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SUPPLEMENTARY INFORMATION

In these Supplementary Notes we present additional information on the theoretical derivations and
experimental results. The details reported are intended to be rather pedagogical and thus rather
detailed. In Supplementary Note [S1| the band topology of MnSi, notably SG 198 and its mag-
netic subgroups, is derived and discussed both for the paramagnetic and ferromagnetic phases.
In Supplementary Note [S2] two tight-binding models for SG 19.27 and SG 4.9 are introduced,
corresponding to the magnetization in MnSi aligned along [010] or within the xy plane, respec-
tively. This section contains also a discussion of the Berry curvature and surface states, notably
the formation of large Fermi arcs. The magnetic SGs that allow for nodal planes and topologi-
cal protectorates of the FS are catalogued in Supplementary Note We use this catalogue to
identify a number of candidate materials with topological protectorates, such as CoNbsSs and
NdsSiz. In Supplementary Note [S4 we discuss additional details of the experimental data treat-
ment and analysis. In Supplementary Note [S5| we present the detailed considerations underlying
the identification of the experimentally observed de Haas-van Alphen (dHvVA) frequencies with
the calculated extremal FS cross-sections. In this Note we also discuss additional experimental
data and corresponding DFT calculations that complement the results reported in the main part
of the paper. For ease of presentation we denote the BZ boundaries at k; = 7 (i = x,y,z) as
k; = m. We note further, that in the spirit of itinerant-electron magnetism we use the expressions

magnetization and magnetic moments equivalently.

S1. BAND TOPOLOGY OF MnSi

An important topological feature of MnSi in its paramagnetic (PM) and ferromagnetic (FM) phases
are the nodal planes. These are two-dimensional, topologically charged band crossings at the
boundary of the Brillouin zone (BZ). Besides these, MnSi also exhibits Weyl points and fourfold
degenerate points in its band structure. The existence of the nodal planes, the fourfold degenerate
points, and some of the Weyl points is enforced by the non-symmorphic symmetries of MnSi alone.
For this reason, these topological band crossings occur in all bands of MnSi, irrespective of the
specific band dispersions. (In fact, any material with the same symmetries as MnSi exhibits these
topological features.) In this section we derive the existence of these topological band crossings

in the PM and FM phases using the symmetry eigenvalues of the space group (SG) 198 (and
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its magnetic subgroups), taking into account the effects of spin-orbit coupling. In Sec. we
first discuss the topological band crossings in the PM phase. Section [S1 B|is concerned with the

topology of the FM phase with different orientations of the ordered moment.

A. Paramagnetic phase of MnSi

The crystal symmetries of the PM phase of MnSi are described by SG 198 (P2,3). This SG is
chiral, due to the absence of inversion, mirror or roto-inversion symmetries. The BZ of SG 198 is

cubic as shown in Fig.[Tjc. SG 198 is generated by the following symmetry operations
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the mappings (indicated by the arrows) specify how the symmetries act on the three real-space
coordinates (x,y,z). The last brackets on each line describe how the symmetries transform the

spin parts of the Bloch wave functions |y(Kk)). Here, {0, 0y, 0.} are the three Pauli matrices.

1. Nodal planes

The existence of nodal planes follows from the combination of the two-fold screw rotations with
time-reversal symmetry 6 = io, K [12], where K denotes the complex conjugation operator. For
concreteness, let us focus on the screw rotation C~’§ = {C5] %0%} combined with the time-reversal
symmetry 6, i.e., 96‘3. This combined symmetry acts like an effective mirror symmetry. That
is, it relates the wave function at (k,, k,, k) to the wave function at (k,, k,, —k.), as illustrated in
Fig. . In particular, 96:3 leaves each point within the k, = 0 and k, = & planes of the BZ
invariant. We note, however, that this effective mirror symmetry is anti-unitary and and acts upon
the Berry curvature by mirroring its z component [i.e., Q*(ky, ky, k) — —Q%(ky, k,, —k;)]. This is
unlike an actual mirror symmetry, which leaves the Berry curvature, a pseudovector, invariant. For
this reason 6 C~'§ acts quite differently on the wave functions and topological charges than a regular
mirror symmetry, see below. Since 9C~§ is anti-unitary, we can use it to derive the existence of

degenerate Kramers pairs. For this purpose, we compute the square of 6§ C5. Since 6 and C5
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commute, we find that

+1, fork, =0

2 ,
[01€51303)]" = (G5 12041 = Toon) = & = (10)

-1, fork, =n

Here, T 0,1) denotes the translation by the vector (0,0, 1). The last two equations are obtained by
acting on a Bloch state |y/(k)). From Eq. (I0) it follows that 6’6‘; acts on the Bloch states within
the invariant plane k, = 0 (k, = m) like a time-reversal symmetry which squares to +1 (—1). Hence,
we can use Kramers theorem [28] to show that the Boch states |¥(k)) and 9(7§|1//(k)) within the
k, = m plane have the same energy and are orthogonal to each other. In other words, all Bloch
states |y(k)) within the k, = m plane are (at least) two-fold degenerate. As we move away from
the k, = 7 plane in the BZ, the k points are no longer invariant under 6 Cz, such that the Bloch
states |y/(k)) are in general singly degenerate. (Note that SG 198 does not contain inversion, which
together with 6 would lead to a two-fold degeneracy at every k point.) Therefore, the bands in
materials with SG 198 form band-crossing planes (i.e., nodal planes) that are pinned at k, = .

Similar arguments also hold for the combined symmetries 8 C 5> and 0 é; which lead to nodal planes

that are pinned at the k, =  and k, = 7 planes, respectively. These three nodal planes are mapped

Xyz

onto each other by the three-fold rotation C;

, Eq. (Oc). Taking into account the periodicity of the
BZ, we observe that the nodal planes actually form three 2-tori, which intersect each other. We
conclude that the bands of MnSi cross each other on all three boundary planes of the cubic BZ.
That is, the band structure of MnSi is grouped into pairs of bands that form three nodal planes on
the BZ boundary.

From the above arguments it is not clear whether or not this trio of nodal planes carries a topo-
logical charge, i.e., a nonzero Chern number. To infer the topology of the nodal plane trio, we
study in the next section the multiplicity and chirality of the Weyl points in the interior of the BZ
cube. The Chern number (i.e., the chirality) of the nodal plane trio can then be inferred from the

fermion doubling theorem by Nielsen and Ninomiya [29], wich states that the chiralities of all

band crossings formed by a given pair of bands must add up to zero.

2. Topological charge of the nodal plane trio

The topological charge of a Weyl point (i.e., its chirality) is given by the Berry curvature integrated
over a surface that encloses the Weyl point. Similar to Weyl points, also the nodal planes of

the previous section can carry nonzero topological charges. This topological charge is given by
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the Berry curvature integrated over the surface of a cube that is just a little bit smaller than the
BZ cube, thereby enclosing the BZ boundary from within. According to the Nielsen-Ninomiya
theorem [29], the sum over the topological charges of all band crossings (i.e., Weyl points and
nodal planes) formed by a given pair of bands within the first BZ must vanish. We now use this
theorem to show that the nodal planes of MnSi carry nonzero topological charges.

To do so, we must first study the possible Weyl points in the interior of the BZ cube. Kramers
theorem guarantees that there exists always a Weyl point at I, i.e., at the center of the BZ cube,
because I is a time-reversal invariant momentum. Since the Weyl point at I' is left invariant by all
the symmetries of SG 198, it has multiplicity one, i.e., it is not related by symmetry to any other
Weyl point in the BZ. Besides the Weyl point at I', the band structure of MnSi can, in principle,
also exhibit Weyl points on the two-fold and three-fold rotation axes, on the invariant planes of the
effective mirror symmetries, or somewhere else in the BZ. These Weyl points away from I' must
have multiplicity larger than one, since they transform nontrivially under the symmetries. That
is, these Weyl points are part of a group of Weyl points that are mapped onto each other by the
symmetries. These symmetry-related Weyl points have all the same topological charge, because
the symmetries of SG 198 act on the Berry curvature in reciprocal space either with a proper
rotation or contain time-reversal.

Hence, in both cases the chirality of a Weyl point is preserved (in contrast, inversion or mirror
symmetry would flip the chirality of the Weyl points.) We find that the Weyl points on the two-
fold and three-fold rotation axes have multiplicity 6 and 8, respectively. The Weyl points on the
invariant planes of the effective mirror symmetries have multiplicity 12. Finally, Weyl points away
from any high-symmetry lines or planes have multiplicity 24. The last ingredient for our argument
is that the chirality of all Weyl points must be v = +1, since higher-order chiralities are only stable
in the presence of symmetries other than the two-fold and three-fold rotations of SG 198 [61].

With this, we can sum up the topological charges form all the Weyl points as
6ve + 8vg + 12vin + 24voy + vr + Vi = 2u + Ve + Vo = 0, (11)

where v; € Z, u € Z, and vr = £1. Here, jv; is the sum of the topological charges of all Weyl
points with multiplicity j, vr is the chirality of the Weyl point at I', and v, is the topological
charge of the nodal plane trio. The sum in Eq. (IT) must vanish due to the Nielsen-Ninomiya
theorem, which is only possible for v, odd. Hence, the topological charge of the nodal plane trio

1s nonzero [15,16].



As an aside, we note that at I" also four-fold band degeneracies are stable, since the little group at I"
has irreducible representations of both dimension two and four. These four-fold degeneracies are
two copies of conventional Weyl points, which are related by time-reversal symmetry. They are
referred to as doubled spin—% Weyl points [12, 162]], or sometimes also as spin-3/2 fermions [63],
and have been discussed in the context of CoSi and other transition metal silicides [25, 26, 63]]. But
the existence of these doubled Weyl points does not invalidate our argument, because they enter
in the sum of topological charges only for an even number of occupied bands. For the evaluation
of the topological charges of the nodal planes, however, an odd number of occupied bands is
considered. Hence, we concluded that the topological charges vi = +1 of the crossings at I' can
only be compensated by the nodal plane trio, since all other band crossings have even topological

charge.

B. Ferromagnetic phase of MnSi

In the ferromagnetically ordered phase of MnSi the symmetry is lowered to a magnetic subgroup
of SG 198. These subgroups contain a subset of the symmetry elements of SG 198, possibly com-
bined with time-reversal symmetry. Which of the elements of SG 198 remain as good symmetries,
depends on the orientation of the magnetic moment. That is, for different orientations of the mo-
ment the symmetries are described by different magnetic subgroups. In Extended Data Fig. [Tja we
plot all possible magnetic subgroups of SG 198, as obtained from the k-subgroupsmag tool of
the Bilbao Crystallographic Server [64]. For the moments along [010], the subgroup is SG 19.27,
for the moments within the xy-plane it is SG 4.9, while for the moments along [111] it is SG R3.
Here and in the following we use the BN'S convention to label the magnetic space groups. Let us

now study the band topology for the different moment directions separately.

