0 oA
877 (fymy) = ZZ)GE [87:(%’%) + Ae(m, ) p(x) | (Fy (2 + G, 2) — Fy(w, 2)) my (2, 2)

(1.7
= 0. (S33)

Here we have used the fact that the set of feasible parameters I'y is open and hence parameter ;. is
admissible if its value is sufficiently close to . Secondly the stationary distribution 7., and the Poisson
equation solution £, will not change due to this parameter switch, as the kinetics (i.e. the generator A.,)
remains the same when we set y; = 7. Observe that as the state-space £ is irreducible, ., (x,2) > 0
for each (z,z) € € and if x > v then A\g(z,7%) > 0 due to part (A) of Assumption S2.1. Since (S33)
holds for any choice of function p we must have that condition (S31) is satisfied. The proof of (S32) is
similar except that zero-sensitivity condition needs to be applied with respect to controller parameters
in the set vo. Here part (C) of Assumption S2.1 is needed to ensure that for each controller reaction
k € K¢ we have an independent controller parameter vy, that affects its propensity function.

Due to part (B) of Assumption S2.1, the state-space Ey is irreducible for the controlled network with
only the reactions in the set K. For any x1, 2o € &y there exists a sequence of reactions ki, ..., k, €
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K, such that there is a positive probability of going from state x to state x2 via these reactions. Due
to part (A) of Assumption S2.1, for this to hold we must have

J
Y = x1+zckl > vg;,, foreach j=0,1,....,n—1
=1

and

n
Yn =11+ Y (i = T2
=1

Setting yg = =1 and using (S31) we note that

Fy(22,2) — Fy(21,2) = S (Fy (9, 2) — Fy(yj-1,2))
j=1
=" (B (o1 + Gy 2) — Fy (g1, 2))
j=1

This shows that the map « — F(z, z) is constant for any fixed z. This completes the proof of this
lemma. O

We now use this lemma to prove a key result, Proposition S2.3, which shows that the antithetic
controller described in [63] is the minimal RPA-achieving controller in a certain sense. This antithetic
controller has only two species (i.e. C' = 2) and only one reaction in K¢, which is the sequestration or
annihilation reaction of the form

The set-point encoding reaction has the form (S22) and the sensing/measurement reaction has the form
(825) with Z; = Z2. However the actuation mechanism could be more general than (S27) (see Supple-
mentary Material of [63]).

Proposition S2.3. Select any RPA-achieving controller and suppose that Assumptions S2.1 hold. Then
this controller must necessarily have at least two species (i.e. C > 2), the set-point encoding reaction
must have the form (S22) and the sensing reaction must be of the form (S25) with Z; # Z1. Moreover if
the number of species is 2, then Z; = Zs and the controller must have the sequestration reaction (S34).

Remark S2.4. This proposition shows that the antithetic controller of [63] has the least number of
reactions among all the two-species controllers that achieve RPA. Since all such controllers must have
at least two species, we can regard this antithetic controller as the minimal RPA-achieving controller.

Proof. AsLemma S2.2 shows, the map x — F,(z, z) is constant for any fixed z. Therefore we write the
function F, (x, z) as F’,(z), dropping the dependence on . Applying the generator (S28) for closed-loop
CTMC dynamics on function F, we obtain

A Fy(2) = i, ()(Fy (2 £ e1) — By (2)) + b2, (2)(Fy (2 £ e) = Fy () (S39)

+ 3 Mz (F (2 + G) = Fy(2)):
keke

Observe that the last term on the right does not contain the variable z;, and so for (S30) to hold for all
possible parameter values v~ we must have that

M, (2)(Fy(z £e1) — Fy(z) =1 (S36)
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and
Ay (2)(Fy (2 £ €5) — Fy(2)) = —1. (S37)

Recall that the set-point encoding reaction k,, has the following form

C C
Zaiji — (a1 £ 1)Z1 + Zakai
Jj=1 Jj=1

and it obeys mass-action kinetics (S10). Note that if any of the a;-s is strictly positive then (S36) will
be violated at z = (0, ..., 0) because Ay, (0,...,0) = 0. Hence each ap; = 0 and this reaction must
necessarily be of the form (S22) in order to satisfy condition (S9) and prevent the copy-number of Z;
from becoming negative. Similar reasoning shows that the sensing reaction must be of the form (S25).
Clearly ¢ # 1 and so the sensing species Z; must be different from the set-point encoding species Z1
and therefore the controller must have at least two species. Without loss of generality we can assume
that ¢ = 2 and then to satisfy (S36) and (S37) for all z € N¢, F’, must have the form

Fy(2) = 21 — 22+ G4 (2), (S38)

where Z = (23, ..., 2c) and G, is some function which does not depend on z; and 2. If there are only
two controller species (i.e. C' = 2) then the function G, must be a constant and due to (S32) we must
have that

Ck1 = Cr2 for all kekKe. (S39)

For closed-loop stability (see part (B) of Assumption S2.1) there must exist at least one reaction k € K¢
such that (x; < 0 (i.e. reaction k causes net loss in the number of molecules of species Z1). As this
reaction needs to be elementary (part (C) of Assumption S2.1) the only possible choice of such a reaction
is the sequestration reaction (S34). This completes the proof of this proposition. O

For a controller with C' species and K reactions in the set ¢, define the C' x K stoichiometric
matrix as

S = Col((1,...,CK), (540)

where for each k € K¢, ¢ = (Ck1, - - -, (ko) is the corresponding stoichiometry vector. We now prove
our main result which characterizes all RPA-achieving controllers through a simple linear-algebraic
condition, specified in terms of matrix .S.

Theorem S2.5. Consider a controller with C species Z, . . .,Zc and K reactions in the set K¢, in
addition to the actuation reactions, the set-point encoding reaction (S22) and the sensing/measurement
reaction (S25). Suppose that Assumptions S2.1 hold, there are at least two control species (i.e. C > 2)
and the sensing species 2 is Za. Then this controller achieves RPA if and only if there exists a C' x 1
vector ¢ = (q1, - . ., qc) such that

@ =1, @ =—1 and fS=0 (S41)
where S is the C' X K stoichiometry matrix (S40) for the controller.

Remark S2.6. It will be evident from the proof of this theorem that if such a vector q exists then all its
components will necessarily be integers.

Proof. We first prove the “if” part of the theorem which is simpler. Suppose we have a C' x 1 vector
q¢=(q1,--.,qc) satisfying (S41). Define a function F' : N§' — R by

C C
Fa,...20) = ) iz = 21— 22+ ) i (S42)
=1 1=3
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With a slight abuse of notation we may also regard F' as a function on Ex X Ng, given by F(z,z) =
F(z). Tt is easy to see that F satisfies (S31) and using condition (S41) we can also see that F’ satisfies
(S32). Replacing F, by F'in (S35), we can verify that F' solves the Poisson equation (S30) for any
choice of parameters v = (yn,v¢), and hence the PA condition (S29) is achieved. Moreover from the
proof of Lemma S2.2 it is immediate that the zero-sensitivity condition (S18) will hold with respect to
all these parameters and therefore the controller achieves RPA.

We now prove the “only if”” part of the theorem. Suppose that we have a controller that achieves RPA
and we fix a set of parameters v = (yn,7c). Then there exists a solution F’, to the Poisson equation
(S30), which is unique up to addition by a constant, and due to Lemma S2.2, we can consider F,(x, z)
as only a function of z (i.e. F,(x,2) = F,(z)). This function satisfies condition (S32) which can be
written as

Fy(z+ () = Fy(z) foreach ze€ NOC and ke K¢, (S43)

such that z > oy, where o, = (a1, . . ., axc) for reaction of the form (S20).

