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1. BOSONIC CODE FOR APPROXIMATE AQEC
1.1. Applying PReSPA to Schrodinger-cat code (|o| > 1)
Odd-parity cat states of the form |Cy) = (Ja) — |—a))/N, |C;,) = (lie) — |—icr))/N with large photon number, > 1,

can be used as cat-codes'? that allow for perfect retrieval of information with an appropriate unitary. As shown in the following,
single-photon loss followed by ideal PReSPA extended to infinite photon numbers

= [2n+1) (2n] (S1)

preserves the capability to recover the initially stored quantum information.

Consider a general initial state |¢(0)) = 2 |C ) + y|C,,) in the cat encoding. Within a given time period ¢, this state undergoes
stochastic evolution governed by photon-loss events and continuous AQEC driving, resulting in a piece-wise deterministic process
for |1 (t)). Jump events are caused by photon loss, instantaneously followed by a PReSPA operation. In our analysis, we neglect the
short time span ¢, < 71 4 involved in the PReSPA operation itself. Under these conditions, the compound effect of photon loss and
PReSPA is described by the jump operator IT, i = >0 o V2n+112n+ 1)(2n + 1|. The deterministic time-evolution between
jumps, as viewed from the rotating frame, is governed by the non-unitary operator

V(t) = exp( . aTa) (S2)

Tia

Note that V(t) decreases the cat size, @ — a(t) = aet/2Tia By contrast, photon loss/PReSPA events cause an increase in the
mean photon number. For j loss/recovery events during time ¢, the final state is given by

where |C7 ;) = (T a )7|C3 ) /N. Although the latter are not perfect cat states anymore, they maintain parity and near orthogo-
nality. Upon averagmg over trajectories with different jump numbers 5 , one finds for the density matrix of the joint transmon-cavity
system:
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Here, p;(¢) is the probability for j loss/recovery events to occur during time ¢.

For recovery of the amplitudes = and y to succeed, |Cy ;) and |C;; ;) should be orthogonal Vj, k. Since (Cj; ;|C5 ) o
e~lal? sin(\d|2), (near-)orthogonality is given for |a|?> > 1. Accordingly, the cavity Hilbert space splits into two orthogonal
subspaces, with [C3 ;) € Hi, | € Ho, and the prescriptions [g) ® [C3 ;) — |9) ® [C5;), 19) @ |Ciz ;) — le) ®

eima'a/2 ICi ]> are compatible with a unitary decoding transformation. Once applied to the state (S4)), this yields
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leaving the transmon qubit in the desired pure state z |g) + y |e).

1.2. Evolution of truncated 4-component cat (T4C) states under photon loss and PReSPA

Our T4C encoding is an instance of the single-cavity binomial code®. It can also be understood as a cat code with |a|? ~ 3.5
truncated at a photon number cutoff at 7. Here, we encode the quantum information in the superposition |1(0)) = « [01) + v |1L),
where the logical code words are

0z) = C1[1) + C5 |5) , 1) = C33) + C7|7). (S6)
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The effective jump operator for loss/recovery events is a truncation of the original I, namely Il.oa = [1)(1] + v/3[3)(3| +
V5 5)(5] ++/T7|7)(7|. The resulting quantum trajectory given j events is

[ Z +y Z }C nj/2 —nt/2T1 A |n> S7)

n=3,7

143 (t))

where N;(t) is the time-dependent normalization factor. Note that the trajectory exhibits no dependence on the specific

jump times, because the jump operator I1.,4 commutes with the deterministic evolution operator (S2). To compare Eq. with
(S3), we rewrite the trajectory state as a superposition of two states from the orthogonal subspaces H15; = span{|1),|5)} and
Hs7 = span{|3) ,|7)}, namely

(1)) = 2n® () [03° (1) + yndT(t) |37 (1)) . (S8)

R #)) = 3 g Cun? /2204 n) [k N (t)] are orthonormal, and nk! (t) = || Y, , Cnd/2e™/2T04 |n) || /N (t).
As a side note, although the mean photon numbers 7 varies from trajectory to trajectory, the ensemble-averaged photon number,

(n), of a cavity state is conserved under the combined effect of I1.,a. This is because the operator Meoaisa (diagonal) dephasing-
type of jump operator that does not extract or supply energy to the system. One can also conveniently prove this by checking the

diagonal vector of the Lindblad master equation, and see for any density matrix p: diag[p] o diag[£(Ile0d, p)] = 0.