1. Moments pointing along [010] direction

For the moments oriented along [010], the three-fold rotation C3™ and all symmetries generated
by it no longer leave the FM phase invariant. However, the screw rotation Cg is preserved in the
[010] FM phase. The other two screw rotations, C'g and C:é, combined with time-reversal 6 also

remain as good symmetries. Hence, the symmetries that leave the [010] FM phase invariant are
G, =1{C,1011}, 6C;=0(C;1101}, and 6C; = 6{C;|110}, (12)
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which generate the magnetic SG 19.27 (P2,212), see green box in Extended Data Fig. a. Similar
to 06‘; of the PM phase (SG 198), the two combined symmetries 0@3‘ and 6 C’; act like effective
mirror symmetries, since they relate the wave functions and energy bands at (k,, k, k,) to those at
(=ky, ky, k;) and (k,, k,, —k,), respectively. Using the reasoning of Sec. we now explain how
these two combined symmetries enforce the existence of nodal planes at the BZ boundary.

a. Nodal planes. The effective mirror symmetry Qég ( 0(:’; ) leaves the k, = O and k, = 7
planes (the k, = 0 and k, = & planes) invariant. Similar to Eq. (I0), we find that 96‘; ( 9(:‘; )
squares to +1 on the k, = O plane (k, = O plane), while it square to —1 on the k, = 7 plane (k, = 7
plane). Hence, we can use Kramers theorem to show that all bands are two-fold degenerate on the
k. = m and k, = & planes. Away from the k, = m and k, = & planes the bands are, in general, singly
degenerate, since time-reversal combined with inversion is not a good symmetry of the [010] FM
phase. Therefore, all bands cross each other pairwise on the k, = 7 and k, = 7 boundary of the
BZ, forming a duo of nodal planes (Fig. [I)). Taking into account the periodicity of the BZ these
two nodal planes are actually two 2-tori, which cross each other. We note that in contrast to the
PM phase (SG 198), the bands are not Kramers degenerate on the k, = 7 BZ boundary, since ¢ C‘“;
is broken in the [010] FM phase. Using the fermion doubling theorem by Nielsen and Ninomiya,
we will show in Sec. that this duo of nodal planes carries a topological charge. But before
doing so, we first discuss how the symmetries Eq. (12), enforce the existence of Weyl points and
fourfold degenerate points.

b. Weyl points. The screw rotation C‘g, which leaves the (0, k,, 0) axis of the BZ invariant, is
a good symmetry of the [010] FM phase. Therefore, the Bloch states [i/(k)) on the (0, k,, 0) axis
can be labelled by the eigenvalues of C’; Due to the translation part, the eigenvalues of C’; are

momentum dependent. Taking the square of (:‘; [cf. Eq. (T0)]
[(C31044)] = T io,? = —e®, (13)
we find that the eigenvalues of C’; are
Gl (k) = xie . (K)). (14)

Thus, the C’g eigenvalues live on the complex unit circle and wind in a non-trivial way as k, is
changed from -7 — 0 — +m on the Y,-I'-Y line of the BZ. For example, at k, = - the
eigenvalues are either +1 or —1, see the two bands in Extended Data Fig. Qal. As we move

from k, = —n through k, = 0 to k, = +7 the eigenvalues move counterclockwise on the complex
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unit circle form +1 (—1) through +i (—i) to —1 (+1). That is, the eigenvalues of the two bands
in Extended Data Fig. 2Jal are interchanged. Since the BZ is periodic and the bands and their
eigenvalues are continuous functions of k, this interchange of eigenvalues must be accompanied
by an odd number of band crossings [[13]]. That is, on the Y;—I'-Y line the bands have a nontrivial
connectivity with at least one Weyl point. Since the two bands that form these Weyl points have

different C‘g eigenvalues, a gap cannot be opened, as long as the screw rotation C‘ﬁ is preserved.

Let us now extend these arguments to more than two bands. To that end, we consider a collection
of 2N bands (N € N) and label the bands at each k in order of increasing energy. That is, the band
with lowest energy is labeled n = 1, the band with next higher energy has label n = 2, and so on.
We note that with this convention the nodal planes on the k, = m and k, = m BZ boundaries are
formed between bands n = 2m — 1 and n = 2m, but not between bands n = 2m and n = 2m + 1,
where m € N. We now follow the n = 1 band along the Y;—I'-Y line and count the number of
crossings with the band n = 2. Note that if a crossing appears, we follow the energetically lower

band, as the band label n is defined at each k in order of increasing energy. At a crossing the

iky /2 iky

C‘z eigenvalue of the n = 1 band must flip by the factor —1 (i.e., xie — Fie'™?), since stable
crossings are only possible between bands with opposite eigenvalues. Due to the continuity of the
eigenvalues and the periodicity of the BZ, there must be an odd number of crossings between the
n = 1 and the n = 2 bands. Next, we follow the n = 2 band along the Y;—I'-Y line and count the
number of crossings with the n = 3 band. As for the n = 1 band, there must be an odd number
of crossings, where the C’é eigenvalue flips, as otherwise continuity would be violated. Since the
n = 2 band already has an odd number of crossings with the n = 1 band, there must be an even
number of crossings with the n = 3 band. Continuing to the n = 3 band, we can repeat the logic
employed for the n = 1 band, as both have an even number of crossings with their lower band
(i.e., no crossing in the case of n = 1). Repeating this process iteratively, we find that there are
odd number of crossings between bands n = 2m — 1 and n = 2m, while there is an even number of

crossings between bands n = 2m and n = 2m + 1, where m € \N.

The above reasoning holds for all of the bands of any material crystallizing in SG 19.27, and hence,
in particular, also for the bands of MnSi in the [010] FM phase. In Extended Data Fig. bl the C’é
eigenvalues of the MnSi band structure in the [010] FM phase are indicated by color. We observe
that the eigenvalues of all bands wind half way around the complex unit circle as we move along
the Y|—I'-Y line. The band structure can be decomposed into pairs of nearby bands with opposite

eigenvalues, which exhibit an odd number of Weyl crossings, as expected from the above analysis.
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The number of crossings of bands from different band pairs is even. We note that in Extended Data
Fig. 2]bl (apparent) crossings of bands with the same eigenvalues are non-topological, i.e., they
can be gapped out by small perturbations or are actually already avoided crossings with a small
gap that is not resolved.

c. Fourfold points (double spin-1/2 fermions). The screw rotation C‘§ leaves, besides the
(0, ky, 0) axis, also the (0, k,, r) axis, the (r, k,, 0) axis, and the (7, k,, r) axis invariant. The latter
three axes are part of the nodal planes, as discussed in Sec. That is, the magnetic symme-
tries 4 C’g‘ and 96’; enforce the existence of Kramers pairs on the (0, ky, 7), (7, k, 0), and (7, &y, 1)
axes. The screw rotation C’é could increase the degeneracy further, giving rise to four-fold degen-
erate points, also known as fourfold fermions. In order to check for this possibility, we need to
derive the commutation relations among the symmetry operations. For the commutation relation

between C) and 6 C¥ we find

0} = —T(—1,1,1) Q{C; %%0} {C;|O%%}
= 'k Rgcy 1 1104C) 1041y, (15)
where we moved the translation through the operators {C} | 110}{C} |041} changing it to Ty 1

before replacing it with its eigenvalue, cf. Eq. (I0). Letting Eq. (I5) act on a Bloch state [(k)) on

one of the two axes (7, ky, 0) or (7, k,, ), which are left invariant by both C’ﬁ and 6 C’g‘, we obtain

using Eq. (14)

0G5 lp(k)) = il k3 g C3 p:(K)). (16)
Repeating this calculation for the symmetry operations C‘; and 6 C‘é we find

CL0CE W K) = %ie ™300 83 . k), (17

where here |/, (K)) are Bloch states on the two axes (0, k,, ) or (m, ky, w), which are left invari-
ant by both C‘; and 66‘;. Equations and tell us the C:; eigenvalues of the Kramers
pairs (Wi(k)), Qéé‘lwi(k») and (llﬁi(k», Qéélwi(k»), respectively. That is, we find that on the

(, ky, ) line the two states of a Kramers pair have the same Cg eigenvalues,

iky /2

+ie and =+ ie™/?, (18)

while on the (0, k,, 7) and (n, k,, 0) lines they have opposite é; eigenvalues,

iky /2

+ie and T ie™"?. (19)



(i) R,—U-R line. From Eq. (I8) we see that the two eigenvalues of the Kramers pair on the
(7, ky, ) axis rotate in lock-step and counterclockwise by a factor of —1, as we move along k,
from, say, -7 — 0 — 7 on the R{—U—-R line of the BZ. This is similar to the winding of the C~’§
eigenvalue of the nondegenerate Bloch states on the (0, k,, 0) axis. Hence, we can use the same
argument as in Sec. to infer the band connectivity, but now for Kramers pairs instead of
single Bloch states. We therefore find that the C:é eigenvalues of two Kramers pairs of bands are
interchanged, as we go from k, = -7 to k, = 0 to k, = &, see Extended Data Fig. [2Ja2. This
interchange of eigenvalues is accompanied by an odd number of crossings. That is, there exists
at least one four-fold degenerate point on the R;—U—R line. This fourfold point, which is also
known as a fourfold fermion (or double spin-1/2 fermion) [62]], cannot be gapped out, because the
four mutually orthogonal states at the crossing point are either Kramers partners or have opposite

-
C; eigenvalues.

If we have more than two Kramers pairs, it follows from the argument on page [/|that the Kramers
pairs (4m —3,4m —2) and (4m — 1,4m) have an odd number of crossings, while the Kramers pairs

(4m — 1,4m) and (4m + 1,4m + 2) have an even number of crossings, where m € N.

(ii) S1—X-S and T\—Z-T lines. From Eq. (I9)) it follows that the two eigenvalues of the Kramers
pairs on the (0, k,, ) and (7, k,, 0) axes are opposite for any value of k,. They rotate counterclock-
wise from —1 and +1 — —i and +i — +1 and -1, as we move along k, from —r — 0 — +, see
Extended Data Fig. 2Ja3. Hence, the Kramers pair can connect with itself in a continuous man-
ner at the BZ boundary k, = +n. Therefore, as opposed to the (, k,, ) axis, there is no need to
introduce a second Kramers pair to satisfy the nontrivial winding of the eigenvalues. Moreover,
any crossing between two Kramers pairs on the (0, k,, ) and (r, k,, 0) axes is unstable, since every

Kramers pair has the same pair of C; eigenvalues.