Without loss of generality we can assume that £, (0) = 0 where 0 is the C-dimensional vector of
zeros. Let e, be the C'-dimensional vector whose m-th component is one and the rest are all zeros.
Note that apart from reactions in K¢ the state of the control species can change due to the set-point
encoding reaction (S22) (reaction K + 1) with stoichiometry vector e; and the sensing reaction (S25)
(reaction K + 2) with stoichiometry vector es. Let IC’C = KcU{K +1, K + 2} be the augmented set of
reactions that includes these two reactions and the reactions in K¢. As the state-space NY is irreducible
for control dynamics, for each species Z; there exists a sequence of reactions k:gi), ey k,(f ) in K¢ such
that there is a positive probability of going from state O to state e; via these reactions. Due to part (A) of
Assumption S2.1, for this to hold we must have

J
Zj = ngl(” > akﬁl foreach j=0,1,...,n—1
=1 ’

and
n
Zn = chl(l) = €;.
=1

Moreover for any z € N g this same sequence of reactions will also allow the dynamics to go from state
z to state (z + ;) with a positive probability (see [53]). Setting zp = 0 we note that

n

Ey(z+e) = Fy(2) =) (Fy(z+2) = By (2 +zj-1))

j=1
n
=3 (Fv(z +2zj-1+ (o) — Fy(z + Zj—l)) :
=1 !

Observe that because of condition (S43) and the form (S38) of the function F, we obtain

0 if k
F’Y(Z_’_Zj—l+Ck(_i))_F’y(Z+Zj—l) = 1 lfki(l) :K+1
’ -1 ifkj{” =K+2.
Therefore if nj and n; denote the number of set-point encoding reactions (K + 1) and sensing reactions
(K + 2) in the sequence kgl), kY then we have

Fy(z+e)— Fy(2) = q ==nf —n; (S44)

)
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for any z € Ng . Following this procedure we obtain an integer g; for each controller species and this
is sufficient to show that F, must be of the from (S42). Note that since the solution F’, of the Poisson
equation (S30) is unique (up to addition by a constant), the quantity ¢; will be unique for each species
even though the sequence of reaction kgi), ey kz,(f ) used to go from state 0 to state e; may not be unique.
Clearly ¢; = 1 as only one set-point encoding reaction is needed to produce a molecule of species Z1
and similarly g0 = —1 as only one sensing reaction is needed to produce a molecule of species Zo.

Letting ¢ = (q1, . - ., gc) and writing function F as

C
Fy(z) = Z%’Zi =gl
i=1

we see that since (S43) holds, ¢ must be orthogonal to stoichiometric vector (. for each reaction k € K¢.
Therefore we must have

'S =0
and this finishes the proof of this theorem. O

S2.2.3 The generalized antithetic motif as the universal RPA-achieving motif

In the preceding section we proved that the antithetic controller proposed in [63] is the minimal RPA-
achieving controller (see Remark S2.4). In this section we strengthen this result by showing that every
RPA-achieving controller can be viewed as a generalized antithetic controller which embeds the minimal
controller. Let ¢ = (qi1,...,qc) be the vector in Theorem S2.5 that characterizes a RPA-achieving
controller. We can view q as the vector of charges which assigns the charge ¢; to each controller species
Z; based on the number of set-point encoding reactions (S22) and sensing reactions (S25), required to
produce exactly one molecule of this species from nothing (see (S44)). Based on vector ¢ we partition
the set of all species into a set of positively charged species C, a set of negatively charged species C_
and a set of neutral species Cp, given by

C+ = {Zi L q; > 0}, C_ = {Zi g < 0} and Co = {Zi 1 qQ; = 0}.

The set C; consists of all those controller species whose production of exactly one molecule requires
strictly more set-point encoding reactions (S22) than sensing reactions (S25). Similarly C_ includes
all those controller species for which the opposite is true and Cy consists of all those controller species
whose production of exactly one molecule requires equal number of set-point encoding and sensing
reactions. Observe that the sets C+ cannot be empty, as species Zy is in C1 and species Zz is in C_.
However the set Cy can be empty and in what follows, we assume that this set always contains the null
species (). This null species does not require any reactions to get produced and so it trivially satisfies the
requirement to belong to set Cy. Another example of species that would lie in Cy would be a dimeric
complex (say Z3) between Z1 and Zs which would be produced via the reaction

71+ 7Zo — Zgs.

We shall later explore the stoichiometric conditions for species to belong to C4, C_ and Cp in greater
detail.

We now prove that any RPA achieving controller must be a generalized antithetic controller (see
Box 1 (Main Text), Fig. b) in the sense that it must necessarily have a reaction of the form

Z;+7Z; — Cg, (S45)

where Z; € Cy, Z; € C_ and C; denotes any combination of species that belong to the set Cp. Such a
reaction can be seen as the generalized sequestration reaction (S34).
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Proposition S2.7. Consider a RPA-achieving controller with C species 21, . .., Zc and suppose that
Assumptions S2.1 hold. Then it is necessary that there exists at least one reaction of the form (S845).
Moreover reactions of this form are the only possible reactions where the products are species in Cy and
one of the reactant species is in C;. U C_.

Remark S2.8. Since the null species () is in Cy, this proposition shows that for a RPA-achieving con-
troller, any species in C+ U C_ cannot degrade spontaneously through a reaction of the form Z. — ).
Therefore if we have cell dilution where all the species have a first-order degradation rate § > 0, then
there cannot exist a controller that perfectly achieves RPA.

Proof. Let I be the set of addresses of species in Cy respectively, i.e.
Iy={i=1,...,C:Z; € Cy}.
Define Sy C N§' to be the set given by
So={z=(z1,...,20) EN§ : 2, =0 foreach i¢ Io}.

Hence if the controller state is in Sy then all the species that are not in Cy have zero copy-numbers. Pick
any species Zp, € C4 U C_. Let K, be the augmented set of reactions defined in the proof of Theorem
S2.5. As the state-space Ng is irreducible for control dynamics, there exists a sequence of reactions
ki,...,ky, in Kf, such that there is a positive probability of going from state e,, to state 0 via these
reactions. Due to part (A) of Assumption S2.1, for this to hold we must have

J
zj = €m+ZCkl > ay,,, foreach j=0,1,...,n-1
=1

and

n
Zp 1= em—l—ZCkZ =0.
=1

Note that z,, € Sp and zg = e,, ¢ Sp. Let k. be the first reaction in this sequence which originates from
a state outside Sy and leads to a state within Sy, i.e. ks = k; where

l:min{jzl,...,n:zj_l ¢80 and Zj ES()}.

Note that reaction k, needs to eliminate some copy-numbers of species in C+ U C_ and all its products
must be species in Cy. Hence this reaction k. cannot be the set-point encoding (S22) or the sensing
reaction (S25). So k. € K¢ and since only elementary reactions are allowed (Assumption S2.1, part
(C)), reaction k, must necessarily be of the form

Z; — C; for some Z;eCrUC_ (546)
or
Z;+7Z; — C; for some Z;,7; cCyUC_. (S47)

From condition (S41) it is easy to see that if reaction k, has the form (S46), then we must have that
¢; = 0 which is not possible because Z; € Cy U C_. Therefore reaction k., must have the form (S47)
and in this case condition (S41) implies that ¢; + ¢; = 0 or

¢ = —qj-

Clearly this can only happen if one of the species Z; and Z; belongs to C and the other belongs to C_.
This proves the existence of the generalized sequestration reaction (S45) and it also shows that the two
species that react in such a reaction should have weights with equal magnitudes but with opposite signs.