1.3. T4C decoding unitary for approximate quantum information retrieval

Given the distortion due the n;?l (t) coefficients, as well as the rotations within the 15 and H37 subspaces, to what degree does
it remain possible to decode the original quantum information? The answer and mitigation strategy depends on the elapsed time ¢.
Here, we focus on short times ¢ /77 4 < 1, for which only small jump numbers j are relevant. [For ¢/T14 < 1, p;(t) is peaked at
j = 0-and falls off rapidly as j increases. These jump probabilities are given by p;(t) = (t/T14) N7 (t)/5!]

We divide our discussion into two parts, addressing the distortion coefficients and spurious rotations separately. Starting with
the former, we note that the distortion via n?l (t) is not observed in Eq. for the cat code. For the T4C scheme the distortion
originates from the truncation to small photon numbers. We may mitigate this issue by choosing the code-word amplitudes C,,
is such a way as to minimize distortion, i.e., make the relevant nkl(t) as close to unity as possible. Expanding numerator and

denominator of (n§')? [(n§®)? or (n§")?] for t/T1a < 1 yields the intermediate expression

L—t/Tha(n)m + (t/TlA) (n*)i + O((t/T1a)?)

[ng' (1)) = ;
22[1—t/Tya(n)is + LA (02) 5+ O((t/T1a)3 )] +y2[1 — t/Tia(n)ar + LA (02)00 4+ O((t/T14)%)]
(59)
where (n'), is the m-th moment of the photon number probability distribution, with probabilities |C|? and |C}]? = 1 — |C|%.
This expression reveals that n§' = 1 up to second order in ¢/T} 4 if the mean and second moments obey (n)15 = (n)37 and

(n?)15 = (n?)37. These two conditions, along with the normalization requirement, fully determine the optimal choices for the
code-word amplitudes: C; = C7; = 1/2 and C3 = C5 = /3/2. (The choice C; = 1/0.35, C5 = 1/0.65, C5 = /0.9, and
C7 = /0.1 used in the experiments yields mean photon numbers of 3.6 and 3.4, and second moments of 16.6 and 13, constituting
a reasonable, though not optimum, choice.) Expansion to higher orders in ¢/77 4 as well as consideration of jump numbers j > 0
lead to additional conditions (n™)15 = (n™ )37 with m > 2, which cannot be satisfied anymore.

Second, we consider the spurious rotations within each code-word subspace, while focusing on the construction of a suitable

decoding unitary. For ¢/T7 4 < 1 and small jump numbers, this unitary U, should approximately map the state (S8) to a product
state, in which the transmon occupies the state z |g) + y |e), i.e

[U;(t)) = lg) @ (eni®(t) [¥3° () +ynf(8) [457 (1)) ) Yoy 105 (1)) ~ (xlg) +ule)) ® |65) (S10)

where the cavity states |¢;(¢)) must be consistent with the unitarity of Uy, but can otherwise be chosen at will. To approxi-
mate this transformation, we select orthonormal bases of the two code-word subspaces, His = span{|ug),|ui)} and Hsy =
span{|vo) , [v1)}, and choose Uy to map

9) ® |uo) = 190), 1g) @ |ua) = lg1), [g) @[vo) — [e0), |g) ® [v1) — [e1). (S11)