The above arguments apply to all bands of any material in SG 19.27, specifically also to MnSi
in the [010] FM phase. In Extended Data Fig. 2]b2 we show the band structure of MnSi along
the R{—U—-R line with their C:; eigenvalues indicated by color. All bands are Kramers degenerate
and their eigenvalues wind by a factor —1 as we go through the BZ along R,—U—-R. We can see
from this figure that the bands can be grouped into pairs of Kramers partners with opposite Cg
eigenvalues that cross each other an odd number of times. Hence the connectivity of the bands

agrees with the above discussion and is of the same type as in Extended Data Fig. [2]a2.
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d. Topological charge of the nodal plane duo. Having found all symmetry-enforced band
crossings in SG 19.27, we now use the Nielsen-Ninomiya theorem [29], as in Sec. [SI A2] to
show that the nodal plane duo at the k, = 7 and k, = 7 BZ boundaries has a nonzero topological
charge. For this purpose, we must first consider the possible existence of accidental Weyl points,
i.e., Weyl points that are not symmetry enforced. These accidental Weyl points can appear either
within one of the two effective mirror planes k, = 0 or k, = 0, or at a generic position in the
interior of the BZ cube. Due to the effective mirror symmetries, accidental Weyl points within
the effective mirror planes appear in pairs with same Chern number (i.e., they have multiplicity
two). Similarly, Weyl points at generic positions appear in quartets with same Chern number (i.e.,
they have multiplicity four). Hence, according to the Nielsen-Ninomiya theorem, the topological
charges of all Weyl points formed by the bands n = 2m — 1 and n = 2m, which form nodal plane

duos, must add up to zero as

2m—1,2m

2vy +4vy + VY11"Y

+ Vipa = 0, (20)
where v; € Z and jv; is the sum of the topological charges of all accidental Weyl points with

2m—1,2m
Y.y

topological charges on the Y,;—I'-Y line. As discussed in Sec.|S1 B 1 b} there is an odd number of

multiplicity j. vppa 18 the topological charge of the nodal plane duo and v is the sum of the

Weyl crossings between bands n = 2m — 1 and n = 2m on the Y;—I'-Y line. Since the chiralities

2m—1,2m

of the Weyl points is in general v = +1, vy 1y

is therefore an odd number. (Note that Weyl
points with higher chiralities are only stable in the presence of additional symmetries besides the
two-fold rotations of SG 19.27.) Thus, in order for Eq. (20) to be satisfied, also Vnpd Must be an
odd number. That is, the nodal plane duo must carry an odd Chern number (i.e., vypq # 0), such
that the total topological charge of all Weyl crossings between bands n = 2m — 1 and n = 2m sums
up to zero in the first BZ.

Next, we turn to the crossings between the Kramers pairs on the R;—U—-R line. As discussed in
Sec. the number of crossings on the R{—U—R line between the Kramers pairs (4m—3, 4m—
2) and (4m — 1,4m) is odd, while it is even between the pairs (4m — 1,4m) and (4m + 1,4m + 2).
The fourfold degenerate points on the R;—U-R line have even topological charge, i.e., in general
+2, since both Kramers partners have the same é; eigenvalues, see Eq. (for higher even

numbers additional symmetries would be needed.). Hence, the sum of the topological charges of

the fourfold points is either

(4m —3,4m —2),(4m — 1,4m)

V (4m —1,4m),(4m + 1,4m + 2)
RiUR

=4u+2 or ViR =4y, 2D

10



where u € Z, depending on which two Kramers pairs we are looking at. These nonzero topological
charges of the fourfold points are in general compensated by the topological charges of accidental

Weyl points. For example, the topological charge vg" >~ 21w

R,UR = 4u + 2 can be compensated

by an even number of Weyl points on one of the effective mirror planes with total topological
charge vﬁﬁ_z’m_l) = —4u-2.

As an example, let us discuss the simplest configuration of topological charges for a single set of
four connected bands, as described by the tight-binding model of Sec. see Fig. [Id. This tight-
binding model realizes only the minimum number of required Weyl points and fourfold points.
That is, on the Y;—I'-Y line there is only one Weyl point between the lower two and upper two
bands. Likewise, on the R{—U—-R line there exists only one fourfold degenerate point. Using the

above arguments, we find that for this tight-binding model the simplest way to assign the Weyl

point chiralities is

12 _ 23 _ 34 _ 12 _ — 34 _
vyiry =L Wiy =0, vy ==+l Vind = Fl1, Vid = Fl, (22)
= +2 d v =-2
VRiUR = T4, and v = —2,

where vifr denotes the sum of the topological charges of the two Weyl points on the effective

mirror planes, which compensate the topological charge of the fourfold point.

2. Moments pointing away from [010] direction

So far we focused on the magnetic moment direction with highest symmetry, namely the [010]
direction. Let us now consider lower symmetry situations. When the moments are within the xy-
plane (but not along [010]), only the combined symmetry C’g remains as a good symmetry, which
corresponds to SG 4.9 (P2}), see Extended Data Fig. a. Similar to Eq. (I0), we find that this

symmetry squares to —1 on the k, = 7 plane, i.e., (0 C~‘§)2 = —1. Hence, the bands on k, = 7

-
are doubly degenerate forming a single nodal plane of Krar;lers pairs. In general, this nodal plane
at k, = m does not carry a topological charge. However, there may exist accidental crossings in the
interior of the BZ, whose topological charges are compensated by a nonzero topological charge of
the nodal plane. Hence, the nodal plane at k, = 7 may carry, in principle, a nonzero topological
charge, but this requires some fine-tuning and is not guaranteed by the symmetries alone as in the

previous section.

When the moments are along [111], only the thee-fold rotation C ;" ‘ remains as a good symmetry,
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corresponding to SG 146.10 (R3), see Extended Data Fig.[TJa. Since this is a symmorphic group,
there are no symmetry-enforced band crossings on high-symmetry lines or planes, but only acci-
dental Weyl points somewhere at generic positions in the interior of the BZ. This is also the case
when the moments point along some arbitrary direction, since then no symmetries remain at all.
It is interesting to study how the nodal plane duo of the previous section evolves, as the magnetic
moments are rotated away from [010], for example, into the xy-plane. For this purpose, we present
in Extended Data Figs. [Ic1-f3 the ab-initio electronic structure of ferromagnetic MnSi with the
moments pointing along [010], 10° rotated into the xy-plane, and along [110], respectively, for
four high-symmetry directions in the BZ. We observe that, as the moments are rotated into the
xy-plane, the Weyl points Y;—I'-Y are slightly shifted away from the high-symmetry line, see
Extended Data Figs. [[c2-c3. Likewise, the fourfold points on R;—U-R are split into Weyl points
that are located slightly away from R;—U—-R, see Extended Data Figs.[Tg1-e3. Furthermore, as the
moments are rotated away from [010], the Kramers degeneracies on the k, = & plane are lifted and
a small gap of about 10 meV opens, see Extended Data Figs. [Tff1-f3. In general, new Weyl points
are formed in this process, somewhere in the interior of the BZ but close to the k, = rand k, = 7
planes, which inherit the topological charges from the nodal plane duos. Since these new Weyl
points are formed by bands which cross each other at a small angle, their Berry curvature €, (k)
radiates out over a large volume near the k, = 7 and k, = & planes. Hence, the bands and FSs
near the BZ boundaries have large Berry curvatures, even when the moments point away from the
[010] directions with no topological planes present. In fact, as discussed in Sec. the cusp-
and jump-like features of €,(k) at the nodal planes turn into quasi divergences, when a small gap
is opened, such that £,(k) is enhanced (Extended Data Fig. [3)).

In conclusion, rotating the magnetic moments away from [010] represents a relatively small per-
turbation, as far as topology is concerned. It only leads to small gaps of the nodal plane duo and
slight changes of the Berry curvature profile. Also the Weyl points on Y;-I'-Y are only slightly
shifted, but remain otherwise intact and far away from their opposite chirality partners near the
BZ boundary. Hence, the Fermi arc surface states remain largely unchanged, still spanning almost

half of the surface BZ, see Sec.[S2D]
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S2. TIGHT-BINDING MODELS, BERRY CURVATURE, AND SURFACE STATES

To illustrate the band topologies discussed in the previous section, we construct here two tight-
binding models: One which shares the same symmetries as MnSi in the [010] FM phase, i1.e., which
is invariant under the symmetries of SG 19.27, and a second one which has the same symmetries
as MnSi with the magnetic moments in the xy plane, i.e., which is invariant under SG 4.9.

We note that for a generic tight-binding model to have symmetry-enforced nodal planes controlling
the low-energy physics, only two conditions must be satisfied: (i) the tight-binding model must
satisfy the symmetries of one of the space groups listed in Extended Data Table |3 and (ii) there
must be Fermi surfaces that extend across the BZ boundary. That is, stringent filling conditions
are not necessary for the nodal planes to control the low-energy physics. This is in stark contrast
to topological semimetals supporting point nodes, i.e., Weyl or Dirac systems, where one needs to
invoke arguments about filling enforcement to ensure that the point nodes are at the Fermi level

(see, e.g., Refs. 65/ and 66)).

A. Tight-binding model for SG 19.27

Due to the fourfold point on the Ry — U — R line, the minimum number of distinct bands is four.
Hence, we consider a tight-binding model with four atoms in the unit cell, which are located at
the four Wyckoff positions 4a of SG 19.27, and which each contribute one s orbital to the band

structure. Taking into account only nearest-neighbor hopping terms, the tight-binding Hamiltonian

reads
u Hp Hiz Hy
Hk) = Hi, p Hy Hy ’ 23)
Hiy Hyy p Ha
Hy, Hy, Hy p
with
Hypy = a) + aie®™ + aze™ + aze™*o) | Hiz= as(1 + ™) + aze™ (1 + ™), (24)
Hyy =as(1+e*) +age®™(1+e*),  Hy =ag(l+e™)+ase™(1 + ™), (25)
Hay = as(1 + 7)) + aze™(1 +e7™),  Hy=ay +ase™ + aje™ +aje ™", (26)
where the hopping amplitudes a; are complex and are arbitrarily chosen to be a; = —0.612421 —

0.386933i, a, = —0.205746 + 0.0929439i, a; = —0.940811 — 0.0412139i, a4, = 0.133936 +
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0.344822, as = —0.0649457 — 0.529284i, and ag = —1.051 — 0.111635i. The chemical potential u
is set to u = 1.06929.

The band structure of this model is shown in Fig. [[[d. We observe that there is a Weyl point
along the Y;—I'-Y path and a four-fold crossing point along the R{—U—-R path, as predicted in
the previous sections. Along the R;—U—R path the bands are doubly degenerate, since this path is

part of the nodal plane duo k, = 7 (k, = ).