This analysis shows that reactions of the form (S46) cannot happen and for reactions of the form
(S47) to happen, one of the reactant species must be in C; and the other is in C_. This completes the
proof of this proposition. O

20



Owing to Proposition S2.7 and Theorem S2.5, we can now define the generalized antithetic
controller as any C-species RPA achieving controller for which there exists a charge-vector ¢ =
(q1,--.,qc) satisfying (S41). We now investigate the structure of the generalized antithetic controller
in greater detail. Henceforth we shall regard Zg as the null species () with charge gy = 0 and we adopt
the rule that

Zo + Zi =754

for any species Z;. In addition to the controller reactions (S20) being elementary (see part (C) of As-
sumption S2.1) we shall also assume from now on that the number of reactant and product molecules in
each reaction k£ € ¢ cannot exceed 3, i.e.

C

Z(aki + 0621) <3

i=1

and if this inequality is strict then 210:1 ag; > 0. This implies that only three possible types of reactions
are allowed:

1. Conversion reactions: These reactions are of the form

Zi — Z; for  i,j€{0,1,...,C}. (S48)

2. Splitting reactions: These reactions are of the form

Loy — Zi + Z; for i,7,me{0,1,...,C} with 4, j#0. (S49)

3. Complex-formation reactions: These reactions are of the form

Zi+Z; — I, for i,7,me{0,1,...,C} with 4, j#0. (S50)

Note that as Z; can be (), the set of conversion reactions include constitutive production () — Z; and
spontaneous degradation Z; —» (). Similarly, as Zy, can be (), the set of complex-formation reactions
includes the sequestration reaction (S34). Furthermore, letting m = ¢ in (S49), we see that the set of
splitting reactions include catalytic reactions of the form Z; — Z; + Z; which are biologically very
important (for e.g. to model mRNA translating into protein or transcription of mRNA). Our assumption
of allowing only the three types of reactions ((S48), (S49) and (S50)) is not very restrictive as more
general reaction forms can usually be decomposed into such reactions, by introducing additional species.
For example a reaction of the form

2y +2y — 13+ 724
can be viewed as a combination of two reactions
71+ 72y — 75 and Z7s — 73+ 74

after allowing for an additional species Zs.

Given a RPA-achieving C-species generalized antithetic controller with ¢ = (qu, . .., g¢) satisfying
(S41) we can naturally partition the set of control species C = {Zy, . .., Zc} according to their charges.
Foreachn € Z = {0,+£1,£2, ...} define the charge-class C,, as

Cn:{ZJEC:qj:n}.

Note that the definition of Cj is consistent with the definition stated earlier, and

Cy = G Cn and C_ = G C_n.
n=1 n=1

21



From (S41) it is easy to see that the conversion reaction (S48) is charge-preserving, i.e. the presence
of reaction Z; — Z; implies that ¢; = ¢; and hence species Z; and Z; must belong to the same
charge-class C,. On the other hand the complex formation reaction (S50) is charge-additive which
means that the reaction Z; + Z; — Zy, implies that if ¢; = nq and ¢; = no, then ¢,,, = (n1 +n2). A
similar additive relationship holds in the case of a splitting reaction (S49) of the form Zy, — Z; + Z;.
Observe that since n; and ng can be of opposite signs, this additive relationship can also be annihilative,
in the sense that if n; > 0 and ny < 0, then positive and negative charges cancel each other, in
appropriate amounts, to either produce (reaction (S50)) or consume (reaction (S49)) species Zy, with
charge (n1 + n2) = (n1 — |n2|). As Proposition S2.7 indicates each generalized antithetic controller
must have at least one such annihilation reaction of the form (S50) with n; = —no.

This discussion suggests that we can express reactions (S48), (S49) and (S50), in terms of charge-
classes as below:

Type Reaction form Property
Conversion Cn, — Cy, charge-preserving
Splitting Cnyi+ns — Cpny + Cp, | charge additive/annihilative
Complex-formation | Cp, + Cn, — Cp,+n, | charge additive/annihilative

Here n,n; and ny are integers and charge-class Cy, is a proxy for any species belonging to this class.
Such a structured form gives us the following recipe to construct the generalized antithetic controller
with any arbitrary number of species C' > 2:

Step 1: Let Zg = () and select a positive integer N > 1.

Step 2: Partition the set of species C = {Zy, . .., Z¢ } into charge-classes C,, forn = 0, +1,+2, ..., £N.
Ensure that Zg € Cy, Z1 € C1 and Zo € C_1, but some of the other charge-classes can be empty.

Step 3: For each nonempty charge-class C,,, add any number of conversion reactions among the species
within this class C,,.

Step 4: Add any number of splitting and complex-formation reactions among species in C,,,Cy, and
Cn1+n2'

Step 5: Check if the state-space NOC is irreducible for the control dynamics (using techniques in [53] for
example). If this holds, then we have successfully constructed a generalized antithetic controller.

Note that due to Proposition S2.7, step 5 can only be successful if we have at least one generalized se-
questration reaction (S45) which is a complex-formation reaction that can be written in terms of charge-
classes as

Cn+C_py — Cy for n # 0. (S51)

S2.2.4 RPA in the deterministic setting

So far we have worked in the stochastic setting, where the intracellular dynamics is described as a
continuous-time Markov chain (CTMC). However most of the existing work on biomolecular controllers
is carried out in the deterministic setting, where the dynamics is described by a system of ODEs [64].
Such deterministic models are accurate when all the constituent species are in high copy-numbers, and
in fact these models can be viewed as approximations of the corresponding stochastic CTMC-based
models in the limit of infinite system-size [35].

Theoretical studies on RPA in the deterministic setting have mostly focused on finding RPA en-
abling network topologies by either exhaustively exploring the dynamics of all possible networks of a
fixed size [64], or by constructing an algebraic signature for RPA and using this as a means to identify
topologies that demonstrate RPA [59, 60]. These approaches, however, apply to networks with fixed
known structures and deterministic dynamics. Hence they do not address scenarios when the controlled
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network of interest has either unknown players or interactions, nor do they address the important effects
of intrinsic biochemical noise that can be quite consequential at the molecular level [47]. To deal with
these issues, in this work the “controller network™ and the “controlled network™ are explicitly separated,
and the latter can be completely arbitrary while the former can have uncertain parameters. Both net-
works are subjected to intrinsic stochastic noise and we also allow multiple potential input nodes for
the disturbances to enter. This enables consideration of more realistic scenarios in cell biology, and is
particularly suited for synthetic biology applications, where the intracellular network to be controlled
is often poorly characterized, and there are several sources of disturbances due to the effects of context
dependence [65].

Given the two modeling approaches, stochastic and deterministic, it is important to understand the
dependence between the classes of RPA-achieving controllers in the two modeling paradigms. The goal
of the analysis in this section is to provide such an understanding. Specifically we prove that the class
of RPA-achieving controllers in the stochastic setting (denoted by &) is strictly contained in the class of
RPA-achieving controllers in the deterministic setting (denoted by D), i.e.