We only specify U, for these 4 basis states relevant to the T4C code, leaving the rest undetermined. Decomposed in this basis, the
evolved T4C state reads

|¥;(t) =lg9) ® xn}5(t)(cos 0; |uo) +sinb; |u1)) + yn;ﬂ(t)(cos ©; |vo) +sinp; |v1) ), (S12)

where the angles 6; and ¢; parametrize the states |wj’?l (t)) (see main text, Extended Data Fig. la). The state resulting after
application of the decoding unitary is

|U,(t)), = Ug|W;(t)) = zn;°(t)]g) ® (cosb; |0) +sind; [1)) + yn}”(t) le) @ (cosp; |0) +singp; 1)). (S13)



The decoding fidelity can in principle be optimized by a suitable choice of the cavity states |ug), |v). Here, we omit optimization
and simply select the original code-words as basis states, |ug) = |0) and |vg) = |15). This is appropriate for t/T14 < 1
where small jump numbers dominate. From series expansion of cos? 6y = | (0 |4¢°) |* and cos? o = | (1.[¢§7) |*, one finds
0o = o + O((t/T14)?) if the optimum code-word amplitudes C,, are employed. Imperfections in decoding do arise in the small-
time limit for larger jump numbers. Following the decoding operation, the reduced density matrix of the transmon takes on the
form

. ~ ~ z|?(nl?)? z*yntn3"cos(0; — ¢
o =Teams (Dm0 1| = 01 (gyrmgonttonts, o " gt 7)s 619
J J

where time dependence is implied but not shown explicitly to simplify notation.

Pq 1s a good short-time approximation to the intended state |1),)(14|. The deviation between the two is quantified by the process
fidelity that is obtained from averaging the state-transfer fidelity F., () = |(14|p4(t)|14)|? over the six cardinal points on the Bloch
sphere and then rescaled to the range from 1/4 to 1,

3 1
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where (Fg,(t)) is the Bloch sphere average. Future work may include optimization of this fidelity with respect to the choice of
decoding basis states.

2. OPTIMAL CONTROL FOR UNITARY OPERATIONS AND STATE TRANSFER

Pulses for state preparation and decoding are constructed using quantum optimal control (QOC)*Z, designed to steer the time
evolution of a quantum system in order to maximize the fidelity of the desired state transfer or unitary operation. More specif-
ically, QOC iteratively adjusts the set of control pulses {ui(t),...,up ()} in a way that minimizes the deviations between the
realized unitary U and the target unitary Ur (or between reahzed state |¢) and target state |1)r)). The concrete quantity to be
minimized is the cost functional C'[{u(¢)}], which incorporates the process or state infidelity, as well as additional cost contribu-
tions crucial for achieving realistic pulse shapes. We employ an automatic-differentiation extension® of GRAPE (Gradient Ascent
Pulse Engineering)”, which performs minimization via gradient descent. In the following, we provide additional details on the
implementation.

For numerics, the control fields are reduced to a finite number of optimization parameters by discretization of the time axis: the
pulse duration ¢4 is split into a number /N > 1 of small time intervals (here: 6t = 1 ns). The corresponding discrete time instances
are denoted ¢,, = ndt, along with the control amplitudes evaluated at these times, ug, = ug(t,). The latter can now be grouped
into a vector u = (ug,) € RM¥ containing all optimization parameters. The primary quantity for optimization is either the process
fidelity (target unitary, such as for decoding) or the state-transfer fidelity (target state, such as for preparation of specific cavity
state). These are defined as

1 A
Faccoting (1) = 53 [Tr(U70 (w)) [, (S16)
Forep(u) = | (¢or[t(w)) [, (S17)
where D = 7, the dimension of the subspace considered for the decoding operation. The realized unltary or state is computed by
decomposing the evolution operator U + governing the full duration ¢4 into short-time propagators U, = = exp(— iH n0t) describing

the unitary evolution of the system from time ¢,, to t,, + dt,
Up =UnUn_y--- U 0. (S18)
Each short-time propagator only involves the Hamiltonian evaluated at time ¢,,,
M
Hy=H(t=t,)=Ho+ Y _ urnHs (S19)
k=1

with 7, denoting the time-independent system Hamiltonian and {7:{;@} the set of control operators. In our case, the latter correspond
to the transmon and cavity operators {6, 6, &4, P4}, and the static system Hamiltonian is given by

i K
Ho = —atas. - —alafaa - ’if atataas, (S20)

in the appropriate rotating frame. The coefficients K, x4, x;, parametrize the self-Kerr, 4% _order cross-Kerr, and 6"-order cross-Kerr
terms, respectively.