B. Tight-binding model for SG 4.9

In order to obtain a tight-binding model for SG 4.9, we start from a model in SG 19, which
explicitly contains the spin degree of freedom. We then add to this model a Zeeman term H; =
B - o, which lowers the symmetry from SG 19 down to SG 4.9. This allows us to study the effects
of Zeeman splitting as a function of field direction B. The model constructed in this way contains
twelve nearest-neighbor hopping terms with twelve complex hopping parameters. As in Sec.
we consider four atoms in the unit cell, located at the four Wykoff positions 4a of SG 19, i.e., at
0,0,0), (1/2,1/2,0), (1/2,0,1/2), and (0, 1/2,1/2). Each atom at these four Wykoff positions
contributes two s orbitals to the band structure, i.e., one for spin up and one for spin down. For
convenience, the spin quantization is chosen in the z direction. With this, the Hamiltonian H(K)
for SG 4.9 can be written as
o - [ Hi (k) HSOC(k)] PBoel. o
HOC(K)'  H (k)
where H|(K) = Hy(=Kk)*, o is the vector of Pauli matrices operating in spin space, and B is the
magnetic field vector. H;(K) has a similar structure as Eq. (23)), i.e.,
0 Hj, Hi Hi,
Hjy; 0 Hy H,

Hy(k) = N E (28)
H13 H23 O H34
H14 H24 H34 O
with
Hl, =bi+bie™ + by + bye'®™+h), HI = by + bie™ + bye™ + b, (29)
HY, =bs+bse™ + bee™ + bee'™™,  H)\ = bi + bye™ + bie™ + bie™™™, (30
H], = by + bie™ + bye ™ + bieihko), Hl,= by + bye™ + bie™ + bie &) (31)
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where b; are complex hopping amplitudes, which we arbitrarily set to by = -0.430005 —
0.818889i, b, = 0.139629-0.587502i, b3 = 1.00815-0.17464i, b, = 0.0620589-0.0593171i, bs =
—0.226315 + 0.64551i, and bg = —0.326725 + 0.76938i. The two spin sectors are coupled to each

other via spin-orbit coupling

0 HYCk)  HY2%Kk)  HCKk)
_HSOC -k 0 HSOC k HSOC Kk
Hsock)=| - (0 My ®) , (32)
—-HYW(-k) —H59°(-k) 0 H3C(k)

—H30C(—k) —HS0C(~k) —HSC(-k) 0

with
HYC  =c +cie® + chel + cpel®th), HSOC = o3+ 3™ + cue™ + cpe™, (33)
HYOC =5 - cge”‘«" - cge”CZ + cge' Btk H%OC =ce— cze_ik" - cgeikl + cse 7R (34)
Hy)C = —c; — cie — cte™™ — cremilh), HC= —c — cre™™ — ¢ — cie™™ 7 (35)
where ¢; are spinflip hopping parameters, which we arbitrarily set to ¢; = —0.0673999 —
0.0654125i, c; = 0.895971 + 0.223187i, c3 = 0.397634 + 0.222339i, ¢, = —0.0167943 +

0.100792i, ¢s = 0.388337 — 0.727044i, and cs = 0.180885 — 0.0104037..

C. Berry curvature and topological charges

Using the above tight-binding models, we compute the Berry curvature by the formula

2,0 =i ) (Ex(K) — E,(K))? ’

(36)

n’#n
where [,,) denotes the nth Bloch state with energy E, (k). By integrating up the Berry curvature
on closed surfaces that surround the band crossing points and planes, we compute the topological
charges (chiralities) of the Weyl points, fourfold points, and nodal planes [67]. For the tight-
binding model (23)) in SG 19.27 (see Fig.[Ild) we find that there are two symmetry-enforced Weyl

2= +landv>l, = +1. These Weyl points are the topological

points on Y; —I"—Y with charges Vyry Y\TY =

partners of two nodal plane duos, which have opposite topological charges Viif = —1 and vfl"‘ =

d pd
—1. We note that the two nodal planes, forming the nodal plane duo, carry together this topological
charge. It is not possible to assign topological charges to each of the two nodal planes individually,
since there does not exist a two-dimensional closed integration contour, which encloses only a

single nodal plane and on which there exists everywhere a band gap. Any such contour must cross
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the other nodal plane, where the band gap closes. Hence the topological charge can only be defined
for the two nodal planes together, i.e., for the nodal plane duo.
Finally, for the fourfold point on R; — U — R we find that it has topological charge vg,yg = —2. This

charge is compensated by four accidental Weyl points in the bulk, whose total topological charge

is viflk = +4, and two accidental Weyl points on the k, = 0 plane, whose total topological charge
.23
1Isvo = =2,

mir

To investigate how the Berry curvature changes as the magnetization direction is rotated away
from high-symmetry axes, we use the tight-binding model defined in Eq. (27). Extended Data
Figures [3p and [3b show the Berry curvature projected onto the jungle-gym FS at E = —4.9 for the
magnetization pointing along [010] and 10° rotated into the xy plane, respectively. For the mag-
netization along [010] (corresponding to SG 19.27) the three components of the Berry curvature
exhibit cusp or jump singularities at the BZ boundary k, = n (Extended Data Fig. [3al), while
for the magnetization within the xy plane (corresponding to SG 4.9) these singularities are turned
into quasi divergences (Extended Data Fig.[3b1). These singularities arise as soon as the magnetic
screw rotation protecting the nodal plane is broken. Hence a small change in the field direction
leads to a large change in the Berry curvature, i.e., a finite jump / cusp is turned into a singularity.
This could potentially be exploited for applications, such as ultrasensitive detectors.

Interestingly, the jump in the Berry curvature is directly related to the topological charge of the
NP. This is because the topological charge of the NP is given by the integral of the Berry curvature
over two surfaces that enclose the NP with an infinitesimal distance from either side. Hence, the
topological charge of the NP is just simply the integral of the jump over the relevant BZ boundaries.
Furthermore, we note that the texture of the Berry curvature on the FS sheets is restricted by the

symmetries. Specifically, the effective mirror symmetry 6 C‘; of SG 19.27 requires that

-1 0 O
Qn(kx’ ky, kz) =10 +1 O Qn(_kx’ ky, kz)’ (37)
0 0 +1

and similarly for 6 C¢, see Extended Data Fig. 1.

From the above reasoning it follows that materials with topological Fermi surface protectorates,
such as MnSi, should exhibit large Berry curvatures, leading to an enhancement of the anomalous
Hall effect. Indeed, this is consistent with the findings of Ref. |37, which reports large Berry

curvatures contributing to the anomalous Hall effect in MnSi.
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D. Topological surface states

Here, we discuss the surface states of both the tight-binding model in SG 19.27, Eq. (23), and
ferromagnetic MnSi with magnetization along [010]. First of all, we note that MnSi with magne-
tization along [010] has the simplest type of topological nodal planes, namely nodal plane duos
(two nodal planes) instead of nodal plane trios (three nodal planes). The latter occur in many
paramagnetic and antiferromagnetic space groups (see Supplementary Note [S3). Fermi arcs exist
only for the nodal plane duos, but not for the nodal plane trios. That is, by the bulk-boundary
correspondence [3, 4], the nontrivial topology of the band crossings gives rise to surface states,
1.e., Fermi arcs that connect the projected band crossings in the surface BZ. In particular, for the
[010] surface we expect a Fermi arc that connects the Weyl point on the ¥; — I' — Y line to the
nodal plane duo. Due to the continuity of the band structure, this Fermi arc must attach smoothly
(i.e., tangentially) to the nodal plane duo at the BZ boundary. Therefore, it cannot connect to the
nodal plane duo in a straight line, but rather with a spiral shape. The handedness of this spiral
is determined by the Chern number of the Weyl point [68]. Topology, however, does not seem
to determine to which of the two NPs the Fermi arc connects. This may depend on the surface

termination and other details.

Our calculations of the surface DOS confirm these considerations, both for the tight-binding
model (23) (Extended Data Fig. ) and ferromagnetic MnSi (Extended Data Fig.dc). In Extended
Data Fig. 4a we observe a single Fermi arc that spirals outwards from the center of the surface BZ
towards the BZ boundary, where it attaches smoothly to the nodal plane duo. In Extended Data
Fig. b we see two Fermi arcs that emanate from two unpaired Weyl points on Y; —I' — Y close to
the Fermi level (Fig. [I|d) and connect to the bulk bands forming nodal planes on the BZ boundaries.
Even though these Fermi arcs merge with bulk states before they reach the nodal plane duos, their
existence proves the topology of the nodal plane duos. This is because all Weyl points away from
Y, — I' — Y have multiplicity two, and hence the single Fermi arcs emanating from the unpaired

Weyl points on Y; — I' — Y must connect to the nodal plane duos.

The topological partners of the fourfold point on R;—U-R are accidental Weyl points located
somewhere on the effective mirror planes or in the bulk of the BZ. Since the fourfold point of
Hamiltonian (23) has topological charge v = -2, we expect two Fermi arcs that connect the
fourfold point to accidental Weyl points in the bulk. Again, this agrees with our calculations of

the surface DOS for the tight-binding model (23)). Extended Data Fig. @b shows two Fermi arcs
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emanating from the projected fourfold point on R{—U—-R and connecting to accidental Weyl points

in the bulk.
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S3. CATALOGUE OF SPACE GROUPS WITH SYMMETRY-ENFORCED NODAL PLANES

The topological analysis of SG 198 and its magnetic subgroups, presented in the previous sections,
can be extended to 254 of the 1651 magnetic SGs (Shubnikov groups). The 1651 magnetic space
groups describe all possible symmetries of spin-full, periodic systems in three dimensions with and
without time-reversal symmetry [69]]. Here, as in the entire article, we use for the magnetic space
groups the BNS setting, rather than the OG setting. This has the advantage that in the BNS setting
the magnetic unit cell is used, such that the symmetry operations capture the unit cell size more
clearly than in the OG setting. In Sec. [S3 Al we show that 254 magnetic SGs have the necessary
symmetries that enforce the existence of nodal planes. In Sec. we give conditions on the
topological charges of the nodal planes in these 254 SGs. We find that 33 SGs have nodal planes
whose topological charges are enforced to be nonzero by symmetry alone.

Using the database MAGNDATA [70], we find a number of magnetic materials that crystalize in
one of these 33 SGs. We note that for these materials to have nodal planes at the Fermi level
(leading to topological Fermi surface protectorates) the only other condition needed is that the
material is metallic with Fermi surfaces extending across the BZ boundary. That is, no fine tuning
is needed for the Fermi level to cross parts of the nodal planes, in stark contrast to, e.g., Weyl or
Dirac semimetals. Moreover, even a considerable detuning of the chemical potential or change in
the band structure (by, e.g., impurity doping or other deformations) are generally not able to shift
the nodal plane away from the Fermi level or remove it altogether. In turn, the topological character
of the Fermi surface (i.e., the topological protectorate) remains robust under perturbations, as long

as the magnetic screw rotation symmetry is not broken.

A. Symmetry-enforced nodal planes

The conditions that need to be satisfied for the existence of symmetry-enforced nodal planes are:
e Presence of at least one magnetic screw rotation 6 C’g (with g € {x,y,7}), i.e., a screw rotation
combined with time-reversal 6.
e Presence of a reciprocal lattice vector that relates k, = —n to k, = & in the first BZ.
e Absence of PT-symmetry, i.e, the absence of any symmetry that can be written as the com-
bination of time-reversal # with inversion and possibly some translation part.