SCD. (S52)

Recall that we argued in Section S2.2.2 that all controllers in class S must contain at least two species.
Hence the strict containment in (S52) is testified by the one-species controller in [66] which has set-point
encoding reaction of the form (S23), the measurement reaction of the form (S26) and no reactions in
the set ICr. This controller does not embed the antithetic motif but it achieves RPA in the deterministic
setting and so it belongs to D. This controller does not belong to S because in the presence of noise the
dynamics will get trapped in an absorbing state in the long run, leading to a loss of feedback and a state
of dysregulation. However the expected time to reach this catastrophic eventuality depends on several
factors, like the abundance of molecular species used in the implementation, and may not necessarily
preclude near perfect adaptation over shorter time-scales.

The structure and parametric constraints for a controller motif to belong to class D has been
investigated thoroughly in [59] and [60]. We shall discuss later how our results relate to these existing
results.

Analysis of deterministic models

Consider a reaction network as in Section S2.1.1, with N species Xj,..., Xy and reactions in
the set Ky of the form (S8). In the deterministic setting, the state at time ¢ is the vector of species
concentrations z(t) = (z1(t),...,zn(t)) € RY where Ry = [0,00) is the set of nonnegative real
numbers. For each reaction £ € Ky we denote its stoichiometric vector by ( and we let A;(z,~y) be
the associated propensity function which depends on a scalar parameter . The dynamics (z~(t))¢>0 is
described by the following system of ODEs

dr _ D(z,v) == Z A2, 7) - (853)

dt
ken

We shall assume that propensity functions A\ (x, ) are continuously differentiable and there exists an
openset £ x I' C Rf x R such that for any v € T', if the dynamics starts in £ (i.e. z,(0) € &) then it
stays in £ for all times (i.e. z(t) € &£ for all ¢ > 0). Furthermore we shall assume asymptotic stability
for each fixed parameter value v € I', in the sense that there exists a globally attracting fixed-point
7, € & such that

Ty (1) = T as t — oo

for any initial state = (0) € £. The map y — Z., is assumed to be continuously differentiable as well.
Note that since Z., is a fixed-point for the vector field D(x,~y) we have

D(z,,7) =0 (S54)
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and as this fixed-point is attracting the Jacobian matrix for this vector field with respect to x, denoted
by J»D(z,y) must be a Hurwitz stable matrix at x = Z, i.e. all the eigenvalues of this matrix have
strictly negative real parts. In particular, this matrix is invertible and differentiating (S54) with respect
to parameter vy, we get

jxD(:iy, 7)87i'7 + 67D(iu,, v)=0
which yields
OhTy = — [ToD(24,7)] " 0yD(24,7), (S55)

where 0., denotes the partial-differential operator 0/0~y. This proves that for any real-valued continu-
ously differentiable function f : £ — R, the steady-state parametric sensitivity is given by

&/f(jw) = (vzf(fv))T 8’@7 = - (vzf(fv))T [jxD(i"ya '7)]_1 &/D(j% 'Y)a (S56)

where V, denotes the gradient operator.
Now suppose for some real-valued continuously differentiable function f : £ — R and some y > 0
we have Perfect Adaptation (PA) (see (S16)) given by

lim f(x, (1)) = f(Z4) = p (S57)

t—o00

for any initial state x,(0) € £. For this PA condition to hold robustly with respect to the choice of
parameter v the following zero-sensitivity condition (see Section S2.2.4) must be satisfied

tlim Oy f(xy(t)) = 0y f(Zy) =0 for any v el. (S58)

Recall that for any invertible matrix M = [M;;] with determinant det()M) # 0, the inverse matrix M ~*
can be written in terms of the cofactor matrix C' = [Cj;] as

1 T
det(M)

where C;; is the product of (—1)"*J and the determinant of the minor matrix of M formed by removing
its ¢-th row and j-th column. Using the sensitivity formula (S56), the RPA condition (S58) can be
expressed in terms of the cofactor matrix C of the Jacobian matrix 7, D(Z~, ) as

(Vaf(z4))" €T, D(2,7) =0, (S59)

for any v € I'. This “cofactor condition” for RPA was reported in [59] and used for the purpose of
designing topologies can generate RPA under certain parameter constraints.

The RPA condition (S59) can be further simplified in the case of a single-input single-output system.
Suppose parameter 7y in an “input” to the system which only affects the dynamics of the input species
X;. Therefore we can write

87D(:i’7, ’)/) = 52'61'

where §; is some non-zero real number and ¢; is the vector in RY whose i-th component is 1 and the rest
are all zeros. Furthermore, suppose that constant perturbations in the input are “rejected” by steady-state
concentration of output species Xr,, which implies that (S59) holds for f(x) = 0z, where 6 is some
positive constant. Since V f (92‘7) = ey, we can express condition (S59) as

efcTe; =Cip = 0. (S60)
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This condition simply says that determinant of the input-output minor matrix of the Jacobian matrix
J»D(Z.,7) is zero. This input-output minor matrix is the (N — 1) x (N — 1) matrix created by re-
moving the i-th row and the L-th column from the N x N Jacobian matrix. The determinant condition
(S860) was systematically disentangled by Araujo and Liotta in [60], to yield a fopological basis for all
RPA-achieving networks in the deterministic setting. This basis consists of two types of subnetworks,
which are called Opposer Modules and Balancer Modules respectively, and they correspond to two char-
acteristically different ways of robustly encoding integral action that is required for RPA. The Opposer
Modules have the feedback structure (see Box 1 (Main Text), Fig. a) and in particular, the antithetic
controller motif in [63] is an example of a two-node Opposer Module. On the other hand, the Balancer
Module generalizes the notion of an incoherent feed-forward (IFF) motif that has been found in many
biological examples [67, 68, 69]. As explained in [70], designing an IFF-based controller requires some
information about the structure of the network being controlled, and hence this controlled network can-
not be completely arbitrary as in the scenario we consider in this paper (see Section S2.2.1). Therefore
only feedback controllers are considered in this paper which are composed of Opposer Modules in the
deterministic setting. We shall soon prove that relation (S52) holds, and hence all RPA-achieving con-
trollers in the stochastic setting will also be composed of these Opposer Modules. Our results show that
in fact these Opposer Modules must necessarily have the structure of the generalized antithetic controller
(see Section S2.2.3). Note that the analysis in [60] was at the level of interaction fluxes among network
species, and the exact form of the reactions that implement these interactions in not important in the
deterministic case. However the exact form of the reactions becomes important in the stochastic setting
and this leads to stricter conditions on RPA-achieving controllers as demonstrated by our results.

We end this section with a simple proposition that provides an alternative way to check RPA in the
deterministic setting.

Proposition S2.9. Suppose there exists a twice-continuously differentiable function F, : £ — R such
that

(VIF,Y({L‘))TD(ZL‘,’}/) =pu— f(z) for all xef. (S61)
Then PA (S57) is satisfied and the zero-sensitivity condition (S58) holds if and only if
(VoF(2,)" 8,D(z,7) = 0, (S62)
for any v € I'. In particular condition (S62) is equivalent to the “cofactor condition” (S59).

Remark S2.10. Note that equation (S61) is essentially the Poisson equation (S30) in the deterministic
setting. The solution of this equation F., specifies the “integral action” in the sense that if u(t) =
F,(z~(t)) then

du

= = (Ve (24(1)" Dlwy(1),7) = = fay(2)), (S63)

which shows that u(t) is the time-integral of the “error” (u— f(x~(t))) in the PA property (S57). Under
certain conditions, the existence of F, (and hence the integral action) can be guaranteed by the Internal
Model Principle in control theory [71, 72, 73, 74].