In addition to the primary contribution C; = 1 — F to the cost function, i.e. the process or transfer infidelity, it is beneficial to
incorporate secondary cost contributions which favor pulse shapes compatible with experimental capabilities and constraints. One
secondary cost contribution,

Cy =Y |thn — urn—1|%, (S21)
k.n

penalizes rapid temporal changes of the pulse envelopes, thus helping to limit overall pulse bandwidth. Another secondary cost
contribution we employ is

Cs =Y |uknl, (S22)
k.n

which limits the overall pulse power. Finally, we introduce a cost for occupation of certain higher states |)r) (“forbidden” states).
This can, for example, minimize leakage of the transmon into states outside the {|g),|e)} logical subspace, and generally help
avoid any population close to the Hilbert space truncation level (truncation levels used were 3 and 24 for the transmon and cavity
Hilbert space, respectively). The corresponding cost contribution is

Ca=Y_ [ (Wrltn) %, (S23)

where |1,,) is the state at time t,,. The total cost function to be minimized is a weighted sum of the individual contributions,
C(u) = 01(11) + 04262(11) + a3Cs (11) + ayCy (11) (S24)
In its basic form, gradient descent minimizes C'(u) by repeatedly updating u with a vector opposite to the cost function gradient,

9C (uy)

ou,

Upp1 = Uy, — 1 (S25)

Here, we use ADAM!Y, a “momentum accelerated” gradient-descent method which updates u using a moving average of both the
gradient direction and magnitude. To make convergence properties more stable, we apply the common strategy of a decaying learn-
ing rate 1, = noe~PP. Gradients OC(u,)) /O, are computed using a TensorFlow-supported automatic differentiation algorithm'".
Rather than hard-coding analytical gradients, this algorithm decomposes C'(u,,) into a computational graph of elementary functions,
whose known derivatives are extracted via the chain rule through a back-propagation process.

For bootstrapping, we used Gaussian white noise as initial pulses uy in order to avoid bias towards any particular pulse shape.
Computations were carried out on a CPU with a step count of N = t,4/t. For state preparation, t; = 1 us and for decoding,
tq = 2 ps. The total number of iterations to achieve sufficient fidelity convergence typically ranged from 1,000-2,000, thus requiring
only moderate computation times of a few hours.

3. ERROR SOURCES OF THE CORRECTED LOGICAL QUBIT

The errors in the autonomously corrected logical qubit can be divided into two main categories: 1) errors unrelated to single
photon loss that are not yet corrected by our AQEC scheme, and 2) errors caused by various failure modes of our AQEC scheme
while it corrects single photon loss. A breakdown of the contributions from various error mechanisms is listed in Extended Data
Table III. The total effect is consistent with the experimentally measured longitudinal (366 + 10 us) and transverse (256 £ 7 us)
relaxation times of the logical qubit within 5%.

3.1. Photon-loss unrelated errors

Cavity dephasing is not correctable with the PReSPA scheme. The dominant source of cavity dephasing is spontaneous excitation
(the rate 4) of the ancilla transmon from its ground state to excited states, which we believe is caused by stray radiation from the
microwave transmission line. In addition to its dephasing effect to the cavity (due to the dispersive Hamiltonian —quT&"Q—Z), an
ancilla v event may trigger an odd-to-even photon addition process under PReSPA due to the relative lack of photon-number
selectivity in the second stage of the pumping process (Extended Data Fig. 6a). This process erroneously switches the cavity to
the even-parity sub-space, which will immediately gain another photon under PReSPA. Effectively, each -4 jump has a substantial
probability to induce the addition of two photons to the cavity state, moving the cavity state between the {|1) , |5) } subspace and the
{|3) ,|7)} subspace, which is a bit flip error for logical pole states. From competition of relevant rates in this multi-stage process,
we estimate this probability to be about 50%. For logical equator states, v+ produces a transverse relaxation error by fully dephasing
the cavity. In total, our AQEC scheme, as currently constructed, leaves the logical qubit modestly more susceptible to 4 of the
ancilla compared with a bare cavity using Fock states |0) and |1) to store information.