These three conditions for symmetry-enforced nodal planes are both sufficient and necessary. Con-
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ditions 1 and 2 ensure that there exist Kramers pairs on the BZ boundary k, = 7. We note that
condition 2 is required, since some SGs with non-primitive unit cells (e.g., body-centered or base-
centered unit cells), may not contain a reciprocal lattice vector that relates k, = —x to k, = m, such
that the plane k, = m is not left invariant by the effective mirror symmetry C’g (see the discussion
of Fig.[I]in the main text). This excludes any SG containing a noninteger translation parallel to the
rotation axis of 6 C‘g (within the BNS setting). The third condition is necessary, since the presence
of a PT-symmetry leads to Kramers pairs in the entire BZ, such that all bands in the entire BZ are

Kramers degenerate.

As an aside, we note that there exist also accidental nodal planes which are not symmetry-enforced
and only protected by a topological invariant, but not by a non-symmorphic symmetry [17, [71].
The perhaps most natural examples of accidental nodal planes are Bogoliubov Fermi surfaces in
unconventional superconductors [72]]. Classifications of these accidental nodal planes have been

discussed in, e.g., Refs. 3|and [73l

We retrieve the properties of the magnetic SGs from the ISO-MAG database [/4] and find that
among the 1651 magnetic SGs 254 satisfy the above three criteria. These are listed in Extended
Data Table [3| which contains the three blocks:

e 32 grey SGs with an onsite time-reversal symmetry of the form 6 = io,K, describing non-
magnetic or paramagnetic materials.

e 94 black-white SGs without time-reversal symmetry, describing ferro- or ferri-magnetic
materials.

e 129 black-white SGs with a symmetry that combines onsite time-reversal with a translation,

describing antiferromagnetic materials.

We note that this catalogue of magnetic space groups with nodal planes is consistent with the
irreducible co-representations that have recently been posted on the Bilbao Crystallographic
Server [[75]. That is, all space groups with symmetry-enforced nodal planes have two-dimensional
co-representations of the little groups on one (or more) BZ boundary planes. We note, however,
that the topology of the nodal planes cannot be determined from the co-representations alone, but
must be inferred from the global topology in the entire BZ, i.e., from the chirality and multiplicity

of all band crossings in the entire BZ, as discussed in the section below.
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B. Topological charge of nodal planes

Having found all magnetic SGs with symmetry-enforced nodal planes, we now study the topo-
logical charges of these nodal planes. In general, the symmetries of the SGs put constraints on
the possible values of the topological charges carried by the nodal planes. A necessary condition
for a nonzero topological charge is that the SG is chiral, i.e., that it does not contain any inver-
sion, mirror or roto-inversion symmetries. This is because mirror or (roto-)inversion symmetries
relate Weyl points with opposite chiralities to each other, thereby guaranteeing that the sum over
all topological charges of all Weyl points in the interior (bulk) of the BZ is zero. In other words,
there cannot exist a single Weyl point in the bulk whose chirality is compensated by a nonzero
topological charge of the nodal planes. In Extended Data Table [3] we have marked all 101 chiral
SGs with “[t]” or “[T]”. The nodal planes of these SGs can have nonzero topological charges,
while those of all other SGs are ensured to be zero by symmetry.

Remarkably, we find that among the 101 chiral SGs there are 33 SGs with nodal planes whose
topological charges are guaranteed to be nonzero by symmetry. These are labelled by “[T]” in
Extended Data Table @ We now discuss each of these 33 SGs, first focusing on those with nodal
plane trios and then on those with nodal plane duos. (We note that for the chiral SGs labelled by
“[t]”, there could, in principle, also exist symmetry conditions that enforce nonzero topological

charges. But we have not yet been able to infer these.)

1. Trios of nodal planes

We first focus on nodal plane trios, whose existence is enforced by three different magnetic screw
rotations 6 C“g . In this case there are three mutually intersecting nodal planes in the BZ torus, i.e.,
on all boundaries of the BZ at k, = &, k, = m, and k, = m. Since HC’Z act like effective mirror
symmetries, all Weyl points in the interior of the BZ (with the exception of I') must have a partner
with same chirality at a symmetry-related position in the BZ (see discussion in Sec.[STA?2). As a
consequence, the topological charges of all Weyl points in the interior of the BZ (but away from I)
must add up to an even number. If, due to time-reversal symmetry, there exists a single Weyl point
at the time-reversal invariant momentum I, its chirality can only be compensated by the nodal

plane trio (which contains all other time-reversal invariant momenta).

Using these arguments, we find that there are six grey SGs with nodal plane trios whose nonzero
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topological charge is compensated by a single Weyl point at I', namely[15]: 19.26, 92.112, 96.144,
198.10, 212.60, and 213.64. These grey SGs describe nonmagnetic materials with an onsite time-
reversal symmetry of the form 6 = io,K. (We note that the first number of these grey SGs gives
the corresponding nonmagnetic SG number.) The SG symmetries of ferro- or ferri-magnets, on
the other hand, cannot give rise to nodal plane trios, since the finite magnetization of ferro- or
ferri-magnets breaks at least one of the three required magnetic screw rotations 6 C‘;’ . Moreover,
these ferro-/ferri-magnetic SGs do not contain an onsite time-reversal symmetry 6 that could pin
a Weyl point at I'. In contrast, chiral SGs describing antiferromagnets can possess three magnetic
screw rotations and a combined symmetry consisting of 6 with a translation, which enforces the
existence of a single Weyl point a I'. If so, then the nodal plane trio of the antiferromagnets must
have a nonzero topological charge, wich is the case in the 13 SGs: 16.6, 17.14, 18.21, 19.28,
89.94,90.100, 91.109, 93.126, 94.132, 95.141, 195.3, 207.43, and 208.47.

So, in total we have found 19 chiral SGs with nodal plane trios that have a nonzero topologi-
cal charge. For all of these 19 SGs we have constructed generic tight-binding models with ran-
domly chosen hopping parameters, including up to fifth-nearest-neighbor hopping terms. For these
generic tight-binding models we have computed the topological charges of the nodal plane trio and
have found that it is always nonzero (i.e., and odd number), independent of the chosen hopping
parameters. This provides a numerical confirmation of the above symmetry arguments. Using the
database MAGNDATA [/0] we identify two antiferromagnets with nodal plane trios of nonzero
topological charge: CoNb,Og (SG 19.28) and Ba(TiO)Cuy(POy4)4 (SG 94.132). We note that ma-
terials with nodal plane trios, as opposed to those with nodal plane duos, in general do not exhibit

surface Fermi arcs that emanate from the nodal planes [[15]].

2. Duos of nodal planes

Second, we study nodal plane duos whose existence is enforced by two different magnetic screw
rotations § C g These nodal plane duos are located at two of the three BZ boundaries k, = 7, k, =,
or k, = m, such that all bands are doubly degenerate at two BZ boundaries, but non-degenerate at
the third BZ boundary. The two screw rotations Hég represent effective mirror symmetries that
leave two BZ boundaries invariant, as well as two planes in the interior of the BZ (i.e., two of the
three planes k, = 0, k, = 0, and k, = 0), see discussion in Sec. Due to these effective

mirror symmetries, any Weyl point in the interior of the BZ (but away from the intersection of
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the mirror planes) must have multiplicity two or four. That is, these Weyl points come in pairs
or quartets with the same topological charge. The exception to this are Weyl points located on
the main axis k, € {ky,ky,k;} that is left invariant by both effective mirror symmetries. These
Weyl points on k, have in general multiplicity one. Now, in order to generalize the argument of
Sec. we need a nonsymmrophic symmetry that enforces an odd number of Weyl points
on k.

Below we show that also even, but nonzero, charged nodal planes exist in the presence of four-
fold rotation symmetry. Several ways to attribute topological charges to nodal planes have to be
distinguished.

Consider the on-site time-reversal as broken and a nonsymmorphic rotation axis parallel to the
nodal planes. This requires an odd number of band exchanges on the rotation axis. The nodal
plane must be topological for candidate space groups fulfilling these and the general conditions
subjected to Extended Data Table |3| Such space groups are 17.15, 18.22, 19.27, 91.110, 92.114,
92.115,92.116, 95.142, 96.146, 96.147, and 96.148. This list includes systems with nonzero total
magnetic moment as well as antiferromagnetic systems, where the translation associated to time-
reversal symmetry fulfills Kramers theorem only at 4 out of 8 time-reversal invariant momenta.
Besides MnSi there are other metallic material realizations of above space groups: Cu3Mo,0q
(SG 19.27), NdsSis (SG 92.114), AgNiO, (SG 18.22), and CoNb;S¢ (SG 18.22) as well as the
likely nonmetallic magnetic phases of TbFeO; (SG 19.27) and BaCrFs (SG 19.27).

So far paramagnetic phases have only been discussed with trios of nodal planes. We like to point
out that time-reversal may pair the bands at TRIMs such that their chiralities add up, yet cannot be
compensated by accidental crossing points within the Brillouin zone. To be more specific consider
a space group containing a four-fold screw rotation C‘j = 4001(0, 0, 1/2) as well as time-reversal
6 additional to 6@‘ and HCN‘; Here, for the simplest case the Weyl points at I" and Z are enforced
to have the same chirality. The total chirality contribution vrz = +2 cannot be compensated by
any Weyl point away from the four-fold rotation axis, as its minimal multiplicity is 4. We show
that this behavior cannot be avoided with additional crossings on the line (0, O, k) and consider
for clarity only for the lowest band. Central to the argument is the relation between the chirality
of a band crossing and the phase change of the corresponding C’j eigenvalues [61]. On the C’j
rotation axis accidental crossings can only be introduced in pairs due to time-reversal symmetry,
which carry therefore the same chirality and thus give the same phase change for the symmetry

eigenvalue of the lowest band.
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Following the lowest band from (0, 0, —x) to (0, O, 7) the total phase accumulated must be equal
to r mod 2, which is required by the nonsymmorphic winding of the eigenvalues of C‘j. Band
crossings on the rotation axis away from the time-reversal invariant momenta change the eigen-
value of the lowest band by a phase of +7/2 or m. The latter changes the total Chern number of
crossings on the line by 4, because each crossing and its time-reversal partner carry a chirality
of 2. Therefore they cannot cancel the phase and the chirality of the enforced crossings at I and
Z.. The second possibility is adding two time-reversal related Weyl points, which each change the
phase for the lowest band by +7/2.

Note that the Weyl points at the TRIMs for the given symmetry also change the phase by +r/2,
albeit for them the signs are not related by time-reversal symmetry. Since the summed phase
changes must add up to +m, when traversing the BZ along (0, 0, —n) to (0, 0, ), the Weyl points
at I and Z must necessarily have opposite phase changes. To be specific if there are two accidental
crossings on the rotation axis, their chiralities are for example both v,.. = 1 and the chiralities
at the TRIMs cancel, i.e., vr = +1 and v; = F1. Should there be no accidental crossings their
chiralities are the same, vr = vz, as they must accumulate the necessary phase.