Proof. Equation (S63) along with asymptotic stability of the dynamics implies PA (S57). Differentiating
(S61) with respect to x we obtain

D(z, 'Y)T%:L“F'y(x) + (VxF'y(x))T JeD(z,7) = — (vmf(x))T,

where H, F,(x) denotes the Hessian matrix of function F’,. Setting x = Z~ and using (S54) we obtain

(VaFy ()" ToD(@,7) = = (Vo f(2)"
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which proves that
(Vo f @) [TeD(@, )] = = (VaFy (25))"

Plugging this in the sensitivity formula (S56) the zero-sensitivity condition (S58) yields (S62) and this
completes the proof of this proposition. 0

Even though we consider a scalar parameter -y, the analysis in this section can be easily generalized
to vector-valued parameters.

Proof of the containment relation (552)

We adopt the same notation as in Section S2.2.1. Consider a C-species (viz. Zi,...,7Zc) RPA
achieving controller in class S which controls an arbitrary intracellular network with N species (viz.
X1,...,XnN). To prove (S52) we need to show that this controller achieves RPA when we model the
dynamics in the deterministic setting. In this setting the state of the closed-loop network at any time ¢ is
given by a vector of species concentrations (- (t), z,(t)) where z(t) = (z+,1(t),..., 2y n(t)) is the
network state, z,(t) = (24,1(¢),...,2y,c(t)) is the controller state and v = (yn,Yc) is the set of all
parameters. The closed-loop dynamics (- (t), z,(t)):>0 is described by the following set of ODEs:

dz
== 2 Mlm )G + Rzen (S64)
ken
dz
i > Ae(z,790)k + per + Oz pe;. (865)
t
keKe

As in the preceding section, we shall assume that all propensity functions are continuously differentiable
in their arguments, and there exists an open set £ C Rf X Rg such that forany v € I' = 'y x ', if
the dynamics starts in &€ (i.e. (2,(0), z,(0)) € €) then it stays in & for all times (i.e. (z~(t),2(t)) € £
for all t > 0). Furthermore we shall assume asymptotic stability for each fixed parameter value v € T,
i.e. there exists a globally attracting fixed-point (Z, Z,) € £ such that

(24(t), 2¢(t)) = (T4, Z7) as t— o0

for any initial state (x(0), z,(0)) € £. The map ~ — (Z, Zy) is assumed to be continuously differen-
tiable as well.
Observe that one can write the ODEs (S64)-(S65) as

i [ v :| = D(x,z,7) := [ ZkEICN Ak (2, YV )G + ’izjeel '
at | z > kekce M(2:70)C + pe1 + 0z pe;

Let ¢ = (qi,--.,qc) be the vector in Theorem S2.5 that characterizes our RPA-achieving controller in
the stochastic setting. Define the function F : £ — R by

C
F(z,2)=q" 2= quzz
i=1

Then for any (z,2) € £
V(%Z)Fv(m‘, z) = (0,q)
which shows that

(V(J?,Z)F'Y(x? Z))TD('r’ Z77) =pH—= Orp + Z )\k(Z/YC)qTCk =M= Oxp,
keke
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where the last equality holds because g1 = —¢; = 1 and q is orthogonal to all the stoichiometric vectors
for reactions in ICo (see (S41)). Therefore (S61) holds with f(z) = fx 1, and for any parameter ; in the
parameter vector ¥ = (yn,yc) we have

(Voo Fy(x,2) " 03, D(2,2,7) = > 0y, M(290)d G = 0.
kekeo

This proves condition (S62) with respect to all the parameters and hence Proposition S2.9 implies that
RPA is achieved by the controller in the deterministic setting as well. Hence our controller is in class D
which proves relation (S52).

As mentioned before, the fact that this containment is strict is demonstrated by the existence of a
one-species controller (see [66]) that achieves RPA in the deterministic setting but not in the stochastic
setting. In this controller there are no reactions in K¢, and a single control species Z;1 = Z is responsible
for both set-point encoding (via reaction (S23)) and output sensing/measurement (via reaction (S26)).
Hence the closed-dynamics is given by

d | x > e (T, YN )Gk + Kzer
. — D = ke ?
dt [ z ] (2,2,7) 2(pu—Oxyp)

If we define the function F, : £ — R by F,(z, z) = log(z) then
Ve Fy(@,2) = (0,271
which shows that
(Vi Fy (2, Z))T D(x,2,7) =z "2(pu—0x) = p— Oz,

Hence (S61) holds with f(x) = 0z, and since there are no reactions in /¢, condition (S62) holds
trivially. Therefore Proposition S2.9 implies that this single-species controller achieves RPA in the
deterministic setting, thereby proving that the containment relation (S52) is strict.

S3 Supplementary Methods

Considerations for fixing circuit set-point

In the current design, both the closed- and open-loop circuits operate at low concentrations of HSL (nM).
As a result, the output fluorescence is sensitive to small absolute changes in HSL concentrations. Thus,
when fixing the set-point, it is important to measure concentrations of HSL with care, as small pipetting
errors can have outsized effects. It is also important not to store the HSL in aqueous medium for long
periods of time in order to minimize degradation of the inducer. If longer-term storage is required,
storage of the medium at 4°C is advised.

Construction of strains and plasmids

SKA703

The host strain MG1655 AaraCBAD AlaclZYA AaraE AaraFGH attB::lacYAI77C ArhaSRT
ArhaBADM Tn7::tetR, referred to as SKA703, was constructed as follows.

Deletion of arabinose, lactose, and rhamnose metabolic pathways

The endogenous genes for arabinose, lactose, and rhamnose metabolism, regulation, and transport were
deleted from MG1655 (ATCC 47076). Suicide plasmids for allelic exchange were constructed using
suicide vector pRE112 [75]. Briefly, MG1655 genomic DNA was used as a template to amplify 500 bp
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regions flanking the genes to be deleted (Supplementary Table S1). Resulting PCR products were com-
bined using overlapping-extension PCR (OE-PCR), ligated into pRE112 between Kpnl and Sacl, and
cloned into either CC118(\pir) [76] or DHSaApir [77, 78] (Supplementary Table S1 and Extended Data
Fig. 9a). The suicide plasmids were then used for sequential deletion in MG1655 by allelic exchange
using standard methods [75].

M-integration of lacYA177C into host chromosome

Integration vector pFL503 [79] containing relaxed specificity lac permease variant lacYA177C under
constitutive rrnBP1cgc.ata promoter control [79] was modified for our purposes. The FRT-flanked
kanamycin-resistance cassette with a flanking Notl site added was amplified from pKD13 [80] using
primers 84 and 85. The resulting PCR product was cut with Nhel and ligated into pFL503 cut with
Xbal, replacing the pir gene with the antibiotic resistance cassette to construct pSKA27 (Extended Data
Fig. 9b). The new integration plasmid pSKA?27 was cut with Notl (Extended Data Fig. 9b) and religated
together to form a closed circle containing the FRT-flanked kanamycin-cassette, lacYA177C, and the attP
site. The closed circle was then integrated into the host chromosome at the at#fB site using A integrase
plasmid pJW27 as previously described [79]. The kanamycin-resistance gene was then excised from the
chromosome using FLP-recombinase plasmid pCP20 as previously described [81].