Strong parametric pumping as used in our mixing tone increases spurious transmon excitation. We observe an increase in
transmon ~y; rate by about 30% under long-time pumping of the mixing comb, from 1.4 ms~! in the idle state to 1.8 ms™?, as
extracted from a set of specifically designed experiments probing spurious cavity excitations (Extended Data Fig. 6b-e). We note
that all mixing tones in PReSPA combined (computed as the sum of |£;|) are still weaker than reported thresholds for causing
spurious transmon excitations in prior experiments'4, so it is likely that the observed heating effect is extrinsic and reducible
by better thermalization. In addition, we estimate that the pump-induced linear displacement to the transmon operator ¢ should
contribute negligibly to spurious transmon excitations. However, we cannot rule out contributions from non-perturbative dynamics
of a driven Josephson circuit!?, especially considering a comb of multiple pump tones may cause additional complexities in the
dynamics beyond what has been reported so far. This scenario corresponds to a fundamental limitation of using a transmon as a
parametric mixer, and motivates the adoption of novel types of ancillas in future AQEC experiments. Nevertheless, a future iteration
of better-optimized transmon-based PReSPA protocol with better coherence properties will employ weaker (rather than stronger)
pumping than the current demonstration, hence alleviating this concern of pump-induced spurious excitations. (See Methods-AQEC
Simulations.)

Separately, the transmon comb of PReSPA has an intrinsic effect of exciting the transmon off-resonantly when the cavity is in
the odd-parity code space. With our parameters, this effect is weak compared with other 4 effects and difficult to experimentally
characterize, but we determine it to be slightly lower than 0.2 ms™! from numerical simulations. This excitation rate can be
estimated as v, (A/x4)?, where 7, is the transmon decay rate through the four-wave mixing process. In the long run, this intrinsic
effect requires trade-off in the QEC operation speed. It is important to note that its scaling is to the third power of the QEC operation
speed if we scale A, €,  proportionally, as we confirmed in simulations.

3.2. Photon-loss correction efficiency

PReSPA is designed to correct for single photon loss, which occurs on a timescale of T4 /7 & 150 us in our T4C-encoded
logical qubit and induces both longitudinal and transverse errors. An intuitive quantity to evaluate the efficacy of this correction
process is the QEC success rate, .S; or .S¢, as we defined in the main text. It represents the fraction of photon-loss errors whose
impact to the logical qubit is successfully eliminated by the AQEC scheme. For the convenience of arguments, we imagine that
each photon loss occurring to the T4C qubit, when uncorrected, induce a single depolarization error from anywhere on the Bloch
sphere (equivalent to a longitudinal relaxation error for pole state and a transverse relaxation error for an equator state). This is in
fact a decent approximation for the uncorrected T4C code.

In the absence of any error unrelated to photon loss, the corrected logical qubit lifetime is equal to the inversely averaged
relaxation time of the 6 cardinal-point states of the Bloch sphere:

6 Tia 1
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where we have used I'; = 7-(1 — §;) by our definition of S;. On the other hand, the Fock [0/1) encoding has lifetime of

To1 = %Tl A. Hence to reach break-even the overhead factor due to redundant encoding one has to overcome is 37/2. From
Tc > To1, a necessary requirement for QEC break-even is:

éSl + %Sf >1- ;ﬁil
We note that due to intrinsic off-resonant excitation of transmon in our current PReSPA scheme, error channels not attributed
to photon loss cannot be fully eliminated. This effect, together with other types of uncorrectable errors, means that a greater
success rate than indicated by Eq. is needed to achieve break-even. However, this minimum threshold still serves as a useful
benchmark to consider the performance of a QEC process in correcting the errors it is designed to correct.