We conclude that the accidental crossings on the rotation axis through I and Z must change the
chirality by 4 as would any accidental crossings away from it. Therefore the Chern number in
the interior of the BZ may only be compensated by the nodal plane carrying an even, yet non-
zero topological charge. The required symmetries are present in SG 94.128 extending the number
of paramagnetic phases hosting necessarily topological nodal surfaces. For this space group it
is possible to obverse the Fermi arcs emerging from a nodal plane without a magnetic field or
otherwise broken time-reversal symmetry. Also the SG 93.125, which is anti-ferromagnetic, shows
the discussed features. In our generic tight-binding models we find, as expected, even, non-zero
Chern numbers for the nodal planes at any band index.

It is actually possible that the number of crossings on the nonsymmorphic rotation axis parallel
to the nodal planes is odd, whereas the Chern number of the nodal plane is even. Consider the
ferromagnetic SG 94.130 it contains the 4-fold screw rotation C‘j = 4901(1/2, 1/2, 1/2) but no
other symmetries that lead to enforced crossings on the rotation axis (0, 0, k.). The 4 eigenvalues
of C‘j divide into two pairs that must exchange if k, is varied from k, = —x to k, = n. Therefore
the number of crossings within a pair is odd and between pairs it must be even. Each pair of C‘j
eigenvalues differs by a phase of 7. Thus all Weyl points on the rotation axis have charge v = +2

within an eigenvalue pair [61l], whereas crossings between pairs have charge v = +1 and occur
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with a second crossing of v = —1. Due to the 4-fold rotation symmetry Weyl points away from
the axis occur in sets of four such that the nodal plane necessarily carries again an even, nonzero
charge.

The cylindrical topological nodal planes with an even Chern number exhibit consequentially an

even number of Fermi arcs for a suitably chosen termination.
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S4. TECHNICAL ASPECTS OF THE ANALYSIS

In the following, we elaborate on some of the technical details of the data analysis presented in a

more compact form in the Methods section.

A. Evaluation of experimental dHvA frequencies

The dHVA spectra of MnSi in the field-polarized regime exhibit a number of characteristics that
require special attention both in the data pretreatment ("background” removal) and the FFT win-
dowing. These characteristics comprise (i) a very large range of dHvVA amplitudes spanning sev-
eral orders of magnitude, (ii) different onset fields of oscillations and (iii) frequency regimes where
many dHvVA frequencies are very closely spaced.

Background removal and filtering. In order to obtain only the oscillatory part of 7, the well-
established techniques of subtracting either a moving average over a suitable field interval or a
low-order polynomial fit have been employed. It is important to note here, that the exact choice
made does not change the frequencies contained in the signal. However, it can alter our ability to
identify dHVA frequencies in the FFT spectra. As an example, consider an imperfect subtraction
of the semi-static torque offset due to the magnetic anisotropy that is apparent in Fig.[2p. In the
FFT, this would result in a very large signal centered at f = 0. In this scenario, the dHVA peaks
at f > 0 would constitute only small wiggles of a decreasing signal by the f = 0O contribution,
making it difficult to identify them correctly. Similarly, the simultaneous presence of very large-
amplitude dHvVA oscillations with low frequencies and very small-amplitude dHvA oscillations
with high frequencies can lead to an effective masking of the small-amplitude components.

The method of subtracting a moving average from the data was found to give superior results
if compared to the method of subtracting low-order polynomial fits. This can be understood by
considering that the moving average follows low-frequency large-amplitude oscillations to an ex-
tent controlled by the size of the averaging interval. Subtracting a moving average thus acts as a
smooth high-pass filter with a corner frequency scaling inversely with the size of the averaging
interval. Thus, choosing a suitable averaging interval allows us to efficiently visualize the dHVA
frequencies in a given regime.

FFT windows. Both the size and the shape of FFT windows strongly influence the appearance

of the FFT spectra. The window sizes have been discussed in the methods section and are mainly
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fixed by experimental parameters, i.e., by the maximum fields of the superconducting magnets on
the high-field side and the onset fields of the quantum oscillations on the low-field side. In contrast,
the shape of the FFT windows can - in principle - be chosen freely and has a strong influence on
spectral leakage and FFT peak width. A large body of different FFT windows that are optimized
for different purposes exist in the literature. The main parameters to be optimized for our purposes
are (i) the FFT peak width and corresponding ability to individually resolve closely spaced peaks,
(1) the side lobe suppression influencing our ability to distinguish side lobes from genuine dHvVA
frequencies, and (iii) the overall spectral power influencing the signal-to-noise ratio.

In our analysis, several different FFT window functions were tested in order to distinguish side
lobes from genuine dHVA orbits. The main representatives we used included Rectangular, Hann,
Hamming, Blackman-Harris and Tukey windows with different parameters «.

Several windows yield excellent side lobe suppression as, e.g., the Blackman-Harris window. Such
windows were used in the analysis in order to discriminate smaller peaks in close vicinity to large
peaks from side lobes. However, adjacent frequency peaks in regimes III and V strongly overlap
when using these windows. In addition, the spectral power is significantly lower, which is in par-
ticular detrimental to small peaks. Windows designed for small peak width in combination with
reasonable side lobe suppression are, e.g., Hann and Tukey windows. However, the spectral reso-
lution turned out to be not sufficient for the dHvVA spectra under investigation. As a consequence,
all FFT spectra shown in this work were performed with a Rectangular window in order to max-
imize the ability to resolve adjacent FFT peaks at the expense of the suppression of side lobes.
However, use of different windowing functions played an important role in the identification of
side lobes visible in these spectra.

FFT of synthesized quantum oscillations. As an additional test to identify spurious effects due
to the finite field range of our data we created FFT spectra with identical parameters using syn-
thesized quantum oscillatory data generated by means of the LK formalism. That is, quantum
oscillations were calculated using the LK formula with the measured frequencies and masses as
input and the corresponding FFTs were compared with the FFTs of the experimental data. This
method provides an additional impression of the side lobes, since it is known a priori which peaks
correspond to actual dHVA orbits in the synthesized spectra.

We finally also used the angular evolution of the spectra to discriminate between dHVA orbits and
spurious signals. For instance, close-by dHVA frequencies may display a very different angular

evolution and even cross as a function of angle, while a side lobe tends to track the main peak as
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a function of angle.

B. Effective quasiparticle mass analysis

Following convention, the effective masses were inferred from the 7-dependence of the FFT in-
tensity using the LK-formalism (Eq. (6) in the Methods section), which is a function of 7/B. The
effective masses are hence subject to statistical uncertainties in the sample temperature and FFT
intensity (e.g. due to numerical uncertainties), where we assume that uncertainties in the actual
field values are vanishingly small. They are, further, subject to systematic variations due to the
magnetic field range, the window of reciprocal fields analyzed, as well as the magnetic field de-
pendence of the effective mass itself.

Starting with the error bars of the carrier masses reported in Extended Data Table[2] they represent
the statistical uncertainty of the mass inferred from the Lifshitz-Kosevich fits of the temperature
dependence observed experimentally with respect to the average magnetic field Bgyerqg. Of the FFT
window. They are thus well-defined, reflecting uncertainties in the sample temperature and FFT
amplitude.

The systematic uncertainties are assumed to be dominated by FFT window boundaries as follows:
The Lifshitz-Kosevich analysis yields accurate results, when the size of the FFT window in 1/B
is small compared t0 1/Berqg.- It 1s thus important to assess the effect of the window size on the
results. We tested our results for (i) different window sizes centered at the same 1/Bgyerqqe and,
(i1), smaller FFT windows centered at different 1/B,,.,4g. This gives, in principle, an account of
both, the dependence on the window size and a possible B-dependence of the quasiparticle masses
themselves.

For this type of analysis, we needed to narrow the FFT windows in comparison to the full-range
rectangular window required to resolve most of the narrowly spaced frequency branches. In turn,
a comprehensive analysis of the systematic dependence of the mass values on the window size
was only possible for some branches. In particular, such an analysis was not possible for the low-
frequency dHVA branches up to 350 T which required the largest windows. Instead, the analysis
was possible for FFT peaks that are well isolated on the frequency axis, such as the orbits x and M.
While narrowing the window did have an effect on the values of the mass of « and M, it resulted
also in much larger error bars. Within these larger error bars, however, there was no significant

trend.
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Keeping these limitations in mind, it has long been known that the quasiparticles in MnSi acquire a
large part of their mass from coupling to the spectrum of spin fluctuations[22]]. This is reflected in
the magnetic field dependence of the Sommerfeld coeflicient, which decreases by roughly 20% up
to 14 T[32]. Such a reduction is known as quenching of spin fluctuations (a mode stiffening under
applied fields here without discernible spin-wave contributions) that is well-established in many
d- and f-electron compounds, notably the class of heavy fermion materials. For the comparison of

the effective masses, the Sommerfeld coefficient close to the average field value was used.
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SS5.  COMPREHENSIVE FERMI SURFACE DETERMINATION

In this section, details of the assignment of the experimental dHvA branches to the corresponding

extremal FS cross sections are presented, using the criteria described in the Methods section.

A. Sheet 2

We start by considering the dHVA branches k;,3 and their harmonics 2«;, and 3k, in regime
IV, since their assignment is most obvious. In Extended Data Fig. [6|al the experimental angular
dependence of the FFT amplitude is shown in the form of an intensity map, with peaks marked
by crosses. The data exhibit an angular dispersion with maxima along [TTO] and a threefold
splitting of the branch close to the minima along [010]. This behavior is characteristic of sheet 2
as highlighted in Extended Data Fig. [f|a2 and a3 showing the predicted torque signature and the
FS sheet with orbits, respectively. For B along edge directions of the cuboid FS sheet a single
maximal dHVA orbit traverses the sheet diagonally. Under field rotation towards [010] this orbit
splits into one minimal I'-centered and two maximal I'-Y-centered orbits. We may thus assign «;
to the orbit 2I" and «, 3 to 2I'Y(1,2). Note that the torque signal vanishes around ¢ = 90° and
¢ = 135° since the Lifshitz-Kosevich torque term %Z—i vanishes here.

The high signal strength arises partly from the low curvature of this sheet together with the com-
paratively light effective mass. While the overall experimental behavior (crosses) is reproduced by
the DFT calculation in Extended Data Fig. [6]a2, the calculation does not predict the dimensions of
the pocket accurately. In order to create a quantitatively accurate picture of the experimental FS
we introduce a small rigid upward shift of band 2 by 20 meV, resulting in a good match (Extended
Data Fig. [6]a4).