Tn7-integration of fetR into host chromosome

The FRT-flanked kanamycin-resistance cassette with a flanking Notl site added was amplified from
pKD13 [80] using primers 84 and 85. The resulting PCR product was ligated into pUC18R6KT-mini-
Tn7T [82] between Sall and Nhel and cloned into CC118(Apir) to construct pSKA207 (pUC18R6KT-
mini-Tn7T-FRT-kan-FRT, unpublished, sequence available upon request). A fetR repressor gene under
the control of constitutive N25 promoter control was amplified from pZEtetR21-gfp [83] using primers
382 and 383. The resulting PCR product was ligated into pSKA207 between Xhol and Spel and cloned
into CC118(Apir) to construct pSKA273 (Extended Data Fig. 9c). The new integration plasmid and
Tn7 transposase plasmid pTNS3 [84] were transformed into MFDpir [85] and cells were maintained
by the addition of diaminopimelic acid (100 ug/mL) to the media. MFDpir pSKA273 and MFDpir
pTNS3 were used to integrate the FRT-flanked kanamycin-resistance cassette and fetR into the host
chromosome using tri-parental mating [84][85]. The kanamycin-resistance gene was then excised from
the chromosome using FLP-recombinase plasmid pCP20 as previously described [81].

Negative perturbation plasmid (pSKA417, Genbank accession #MK775703)

Initially, the Mesoplasma florum Lon protease gene mflon was amplified from Py j,.0.;-mfLon (Addgene
#45152) [86] using primers 510 and 511 and cut with BglIl and Xbal. luxR and lux promoter (Pryx)
[87] flanked by a T7 terminator [88, 89] was amplified from pSKA353 (pZAspec-luxR-Pryx-gfpmut3,
unpublished, sequence available upon request) using primers 518 and 268 and cut with AatIl and BglIl.
An rruB TI terminator, p15A origin of replication, and spectinomycin-resistance cassette was ampli-
fied from pSKA353 using primer pairs 519/504 and 349/505 to mutate an internal BglII site within
the spectinomycin-resistance promoter region. The resulting PCRs were combined by OE-PCR using
primers 519 and 349 and cut with Xbal and Aatll. All pieces were ligated together and cloned into
NEB Turbo (New England Biolabs) to construct pSKA357 (pZAspec-luxR-Pryx-mflon, unpublished,
sequence available upon request).

The plasmid pSKA357 was subsequently converted to an anhydrotetracycline-inducible promoter
by amplifying a synthetic TetR-repressible promoter (Prgr), based on LtetO-1 [46] and fac [90] pro-
moters from pSKA332 (pZA2-Prgr-cherry::lacl::LVA, unpublished, sequence available upon request)
and a strong ribosomal binding site (SRBS, 5’-AGGAGGT-3") with primers 441 and 342. The result-
ing product was cut with Aatll and BglIl, ligated into pSKA357, and cloned into SKA703 to construct
pSKA417 (pZAspec-Prgr-mflon, Extended Data Fig. 10a).
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Antithetic closed-loop circuit precursor plasmid (pSKAS538, Genbank accession
#MK775704)

Antithetic circuit precursor plasmid pSKAS538 was modularly constructed using isothermal assembly
[91] and standard restriction-ligation methods. Three modules have been designed to be amplifiable
with primer pairs 0GL312/0GL110, oGL311/ oGL310, and oGL308/0GL309. The modules can be
isothermally assembled between Aatll and Xbal in a pZE1 plasmid backbone amplified from pZE1R-gfp
[83] with primers oGL115 and oGL116. Modules are in the following order: Aatll-Module 1-Module
2-Module 3-Xbal (Extended Data Fig. 10b).

Module 1: Pgew.srps-V5::araC::pdt#3c-FLAG: :sfgfp::pdt#1

Arabinose-dependent transcriptional activator araC from pBAD33 [92] with a N-terminal simian virus
5 V protein epitope tag (VS5, GKPIPNPLLGLDST) [93] and a C-terminal mf-Lon-specific Pdt#3c
degradation tag (AANKNEENTNEVAQPMLNAGQANRRRYV) [37] (V5::araC::pdt#3c) was placed
under control of a Bacillus subtilis strain 168 SigW-activated promoter containing an E. coli consen-
sus UP element (Pgew) [94] and a strong ribosomal binding site (5’-AGGAGGT-3"). B. subtilis str.
168 genomic DNA was a gift from S. Panke, ETH Zurich. Superfolder GFP (sfgfp) from pJT119b
[95] with an N-terminal FLAG epitope tag (DYKDDDDK) [96] and C-terminal Pdt#1 degradation tag
(AANKNEENTNEVPTFMLNAGQANRLQL) [37] (FLAG::sfgfp::pdt#1) was transcriptionally fused
immediately downstream of V5::araC::pdt#3c with a strong ribosomal binding site (5’-AGGAGGT-3").
An E. coli rrnB T1T2 transcriptional terminator from pBAD33 [92] was placed immediately downstream
of FLAG::sfgfp::pdt#1. Module 1 is amplifiable with primers oGL312 and oGL110.

Module 2: luxR-PL[Jx_Rgs_gogo-SigW

Sigma factor sigW [94] from B. subtilis str. 168 genomic DNA was placed under control of an HSL-
dependent Vibrio fisheri LuxR-activated promoter (PLyx) from pVRc11_987 (Addgene #49733) [87]
and a synthetic ribosomal binding site with a translation initiation rate of 5000 units (RBS5000, RBS
Library Calculator v2.0, 5’-CTTCTAGATCGCTAAAACGGGCTAGC-3’) [97]. An E. coli rrnB T1
transcriptional terminator from pBAD33 [92] was placed immediately downstream of sigW. The [uxR
regulator under constitutive control from pVRc11_987 (Addgene #49733) [87] was followed by a bacte-
riophage 77g10 transcriptional terminator [88, 89] and placed divergent to Pryx-rBss000-sigW. Module
2 is amplifiable with primers oGL311 and oGL310.

Module 3: PBAD.R355000-rSiW

The cytoplasmic domain of anti-sigma factor rsiW [94] from B. subtilis str. 168 genomic
DNA was placed under control of an arabinose-dependent AraC-activated promoter (Pgap) from
pBAD33 [92] deleted for the cAMP receptor protein binding site and a synthetic ribosomal bind-
ing with a translation initiation rate of 5000 units (RBS5000, RBS Library Calculator v2.0, 5’-
CTTCTAGATCGCTAAAACGGGCTAGC-3’) [97]. An E. coli rrnB TIT2 transcriptional terminator
from pBAD33 [92] was placed immediately downstream of rsiW. Module 3 is amplifiable with primers
0GL308 and 0GL309.

Open-loop control precursor plasmid (pSKAS539, Genbank accession #MK775705)

The open-loop control plasmid pSKAS539 is a variant of antithetic circuit plasmid pSKA538 deleted
for the anti-sigma module (Extended Data Fig. 10b). The Pgap.ressooo-#siW module was excised from
pSKAS538 between Sall and EcoRI sites by restriction digestion. The cut plasmid was then blunted using
the Quick Blunting Kit from New England Biolabs before being ligated closed.
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Closed- and open-loop plasmids (pSKAS562 and pSKAS63, Genbank accession
#MK775706 and MK775707)

Final closed- and open-loop plasmids pSKAS562 and pSKAS563 are variants of pSKAS538 and pSKAS539,
respectively. Briefly, a second copy of Pgew.srps-V5::araC::pdt#3c-FLAG: :sfgfp::pdt#1-rrmBTIT2
(Module 1) was added immediately downstream of the original copy (Extended Data Fig. 10c).

Closed- and open-loop strain preparation

Host strain SKA703 was transformed with closed-loop plasmid pSKA562 and perturbation plasmid
pSKA417 or open-loop plasmid pSKAS563 and perturbation plasmid pSKA417.