An ideal (infinitely-fast) implementation of PReSPA dissipation using a perfect ancilla can fully eliminate longitudinal errors and
correct transverse errors at 97.5% success probability (see Methods-Approximate AQEC). Experimentally, there are multiple other
failure modes associated with the photon-loss-correction process, as listed in Extended Data Table III, adding up to an estimated
total of 11% and 24% failure rates for correcting pole and equator states in this work. (This corresponds to S; = 89% and S; = 76%
as discussed in the main text.)

Relaxation of the ancilla and the loss of a second photon during the correction process account for a significant part of the failure
rates. During each error-correction process, the probability of transmon Ty decay can be computed as | P.(t)dt/T1, = 7%, where
P.(t) is the transmon excitation probability (Fig. S1). The probability of a second photon decay can be estimated as t.,7/T1 4 =
5.6%, where t, is the halftime of the error-correction process. Since a second photon decay is a bit-flip error, its reduction to S;
is twice of its occurrence rate, or about 11%. These failure rates are dictated by the competition between the speed of the QEC
operation and the hardware coherence, and can be expected to improve proportionally with better transmon and cavity lifetime.

In addition, there are several failure modes associated with the competing time scales in PReSPA. Firstly, the pumping process
can be activated virtually by a neighboring mixing tone that is 2, detuned from the resonance condition, causing cavity dephasing.
This occurs at an estimated 3% probability based on the relative rates of the virtual (unintended) vs. resonant (intended) four-wave-
mixing transitions, and scales as (r,/2x,)?. In our experiment,  can be reduced by at least ~20% without compromising the speed
of the AQEC operation, hence improving overall AQEC performance.

(S27)



Secondly, due to the stochastic nature of the dissipative correction process, the cavity spends an uncertain period of time in
the even-parity error space. This time uncertainty dt., is smaller than but scales linearly with the average correction time t.,. It
multiplies with the self-Kerr (/) of the cavity Hamiltonian to produce a phase uncertainty to the PReSPA operator, and hence a
logical dephasing error to the QEC process.

Furthermore, in the presence of other higher-order nonlinear effects from X; and x 4., the two groups of intermediate states in the
PReSPA dynamics (|2n, e,0) and |2n + 1, g, 1)) are not equally spaced. One might expect them to cause which-path information
leakage due to reservoir photon emissions at different frequencies. However, the actual effect is more subdued: In a dissipative
A transition, the emission frequency is solely dictated by the energy difference of initial/final states and energy supplied by the
drives, not the intermediate levels. (The energy differences due to Kerr is already accounted for, see the paragraph above). This is
a technique to promote path-independence using slightly-virtual transitions'®. In this scenario, because the quantum states do not
transit through the intermediate states exactly on resonance, there is a subtle geometric phase uncertainty causing a relatively small
dephasing effect. The scaling of this residual error has been analyzed in detail in Appendix C of Ref!'?, which applied to the present
cases is (x/,/¥m)? and (xa,/k)? respectively. Here v, =~ 0.35 us™! is the rate of transmon decay via the reservoir due to the
mixing comb.

Our AQEC process is insensitive to dephasing (1) error of the ancilla. Owing to the mirrored dynamics of the four photon-
addition paths in PReSPA, a phase jump of the transmon ancilla during the photon addition resets the process but does not cause
cavity dephasing. The net effect is a small reduction of the correction rate of PReSPA, which can be compensated by choosing a
larger \. Similarly, low-frequency (i.e. 1/ f) noise of the ancilla does not affect PReSPA performance to the first order either. This
insensitivity to ancilla dephasing has an interesting correspondence to the scenario in measurement-based bosonic QEC, where a Ty
error leads to a parity (error syndrome) measurement error but does not propagate forward to the cavity state'”. This type of error
in discrete parity measurements in principle can be mitigated by repetition and majority voting, which however, amplifies other
types of errors (such as ancilla 77) and are typically undesirable in experiments'Z1, In comparison, our continuous AQEC protocol
effectively repeats its error detection process automatically until it succeeds with minimal overhead.