This connects the «-orbits with FS sheet 2, representing a majority hole sheet that is slightly larger
in experiment than predicted by DFT as shown in Extended Data Fig. [6]a5. The higher frequency
FFT peaks in regime IV are the first harmonic components of the x-branches (i.e., the term with
p = 2 in Eq. @) in the Methods section). They do not correspond to additional extremal cross
sections. This can be inferred from the angular dispersion, which tracks the doubled fundamental

frequency over the whole angular regime together with the apparent doubling of the effective mass

within the error bars. The latter is due to the p = 2 term in Eq. (6] in the Methods section.
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B. Sheet1

Branch « in regime V with f ~ 7 T exhibits are very large torque amplitude that dominates the raw
data shown in Fig.[2]a. The effective mass, m* = 0.4m, in Fig.[2|d, is the smallest of all frequencies
observed. There are in total 7 band extrema within +50 meV of Ef that could give rise to such
an ultra-low frequency. These belong to bands 7, 8, 9 and 10 around the R point and 1, 2 and 3
around the I" point. However, all except for two of the bands around I" exhibit DFT band masses
that exceed the measured value of m* = 0.4m,.

Given that the experimental masses we observe are enhanced with respect to the band masses, only
two choices remain, notably the light bands 1 and 3 around I" (magenta and red bands in Fig.[I]e).
Since we have unambiguously identified band 2 (cyan) with the «-branches above, we know that
the minimum of band 3 (red) must be located above Eg. This is illustrated in Extended Data
Fig.[6]bl, where we show the dispersions of bands 1, 2 and 3 with and without SOC (transparent)
together with the Fermi level (black) matching the experimental frequency. We can thus assign
branch « to orbit 1I" on the small light hole pocket of band 1, acquiring its small mass from the
SOC-induced gap opening at I'.

This assignment is corroborated by the shift downward of f(B) with increasing B observed ex-
perimentally, which is expected for a majority hole sheet but would be reversed for the majority
electrons of band 3.

The FS sheet 1 as calculated (large) and matched to the experiment (small) is shown in Extended
Data Fig[6]b2. A shift of +27meV of Er (or equivalently —27meV of the band) is required for a

match.
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C. Sheet3 &4

Neglecting SOC, the minority hole sheet 3 and majority hole sheet 4 are intersecting cuboid- and
octaeder-shaped I'-centered pockets with corners oriented in (111) and (100)] equivalent cubic
directions, respectively. Including SOC the lines of intersection gap out, leading to an inner (red)

and an outer (green) sheet of mixed spin character (Extended Data Fig.[6]c1).

Orbits on both sheets are connected by up to eight magnetic breakdown junctions j; to jg as
depicted in Extended Data Fig. [6|c2, where the normal of the rotation plane is pointing in vertical
direction. We denote the areas of the orbit sections by A;,, A;, Ay, A, and A,,,. Only orbits with an
even number of breakdowns satisfy the conditions of being closed after one cycle. For 8 junctions,
there are 28 = 256 configurations, half of which have an even number of breakdowns. For each
configuration of junctions, two orbits with the charge carrier travelling on an inner or an outer
path on a given section have to be considered. This results in a total of 256 breakdown orbits.
Calculation of the angular-dependent breakdown probabilities using the Chambers formula and
of the orbit cross-sectional areas from the as-calculated DFT results yields the dispersion curves

shown in Extended Data Fig. [6]c3.

The structure of the breakdown branches can be understood as follows. The lowest branch (red)
encloses only A;,. The highest branch (green) encloses A,,, = A;, +4A; +4A,. Both correspond to
no breakdown. The set of the five lowest branches (in brackets) enclose in increasing order: A;,,
A+ 1A, Ay +2A1, Aiy +3A1, A +4A,. The next higher set contains: A;, + 1A,, A + 1A, + 1Ay,
A, + 1A, + 2A,, etc.

Branches that are maximal at ¢ = 90° enclose Aj while branches that are minimal at ¢ = 90°
enclose A,. There are five of these sets, ranging from A;, to A;, +4A,. The symbol size in Extended
Data Fig. [f|c3 reflects the relative probability of a breakdown orbit and the line thickness reflects
the degeneracy of a set of branches. The torque signal strength is not considered in this plot. The
breakdown probabilities differ strongly between branches and exhibit strong angular dispersion
for a given branch.

A comparison with experiment is shown in Fig. [3|in the main text, displaying the simulated torque
signals including rigid band shifts. The lowest branch (A;) may be identified particularly well
around ¢ = 135° in Fig. 3] This fixes A;, = 2.7 kT. The approximate size of A, is fixed via the
spacing of the breakdown orbits of the lowest set, giving A; ~ 0.08 kT. A, is fixed via the spacing

between different sets, giving A, ~ 0.28 kT and A} ~ 0.275 kT. These values represent a good
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match with experiment as shown in Fig. [3]and Extended Data Fig. [S.

However, the overall slope of those orbits that are maximal at ¢ = 90° is too low. From this ob-
servation we infer that the lobes AJ are larger experimentally than calculated. Taking into account
that the observed values for A, are also larger than calculated, we conclude that sheet 4 exhibits
lobes that are both more elongated and narrower than predicted in DFT. We note that we can-
not mimmick this effect accurately by different a posteriori rigid shifts of the individual bands,
due to the avoided crossing induced by SOC. However, band shifts of -9 meV come closest to a
satisfactory match.

We note that the five sets of breakdown branches defined above exhibit a systematic hierarchy
also in their cyclotron masses, which can be used to further corroborate the assignment. This is
understood most easily by looking at Extended Data Fig.[6|c2. When we neglect the SOC-induced
avoided crossings at j; to jg for a moment, only two orbits would arise as shown in the inset:
The dark red orbit stemming from the cuboid sheet 3 and the dark green orbit stemming from the
octaeder-shaped sheet 4. These two have band masses of 1.5m, and 3.2m,, respectively. Including
SOC, avoided crossings at j; — jg lead to the five sets of breakdown branches. Now, the highest
branch of set 1 corresponds to the non-SOC sheet 3, while the lowest branch of set 5 corresponds
to the non-SOC sheet 4. They have — of all branches - the lowest and highest masses, respectively.
The masses of the other branches are in between these two extremes, since the carriers travel partly
on both non-SOC trajectories.

It follows, that the lowest branch in the first set has the highest mass within that set, since the
carriers travel on the heavier sheet at all four corners, i.e., between j; — j, and j; — j4 etc. The next
higher branch of the same set is bit lighter, since it incorporates only three of the corners etc. The
effect is, however, small in the calculated band masses. The same argument applies to all five sets.
Thus, the masses are expected to increase overall from the lowest frequency set 1 to the highest
frequency set 5, but decrease with increasing frequency within each set.

We conclude that the vast majority of dHvA branches observed between the red and the green
curve is due to the magnetic breakdown network of sheet 3 and sheet 4 (translucent yellow in
Fig. [3). Branch p is assigned to 3T, H is assigned to 4I". The total of 254 partly multiply de-
generate orbits between these branches cannot all be resolved individually. Some of the stronger
branches, due to both their probability and their degeneracy, are labelled 31'4I'(1 — 16) as tabulated
in Extended Data Table 2] The main orbits we associated with set 1 are p, o, T and v. Frequencies

marked with a prime were observed in field windows from 11 — 16 T at 35 mK.
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The assigned experimental branches match the effective mass evolution outlined above: Overall
the masses increase from set one to set five from ~ 10m, to ~ 16m,. However, inside the sets, a
decrease of masses with increeasing frequency is observed within the experimental error bars, as
can be seen for set 1 going from 10.9m, (p) to 8.7m, (v).

The overall fading of the observed signal strength with increasing frequency is also mainly due to

the mass evolution from set 1 to set 5.
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D. Sheets5 & 6

The jungle-gym sheets 5 and 6 extend through the BZ surface and are thus degenerate on all nodal
planes. In that sense, sheets 5 and 6 cannot be viewed as separate sheets, since the topological
Fermi surface protectorates represent topological defects in the sheet structure. Rather, a charge
carrier traveling on sheet 5 towards a nodal plane will smoothly cross over to sheet 6 and vice
versa. The corresponding part of the FS is thus best viewed by doubling the BZ at the nodal plane

and connecting “sheet 5 and “sheet 6 smoothly forming a joined sheet.

Sheet 5 and 6 give rise to two separate neck-type orbits, as discussed in the main text and shown
in Extended Data Fig. [6]d1. The neck orbit of sheet 5 (blue) ST'Y(1) can be readily assigned to &
based on a very good match in (i) frequency f, (ii) f(¢) dispersion close to f; cos ¢ expected for a
neck with almost constant cross section, (iii) high signal strength due to the low curvature factor of
the neck, and (iv) slight splitting into &; and &, due to a small warping of the neck that is imminent

also in the DFT prediction.

Point (iv) is illustrated in more detail in Extended Data Fig. [|/d2. The upper panel shows neck
cross-sectional areas a (in kT) of sheet 5 (blue) and 6 (orange) vs k || B neglecting (dashed) and
including (solid) SOC for ¢ = 90° and ¢ = 180°. Neglecting SOC, two degenerate extremal orbits
are present on the neck. Note that the crossing points between the orange and blue dashed lines
do not correspond to extremal orbits. Including SOC, the degeneracy is lifted such that only one

extremal cross section survives in our calculations.

The middle panel shows area a vs k; for sheet 5 for a series of field directions between 70° — 90°
and 160° — 180°. The dashed line highlights the position of the single extremal area for fields
around 90°. In contrast, around 180°, the neck is on the verge of developing a second minimum

(highlighted by the gray shaded area). This can be seen more clearly in the lower panel, where the

da

derivative m

is shown. Here, zero-crossings correspond to extremal orbits. The arrow highlights

da

the region where ik

is close to a saddle point around zero. This behavior highlights that a slightly
stronger warping of the neck would lead to a splitting of the minimal neck orbit SI'Y(1) of sheet
5 into two minimal oribts SI'Y (1) and 5I'Y(1) for ¢ = 180° but not for ¢ = 90°. This corresponds
to experiment. Note that, generically, such a splitting also implies the occurrence of a maximal
orbit between the two. This maximal orbit would be however, quasi-degenerate with the second
minimal orbit for low warping. The neck orbit 6I'Y of sheet 6 is assigned to m based on the

excellent matching of criteria (i)-(iii).
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The degenerate loop orbits SU6U are always shared between sheets 5 and 6 for the rotation plane
discussed here. They are assigned to M, excellently matching the absolute frequency and the f(¢)
dispersion. The sheets cut through four nodal planes for magnetic fields pointing along [010],
giving rise to the leaf-shaped orbits in Fig. @b (top) in the main text. When B is rotated away from
[010] but remains in the (001)-plane, the former nodal-surface degeneracies at TP2 and TP4 turn
into breakdown junctions, resulting in the two additional wedge-shaped orbits shown in Fig. d]b
(bottom). They are however - within the numerical uncertainty - all four quasi degenerate also for
field directions in the plane that do not correspond to a high-symmetry direction. A connection
of these four different orbits to a slight splitting of the experimental branch M, into M; and M,
occurring around ¢ = 172.5° but notably not around ¢ = 82.5° (see Extended Data Fig. [6]d3) can,
however, not be ruled out completely. Another possible origin of M, from sheet 8 is discussed
below. All orbits are matched simultaneously by a rigid band shift of —4 meV for both sheets 5
and 6.