Growth rate control plasmids pSKAS70, pSKAS71, pSKAS71-p15A, and host strain
SKA1328

Deletion of metE from SKA703

metE was deleted from SKA703 as previously described [98]. Briefly, a FRT-flanked chloramphenicol-
resistance cassette was amplified from plasmid pSKA373 [98] and tagged with metE upstream and
downstream sequence using primers 558 and 559 [80, 98]. The PCR product was recombineered into
SKA703 using pSIM6 as previously described [99] to construct SKA703 AmetE::cat (SKA1328).

Antithetic closed-loop and open-loop growth rate control plasmids (pSKAS570, pSKAS571, and
pSKAS571-p15A, Genbank accession #MK775708-MK775710)

Growth rate control plasmids pSKAS570 and pSKAS571 are variants of antithetic circuit plasmid
pSKAS562 and open-loop circuit plasmid pSKAS563, respectively. Both copies of FLAG::sfgfp::pdt#1
and their corresponding RBS were replaced with metE::pdt#3c¢ with a weakened variant of the en-
dogenous metE RBS with a translation initiation rate of 73.88 (wRBS, RBS Library Calculator v2.0,
5" CTGCAGTAGACCAAGAAAAA 3°) [97] (Extended Data Fig. 10d). Reduced plasmid copy variant
pSKA571-p15A was constructed by replacing the ColEl origin of replication on pSKAS571 between
Xbal and Spel for the pl15A origin or replication on pSKA417 between the same restriction sites (Ex-
tended Data Fig. 10d).

Growth rate control strain preparation

Host strain SKA 1328 was transformed with closed-loop growth rate control plasmid pSKAS570 or open-
loop growth rate control plasmids pSKAS571 or pSKAS571-p15A.

Wild-type growth rate control strain preparation

metE+ strain SKA703 was transformed with empty plasmid vector pSKA47 (unpublished, sequence
available upon request) with a ColE1 origin or replication and ampicillin-resistance.
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Supplementary Tables

Plasmid | Genes targeted Description Left flanking | Right flanking | OE-PCR
for deletion PCR primers | PCR primers primers

pSKA1 araCBAD Arabinose metabolism and 1/2 3/4 1/4
regulation

pSKA2 laclZYA Lactose metabolism, 7/8 9/10 7110
regulation, and transport

pSKA21 arakE Arabinose transport 54/55 56/57 54/57

pSKA22 araFGH Arabinose transport 60/61 62/63 60/63

pSKA101 | rhaTRSBADM Rhamnose metabolism, 150/151 152/153 150/153

regulation, and transport

Supplementary Table S1: Construction of suicide plasmids for allelic exchange.
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Strain Genotype Reference
CC118(Apir) A(ara leu) araD AlacX74 galE galK phoA20 thi-1 rpsE  [76]
rpoB argE(Am) recAl \::pir
DH5aApir F- supE44 hsdR17(rK-mK+) recAl ¢p80dlacZAM15 [77,78]
AlacU169 gyrA96 endAl thi-1 relAl deoR \::pir
MEFEDpir MG1655 RP4-2 [85]
Tc::[AMul::aac(3)IV-AaphA-Anic35-AMu?::zeo)
AdapA::(erm-pir) ArecA
MG1655 (ATCC  F- - rph-1 [100]
47076)
NEB Turbo F’ proA+B+ laclg AlacZM15/fhuA2 A(lac-proAB) glnV  New England
galK16 galE15 R(zgh-210::Tnl0)Tet® endAl thi-1 Biolabs
A(hsdS-mcrB)5
SKA703 Host strain, MG1655 AaraCBAD AlaclZYA AaraE This study
AaraFGH attB::Py,pp1(cTC-AGA)-lacYAI77C
ArhaSRT ArhaBADM Tn7::P nos5-tetR
SKA1328 Host strain, MG1655 AaraCBAD AlaclZYA AaraE This study
AaraFGH attB::Py,,pp1(cTC-AGA)-lacYAI77C
ArhaSRT ArhaBADM Tn7::P nos5-tetR AmetE: :cat
Plasmid Description Reference
pBAD33 araC, P 4p template, p15A ori, cam®R [92]
pCP20 FLP recombinase plasmid, temperature-sensitive, amp®,  [81]
cam®
pFL503 attP, araC, PpaAp-pir, Prrnppi(cro—agay-lacYA177C,  [19]
pBR322 ori, ampR
pJT119b sfefp template, ColE1 ori, cam® [95]
pIW27 A Int helper plasmid, pSC101* ori, [79]
temperature-sensitive, cam®
pKD13 R6K~ ori, FRT-flanked kan®, amp® [80]
Pijeco—1-mfLon  Addgene #45152, lacl, ColE1 ori, cam® [86]
pSIM6 A Red recombinase plasmid, pSC101* ori, [99]
temperature-sensitive, ampR
pSKA1 AaraCBAD suicide plasmid, sacB, R6K~ ori, cam® This study
pSKA2 AlaclZYA suicide plasmid, sacB, R6K~ ori, cam® This study
pSKA21 AaraE suicide plasmid, sacB, R6K~ ori, cam® This study
pSKA22 AaraFGH suicide plasmid, sacB, R6K~ ori, cam®R This study
PSKA27 pFL503::FRT-kan-FRT, attP, araC, P 4 p-pir, This study
P, BP1(CTCO—AGA)-lacYAI77C, pBR322 ori, ampX,
kanR
pSKA47 Empty plasmid vector, ColE1 ori, amp® Unpublished
pSKA101 ArhaTRSBADM suicide plasmid, sacB, R6K~ ori, cam®  This study
pSKA207 pUC18R6KT-mini-Tn7T-FRT-kan-FRT, R6K~ ori, oriT, ~ Unpublished
kanR, ampR
pSKA273 pUC18R6KT-mini-Tn7T-FRT-kan-FRT-P o5-tetR, This study
R6K~ ori, oriT, kanR, ampR
pSKA332 Prpr-mcherry::lacl::LVA, p15A ori, kan® Unpublished
pSKA353 luxR-T7 terminator, Py x-gfpmut3-rrnBT]I terminator, Unpublished

p15A ori, spec®
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pSKA357

luxR-T7 terminator, Py x-mflon-rrnB T1 terminator,
p15A ori, specR

Unpublished

pSKA373

R6K~ ori, FRT-flanked camR, ampR

[98]

pSKA417

Negative disturbance plasmid, Prgr_srps-mflon, p15SA
ori, speck

This study

pSKA538

Closed-loop antithetic circuit precursor plasmid, ColE1
ori, amp® (pZE1-Py;w —srps-V3::araC::pdi#3c-
FLAG::sfgfp::pdt#1-rrmBTIT2-luxR-T7-
Prux—rBs5000-5igW-rrmBT1-Pp.ap_RrBss000-7SiW-
rrmBTIT2)

This study

pSKA539

Open-loop control precursor plasmid, ColE1 ori, ampR
(PZE1-Pg;qw —srps-V5::araC::pdt#3c-
FLAG::sfgfp::pdt#1-rrmBTIT2-luxR-T7-

Py x —rBss000-sigW-rrmBTI)

This study

pSKA562

Closed-loop antithetic circuit final plasmid, ColE1 ori,
ampR (pZE1 -Pgiqw —srBs-V5::araC::pdt#3c-

FLAG: :sfgfp::pdt#£1-rrmBTIT2-P ;4w _rBs-
V5::araC::pdt#3c-FLAG: :sfgfp::pdt#1-rrmBTIT2-
luxR-T7-Pu x —rBs5000-5ig W-rrnBT1-P g A p—RrBS5000-
rsiW-rrnBTIT2)