4. ERROR RECOVERY TEST

In the process of tuning up PReSPA, we developed an experiment to evaluate the efficiency of PReSPA in performing a single
QEC operation. To do this we prepare with an OCT pulse the “ideal error state™:

1
V2

This is a state that the ideal PReSPA operator (Eq. (2) of the main text) will correct back to the | X), state after 25 us. The phases
@3, ¢5 and ¢ are chosen to compensate for the phase accumulation due to the cavity self-Kerr.

After applying 25 us of PReSPA, we use the decoding unitary to map the logical state to the transmon, and measure the &,
projection. To compensate for the loss in fidelity due to encoding and decoding we perform a separate experiment of encoding and
immediately decoding a logical |z), state before taking a &, projection. By comparing the results of these two measurements we
measure a normalized fidelity of the recovered state F' = 67 + 2%.

This measurement is analogous to characterization of the PReSPA process y-matrix, which includes additional errors accumulated
over the 25 us process time in addition to the one-time parity restoration process. It is therefore in direct agreement with the 67%
average preservation of phase coherence in Fig. 3. It is also consistent with the success probability S; = 76% for a one-time
PReSPA operation after accounting for the compounded 10% fidelity loss from all transverse error channels.

[e) = —=(C1 |0) + €93C3 |2) + €'%5C5 |4) + €7 C [6)). (S28)

5. PRESPA OPTIMIZER FOR LOGICAL EQUATOR STATES

To achieve a better choice of PReSPA control parameters (the amplitudes and phases of microwave tones) we implement an
empirical optimization routine. The ultimate goal of our optimization is to decrease the decay rate of the process fidelity to increase
AQEC efficiency. For this we initialize a logical state, apply 144 us of PReSPA, decode the state and perform transmon tomography.
We can optimize this fidelity by slightly varying a PReSPA control parameter and performing this procedure. By iterating over each
PReSPA control parameter, we can gradually optimize the AQEC scheme. Experimentally we find that the logical equator states
(X)), =X}, [Y) . |-Y),) are more susceptible to small changes in PReSPA parameters than the pole states (|12),, |—Z) ).
Because of this, we choose our optimization cost function to be a mean of the fidelities of these four states.

This optimization was implemented to choose control parameters used for PReSPA-2 in Extended Data Fig. 4. We achieved a
slight gain in logical coherence time over PReSPA-1, whose control parameters were only chosen using the calibration experiments
described in the methods section. While better for logical lifetimes, we observed that the PReSPA-2 rates (£2,, and \,,) were less
well matched than those for PReSPA-1. Further work is needed to understand how a dissipative operator that deviates from Eq. (2)
can achieve better AQEC performance.




6. ALL ABOUT READOUT

To readout the transmon state we perform a heterodyne measurement on the readout cavity state looking for a disspersive shift in
its frequency dependant on transmon state. This signal is amplified by a Traveling Wave Parametric Amplifier'® (TWPA) from MIT
Lincoln Laboratory, a LNF-LNC4_8C cryogenic low-noise amplifier and a MITEQ room-temperature amplifier, but we do not have
the signal-to-noise ratio optimized sufficiently to perform single-shot readout. Instead we measure the transmission signal with the
transmon prepared in the nominal ground and excited states to measure the contrast by which we convert raw, averaged signals to
excited state population measurements.

The nominal ground state of the transmon is its equilibrium prepared by waiting for a sufficiently long time (>10 77,) for the
transmon to decay, and the nominal excited state is obtained by m-pulsing the qubit from its nominal ground state. Since our
transmon has a 5% excited state population in equilibrium, this means that all reported quantum state fidelity should be understood
as scaled up by 10% compared to the true pure target state. However, since all the main results reported in this manuscript focus
on the relative change between two states, such as process fidelity or decay time, this factor affects measurements of both states
proportionally and therefore does not affect the quantitative conclusions of our experiment. For example, the relaxation rates
measured in Fig 4b are independent of the way this error is handled.