The excellent agreement between the experimental data and the comprehensive theoretical assess-
ment provides very strong evidence for topological nodal planes in MnSi. However, for the sake of
completeness we wish to note that anticrossing and magnetic breakdown, in principle, could pro-
duce the same spectra under the strict precondition, that the tunneling amplitude is identical at all
intersections and, more seriously, equal to 100%, even under tilted magnetic field. As there is no
theoretical justification we rule out such a very delicate situation: based on the DFT band structure
we estimate that a FS splitting of ~ 5 meV would already result in a reduction of the weight of the
non-topological orbits by 50%, which could easily be resolved in experiment. This corresponds to
a k-space distance of about 1/500 of a reciprocal lattice vector, where the high resolution reflects

the exponential dependence of the magnetic breakdown probability on the FS splitting.
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E. Sheets7 & 8

The properties of orbits on the pair of jungle-gym sheets 7 and 8 (Extended Data Fig. [7]al) are
analogous to the orbits observed on sheets 5 and 6. The degenerate loop-type orbits are shared
between the sheets in the same way as for sheets 5 and 6, with intersections at TP1 to TP4 as
illustrated in Extended Data Fig. [7]a2. For B along [010], two exactly degenerate lentil-shaped
orbits exist (upper two depictions in panel a3), while for field away from [010] in the (001)-plane,
two additional heart-shaped orbits are stabilized as illustrated in the lower two depictions in panel
a3. These heart-shaped orbits evolve quasi-degenerately in frequency from the lentil-shaped orbits
under rotation of the field direction. The frequency of the loop orbits on sheets 7 and 8 is much

lower and the masses are much higher as compared to the orbits on sheets 5 and 6.

The loop orbits are assigned to the experimental dHvA branch ¢. This branch has a heavy effective
quasiparticle mass and strong curvature which leads to a small signal amplitude. Moreover it has a
very strong angular dispersion and exists only for a small angular range. Importantly, the existence
of ¢ and in particular the absence of topologically trivial branches well below and well above ¢
prove the existence of the nodal planes in exactly the same way as discussed for the loop orbits of
sheet 5 and sheet 6 discussed above. Notably, the hypothetical topologically trivial branch from
sheet 8 would have a frequency of about 2 kT for field along [010] and a band mass m;, ~ 2m,
comparable to the prominent branch of sheet 5 around 2.4 kT (blue lines in Fig. [3p). Its absence is
thus unambiguous proof that the loop orbits of sheet 7 and 8 indeed also pierce through topological

Fermi surface protectorates.

Sheet 7 is predicted to exhibit three distinct neck-orbits, two of which correspond to minimal cross
sections. The third neck-orbit corresponds to a maximal cross section and is located between the
other two along the '-Y-T-line (Extended Data Fig.[7]al). The degeneracy of the minimal cross
sections is lifted by the distortion of the Fermi surface parallel to the field direction, which we call
rubber canvas effect in the following. The maximal and the larger one of the minimal branches
exhibit a characteristic eye-like shape between 5 and 6 kT in the f(¢) dispersion shown in Fig[3]
This feature is clearly observed experimentally in branches K and A, which are consequently
assigned to 7T'Y(2) and 7Y respectively. We note that while one of the two branches can be
brought into coincidence with experiment by a small rigid shift of —4 meV, this is not possible
for both branches at the same time, as they originate from the same sheet. The observation of

an eye-structure with smaller enclosing area in experiment thus means that either the warping of
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the neck of sheet 7 is smaller than predicted, or, the asymmetry induced by the rubber canvas
effect is larger than predicted. The warping decreases and the rubber canvas effect increases with
increasing SOC strength. It is thus likely that our calculations underestimate the effect of SOC for
this sheet. Branch 7T'Y(1) is assigned to ©.

Sheet 8 is predicted to exhibit one neck orbit only. The combination of a very heavy band mass
of 4m, and a very strong and narrow angular dispersion as depicted by the yellow line in Fig. [3|a
with the overall reduction of the strength of the magnetic torque near the [010] high symmetry
direction make the observation of this orbit extremely difficult. However, the slight splitting of
M, into M, around ¢ = 172.5° shown in Extended Data Fig. [f|d3 (left panel) and the unexpected
local minima in the torque amplitude of M, around ¢ = 82.5° and ¢ = 100° (right panel) coincide
with the predicted crossing of the neck branch of sheet 8 and the loop branches of sheet 5 and 6
(Fig.[3]a and b). While the observed splitting could actually correspond to the observation of both
branches, the local minima of the amplitude could arise from a long-period beating of the two
nearly degenerate frequencies. Taking together the comprehensive theoretical assessment and the
evidence for sheets 5, 6 and 7, this provides strong empirical evidence of the neck orbit of sheet 8

supporting our interpretation overall.
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F. Sheet9 & 10

Sheets 9 and 10 are located around the R point and may form TPs if they cross a BZ boundary

representing a nodal plane.

The main branches in regime V with f < 0.35 kT may be assigned to sheet 9 (except a). The most
important criterion for this assignment is the unique symmetry evident in the angular dispersion
of the strength of the torque signal: For orbits 8 and vy and higher frequencies in regime V, f(¢)
is not extremal at ¢ = 90°, since here the torque 7 o %;’—g does not vanish but exhibits a large
amplitude (Extended Data Fig.[7|b4 and c4). By symmetry, only the pockets of sheet 9, located on
the I'=R lines, exhibits this property. All other sheets exhibit extrema in f(¢) at ¢ = 90° and thus a
vanishing torque amplitude as may be seen for regimes I to IV in Fig.|3| This can be corroborated
by considering the data of the (HO) rotation plane in Extended Data Fig. |5|g, showing that the
corresponding branches exhibit their extrema at B || [T 1 1] as expected. In regime V in Extended

Data Fig. [5|g we have shown the calculated dHVA branches both including and neglecting SOC
for this purpose.

Both, sheets (9,10) originate from flat bands that are very sensitive to the magnetic field direction,
the effects of spin-orbit coupling and the the Fermi level. With increasing pocket size, the DFT
band masses increase rapidly reaching ~ 10m, for orbits with f ~ 1 kT. Due to the extreme
sensitivity to SOC and the direction of the spin quantization axis it is instructive to examine the

calculated dHvA signatures of sheets 9 and 10 both in the absence and in the presence of SOC.

We neglect SOC at first. Shifts on the scale of a few meV lead to significant changes in the
properties and connectivity of sheet 9, i.e., from a singly-connected multi-spiked pocket at R to
8 separate pockets close to R but centered on the I'-R lines, each of which resembles a bunch of
three bananas. This situation is shown in Extended Data Fig.[7]b1-b3 for three different viewpoints
(Eg-shift of —10 meV). Including SOC the rubber canvas effect distorts sheet 9 strongly (Extended
Data Fig. [7|c1-3) and leads to a series of Lifshitz transitions as a function of field direction (see
SI movie), giving rise to over 30 different dHvA orbits. Notably, for a given field direction this
results in general in small, intermediate and large banana bunches, depending on the orientation

of the bunch with respect to the field.

Because sheet 9 can give rise to a variety of orbits with different numbers of copies and split-
tings with extreme sensitivity to SOC and the Fermi level, we do not discuss all possible orbits

separately. Instead, we classify them into three different kinds:
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(1) Orbits that enclose one banana of one bunch.
(2) Orbits enclosing two to three bananas of one bunch near the stem.
(3) Orbits enclosing two or more bunches located in different octants of the BZ around the R-
point. They only occur when banana bunches are connected for the given field direction.
Also note that the degeneracy at the nodal plane needs to be lifted for this situation to occur,
because otherwise sheet 9 would cross over smoothly to its partner sheet 10 at the nodal
plane.
We focus on rotations in the (001)-plane, where type (1) orbits can exhibit up to a 12-fold splitting,
type (2) orbits can exhibit up to a 4-fold splitting and type (3) orbits exhibit two-fold or lower
splitting.
Neglecting SOC and shifting Er by —10 meV would result in (Extended Data Fig. [7]d):
e Orbits enclosing one banana of one bunch with f ~40-70T
e Orbits enclosing 3 bananas of one bunch with f ~ 190 - 240 T
Their existence would be, quite naturally, rather robust. The bunches in different octants of the BZ
are never connected in this scenario and type (3) orbits as well as sheet 10 are absent.
Including SOC and shifting Er by —11 meV would result in (Extended Data Fig. [Tc1-c4):
e Orbits enclosing one banana of one bunch exhibit frequencies around f ~ 10 T. Their ex-
tremal character is very fragile, as the bananas are close to a conical shape without extremal
Cross sections.
e Orbits enclosing 2 or 3 bananas of one (small) bunch exhibit frequencies around f ~ 60 —
70 T. Their existence is robust.
e Orbits enclosing 2 or 3 bananas of one (intermediate) bunch are in the regime f ~ 120 T.
Their existence is only robust when they do not cross a nodal plane.
e Orbits enclosing 2 (large) bunches that are connected via sheet 10 exhibit frequencies around
f < 500 T. Further away from the cubic face directions, the bunches become disconnected
due to the rubber canvas effect and the frequencies drop below 250 T.
The main branches S, vy, 0, €, u, are assigned to sheet 9 due to the symmetry of the frequency
spectrum. Here, the overlapping frequency branches 8 and y stem from either single bananas or
coupled bananas within the same bunch.
The apparent splitting of these frequency branches into at least 3 distinct branches (y, 9, €) with
similar f(¢)-dispersion may be attributed to the effects of SOC. For ¢ = 90°, the 8 bunches of

bananas split into 4 larger and four smaller bunches. For fields away from ¢ = 90°, the 8 bunches
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of bananas split into 2 larger, 4 intermediate and 2 smaller bunches due to SOC. In the same way,
w is split into multiple branches. A small residual misalignment of the actual rotation plane with
respect to the (001) plane would further split these branches as shown in by the theory lines in
regime V. Following the reasoning above, we associate the branches 6,¢,7 around ~ 250 T with
combination orbits of sheet 9 and sheet 10.

In conclusion, a systematic assignment of the sheet 9 and 10 dHvA branches to specific orbits in
the theory is beyond the accuracy of our DFT calculations. However, the majority of the dHvVA
branches in regime V (except @) exhibit a finite torque amplitude for fields along [010]. This is
unique among all orbits of all FS sheets, allowing us to unambiguously assign all the branches
with this property to the sheet pair 9 and 10 and determine its approximate size, even without

knowing the exact shape and location of the orbits on the sheets.
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