This study

pSKAS563

Open-loop control final plasmid, ColE1 ori, ampR
(PZE1-Pg;qw _srps-V5::araC::pdt#3c-

FLAG: .'ngfp:.‘pdt#l—rrnBTI TZ‘PsigW—SRBS‘
V5::araC::pdt#3c-FLAG: :sfgfp::pdt#1-rrmBTIT2-
lMXR-T7—PLUX _Rgssooo—sigW-rrnBTl)

This study

pSKAS570

Closed-loop antithetic growth rate control plasmid,
ColE1 ori, amp® (pZE1-Pg;gw —srBs-
V5::araC::pdt#3c-wRBS-metE: :pdt#3c-rrnBT1T2-
Pgigw —srBs-V5::araC::pdt# 3c-wRBS-metE: : pdt#3c-
rmBTIT2-luxR-T7-Prx _rBS5000-Sig W-rrnBT1-
PBAD_RBS5000-rsiW—rrnBT1 TZ)

This study

pSKAS571

Open-loop growth rate control plasmid, ColE1 ori, amp®

(PZE1-Py;qw —srBs-V3::araC: :pdt#3c-wRBS-
metE::pdt#3c-rrnBTIT2-Pg; g —srBs-
V5::araC::pdt#3c-wRBS-metE: :pdt#3c-rrnBTIT2-
luxR-T7—PLUX _RBS5000—sigW-rmBTI)

This study

pSKAS571-pI5A

Open-loop growth rate control plasmid, p15A ori, amp®
(PZE1-P; gy —srps-V5::araC::pdt#3c-wRBS-

metE: .‘pdt#j’c-rrnBTI TZ'PsigW—sRBS'
V5::araC::pdt#3c-wRBS-metE: :pdt#3c-rrnBTIT2-
luxR-T7—PLUX _RBS5000—sigW-rrnBTI)

This study

pTNS3

Tn7 helper plasmid, R6K~ ori, oriT, amp®

[84]

pUC18R6KT-
mini-Tn7T

mini-Tn7, R6K~ ori, oriT, ampR

[82]

pVRcI1_987

Addgene #49733, [uxR and Py x template, p15A ori,

camR

[87]

pZE1R-gfp

pZE1 plasmid backbone template, ColE1 ori, amp®

[83]

pZEtetR21-gfp

Pi tet0—1-8fP, Pnos-tetR, ColEl ori, kanR

[83]

Primer

Sequence (5’ to 3°)

Description

1

CAACAAGAGCTCCTGGCAGGAAGTA-AAACG

Sacl-araC-F

33



GTTTATCCAGCAGCGTTTGAAAGTG-

AaraCBAD-R

AATGATGTAGCCG

3 CGGCTACATCATTCACTTTCAAACG- AaraCBAD-F
CTGCTGGATAAAC

4 CAACAAGGTACCTAGAAACCCACTT-GAGCG Kpnl-araD-R

7 CAACAAGAGCTCGGATGTTGATGCA-ATGGTG Sacl-lacI-F

8 GAATAACCCGACAAGGAACGCACCA- AlaclZYA-R
CCCTGAATTGACTC

9 GAGTCAATTCAGGGTGGTGCGTTCC- AlaclZYA-F
TTGTCGGGTTATTC

10 CAACAAGGTACCGTTCTGCGGCTTT-ATCTG Kpnl-lacA-R

54 CAACAAGAGCTCGTCAATGCTCTCC-TTCCAG Sacl-araE-F

55 CAAGTGCCCAATCTCTATTAACGCA- AaraE-R
TGTCGTTATGTGATGGATATTCC

56 GGAATATCCATCACATAACGACATG- AaraE-F
CGTTAATAGAGATTGGGCACTTG

57 CAACAAGGTACCGACGCTTCGGTAA-ATTGCC Kpnl-araE-R

60 CAACAAGAGCTCGTGAAGGTAGAGA- Sacl-araF-F
TTGGATGC

61 GCATCAGACAGTGCGTTTCGCATTA- AaraFGH-R
CCTGGCGTTGAG

62 CTCAACGCCAGGTAATGCGAAACGC- AaraFGH-F
ACTGTCTGATGC

63 CAACAAGGTACCGGATACTGAGCGA-TGACTG Kpnl-araH-R

84 CAACAAGCTAGCGCGGCCGCATTCC- Nhel-Notl-
GGGGATCCGTCGACC pKD13-F

85 CAACAAGCTAGCGTGTAGGCTGGAG-CTGCTTC Nhel-pKD13-R

150 CAACAAGAGCTCGGTTTTCTTGTCT-GCTGGC Sacl-rhaT-F

151 CATTGGGCAATTACGGCAGGGCGTT- ArhaTRSBADM-
ACTCATCTTCTTATCCTCATC R

152 GATGAGGATAAGAAGATGAGTAACG- ArhaTRSBADM-
CCCTGCCGTAATTGCCCAATG F

153 CAACAAGGTACCGCTTTCCAGTCAA-TAGCCTGC  Kpnl-rhaM-R

268 GTGAAAAGTTCTTCTCCTTTACGC gfpmut3-R

342 GATAGCCATGTTATCCTCCTCG mcherry-R

349 CAACAATCTAGAGGCATCAAATAAA- Xbal-T1 term-F
ACGAAAGGC

382 CAACAACTCGAGAATCATAAAAAAT- Xhol-PN25-F
TTATTTGCTTTCAGG

383 CAACAAACTAGTTTAAGACCCACTT- Spel-tetR-R
TCACATTTAAGTTG

441 CCAGCTGGCAATTCCGAC Ptet*-F

504 GTCTCTTGATCAGATATTGATCC Bglllmut-spec-F

505 GGATCAATATCTGATCAAGAGAC Bglllmut-spec-R

510 CAACAAAGATCTATGAGTAAAAAAA- Bglll-PLlacO-1-
TAAAACTGCCTATTTTCC F

511 CAACAATCTAGATTATTTTGTTTTA- Xbal-mflon-R

AAAACTATTGCAAATACCTC

34



518

CCAGCTGGCAATTCCGACGTCCAAA-

T7

AAACCCCTCAAGACCC term-atlI-spec-F
519 GGGTCTTGAGGGGTTTTTTGGACGT- spec-Aatll-T7
CGGAATTGCCAGCTGG term-R
oGL110 GAGTGCTATCATTGACTTACCGCCA- Module2-
GAGTTTGTAGAAACGCAA Modulel-R
oGL115 TACTACATCACAGATGACAGGCAAA- Module3-Xbal-
AGGCCAGCAAAAGGC Backbone-F
oGL116 TTCATAACTGAACAGACAGCCGTCA- Modulel-Aatll-
GGTGGCACTTTTCGG Backbone-R
oGL308 GACGAAGCAACATTACACTAGTCGA- Module2-
CTAGCATTTTTATCCATAAGATTAG- Module3-F
CGGATCCTACC
oGL309 CTGTCATCTGTGATGTAGTATCTAG- Backbone-Xbal-
AGAATTCAGAGTTTGTAGAAACGCA-AAAAGGC  Module3-R
oGL310 TAGTGTAATGTTGCTTCGTCATTTG- Module3-
TCCTACTCAGGAGAGCGTTC Module2-R
oGL311 GTAAGTCAATGATAGCACTCGGTAC- Modulel-
CTCCAAAAAACCCCTCAAGACCCGT Module2-F
oGL312 GCTGTCTGTTCAGTTATGAACGAAA- Backbone-Aatll-
AGTGCCACCTGACGTC Modulel-F
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