Due to the cross-Kerr between our readout mode and cavity A we see a slight photon-number dependent reduction in readout
contrast. Usually this error happens on measurements where we are selectively measuring the transmon frequency to probe cavity
A photon number. By removing the selective transmon rotation and performing readout we can measure the shift in readout contrast
due to the cavity occupation.

This cross-Kerr readout error also shows up in Wigner parity measurements. For these we perform two measurements, one
mapping |even) , — |g), and |odd) , — |e), while the other performs the map |even) , — [e), and [odd) , — |g),. With both of
these measurements we can calculate the impact of cavity occupation on readout contrast.

In Fig. 2f we are measuring at times with significant transmon excitation probabilities. This means that the measurement contrast
will be effected. We apply the same background measurement that calculates cross-Kerr readout shifts to measure transmon excita-
tion probability. With this we can accurately show the photon addition probability over time. This transmon excitation data is also
useful to accurately calculate A and 2 as shown in Fig. S1.

Because our OCT state preparation have small imperfections, this infidelity in state preparation needs to be taken into account
to accurately characterize the PReSPA process. All initial input states in PReSPA characterization experiments are assumed to be
non-ideal and measured by transmon spectroscopy (for Fig. 2f and Fig. S1) and Wigner tomography (for Extended Data Fig. 7).
Data presented in these figures are re-normalized or transformed by a correction matrix to account for the effect of imperfect state
preparation. These state preparation errors are not compensated for in any figure discussing AQEC such as Fig. 4d.
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FIG. S1. Calibration of PReSPA transition rates. a, b, Control pulse sequence diagram for tracking the convergence of cavity state towards
a target Fock state and the transmon excitation probability over time. For tracking the cavity state (a), we prepare initial even Fock states |0),
|2), |4), and |6), perform a variable time of PReSPA, and a photon-number selective transmon 7r-pulse at fixed detunings (—1xq, —3Xq» —5Xq»
and —7x, respectively), and read out the transmon state. For tracking transmon excitations (b), the 7-pulse is omitted. c-f, Transmon excitation
probability (black dots) and cavity photon addition probability (red dots) calculated from these two measurement sequences. These measurements
are performed for photon conversion from each even state to the next corresponding odd state. The dynamics of excitation transfer is not in
the Zeno limit of x > €2, A, but rather can be understood as a slightly-overdamped coupled-oscillator system. To include various detunings and
decoherence rates, we fit these curves with a numerically-solved two-stage pumping model (blue and green dashed curves) and extract the PReSPA
transition rates (€2, and A,). The fit contains only three free parameters: €2,,, A,, and a y-axis scaling factor. The fit model considers the quantum
dynamics across the four relevant levels (|2n, g,0), |2n,e,0), |2n + 1, ¢,1) and |2n + 1, g, 0)) in a two-stage pumping process. It is simulated
with QuTiP and includes the small detuning of the drives due to xj, the decay of Cavity A and Reservoir R, and the relaxation, dephasing, and
the spurious two-frequency switching behavior (see notes in Extended Data Table I) of the transmon.
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FIG. S2. Fridge Diagram. Our experiments are performed in an Oxford Triton-500 dilution refrigerator. Our device is mounted at the mixing
chamber (MXC) stage of the refrigerator with a nominal temperature of about 10 mK. We perform a heterodyne transmission measurement of
the readout cavity to determine the transmon state. Coherent control signals for both cavity A and the transmon are generated by I1Q modulation.
Each of the two frequency combs implementing PReSPA is generated by software addition of four frequencies playing on one set of IQ channels
(the mixing comb has its own dedicated IQ channels while the transmon comb shares the same IQ channels as the regular transmon qubit gates).
We use a first-stage Traveling Wave Parametric Amplifier (TWPA) at base temperature, as well as a High-Electron-Mobility Transistor (HEMT)
amplifier at the 4K stage. Our experiment is housed inside a Amuneal A4K shield to protect it from external magnetic fields. All lines connected
to the experiment are filtered with a K&L 10 GHz low-pass filter and an Eccosorb low-pass filter.
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